SECOND ORDER ESTIMATES FOR HESSIAN TYPE
FULLY NONLINEAR ELLIPTIC EQUATIONS
ON RIEMANNIAN MANIFOLDS

BO GUAN AND HEMING JIAO

ABSTRACT. We derive a priori estimates for second order derivatives of solutions
to a wide calss of fully nonlinear elliptic equations on Riemannian manifolds. The
equations we consider naturally appear in geometric problems and other applications
such as optimal transportation. There are some fundamental assumptions in the
literature to ensure the equations to be elliptic and that one can apply Evans-
Krylov theorem once the C? estimates are derived. However, in previous work one
needed extra assumptions which are more technical in nature to overcome various
difficulties. In this paper we are able to remove most of these technical assumptions.
Indeed, we derive the estimates under conditions which are almost optimal, and
prove existence results for the Dirichlet problem which are new even for bounded
domains in Euclidean space. Moreover, our methods can be applied to other types
of nonlinear elliptic and parabolic equations, including those on complex manifolds.

1. INTRODUCTION

In the study of fully nonlinear elliptic or parabolic equations, a priori C? estimates
are crucial to the question of existence and regularity of solutions. Such estimates are
also important in applications. In this paper we are concerned with second derivative
estimates for solutions of the Dirichlet problem for equations of the form

(1.1) FNV?*u + Afu)) = ¥(z,u, Vu)

on a Riemannian manifold (M™, g) of dimension n > 2 with smooth boundary 0M,
with boundary condition

(1.2) u=¢ on dM,

where f is a symmetric smooth function of n variables, V2u is the Hessian of u,
Alu] = A(x,u, Vu) a (0,2) tensor which may depend on v and Vu, and

AMV2u+ Afu)) = (A, .., )
denotes the eigenvalues of V?u + A[u] with respect to the metric g.
Research of the first author was supported in part by NSF grants and MRI at OSU. Research of

the second author was supported in part by a CRC graduate fellowship.
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Following the pioneer work of Caffarelli, Nirenberg and Spruck [4] we assume f to
be defined in an open, convex, symmetric cone I' C R™ with vertex at the origin,

I, = {\ € R" : each component \; >0} CT' #R"

and to satisfy the standard structure conditions in the literature:

0
(1.3) fiza)‘i>OinF,1§i§n,
(1.4) f is a concave function in I’
and
(1.5) sup f = sup limsup f(\) < 0.
ar A€ A=A

We shall call a function v € C?*(M) admissible if \(V?u + Afu]) € . By (1.3),
equation (1.1) is elliptic for admissible solutions.

When A = 0 or A(x), the Dirichlet problem (1.1)-(1.2) in R" for was first studied
by Ivochkina [30] and Caffarelli, Nirenberg and Spruck [4], followed by work in [37],
[51], [12], [46], [48], and [9], etc. Li [37] and Urbas [49] studied equation (1.1) with
A = g on closed Riemannian manifolds; see also [14] where the Dirichlet problem was
treated for A = kug (k is constant).

A critical issue to solve the Dirichlet problem for equation (1.1), is to derive a priori
C? estimates for admissible solutions. By conditions (1.3) and (1.5), equation (1.1)
becomes uniformly elliptic once C? estimates are established, and one therefore ob-
tains global C?% estimates using Evans-Krylov theorem which crucially relies on the
concavity condition (1.4). From this point of view, conditions (1.3)-(1.5) are funda-
mental to the classical solvability of equation (1.1).

In this paper we shall primarily focus on deriving a prior:i estimates for second
order derivatives. In order to state our main results let us introduce some notations;
see also [15].

For o > 0let I'" = {A € T": f(\) > o} which we assume to be nonempty. By
assumptions (1.3) and (1.4) the boundary of I'?, 9T = {A € T': f(\) = o} is a
smooth, convex and noncompact hypersurface in R”. For A € I we use Ty = T\oI'/®
to denote the tangent plane at A to the level surface O™,

The following new condition is essential to our work in this paper:

(1.6) oI N THOI''™ is nonempty and compact, Yo > 0, A € I'.

