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ABSTRACT. We study complex Monge-Ampere equations in Hermitian manifolds,
both for the Dirichlet problem and in the case of compact manifolds without bound-
ary. Our main results extend classical theorems of Yau [43] and Aubin [1] in the
Kaéhler case, and those of Caffarelli, Kohn, Nirenberg and Spruck [9] for the Dirichlet
problem in C". As an application we study the problem of finding geodesics in the
space of Hermitian metrics, generalizing existing results on Donaldson’s conjecture
[16] in the Kéhler case.
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1. INTRODUCTION

The complex Monge-Ampere equation has close connections with many important
problems in complex geometry and analysis. In the framework of Kahler geometry, it
goes back at least to Calabi [11] who conjectured that any element in the first Chern
class of a compact Kéahler manifold is the Ricci form of a Kahler metric cohomologous
to the underlying metric. In [16], Donaldson made several conjectures on the space
of Kahler metrics which reduce to questions on a special Dirichlet problem for the
homogeneous complex Monge-Ampere (HCMA) equation; see also the related work of
Mabuchi [36] and Semmes [38]. The HCMA equation, which is well defined on general
complex manifolds, also arises naturally in other interesting geometric problems. One
such example is the work on intrinsic norms by Chern, Levine and Nirenberg [15],
Bedford and Taylor [4] and P.-F. Guan [24], [25]. There are also interesting results in
the literature that connect the HCMA equation on general complex manifolds with
totally real submanifolds; see, e.g. [42], [37], [35], [27] and [28].

In [43], Yau proved fundamental existence theorems of classical solutions for com-

plex Monge-Ampeére equations on compact Kahler manifolds and consequently solved
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the Calabi conjecture. Yau’s work also shows the existence of Kahler-Einstein met-
rics on Kéhler manifolds with the first Chern number ¢; (M) < 0, confirming another
conjecture of Calabi [11] which was independently proved by Aubin [1] in the case
c1(M) < 0. The classical solvability of the Dirichlet problem was established by
Caffarelli, Kohn, Nirenberg and Spruck [9] for strongly pseudoconvex domains in C".
Later on the first author [20] extended their results to general domains under the
assumption of existence of subsolutions.

Our primary goal in this paper is to attempt to extend these results to more
general geometric settings. We shall consider complex Monge-Ampere equations on
Hermitian manifolds. Besides the technical challenges in the analytic aspect which we
shall discuss in more details later, our motivation originates from trying to understand
the above mentioned Donaldson conjectures when one considers Hermitian metrics,
as well as other geometric problems some of which we shall treat in a forthcoming
paper [21].

Let us first consider the Dirichlet problem. Let (M",w) be a compact Hermitian
manifold of dimension n > 2 with smooth boundary M, and M = M U M. Given
Y e C®°(M xR), »p > 0, and ¢ € C®(OM), we seek solutions of the complex
Monge-Ampere equation

N/ =1 - n _
(1.1) <w + Taﬁu> = Y(z,u)w" in M
satisfying the Dirichlet condition
(1.2) u=¢ on JdM.
We require
v—1 _
(1.3) W ::w+788u> 0

so that equation (1.1) is elliptic; we call such functions admissible. Set
(1.4) H={pecC*(M):ws>0}.

We shall also call H the space of Hermitian metrics. As in the Kéahler case, for u € H,
wy is a Hermitian form on M and equation (1.1) describes one of its Ricci forms.
From the theory of fully nonlinear elliptic equations, a crucial step in solving equa-
tion (1.1) is to derive a priori C? estimates for admissible solutions. Our first result is
an extension of Yau's estimate for Au [43] and the gradient estimates due to Blocki [7]

and P.-F. Guan [26] in the Kéhler case.
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Theorem 1.1. Let u € HNCY M) be a solution of equation (1.1). Then there exist

positive constants Cy, Cy depending on |u|co(ypy such that

(1.5) max Vu| < 4 <1 +max \Vu\)
and
(1.6) max Au < Oy <1 + max Au).

More details are given in Propositions 3.2 and 4.3 of the dependence of C; and Cs
on ¢ and geometric quantities M (torsion and curvatures). Here we only emphasize
that these constants do not depend on inf ¢ so the estimates (1.5) and (1.6) apply to
the degenerate case (¢» > 0).

The gradient estimate (1.5) was also proved independently by Xiangwen Zhang [44]
who considered more general equations on compact Hermitian manifolds without
boundary.

A substantial difficulty in proving (1.6) is to control the extra terms involving third
order derivatives which appear due to the nontrivial torsion. To overcome this we
construct a special local coordinate system (Lemma 2.1) and make use of some unique
properties of the Monge-Ampere operator. See the proof in Section 4 for details.

In order to solve the Dirichlet problem (1.1)-(1.2) we also need estimates for second
derivatives on the boundary. For this we shall follow techniques developed in [23],
[19], [20] using subsolutions. Our main existence result for the Dirichlet problem may
be stated as follows.

Theorem 1.2. Suppose that there exists u € C°(M) with w, > 0 in M (in weak
sense [3]), u = on OM and

(1.7) (W)™ > Y(z,w)w™ in M.

Assume further that w € C? in a neighborhood of OM (including OM ). Then the
Dirichlet problem (1.1)-(1.2) admits a solution u € H N C>®(M) with u > u in M.

We note that Theorem 1.1 also applies to compact manifolds without boundary.
Deriving the C° estimates, however, seems a difficult question for general w. In the
Kihler case, Yau [43] introduced a Moser iteration approach using his C? estimate
and the Sobolev inequality. His proof was subsequently simplified by Kazdan [30] for
n = 2, and by Aubin [1] and Bourguignon independently for arbitrary dimension (see
e.g. [39] and [41]). Alternative proofs were given by Kolodziej [31] and Blocki [6]
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based on the pluripotential theory ([5]) and the L? stability of the complex Monge-
Ampere operator ([12]). All these proofs seem to heavily rely on the closedness or,
equivalently, existence of local potentials of w and it is not clear to us whether any of
them can be extended to the Hermitian case. In this paper we impose the following

condition
(1.8) D0 =0, 1<k<n-—1
which will also enable us to carry out the continuity method as in [43].

Theorem 1.3. Let (M,w) be a compact Hermitian manifold without boundary with
w satisfying (1.8). Assume 1, > 0 and that there ezists a function ¢ € C°(M) such
that

(1.9) /Mw(z,gb(z))w” = Vol(M).

Then there ezists a solution uw € HNC*(M) of equation (1.1). Moreover the solution
18 unique, possibly up to a constant.

Under stronger assumptions on ¢ condition (1.8) may be removed.

Theorem 1.4. Let (M,w) be a compact Hermitian manifold without boundary. If
(1.10) lim (-, u) =0, hI—P Y(-,u) = oo.
and 1, > 0, then equation (1.1) has a unique solution in H N C*(M).

For applications in complex geometry it is very important to study the degenerate
complex Monge-Ampere equation (¢ > 0 in (1.1)). In general, the optimal regularity
in the degenerate case is C1'!; see e.g., [2], [18], and there are many challenging open
questions. In the forthcoming article [21] we shall focus on the degenerate, especially
the homogeneous, Monge-Ampere equation in Hermitian manifolds and applications
in geometric problems. In the current paper we shall only prove the following theorem
for a special Dirichlet problem.

Theorem 1.5. Let M = N x S where N is a compact Hermitian manifold without
boundary, dimgN =n—1, and S is a compact Riemann surface with smooth boundary
0S # (. Let w be the product Kdhler form on M.

Suppose that ¥ > 0, 1[)% € C*(M x R), and ¢ € H N CHM) satisfying (wg)" > 1
on M. Then there exists a weak admissible solution u € C*(M), for all o € (0,1)
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with Au € L*(M), of the Dirichlet problem

(1.11) {(W“) - v oAl
u=¢ on IdM.

Moreover, the solution is unique if 1, > 0, and u € CYY(M) provided that M has
nonnegative bisectional curvature.

As an immediate application of Theorem 1.5 we can extend existing results on a
conjecture of Donaldson [16] concerning geodesics in the space of Kédhler metrics to
the Hermitian setting; see Section 8 for details.

The paper is organized as follows. In Section 2 we briefly recall some basic facts and
formulas for Hermitian manifolds and the complex Monge-Ampere operator, fixing
the notation along the way. We shall also prove in this section the existence of local
coordinates with some special properties; see Lemma 2.1. Such local coordinates are
crucial to our proof of (1.6) in Section 4, while the gradient estimate (1.5) is derived
in Sections 3. Section 5 concerns the boundary estimates for second derivatives. In
Section 6 we come back to finish the global estimates for all (real) second derivatives
which enable us to apply the Evans-Krylov theorem [17], [34] to obtain C** and
therefore higher order estimates by the classical Schauder theory. In Section 7 we
discuss the C° estimates and existence of solutions, completing the proof of Theo-
rems 1.2-1.5. Finally, in Section 8 we extend results on the Donaldson conjecture in
the Kahler case to the space of Hermitian metrics.

The authors wish to thank Pengfei Guan and Fangyang Zheng for very helpful

conversations and suggestions.

2. PRELIMINARIES

Let M™ be a complex manifold of dimension n and ¢g a Riemannian metric on M.
Let J be the induced almost complex structure on M so .J is integrable and J? = —id.
We assume that J is compatible with g, i.e.

(2.1) g(u,v) = g(Ju, Jv), u,v e TM,

such g is called a Hermitian metric. Let w be the Kdhler form of g defined by
(2.2) w(u,v) = —g(u, Jv).

We recall that g is Kdhler if its Kéhler form w is closed, i.e. dw = 0.
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The complex tangent bundle ToM = T'M x C has a natural splitting
(2.3) TeM =T"°M +T%' M

where TH°M and T%'M are the 4-y/—1-eigenspaces of .J. The metric g is obviously
extended C-linearly to Te M, and

(2.4) g(u,v) =0 if u,v € TYM, or u,v € T™ M.
Let V be the Chern connection of g. It satisfies
(2.5) Vau(g(v,w)) = g(Vuv,w) + g(v, Vuw)
but may have nontrivial torsion. The torsion 7" and curvature R of V are defined by
(2.6) T(u,v) = Vv — Vyu — [u,v],
and
(2.7) R(u,v)w = V,Vyw — V,V,w — Vi qw

respectively. Since V.J = 0 we have
T(Ju, Jv) = JT(u,v)

and

R(u,v)Jw = JR(u,v)w
It follows that
(2.8) T(u,v,w) = g(T(u,v),w) = g(T(Ju, Jv), Jw) =T (Ju, Jv, Jw)
and
(2.9) R(u,v,w,z) = g(R(u,v)w,x) = g(R(u,v)Jw, Jx).

Therefore R(u,v,w,z) = 0 unless w and z are of different type.
In local coordinates (21, ..., z,), by (2.4)

o 0 o 0
2.1 — ] =
(2.10) g(@zj’ 82;) 0, 9(62]’ 8zk> 0
since
2.11 1— — = —y/—-1—.
( ) 8,2] 8z] J@zj (9,2]
We write

(2.12) 9ik = (aaz] az> {97} = {97}
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That is, g% grj = Oik- The Kahler form w is then given by

v—1
(2.13) w= ng,-cdzj A dZg.
The Christoffel symbols I, are defined by
0 0
— =T .
V%j @Zk gk 8zl
Recall that by (2.5) and (2.10),
0 13}
Vo—=Vo—= 07
9z; 8zk oz; 8zk
(2.14)
v, 2 9 9
9z; 0z, gk 0z jka_l
and
Gk
2.1 I, =gm—"
(2.15) Jk 0z

For the torsion and curvature we use the standard notion

Tijk:T<a 0 a), etc.

9z 0z 9z,
R r(L 220
i =\ 0z, 0 05)
Obviously,
Tiji = Tiji = Tigi, = 0, Ty, = 8; B 0z,
and
- 097 0g;g
ko K .k E okl l il
(2.16) 1= T =1l -1 = M (52 - 50
From (2.9) and (2.15) it follows that
(2.17) Rijm = Riju =0,
orn D% :09rq 091
918 Ry = —q ik ki pqZIRq 7 I
( ) ikl Imi 8% azzazj 9 821 (927
and

(2.19) Ry = gml-<a_;i - G +TET) - T,
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By (2.18) and (2.16) we have
ory?
(2-20) szkl’— Rk:jzl Iml afk = gmlv Tt s

which also follows form the general Bianchi identity.
The traces of the curvature tensor

8 OG5 g Ogrg O9pi

2.21 R =g"R
( ) =9 Gkl —g" 9207, 9z, +9°9g D= 0z,
and

. - 0%g,7 - Ogps 0,7
(2.22) S5 = 9" Rijur = —g" I . gl g CIka Tl

8zz~82j (92, 85]'
are called the first and second Ricci tensors, respectively. Note that
2

82182]'

The following special local coordinates will be crucial to our proof of the a prior:

(2.23) Sp=—

log det g,

estimates for Au in Theorem 1.1.

Lemma 2.1. Around a point p € M there exist local coordinates such that, at p,

Jgii
(2.24) 95 =0 5 =0 ViJ
Proof. Let (21,29, -, 2,) be a local coordinate system around p such that z;(p) =0
fori=1,--- ,n and

o 0
9:;(p) == g(a_zi’ 8_2) = 0;5.
Define new coordinates (wq, ws, -+ ,w,) by
09,7 10g,7
(2.25) w, = z, + ngr 8Zm (p)zmzr + B 8ng (p)z2, 1<r<n.
We have
o 0 0z, 0z

2.2 Gij := <—, —,> = s o
( 6) Jij g 821)1 6wj Zg 821)1 8wj

It follows that
0G5 5z, Oz 0gys 0z, 0z, Oz,
(227) J - Z Grs Z £

Jw,; 0wy, Ow; Dz, Owy, Ow; Ow;
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Differentiate (2.25) with respect to w; and wy. We see that, at p,

0z, 0%z, Z 0g,+ (8zm 0z, N 0Zm 8zr) B 0g,7 0z, 0z,
n 0z \Ow; Owy,  Owy, Ow; 0z, Ow; Owy,

8wi S 8w18wk

Plugging these into (2.27), we obtain at p,
(09a _ Ogi  Ogi
8wk N 8zk &zk
agij agz’j 39]] . .
= — =T Vv
8wj 82’]' 821 w ! ?é />
agi] agw
\ 8wk 8zk ’

=0, Vik,

(2.28) 4

otherwise.

Finally, switching w and z gives (2.24). O

Remark 2.2. If, in place of (2.25), we define

OGmi 10g,+
(2.29) wT:ZT+Z—(p)MT+§0zT(p)Z 1<r<n

then under the new coordinates (wq,ws, -+ ,wy,),
( 99i;

B,
(2.30) 093 (p) =T, Vi#k
8wk v ’
8§i3 _ agﬁ
\ (‘3wk aZk

(p) =0, Yi,j,

(p), otherwise.