Throughout the paper we assume M := M UOM is compact and A[u] is smooth on
M for u € C®°(M), 1 € C>°(T*M x R) (for convenience we shall write ¢ = ¢ (z, z, p)
for (x,p) € T*M and z € R though), ¥ > 0, ¢ € C®(OM). Note that for fixed
r€M,z€Rand peTM,

Alx,z,p) : ToM X Ty M — R
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is a symmetric bilinear map. We shall use the notation
A (@, ) o= Al ) (&), &€ Ty M
and, for a function v € C*(M), Afv] := A(z,v, Vv), ASv] := A% (z,v, Vv).
Theorem 1.1. Assume, in addition to (1.3)-(1.6), that
(1.7) —(x, 2,p) and A% (z, z,p) are concave in p,

and that there exists an admissible subsolution u € C*(M) satisfying

FOV2u+ Alu])) > ¢(z,u, Vu) in M,
(1.9) { u =@ on JM.

Let w € CY(M) be an admissible solution of equation (1.1) with w > u on M. Then
2 2
(1.10) m]\%X|V ul < Cy(1+ ng]z\}ﬂv ul)

where Cy > 0 depends on |u|cayy and |ulczipy- In particular, if M is closed, i.e.
OM =, then

(1.11) |V2u| < Cy on M.
Suppose that u also satisfies the boundary condition (1.2) and that
(1.12) > i) =0, VAET.

Then there exists Cs > 0 depending on |u|ciipy, [wle2(iry and [p|ca@ary such that

2
. < (5.
(1.13) I%]z\}}dv ul < Cy

The assumption (1.6) excludes linear elliptic equations but is satisfied by a very
general class of functions f. In particular, Theorem 1.1 applies to f = ak% , k> 2and
f= (Jk/al)ﬁ, 1 <1 < k < n in the Garding cone

I'y={AeR":0;(N) >0, V1<j <k},

where oy, is the k-th elementary symmetric function; see [15]. Tt is also straightforward
to verify that the function f = log P satisfies assumptions (1.3)-(1.6) where

PN = J[ Qi+--+X), 1<k<n
i< <ig
defined in the cone
Pr={ANeR": X\, +---+ )\, >0}
When both A and 1 are independent of u and Vu, Theorem 1.1 was proved by

the first author [15] under the weaker assumption that (1.6) holds for all A € 9I'?,
which improves previous results due to Caffarelli, Nirenberg and Spruck [4], Li [37],
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Trudinger [46], Urbas [49] and the first author [12], etc. Clearly, the two conditions
are equivalent if f is homogeneous or more generally f(t\) = h(t)f(A), V¢ > 0in '
for some positive function h.

Some of the major difficulties in deriving the estimates (1.10) and (1.13) are caused
by the presence of curvature and lack of good globally defined functions on general
Riemannian manifolds, and by the arbitrary geometry of boundary. As in [15], we
make crucial use of the subsolution in both estimates to overcome the difficulties. (We
shall also use key ideas from [4], [37], [46], [49], etc. all of which contain significant
contributions to the subject.) However, the proofs in the current paper are far more
delicate than those in [15], especially for the boundary estimates. The core of our
approach is the following inequality

Theorem 1.2. Assume that (1.3), (1.4) and (1.6) hold. Let K be a compact subset
of I' and supyr f < a < b < supp f. There exist positive constants 6 = (K, [a, b])
and R = R(K, [a,b]) such that for any A € Tl@?l =Ta\ T when |\| > R,

(1.14) Zfi(k)(m — i) >0+ GZfi()\) + f(p) = f(A), Vue K.

Perhaps the most important contribution of this paper is the new idea introduced
in the proof of Theorem 1.2. It will be further developed in our forthcoming work
(e.g. [16]). Note that by the concavity of f we always have

AN (i = A) = f(u) = f(N), Y A€ET.

It may also be worthwhile to point out that in Theorem 1.2 the function f is not
assumed to be strictly concave.

In general, without assumption (1.9) the Dirichlet problem for equation (1.1) is not
always solvable either if A or v is dependent on v and Vu, or if there is no geometric
restrictions to M being imposed.

The recent work of Guan, Ren and Wang [24] shows that the convexity assumption
on ¢ in Vu can not be dropped in general from Theorem 1.1. On the other hand,
they derived the second order estimates for f = /o, without the assumption; such
estimates are also known to hold for the Monge-Ampeére equation (f = or! "It
seems an interesting open question whether it is still true for f = a,i/ k, 3< k< mn
see [24].

Our motivation to study equation (1.1) comes in part from its natural connection
to geometric problems, and the problem of optimal transportation which turns out to
be very closely related and to have interesting applications to differential geometry.
The potential function of an optimal mass transport satisfies a Monge-Ampere type
equation of form (1.1) where f = or/™ and A is determined by the cost function. In
[39] Ma, Trudinger and Wang introduced the following condition to establish interior
regularity for optimal transports: there exists ¢y > 0 such that

(1.15) A (z,z,p)mem < —col P, VE,m € TuM, € L,

PrDi
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now often referred as the MTW condition. In this paper we derive the following
interior estimate which also extends Theorem 2.1 in [47].