The following lemma and its proof can be found in [40].

Lemma 2.3. Around a point p € M there exist local coordinates such that, at p,

9i5 = 0ij,
(2.31) 99 , 9 _,
Oz, 0z ’

Consequently, TF = 2893_’“ at p.

)

Remark 2.4. In general it is impossible to find local coordinates satisfying both (2.24)
and (2.31) simultaneously.
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Let A9 denote differential forms of type (p,q) on M. The exterior differential d

has a natural decomposition d = 9 4+ 0 where
9 AP s szJqu7 O APT — APOtL

Recall that 02 = 92 = 99 + 00 = 0 and, by the Stokes theorem

/8(1:/ o, Vae A
M oM

A similar formula holds for 0.
For a function u € C*(M), 0u is given in local coordinates by

_ 0%u

2.32 00u = dz; NdzZ;.

( ) Y 821'82]' & Z]
We use V2u to denote the Hessian of u:

(2.33) Viu(X,Y)=VyVxu =Y (Xu) — (VyX)u, X,Y € TM.
By (2.14) we see that
0%*u
(2.34) V%V%u = 9207,

Consequently, the Laplacian of u with respect to the Chern connection is

- 0%u
2. Au = g¥
( 35) “ g 32*1-82]-’
or equivalently,
V=1 _
(2.36) Auw™ = Taau Aw™ L

Integrating (2.36) (by parts), we obtain
e o
— | Auww" = [ 00uAw"
—1J/m M
(2.37) = ouAw™ !+ / ou A Ow" ™
M

oM

= / (Ou A W™t +udw™ ) + / udow" .
oM

M
Finally, in the following sections where we derive the a priori estimates we shall
consider the slightly more general equation

(2.38) det (uw + gaau)” = Y(z,u)w"
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where g is a given smooth function on M and may also depend on u and Vu. We
shall abuse the notation to write

J—1 _
Wy = pw + T@@u e A

and u € H means w, > 0. In local coordinates equation (2.38) takes the form
2

0u
(2.39) det (,ugg + m) = (2, u) det g;5.

In the current paper we assume p = u(z,u) and |p| > 0 in M x R. In [21] we shall
consider other cases including @ = 0.

3. GRADIENT ESTIMATES

In this section we derive the gradient estimate (1.5) for a solution u € H N C3(M)
of (2.38). Throughout this and next sections we shall use ordinary derivatives. For

convenience we write in local coordinates,

ou ou d%u 095 9 29i3

u; = B2 U; = EEA U5 = m> 9ijk = E 9ijil = 92.07, ete,
and
87 = Ugj + 1G5, 19} = {gij}fl-

We first present some calculation. In local coordinates,
(3.1) Vul? = gugu;.
We have
(32) (IVul?)i = g (v + wpig) — 9" 9" gaunuy

(IVul)i = g™ (g + vigeuy + wgugg; + uiug)

(3.3) — 69" g (wiguz + weugg) — 99" gy (wniug + i)

+[(6"9" 9" + 9" 9"19") 9utiGpgi — 9" 9" Gapij urur.
Here we have used the formula
(9")i = —9""9" gupi
Let p be a fixed point. We may assume that (2.31) holds at p and

(3.4) {u;;} is diagonal.
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Thus
(3.5) (IVul®)s = witg + (urs — gygiw)uz
and
(IVul?)z = uf + ugpug, + wgpug + Z |ui — gpgz]?
(3.6) .

— 2Re{giiugus} + (glpz‘gpiéz — Qiii) URUT-

Lemma 3.1. Let ¢ be a function such that e?|Vul|* attains its mazimum at an interior
point p where, in local coordinates, (2.31) and (3.4) hold. Then, at p,

Vul?) " gos < — 2> Re{g uuaei} + 2|V £ Vul - 2|Vul*f,
(3.7) —[Vul*(inf Ry — sup |T52) 3 o
Jil 4,
+2Re{(w)rur} Y 0"

Proof. In the proof all calculations are done at p where since e?|Vu|? attains its

maximum,
(IVul) (IVul?);
(3.8) W+¢i=0, WﬂL%:O
and
(IVul?)a  [(Vul?)il?
3.9 - i < 0.
(3.9) Vul? i %S
By (3.5) and (3.8),
(3.10) (V)i = P luki = gz — 2| Vu*Refuiuzgr} — Jui*uf.
k

Differentiating equation (2.39) we have

(3.11) g7 (ugpug + wpugn) =2|Vulfu + 2Re{ foug, + 97 gi55ur )
— 2Re{g" (gizr + (10)rgi7)ur}-

Note that by (2.31),

(3.12) > gar — ng” gaur = g uagaur = — 8" Wi

il
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From (3.6) and (3.11) we see that

" (|Vul*)i = 8" ui — 205w’ + D 8" |uri — gue|?
i,k

+ 8 (i Gprs — i) urir — 49" g
+2|Vul* f, + 2Re{ f. up} — 2Re{ (W)ruz} Y _ g
Combining (3.9), (3.10) and (3.13), we obtain
02 [Vul? (inf{onmgs — gns} — 4suploal®) 3"
(3.14) +2|Vul? £, — 2|V f]|Vu| — 2Re{ ()} Y g
+ 20e Z{gwuzﬂﬁ@} + | Vaul? Z "¢
This proves (3.7). O

(3.13)

Proposition 3.2. There exists C > 0 depending on

Sup|u| 1nf(¢ )us sup]V¢ B mfl |<1nfRMll— Sup|Tl§|2>,
il

and

sup{u| ™" + [V log |ul| + (log |ul)u}
such that
(3.15) max IVu| < C(1+ max |Vul).

Proof. Let L = infp;u and ¢ = Ae’“% where A > 0 to be determined later and
v =pu/|pn|. We have
(3.16) e’ DRe{ g uuzd:} = —vA|Vul? + |p|A Z g usu;
and
e/ h) Zgu@z AQ” UG — V)
= Ag'uu; — nvA + |u|A Z g%
(3.17) > A|Vul? miingﬁ 4 ulA Zgii A

>n A" | V)t — v).
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By Lemma 3.1, at an interior point where e?|Vu|? achieves its maximum we have

v(L—u) 2 "Tfl -1 %_ (n_ 1)'“’ i
A ul? (5w Wl - 3y + S S o)
(3.18) <2V f|Vul = 2/Vul fu + 2(ua| Vul® + Vil [Vu]) Y g"
— [Vul*(inf Ry — sup [T52) 3 o
e 75l

Choose A such that

n—1 ev L ) 712
|A| > sup (1 + 241y — inf R77 4 sup |17 )
n Mo |p il i
We obtain
V| < 2|V log|ulle™*
or

n+2

Al "% (V"% = 3¢5 |V + 2ne" E((Yn),|Vu| — V=) < 0.