Theorem 1.3. In addition to (1.3)-(1.5), (1.7) and (1.15), assume that
(1.16) tlim f(tl) = 400

where 1 = (1,...,1) € R". Let u € C?(B,) be an admissible function and u € C*(B,)
an admissible solution of (1.1) in a geodesic ball B, C M of radius r > 0. Then

(1.17) sup |VZu| < Cy
Br

2

where Cy depends on r~1, |u|ci(s,), |ulc2p,), and other known data.
Remark 1.4. The function u € C?(B,) does not have to be a subsolution.

Equations of form (1.1) appear in many interesting geometric problems. These
include the Minkowski problem ([40], [41], [42], [7]) and its generalizations proposed
by Alexandrov [1] and Chern [8] (see also [17]), the Christoffel-Minkowski problem

(cf. eg. [23]), and the Alexandrov problem of prescribed curvature measure (cf, e.g.
L 1

[22], [20]), which are associated with equation (1.1) on S™ for f = o7, (0,/0;)" or
1

of and A = ug. Another classical example is the Darboux equation
(1.18) det(Vu + g) = K(z)(—2u — |Vul?) det g

on a positively curved surface (M?, g), which appears in isometric embedding, e.g. the
Weyl problem ([40], [21], [29]). In [27] Guan and Wang studied the Monge-Ampere
type equation on S"

u? + |Vul? u? + [Vul?\n
o) ae (v SV e (P g
(119) et (V2u— ) = K (o) () et g
which arises from reflector antenna designs in engineering, while the Schouten tensor

equation
1
(1.20) ak(V2u+du®du— 5\Vu|2g+59> = p(z)e 2"

(where S, is the Schouten tensor of (M™,g)) introduced by Viaclovsky [50] is con-
nected with a natural fully nonlinear version of the Yamabe problem and has very
interesting applications in conformal geometry; see for instance [5], [10], [26], [28],
[35], [43] and references therein.

Interior second order estimates were obtained in [27] for equation (1.19) and in [25]
for equation (1.20); see also [6] for a simplified proof. The reader is also referred to
[42] for the classical Pogorelov estimate for the Monge-Ampeére equation, and to [9],
[44] for its generalizations to the Hessian equation (f = 0,1/ "in (1.1)) and equations
of prescribed curvature, respectively.
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The rest of this paper is organized as follows. In Section 2 we present a brief review
of some elementary formulas and a consequence of Theorem 1.2; see Proposition 2.2.
In Section 3 we give a proof of Theorem 1.2. In Section 4 we prove the maximum
principle (1.10) in Theorem 1.1 and derive the interior estimate (1.17), while the
boundary estimate (1.13) is established in Section 5. Section 6 is devoted to the gra-
dient estimates. Finally in Section 7 we state some existence results for the Dirichlet
problem (1.1)-(1.2) based on the gradient and second order estimates in Theorem 1.1
and Section 6, which can be proved using the standard method of continuity and
degree theory.

Part of this work was done while the second author was visiting Department of
Mathematics at Ohio State University. He wishes to thank the Department and
the University for their hospitality. The first author wishes to thank Xinan Ma for
bringing the functions P to his attention in a conversation several years ago.

2. PRELIMINARIES

Throughout the paper let V denote the Levi-Civita connection of (M", g). The
curvature tensor is defined by

R(X, Y)Z == —VXVyZ + VYVXZ + V[ij]Z.

Under a local frame ey,...,e, on M"™ we denote g;; = g(e;,e;), {9} = {g;;}7 %
while the Christoffel symbols Ffj and curvature coefficients are given respectively by
Ve = Ffjek and

Rijr = g(R(ex, €l)€ja €i), Rﬁ-kz = gimijkl-

We shall use the notation V; =V, , V,;; =V, V; — Ffjvk, etc.

For a differentiable function v defined on M™, we usually identify Vv with its
gradient, and use V?v to denote its Hessian which is locally given by V0 = V;(V,v)—
ngkv. We recall that V0 = Vv and
(2.1) Vijkv — Vjikv = Rﬁm-jvlv,

Vijkiv — Vigijv = R?kazmv + VZRZZkva + R;?kv]‘mv

Let u € C*(M) be an admissible solution of equation (1.1). For simplicity we shall

denote U := V?u + A(x,u, Vu) and, under a local frame ey, ..., e,,

Uij = Ules, ej) = Viju + A7 (2, u, Vu),

(2.2)

ViUij =VU (e, €5, ex) = Viiju + Vi A7 (2, u, Vu)
(2.3) = Viiju + Vi AY (z,u, Vu) + A9 (2, u, Vu) Vi
+ AV (z,u, Vu)Vyu
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where AY = A%% and V}A"Y denotes the partial covariant derivative of A when
viewed as depending on 2 € M only, while the meanings of A7 and A7, etc are
obvious. Similarly we can calculate V,U;; = V,V,U;; — 'V, Usj, ete.

In the rest of this paper we shall always use orthonormal local frames. Write
equation (1.1) locally in the form

(2.4) F(U) = (. u, V)
where we identify U = {U;;} and F' is the function defined by
F(B) = f(A(B))

for a symmetric matrix B with A(B) € I'; throughout the paper we shall use the
notation

- OF g 0’F
FY = U), Fif = _———(U).
8Bz-j ( >, aBz]aBkl ( )
The matrix {F"} has eigenvalues fi,..., f, and is positive definite by assumption

(1.3), while (1.4) implies that F is a concave function (see [4]). Moreover, when Uj;
is diagonal so is {F¥}, and the following identities hold

FiU; = Zf,)\i, FIU Uy = Zfz‘)\?

where A(U) = (A1, ..., An).
The following result can be found in [15] (Proposition 2.19 and Corollary 2.21).

Proposition 2.1 ([15]). Suppose f satisfies (1.3). There is co > 0 and an indezx r
such that

(2.5) ZFijUilUlj > Ctoi)\?-

I<n iFEr
If in addition f satisfies (1.4) and (1.12) then for any index r,
1
(2.6) Zfi|)‘i| SEZfM?+C'<1+ZZfi>.
i#£r
Let £ be the linear operator locally defined by
(2.7) Lv:=FINV 0+ (FIAY — 1, )V, ve C*(M)

where AY = A% [u] = AY (z,u, Vu), ¥y, = ¥y, [u] = by, (,u, Vu). The following is
a consequence of Theorem 1.2.

Proposition 2.2. There exist uniform positive constants R, 6 such that

(2.8) L(u—u) > HZF” + 60 whenever IN(U)| > R.
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Proof. For any x € M, choose a smooth orthonormal local frame e, ..., e, about x
such that {U;;(z)} is diagonal. From Lemma 6.2 in [4] and Theorem 1.2 we see that
there exist positive constants R, € such that when |A(U)| > R,

(29) FUU; = Ui) 2 F(U) = FU)+0 ) F"+0
where U = {U;;} = {Viju+ AY[u]}. By (1.7) and (1.8) we have
AV Vi(u—u) > A%z, u, Vu) — A%(z,u, Vu)

> A"(x,u, Vu) — A% (x,u, Vu)

and
— by, Vi(u —u) > —(x,u, Vu) + ¥ (x, u, Vu)

> =z, u, Vu) + (z, u, V).
Thus (2.8) follows from (2.9). O

3. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. Throughout the section we assume (1.3),
(1.4) and (1.6) hold. To give the reader some idea about the proof, we shall first
prove the following simpler version of Theorem 1.2.

Theorem 3.1. Let p € I' and supgr f < 0 < supp f. There exist positive constants
0, R such that for any A € OI'7, when |\| > R,

(3.1) Zfz()‘)(”i_)\i) >0+ f(1) = f(A).

Recall that for o € (supgp f,supr f) we have I'? := {f > o} # 0 and by assump-
tions (1.3) and (1.4), OI'? is a smooth convex noncompact complete hypersurface
contained in I'. Let u, A € OI'?. By the convexity of JI'?, the open segment

(L, M) ={tp+ (1 —-t)A:0<t < 1}
is either completely contained in or does not intersect with 0I'?. Therefore,
fp+ (A=A —0>0, VO<t<1

by condition (1.3), unless (u, \) C OI'°.
For A € T" we shall use T\ and v, to denote the tangent plane and unit normal
vector at A to OTYM | respectively. Note that vy = Df(\)/|Df(N)].