This gives the estimate in (3.15). 0

4. GLOBAL ESTIMATES FOR Au

In this section we derive the estimate (1.6). We wish to include the degenerate case
1 > 0. So we shall still assume ¢ > 0 but the estimates will not depend on the lower
bound of ¥. We shall follow the notations in Section 3 and use ordinary derivatives.
Throughout Sections 4-6 we assume u is a solution of (1.1) in HNC*(M). In local

coordinates,

Au = gkzukl—.
Therefore,
(4.1) (Au)i = ¢ ugi — 99" Gapiuni
(4.2) (Au)i = " wiiz — 979" (Gapitias + Gasitins)

+ (6" g™ + ¢ 9°19") gupiGpgi — 99" Gapii) Ut
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Lemma 4.1. Assume that (2.24) and (3.4) hold at p € M . Then at p,
6" (Au)ii > 70" [uig; + (ngi7); > + A(F) — 20" Re{ T ()i}
(4.3) — (TP + Aw) > g — pg™(Si — Ri)
+ ljnkf Rizkr ((Au +np Z g’ —n ) :
Proof. By (4.1) and (4.2),
(4.4) (Au); = Upt; — Grkitaks

(45) (Au)i; =gy — 2Re{wiji95  + (GrpiGpii + Gpkihpi — Jkiz) Unk
' = UGk — Q%Q{Ukﬁgjfﬁ} + (gkr — N)(kaigkﬁ + Rink)-

Differentiating equation (2.39) twice we obtain
gﬁuﬁ% = gﬁgﬁluz;k + (Mgij)k|2 + (f )k + Giink — 9ijk95ik — gﬁ(,u%)k%
(4.6) = gﬁgﬁ‘uijk + (,Ugﬁ)kP + (Frk — Riria — (1Wek Z Eﬁ
+ 19" (Rugii — 9iel*) — 20" Re{ (10937 }-
From (2.24) we have,

A7) D wgigi = Y lugn + (n95)klgim — 1Y girdiE — Y (e
7.k

J7#k JF#k k

By Cauchy-Schwarz inequality,

(4.8) 2 Z [Re{[uir + (1gi7)rlgjrt] < Zgj"lui;k + (M9i3>k|2 + Zgj3|9kﬁ|2-
7k i#k i#k
Finally, combining (4.5), (4.6), (4.7), (4.8) and
’gz’jk‘Q + |gkji’2 - 29%3{9@14%15%} = |9ka' - gz’jk‘Q IT; k‘2
we derive
0" (M) > g g ugg; + (1gi7);1° + AF) + (8855 — 1) Risjj
(49) — M Z gm Rﬁkl_c - Rkkn — K Z g“‘ k|2

29“%8{7719 Z gn
which gives (4.3). 0
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Lemma 4.2. Suppose e¢(n,u—|—Au) achieves its maximum at an interior point p € M
where (2.24) and (3.4) hold. Then, at p,

(nu + Au)gﬁgbig + 2gﬁiﬁe{¢i/fi}
(4.10) < — (np+ Au) inf Rjjy > g — A(f)
+ n? mfR]kk —|—Azg“

where \; = (n— 1)(p); — /ULTJJI and

(411 A=lulsup Ry = Syl + IlITE + [V@IIT]+ Alw) = ninf (1)
Proof. Since e?(nu + Au) achieves its maximum at p,
(np + Au); (np + Au);
4.12 L=, CETEWE L ),
(4.12) nu+ Au +¢ A+ Au +é
Au); Au);|?
(4.13) (np+ Au)i  [(np+ Au);| s <0,
ny + Au (np + Au)?
Note that

(np+ Au)i = D (ugg + pgiz); + A
J
by (4.4) and (2.24). We have by (4.12),
o+ S = 3 g+ g+ 2o + bR = P
(4.14) , _ )
= (g + ngi7)iI” — 2(np + Au)yRe{p A} — |\i]*.

By Cauchy-Schwarz inequality,
Zg”l ug + pgi);l” = Zg”

= (n:u + AU) J]|uzjj + (:U’gzj)]|2
From (4.13), (4.3), (4.14) and (4.15) we derive (4.10). O

2
1/2 _—1/2
E 9]3/ 9]3/ (u + 19:5);

(4.15)

Let ¢ = "™ with > 0, un’ < 0, and 5" > 0. We have
(4.16) ¢ = Mug, oz = e"ug + (0" +n0)|wl?).
Therefore,

(4.17) 20" Re{p N} =2e" g " Re{u;\;} > —e"g (N2 + 0 |uil).
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Suppose now that both ¢ and p are independent of u. Plugging (4.16) and (4.17)
into (4.10), we see that

0> (np+ Au) (6‘" nf Ryjir, — un’) > g
(4.18) + 12 (np + Au — 1)ngﬁ|u,~|2 +nn'(np + Au)
—nle 1]nkf R +e "Af = Cs Z giz
where
(4.19) Cy = A+ n?|Vul* + n?p?|T|?

and A is given in (4.11).
Following Yau [43] we shall make use of the inequality
(4‘20) (Z gii)nl > ;gﬁ _ ny _lt Au = ni + Au
g1 Onn det(pg; + uj) (0
Choosing n = A(U — vu) where v = p/|u|, U = sup,; vu and A > 0 is a constant
such that

(4.21) A+ e inf Ryjp 2 2,

we see from (4.18) and (4.20) that

(4.22)  (np+ Au)T + nl/Awﬁ (nu + Au) + wﬁAf - nge_"@/)ﬁ ljnkf R <0
provided that

(4.23) np+ Au > 1+ Cs.

This gives us a bound (nu + Au)(0) < C which depends on |u|co(yy), \zpﬁbz(M),
|1t|c2(ar) and geometric quantities of (A, g). Finally,

(4.24) sup(nu + Au) < O~ ¢ () 4 Ay)(0) < C.
M
We have therefore proved the following.

Proposition 4.3. Suppose both 1 and v are independent of w. Then
(4.25) max Au < C(1 4 max Au)
M oM

where C' > 0 depends on

1 1
U Ve TR Kk ) 1, sup —, inf Rz, sup |Rer — Suzl, |T)%
[ulcognrys [V |2y |Ble2 up o B kp| ik — Skrls |T]
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If ¢ and p depend also on u the estimate (4.25) still holds with C' depending in
addition on sup,, |Vu|. Indeed, in places of (4.18) we have

0> (nu+ Au) (e_" 1]1115 Rk — (n 4 1)e” | — /”7/> Z g”
(4.26) + (nn 4+ €7 f.) (nu + Au)
—n%e " ijr’lkf Rie — Oy Z gig

where Cy depends on Cs, |u[ci iy, as well as the derivatives of ¢ﬁ and p. This
again will give a bound for (nu + Au)(0) and therefore (4.24).

5. BOUNDARY ESTIMATES FOR SECOND DERIVATIVES

In this section we derive a priori estimates for second derivatives (the real Hessian)

on the boundary
(5.1) max |V?u| < C.
oM

In order to track the dependence on the curvature and torsion of the estimates we
shall use covariant derivatives in this section. So we begin with a brief review of
formulas for changing the orders of covariant derivatives which we shall also need in
Section 6.