Proof of Theorem 3.1. We divide the proof into two cases: (a) f(p) > o and (b)
f(p) < o. For the first case we use ideas from [15] where the case f(u) = o is

proved. For case (b) we introduce some new ideas which will be used in the proof of
Theorem 1.2.
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Case (a) f(n) > o. By assumption (1.6) there is Ry > 0 such that 7),, N OI'? is
contained in the ball Bg,(0). By the convexity of OI'?, there exists § > 0 such that
for any A € OI'” with |A| > 2Ry, the open segment from g and A

(, \) ={tu+ (1 —-t)A:0<t <1}

intersects the level surface T at a unique point 1 with |n — u| > 20. Since
vy - (n—p)/|n — p| has a uniform positive lower bound (independent of A € ' with
|A| > 2R;) and the level hypersurface OI'Y(*) is smooth, the point z+8|n— |~ (n—p)
has a uniform positive distance from o'/ and therefore

Sl +6ln—p|™ (n—p) > flu) +0

for some uniform constant # > 0. By the concavity of f,

DL = X)) =D LN =)+ filn) i)

zfm)—f()+;$;ﬂuw%ﬂ—¢M)—fW)

> f(u+dln = pl ™ (n = w) = f(N)
>0+ f() = F(N).
We now assume f(u) < o. Assumption (1.6) implies (see Lemma 3.3 below) that
there is pig € OI' such that dist(uo, 7)) = dist(0I'?, T},) and therefore T},, is parallel

to T,,. By assumption (1.6) again there is Ry > 0 such that 7}, N 9T'Y* is contained
in the ball Bg,(0). By the convexity of OI'” we have for any A\ € 0I'” with |\| > 2Ry,

(3.2)

3.3 Vyo - Va < max Vyo Ve =B < 1.
(3:3) ceare, |j=2ry M0 C b

To see this one can consider the Gauss map G : 0I' — S"; the geodesic on S™ from
G (o) = vy, to G(A\) = v, must intersect the image of OI'” N 0By, (0).
Since O™ ig smooth, there exists § > 0 such that

dist(dBy (), o0 W) > 0

where OB (1) = {¢ € Bs(n) : v, - (¢ — p)/d > /1 — 32}. Therefore,
(3.4) 0= inf f({)— f(n)>0.

C€dBS (n)

For any A € 0I'? with |[A| > 2Ry, let P be the 2-plane through x spanned by v,
and vy (translated to p), and L the line through p and parallel to PN 7). From (3.3)
we see that L intersects 835 () at a unique point (. By the concavity of f,

(35) D fNmi— ) =D fi(N) > F(C) = FON) >0+ F(u) — FOV.

This completes the proof for case (b). O
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A careful examination of the above proof for case (b) shows that it actually works
for case (a) too (with some obvious modifications). In what follows we shall extend
the ideas to give a proof of Theorem 1.2.

We need the following lemma from [15].

Lemma 3.2 ([15]). Let u € OU'?. Then for any t > 0, the part of OI'?
Y= (p) ={A€dl?:(AN—p) v, <t}
is a convex cap with smooth compact boundary on the plane tv, +T,01.

Lemma 3.3. The set
Lo (u) = {C €dl’ v, - ((—p)= min v, - (A — ,u)}

Aeore

is nonempty and compact. Moreover, vy = v, for all A € L? ().

Proof. 1t f(u) < o this follows from Lemma 3.2 while if f(u) > o we see this directly
from assumption (1.6). 0

Lemma 3.4. If R" > R > max{|\| : A € L7(u)} then Br/(u,0) < Br(p, o) < 1.

Proof. We first note that v, = v,- and therefore Sg(p, o) = Br(p’, o) for u7 € L7(w).
For any A € OI'7 \ L?(p) we have 0 < v, - vy < 1 since v, vy € I', and v, # v, by the
convexity of OI'?. Therefore Br < 1 for R > max{|u?| : 7 € L7(n)} by compactness
(of O N OBg). To see that (g is non-increasing in R we consider the Gauss map
G : 0I'” — S". Suppose A € 0I' and |A| > R > max{|u?| : p° € L?(p)}. Then
the geodesic on S” from G(L(1)) to G(X) must intersect the image of OI'° N 9Bg(0),
that is, it contains a point G(Ag) for some Ag € OI'” N IBR(0). Consequently,
Vu’VASVM'V)\R SﬁR

So Lemma 3.4 holds. O

Lemma 3.5. Let K be a compact subset of I' and supyp f < a < b < supp f. Then
(3.6) Ry(K,[a,b]) = sup sup max || < oo

weEK a<o<b ML (p)

and
(3.7) 0 < Br(K,[a,b)) < Br(K,[a,b]) <1, VR > R > Ry(K, [a,]),

where
Br(K,[a,b]) = sup Br(x, [a,b]) = sup sup Br(w, o).

neK peK a<o<b
Proof. We first show that for any p € T,
(3.8) Ry(u,la,b]) = sup max ])\| < 0.

a<o<bAELI(n
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We consider two cases: (i) f(u) < a and (ii) f(u) > b; the case a < f(u) < b follows
obviously. In case (i) the set

is contained in the region bounded by ¥¢(x) and T)s, where t = v, - (u* — p) for any
pb € LP(u) which is nonempty by Lemma 3.3, while in case (ii) it is in the (bounded)
subregion of I' cut by T),. So in both cases (3.8) holds.