In local coordinates z = (21, ..., 2,), 2; = x; + \/—_1yj, we shall use notations such
as

v; =V o v, Uijzviviv, Vg, = V o v, etc.
Oz; Bz]- 0z; oz,

Recall that
(5.2) vij — v =0, vy — v =T

By straightforward calculations,

,, =
Vijk — Vikj = Tjkvila

(5-3) Vijk — Vikj = — glmRkﬁmvla

I l
Vijk — Vikj =9 Rjrimv + Tjkviz-
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Therefore,
Vijl — Ukij = (Ve — Virg) + (Vikj — Vkij)
(5.4) = — " Rigimuvi + Tjvg + VT
= — 9" Rijumur + Tivg
by (2.20), and

Vijk — Ukij = (Vigk — Vikj) + (Vikj — Vkij)

(5'5) _Im l l l
=g Rjpimv + Tjkvil + T5.v5 + VT
Since
g 0 . 0 g _1< 0 B 0 )
oxy, N 0z, 07z Yy N Oz,  0z/’

we see that

Vyyw; — Ugizy = Vij — Vji = T v,
(5.6) Lo e

Vziy; — Vyjze =V —1(vij —vj) = _1Tijvl’

Uziéjack - vxkziij - (vﬁk + Uz}l}) - (vkﬁ + vfm})
(5.7) = (Vijr — Vrij) + (Viik — ViEj)
= = glmRz‘jkmvl + Tilkvlj + T}kvz‘l’a
and, similarly,
Uzizjyk - Uykzizj =V _1((Ul§k - Uzjfc) - (Ukﬁ - U/}zj))
(5.8) =V —=1((vie — Vi) — (VigE — vig;))
=V _1(_glmRijkfnvl + Tilkvlj - Tfkvz'l’)-
For convenience we set
tok—1 = T, Lok = Y, L <k <n— 15 o1 = Yn, ton = Tp.
By (5.7), (5.8) and the identity
(5.9) QijTliiUlj = lei - MgijTliiglj
we obtain for all 1 < a < 2n,

(5.10) |07 (wy, 5 — wiji,)| = 67u5 — (e

<2T| + (|ul|T] + R + [Vul|[VT]) ) 0795

19
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We also record here the following identity which we shall use later: for a function 7,
gijmuwn; = gijm(Qun; + v —1luy,j)
= 21y, — 201870905 + V —1g" iy, 5.

We now start to derive (5.1). We assume

(5.11)

(5.12) lu| + |Vu| < K in M.

Set

(5.13) Y= min _ Y(z,u) >0, v= max P(z,u).
- |u|<K,zeM lu|<K,zeM

Let o be the distance function to M. Note that [Vo| = 5 on M. There exists
dp > 0 such that ¢ is smooth and Vo # 0 in
Ms, :={z€ M :0(z) < dp},
which we call the dp-neighborhood of dM. We can therefore write
(5.14) u—u=ho, in Ms,

where h is a smooth function.

Consider a boundary point p € 9M. We choose local coordinates z = (z1,. .., 2,),
zj = xj + 1y;, around p in a neighborhood which we assume to be contained in Ms,
such % is the interior normal direction to M at p where we also assume g;; = d;;;
(Here and in what follows we identify p with z = 0.) for later reference we call such
local coordinates regular coordinate charts.

By (5.14) we have

(u— )y, = hy, 0+ hoy,
and
(u —u),r. = hjro + hoi + 2 Re{ hjor}.
Since ¢ = 0 on OM and o,,(0) = 2|Vo| = 1, we see that
(1 — )., (0) = h(0)
and
(5.15) (u = w),2(0) = (u—u),, (0)752(0) jk <n.
Similarly,

(5.16) (1= Wity (0) = —(u — )y, ()1, 0,8 < 20,
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It follows that
(5.17) lu,5(0)| <C,  a,B<2n

where C' depends on |u|c1 (), [©|c1 (i), and the principal curvatures of OM.

To estimate wuy,,, (0) for a < 2n, we will follow [20] and employ a barrier function
of the form

(5.18) v=(u—u)+toc— No?

where ¢, N are positive constants to be determined. Recall that u € C? and w, > 0
in a neighborhood of M. We may assume that there exists e > 0 such that w, > ew
in Ms,. Locally, this gives

(5.19) {up + ngnt > elgin}-

The following is the key ingredient in our argument.

Lemma 5.1. For N sufficiently large and t,0 sufficiently small,

= € = )
g7v;; < 1 (1 + Zg”gg) i s,

v >0 on 0¥
where Qs = M N Bs and Bs is the (geodesic) ball of radius § centered at p.

Proof. This lemma was first proved in [20] for domains in C". For completeness we

include the proof here with minor modifications. By (5.19) we have

(5.20) 07 (ug — u5) = 0 (u + pgyy — w — ngg) <n—e> glgy.
Obviously,
91501‘3 <) Z gﬁgﬁ

for some constant C; > 0 under control. Thus

g7vs <n+{Ci(t + No) — ¢} Zgﬁgﬁ —2Ng¥0;05 in Q.

Let Ay < --- < A, be the eigenvalues of {u;; + pg;;} (with respect to {g;;}). We
have 3" g7g;; = S\ and
1

21 gio: > ——
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since |Vo| = % where ¢ is smooth. By the arithmetic-geometric mean-value inequality,

€ iJ - £>EN/\*1...)(1%>MN"> N

for some constant ¢; > 0 depending on the upper bound of .
We now fix t > 0 sufficiently small and N large so that ¢; N/™ > 1 +n + € and
Cit < §. Consequently,

gijvz‘j < —i (1 + Z Qijgz‘j) in Qs

if we require 0 to satisfy C1 N < 7 in Q.
On OM N Bs we have v = 0. On M N 0B;,

v>to— No>> (t—Nb6)o >0
if we require, in addition, N¢§ < t. U
Remark 5.2. For the real Monge-Ampere equations, Lemma 5.1 was proved in [19]

both for domains in R and in general Riemannian manifolds, improving earlier results
in [29], [23] and [22].

Lemma 5.3. Let w € C%(Qs). Suppose that w satisfies
g’jwﬁ > —C; <1 + Z 9i39i3> in §2s
and
w < Cop? on BsNIM, w(0) =0
where p is the distance function to the point p (where z =0) on OM. Then w,(0) < C,

where v is the interior unit normal to OM, and C depends on 1, Cy, C4, |w|CO(sT(;);

|u|c1ary and the constants N, t and 6 determined in Lemma 5.1.

Proof. By Lemma 5.1, Av + Bp? —w > 0 on 9 and
g7 (Av + Bp? — w);; <0 in Qs
when A > B and both are sufficiently large. By the maximum principle,
AU+Bp2—w20 in Q.

Consequently,
Av,(0) —w,(0) = D, (Av + Bp* —w)(0) >0
since Av + Bp? —w = 0 at the origin. O
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We next apply Lemma 5.3 to estimate w,,_,, (0) for a < 2n. For fixed o < 2n, we

write n = oy, /0,, and define

We wish to apply Lemma 5.3 to
w = (uyn - wyn)z :i: T(“ - (10>
By (5.12),
T (= @) + (g, = 9,)2 < C in O
On OM since u — ¢ = 0 and 7 is a tangential differential operator, we have
T(u—¢)=0 ondM N By

and, similarly,
(5.22) (uy, — @y,)° < Cp* on M N Bs.

We compute next
(5.23) 07 (Tu)ij = 87 (uy,ij + Mty i3) + 87500, + 267 Re {1, 5}

By (5.10) and (5.11),
(529) 169+ )] < [T+ CIT)+ 1B+ 19T (14 Y 67;)

and

(5.25) 2|gRe{niug, 5} < g7uy, w5 + Cs (1 - Z gﬁgi;)
where C} and C; are independent of the curvature and torsion. Applying (5.10) again,
we derive
gﬁ[(uyn - @yn)Q]ii = 29i3(uyn — Py)i(Uy, — Py,);
+ 2(ty, = 24,)8" (g, = ©3.)i5
(5.26) > gijuyniuynﬁ - 296%0%%'90%3

+ 2(uy, — ‘Pyn)gij(“ynﬁ — Pyaij)
> guy,itty, ;= |(Fyal = Cs

— Cy(L+|T|+ R+ VT > g7 g;.
Finally, combining (5.23)-(5.26) we obtain

(5:27) 8l — 00)? £ T =)y = ~C(1+ D1+ Y 67g5) in @
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where C' = Cy(1+4|R|+|T|+|VT|) with Cy independent of the curvature and torsion.
Consequently, we may apply Lemma 5.3 to w = (uy, — ¢y, )* =7 (u— ¢) to obtain

(5.28) Ut ., (0)] < C,  a<2n.
By (5.6) we also have
(5.29) Ut (0)] < C) a < 2n.

It remains to establish the estimate
(5.30) |tz (0)] < C.
Since we have already derived
(5.31) Utot5(0)], [Utne, (0)], (Ui (0)] <C, a, 8 < 2n,
it suffices to prove
(5.32) 0 < g+ upa(0) = p + g, a, (0) + 1y, (0) < C.
Expanding det(u;; + £19;5), we have
(5.33) det(u;;(0) + pgi5) = a(unn(0) + p) +b
where
a = det(uqap(0) + 1gas)l1<a,p<n—1)
and b is bounded in view of (5.31). Since det(u;; + jtg;;) is bounded, we only have to

derive an a priori positive lower bound for a, which is equivalent to

(5.34) D ua5(0)6aés > colé?, Ve

a,B<n

for a uniform constant c¢q > 0.

Proposition 5.4. There exists co = co(v ™", @, u) > 0 such that (5.34) holds.

Proof. Let TcOM C T M be the complex tangent bundle of 9M and
TYOM = TOM N TedM = {5 e TYOM : do(€) = o}.

In local coordinates,

THO9M = {g - gia% eTOM:Y &0y = 0}.

)
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It is enough to establish a positive lower bound for

moy = min wy(€, ).
o= _pmin w69
We assume that mg is attained at a point p € M and choose regular local coordi-

nates around p as before such that

mo = wu((%l, %) = u17(0) + p.
One needs to show
(5.35) mo = u17(0) + i > ¢o > 0.
By (5.15),
(5.36) u11(0) = 11(0) = (u = w)q, (0)011(0).

We can assume u7(0) + g < 5(uy7(0) + p); otherwise we are done. Thus
(5.37) (u = ), (0)011(0) >
It follows from (5.12) that

(5.38) 011(0) =

where C' = maxgy |V (u — u)|.
Let 6 > 0 be small enough so that
0 0

W=|—0,, 7 +0,, —
) n821 laZn

1
= (i1]o=|* = 2Re{91702,02 } + Gunlo=,|?) 2 > 0 in M N Bs(p).
Define ¢ = 3 (72 € TYM in M N Bs(p):

Oz,
glz_ )
w
Cj :O, 2§]§n—1,
_ 0=
=2

and

P = (o5 + 195) Gk — (U = )2, 057G — w1 (0) — p.
Note that ¢ € T*POM on OM and || = 1. By (5.15),
(5.39) @ = (ujf + 1g;7)¢iC — w11 (0) — > 0 on OM N Bs(p)
and &(0) = 0.
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Write G = aﬁgé. We have
Qijqjij < - Qij(uan)ij + C<1 + Z Ujj)
(5.40) = — Gy, 5 — 267Re{u,, G5} + C(1+ Y agy)
< g"uy,u,,; +C (1 +) gﬁgﬁ)

by (5.10) and (5.11). It follows that

(5.41) g7 (D — (uy, — ¢y.)]i; < C(l + Z gﬁgi3> in M N Bs(p).
Moreover, by (5.22) and (5.39),
(uy, — @y,)° — @ < C|z|* on OM N B;(p).
Consequently, we may apply Lemma 5.3 to
h= (uy, —¢y,)* =@

to derive @, (0) > —C which, by (5.38), implies

C C
0) =

In view of (5.31) and (5.42) we have an a priori upper bound for all eigenvalues of

(5.42) Uz, (0) <

{uij + pgi}+ at p. Since det(u;; + pg;;) > ¥ > 0, the eigenvalues of {u;; + ug;;} at p
must admit a positive lower bound, i.e.,

min (u; + Mgz'j)fz‘gj = Co.
§€T, M, |¢|=1

Therefore,
mo = min (u;5 + Mgz‘j)fz‘gj > min (u;5 + Mgij)figj > Cp.
€T, OM |¢|=1 ceTHOM |e|=1
The proof of Proposition 5.4 is complete. O

We have therefore established (5.1).
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6. ESTIMATES FOR THE REAL HESSIAN AND HIGHER DERIVATIVES

The primary goal of this section is to derive global estimates for the whole (real)
Hessian

(6.1) |V2u| < C on M.
This is equivalent to

(6.2) Uz, ()]s [tayy; (D)]; Uiy, (P)| < C, V1I<i,j<n

in local coordinates z = (z1, ..., 2,), z; = x; + v/—1ly; with g;5(p) = &;; for any fixed
point p € M, where the constant C' may depend on |u|c1(ary, supy, Au, infeyp > 0,
and the curvature and torsion of M as well as their derivatives. Once this is done we
can apply the Evans-Krylov Theorem to obtain global C%® estimates.

As in Section 5 we shall use covariant derivatives. We start with communication

formulas for the fourth order derivatives. From direct computation,
Vijkl — Vijlk :F%’ g
(63) { Jkl jlk k{ 749 i
Vijkl — Vijik = gqukfiquj + gqukquUip~
Therefore, by (5.3), (5.4), (5.5), (6.3) and (2.20),
Vel — Vkiij = (Uil — Vi) + (Vkigi — Vrig) + (Vkity — Viiig)

= vz‘(_gquijqup + Thvp;) + T;']lvkié + gpqvj(Riiqup>

6.4 _ _
(&4) = 0" (RyiqVp; — Rigrqpr) + Thvpsr + Tjivkiq
=+ gpq(viRz‘z‘kq — ViRik5)Vp
and
Uikl — Vkti; = Vijki — Vkiji T Vkijl — Vkitj + Vkil; — Vkiij
= Vl(_gquijqup + Thvp;) — gquzjqupi - qulez'q’Ukp
+ V(9" Rargvp + Tijvrp)
(6.5) = — ¢" RijrqVpt — 9" RijigUhp — 9" Rijigpi

- gpq[(leﬁkzj) + (VERilkq’)]Up
+ [(ViT5) + 9" Rikglvy;
+ Tihvpj + T vrp;-

Turning to the proof of (6.2), it suffices to prove the following.
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Proposition 6.1. There exists constant C' > 0 depending on [u|c1ipy, supy Au and
infy > 0 such that

(6.6) sup Uy, < C.

T€TM,|T|=1
Proof. Let

N :=sup {|Vu]2 + Alw,]* +  sup uTT}
M r€TM,|7|=1

where A is positive constant to be determined, and assume that it is achieved at an
interior point p € M and for some unit vector 7 € T,M. We choose local coordinates
z = (21,...,2,) such that g;; = 6;; and {u;;} is diagonal at p. Thus 7 can be written
in the form 5 5 .
T = aja_zj + bjé_zj’ a;,b; € C, Zajbj =3
Let & be a smooth unit vector field defined in a neighborhood of p such that
&(p) = 7. Then the function

Q = uge + | Vul* + Alw, [
(defined in a neighborhood of p) attains it maximum at p where, therefore
(6.7) Qi = Urri + Uy, + upup; + 2A (g, + 1) (U + (12)i) = 0
and
0> ¢"Qi = 8" (s, + wpiugs) + 87 (Wrtlygs + Upttys)
(6.8) 0" Urrii + 240" (ugg; + (1)) (wigz + (12)7)
+ 24w, + 18" (g + (1)i2)-

Differentiating equation (2.39) twice (using covariant derivatives), by (5.4) and
(6.4) we obtain

(69) g% = (s + 0" R — 8" Thouig — () Y _a" > (e —C>_g"
and
0 i > 0" 0w + 0" (T + Thttkip)

+ (D=8 = (e —C(1+ "),

(Here we used (5.4) again for the last inequality.)
Note that

(6.10)

Urrii = AUy + 2apbiugg; + bbiugg;.
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Using the formulas in (6.3), (6.4) and (6.5) we obtain
(6.11)
> (f)rr — Co™wipuag — C<1 + Z |Ukz|> Zgu~

ol
Plugging (6.9), (6.10), (6.11) into (6.8) and using the inequality
26" (ug; + (1):) (g + (1))

(6.12) i i @ i
> g wpiwgs — 8" (W)i(1)i > 8" wguges — C ZE ;

we see that

(6.13) gﬁukiulgg + (A — C)gﬁukl_iull_& - C<1 + A+ Z |Ukl\> <1 + Z gﬁ> <0.
kil

We now need the nondegeneracy of equation (2.39) which implies that there is A > 0
depending on sup,,; Au and inf 1) > 0 such that

Aozt < e} < Moy}
and, therefore,

(6.14) i 1 9
g Ui > KZ,; ||~

Plugging these into (6.13) and choosing A large we derive

D ful* < C.

ik
Consequently we have a bound u,,(p) < C. Finally,

sup  sup e < Upp(p) + 2sup(|Vaul® + Alw,[?).
gEM r€T, M, 7|=1 M

This completes the proof of (6.6). d
We can now appeal to the Evans-Krylov Theorem ([17], [32], [33]) for C*® estimates
(615) \u]cz,a(M) < C.

Higher order regularity and estimates now follow from the classical Schauder theory

for elliptic linear equations.
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Remark 6.2. When M is a Kahler manifold, Proposition 6.1 was recently proved by
Blocki [8]. He observed that the estimate (6.6) does not depend on inf ¢ when M has
nonnegative bisectional curvature. This is clearly also true in the Hermitian case.

Remark 6.3. An alternative approach to the C%“ estimate (6.15) is to use (1.6) and
the boundary estimate (5.1) (in place of (6.1)) and apply an extension of the Evans-
Krylov Theorem; see Theorem 7.3, page 126 in [14] which only requires C** bounds
for the solution. This was pointed out to us by Pengfei Guan to whom we wish to

express our gratitude.

7. C° ESTIMATES AND EXISTENCE

In this section we complete the proof of Theorem 1.2-1.4 using the estimates es-
tablished in previous sections. We shall consider separately the Dirichlet problem
and the case of manifolds without boundary. In each case we need first to derive C°
estimates; the existence of solutions then can be proved by the continuity method,
possibly combined with degree arguments.

7.1. Compact manifolds without boundary. For the C° estimate on compact
manifolds without boundary, we follow the argument in [39], [41] which simplifies the
original proof of Yau [43].

Let M be a compact Hermitian manifold without boundary and w an admissible
solution of equation (2.39), sup,; v = —1. In this case we assume p > 0. (When
p < 0 equation (2.39) does not have solutions by the maximum principle.) We write

n—1

X =D ()" A (wy)"

0

k=
Multiply the identity (w,)” — (pw)"™ = Faau A x by (—u)? and integrate over M,

[ cortar e =Y [
(7.1) :@/M(— pl@u/\@u/\x—l——/ u)POu A O

2py/—1 p+195
:(p+1)2 AX_W/A/[(_U) 00x.

u)PO0u A x

pt1

Ma(—u)”éle?(—u) :
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We now assume that 00(uw)® = 0, for all 1 < k < n — 1, which implies 9y =
0, and that ¢ does not depends on u. Since pw > 0 and w, > 0, we see that
(uw)k A (w,)"17% > 0 for each k. Therefore,

/|v )7 PP —V_l/ O(—u)" 7 d(—u)"> Aw"!

(7.2) <2mfu”1/a W) T o)
 (p+
—2pmfun1/< WP — g

< C'/ (—u)Ptw™.
M

After this we can derive a bound for inf u by the Moser iteration method, following
the argument in [41].

If 1) depends on u and satisfies (1.10), a bound for sup,, |u| follows directly from
equation (2.39) by the maximum principle. Indeed, suppose u(p) = maxy; u for some
p € M. Then {u;;(p)} < 0 and, therefore

p" det g5 > det(ug; + p1gi;) = ¥(p, u(p)) det g;j.
This implies an upper bound u(p) < C by (1.10). That miny; u > —C follows from a

similar argument.

Proof of Theorem 1.3. We first consider the case that 1) does not depend on u. By
assumption (1.8) we see that
/ (Y —1w" =0
M

is a necessary condition for the existence of admissible solutions, and that the lin-

earized operator, v — g¥v;3, of equation (1.1) is self-adjoint. So the continuity method

ij)
proof in [43] works to give a unique admissible solution u € H N C%*(M) of (1.1)

/ uw™ = 0.
M

The smoothness of u follows from the Schauder regularity theory.

satisfying

For the general case under the assumption ¢, > 0, one can still follow the proof of
Yau [43]. So we omit it here. O
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Proof of Theorem 1.4. The uniqueness follows easily from the assumption v, > 0 and
the maximum principle. For the existence we make use of the continuity method. For
0 < s <1 consider

(7.3) (W) =V (z,u)w™ in M
where ©%(z,u) = (1 — s)e" + sip(z,u). Set
S :={s € [0,1] : equation (7.3) is solvable in H N C**(M)}

and let u® € H N C%*(M) be the unique solution of (7.3) for s € S. Obviously S # ()
as 0 € S with u® = 0. Moreover, by the C** estimates we see that S is closed. We
need to show that S is also open in and therefore equal to [0, 1]; u' is then the desired
solution.

Let s € S and let A® denote the Laplace operator of (M, w,s). In local coordinates,
A’y = gYv; = g 0;0;v

where {g¥} = {95} 7" and g3; = g;; + uj;. Note that A® — 7, where ¥ = ¢3 (-, u%),

is the linearized operator of equation (7.3) at u®, . We wish to prove that for any

¢ € C*(M,w,s) there exists a unique solution v € C%**(M,w,s) to the equation
(7.4) Ay —pv = ¢,

which implies by the implicit function theorem that S contains a neighborhood of s
and hence is open in [0, 1|, completing the proof.

The proof follows a standard approach, using the Lax-Milgram theorem and the
Fredholm alternative. For completeness we include it here.

Let v > 0 and define a bilinear form on the Sobolev space H'(M,w,s) by

Blv,w] := / (Vo + vtrT, V). + (7 + 02 vw](wys)"
(7.5) Mo
= [ I+ T+ 3+ o)
M
where T denotes the torsion of wys and trT its trace. In local coordinates,
T = Thdz = g™ (g — giji)d

so it only depends on the second derivatives of w.

It is clear that for v > 0 sufficiently large B satisfies the Lax-Milgram hypotheses,
i.e,

(7.6) |Blv, w]| < Cllofla s l[w]m @)
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by the Schwarz inequality, and
(7.7) Blv,v] > co||v||?{1(ws), Vo H (M, wys)
where ¢y is a positive constant independent of s € [0,1] since ¥, > 0, [u®|c2) < C
and M is compact. By the Lax-Milgram theorem, for any ¢ € L?(M,w,s) there is a
unique v € H'(M,w,s) satisfying
(7.8) Blv,w] = / Pw(wys)" YV w € HY (M, wys).

M

On the other hand,

(7.9) Blv,w] = / (=A% + YPiv + yo)w(wys )"

M
by integration by parts. Thus v is a weak solution to the equation
(7.10) Lyw:=Av—yjv—"yv=¢.

We write v = L;lgb.
By the Sobolev embedding theorem the linear operator

K =~L" : LM, wys) — L*(M, wys)

is compact. Note also that v € H'(M,w,s) is a weak solution of equation (7.4) if and
only if

(7.11) v—Kv=¢(
where ¢ = L7'¢. Indeed, (7.4) is equivalent to
(7.12) v=L'(yw+¢) =L v+ L'

Since the solution of equation (7.4), if exists, is unique, by the Fredholm alternative
equation (7.11) is uniquely solvable for any ¢ € L?(M,w,s). Consequently, for any
¢ € L?*(M,w,s) there exists a unique solution v € H'(M, w,s) to equation (7.4). By
the regularity theory of linear elliptic equations, v € C*%(M,w,s) if ¢ € C*(M,wys ).
This completes the proof. U

7.2. The Dirichlet problem. We now turn to the proof of Theorem 1.2. Let
A, ={veH:v>uin M, v=wuon IM}.

By the maximum principle, v < h on M for all v € A, where h satisfies Ah +n = 0
in M and h = u on OM. Therefore we have C° bounds for solutions of the Dirichlet
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problem (1.1)-(1.2) in 4,. The proof of existence of such solutions then follows that

of Theorem 1.1 in [19]; so is omitted here.

Proof of Theorem 1.5. As we only assume ¥ > 0, equation (1.11) is degenerate. So
we need to approximate it by nondegenerate equations. Since wy > 0 and M is
compact, there is g > 0 such that wy > gow, and therefore (wy)™ > epw”.

For € € (0,¢0] let ¢° be a smooth function such that

n

sup {1/1 — ¢, %} < ¢ <sup{y,e"}
and consider the approximating problem
{ (wy)™ = Y™ in M,

(7.13)
u=¢ on M.

Note that ¢ is a subsolution of (7.13) when 0 < ¢ < g5. By Theorem 1.2 there is a
unique solution u¢ € C%*(M) of (7.13) with u® > ¢ on M for € € (0, ).
By Theorem 1.1 it is easy to see that
(7.14) [uf |1y < Ch, sup Au® < Cy(1 + sup Au®), independent of e.
M oM
On the boundary M, the estimates in Section 5 for the pure tangential and mixed
tangential-normal second derivatives are independent of ¢, i.e.,

(7.15) lug, |, |ug,| < Cs, V& neTIM,|E|,[n| =1 independent of €.

where v is the unit normal to M. For the estimate of the double normal derivative
u_, note that OM = N x 0S and TcOM = TN, this is the only place we need the

vy

assumption M = N x S so Theorem 1.5 actually holds for local product spaces. So
(7.16) Ltugg =1+ ¢ >co VEETCOM =TN, €] = 1.

where ¢y depends only on ¢. From the proof in Section 5 we see that

(7.17) lu;,,| < C, independent of € on OM.

Finally, from sup,, [Au®| < C' we see that [u®|c1a (i) is bounded for any o € (0, 1).
Taking a convergent subsequence we obtain a solution u € C1*(M) of (1.11) with the
desired properties. By Remark 6.2, v € C!(M) when M has nonnegative bisectional

curvature. O
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8. (GEODESICS IN THE SPACE OF HERMITIAN METRICS.

Let (M,g) be a compact Hermitian manifold without boundary. The space of

Hermitian metrics
(8.1) H={pecC*M):wy>0}

is an open subset of C*(M). The tangent space TyH of H at ¢ € H is naturally
identified to C?(M). Following Mabuchi [36], Semmes [38] and Donaldson [16] who

considered the Kahler case, we define

(82) <€777>¢ = /]\‘/1577 <w¢>)n7 67 ne T¢>H

Accordingly, the length of a regular curve ¢ : [0, 1] — H is defined to be

1 1
(83) Le) = [ (aokae
0
Henceforth ¢ = d¢/0t and ¢ = 9?p/0t?. The geodesic equation takes the form

(8.4) ¢ —|Vel, =0,

or in local coordinates
(8.5) ¢ — (@) ¢, 05, = 0.

Here {g(p)7*} is the inverse matrix of {9(0)ie} = {95 + w5}

It was observed by Donaldson [16], Mabuchi [36] and Semmes [38] that the geodesic
equation (8.4) reduces to a homogeneous complex Monge-Ampere equation in M x A
where A = [0,1] x S'. Let

W= 2Zpt1 =t +V—1s

be a local coordinate of A. We may view a smooth curve ¢ in H as a function
on M x [0,1] and therefore a rotation-invariant function (constant in s) on M x A.

Clearly,
._8_90_ 8_90_ do . Dp 0%

Y= 9t " 20w " Cow YT e Yawon
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Therefore,
Plw
det (9(#);7) :
Son'w
Pwl co Puwn  Pww
(8.6) 9(0)* or
= —det(g(p)i7) - det I -
4 ’ 9@
¥1 Pr ¥
1 . TR
=7 det(g(p)iz) - (& = 9() "0z, 25.)-
So a geodesic ¢ in H satisfies
-1 _ n+1
(8.7) (@,)" = (w + —”206g0> —0 inMxA
where
v—1_= v—1
8.8 O=w+ —0|w]* = — girdz; A dzy, + dw A dw
2 2 J J

7,k<n
is the lift of w to M x A.
Conversely, if ¢ € C?(M x A) is a rotation-invariant solution of (8.7) such that

(8.9) o(w)€eH, Ywe A,

then ¢ is a geodesic in H.

In the Kéhler case, Donaldson [16] conjectured that H>* = H N C>°(M) is geodesi-
cally convex, i.e., any two functions in H> can be connected by a smooth geodesic.
More precisely,

Conjecture 8.1 (Donaldson [16]). Let M be a compact Kdihler manifold without
boundary and p € C*(M x 0A) such that p(-,w) € H for w € OA. Then there
exists a unique solution ¢ of the Monge-Ampére equation (8.7) satisfying (8.9) and
the boundary condition ¢ = p.

The uniqueness was proved by Donaldson [16] as a consequence of the maximum
principle. In [13], X.-X. Chen obtained the existence of a weak solution with Ay €
L>®(M x A); see also the recent work of Blocki [8] who proved that the solution is
in CY'(M x A) when M has nonnegative bisectional curvature. As a corollary of

Theorem 1.5 these results can be extended to the Hermitian case.
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Theorem 8.2. Let M be a compact Hermitian manifold without boundary. and let
00,01 € HNCYM). There exists a unique (weak) solution o € CH¥(M x A),
VO<a<l, witha,>0 and Ap € L>°(M x A) of the Dirichlet problem

(@,)"T =0 in M x A
(8.10) © =y on M x T,
w=p; on M xTI4

where Ty = OAli=g, Ty = 0A|,=1. Moreover, p € CH'(M x A) if M has nonnegative
bisectional curvature.

Proof. In order to apply Theorem 1.5 to the Dirichlet problem (8.10) we only need to
construct a strict subsolution. This is easily done for the annulus A = [0, 1] x S'. Let

0= (1—1t)po+to, + K(t* —1t).

Since g, 1 € H(w) we see that @, > 0 and (@,)"" > 1 for K sufficiently large. O

Remark 8.3. By the uniqueness ¢ is rotation invariant (i.e., independent of s).
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