Next, we show by contradiction that

(3.9) Br(, [a,b]) = iugbﬁR(,u,a) <1, VR > Ro(p,[a,b]).
Suppose for each integer k > 1 there exists Ay € I" with [A\y| = R and a < f(A\g) < b

such that

1
VM-I//\kzl—E.

Then by compactness we obtain a point A € I" with a < f(X) < b, v, - vy =1 and
Al = R > Ro(u, f(A)). This contradicts Lemma 3.4 from which we also see that
Br(, [a,b]) is nonincreasing in R for R > Ro(u, [a, b]).

Suppose now that for each integer k > 1 there exists uy € K, op € [a,b] and
A € L (py,) with |Ax] > k. By the compactness of K we may assume py, — p € K
as k — oo. Since v, - vy, = 1, and JI'?* is smooth we have

kh_)I{.IOVM Uy =1 +kh_)rgo(yﬂ - Vuk) Uy = L
This contradicts (3.9) and the monotonicity of Bg(u, [a, b]), proving (3.6). The proof
of (3.7) is now obvious. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. The proof below is a straightforward modification of the sec-
ond part of the proof of Theorem 3.1; we include it here for completeness and the
reader’s convenience.

Let e = 1dist(K, 9I') and

K={pu—tl:pe K, 0<t<¢e}

where1 = (1,...,1) € R". Then K¢ is a compact subset of I". Let R = 2Ry(K*, [a, b]),
and § = Br(K*<, [a,b]). By Lemma 3.5, 0 < § < 1 and therefore, since f is smooth
and Df # 0 everywhere, by the compactness of K¢ there exists § > 0 depending on
3 and bounds on the (principal) curvatures of 'Y for all p € K¢, such that

inf dist(9B} (1), 00" W) >0
pneKe
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where 83? (1) denotes the spherical cap as in the proof of Theorem 3.1. Consequently,

(3.10) 6= it inf (F(O)— f(u) > 0.

2 neK (o By ()

Next, for any A € Tl®¥ = T\ T® with |\| > R and p € K¢, as in the proof of
Theorem 3.1 let P be the 2-plane through p spanned by v, and v, (translated to p),
and L the line through ;v and parallel to PN7T). Since v, - vy < 8 < 1 by Lemma 3.5,

L intersects 835 (1) at a unique point ¢, and therefore by the concavity of f,
(B11) > AN = A) =D FNG = M) = F(Q) = F(N) =20+ f(u) — F().

Finally, since K is compact, by the continuity of f there exists €y € (0, €] such that
flu—=1t1) > f(p) =0, Vpe K, 0<t<e.
Combining this with (3.11) gives (1.14) for 6(K, [a,b]) = min{eo, 0}. O

4. INTERIOR AND GLOBAL ESTIMATES FOR SECOND DERIVATIVES

In this section we derive the estimates for second derivatives in Theorem 1.1 and
Theorem 1.3.
Let

= 133 ¢
W(z) geTinN%)Ié':l(Vggu + A% (x,u, Vu))e

where ¢ is a function to be determined, and assume
W(zy) = max W
M
for an interior point xqg € M. Choose a smooth orthonormal local frame eq,... e,
about x such that V. e; = 0 and U;; is diagonal at xy. We assume
Ui (z0) > -+ = Upn(o)

so W (zg) = Uy (xg)e?@).
The function log U;; + ¢ attains its maximum at xy where

(4.1) Vit L g6 =0,
Un
ViU VU1 \2
4.2 — Vi <0.
(42) i~ () + Vs
By simple calculation,
(4.3) (Viln)? < (V1Uy)? + CUY,,

(4.4) ViUn > ViUy + Vi A = Vi3 A" — CUL.
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Differentiating equation (2.4) twice, we obtain at z,
(4.5) FUN Ui = Vit + 0 Viu + 0y, Vigu,
and, by (4.1),
F'N 11 Ui+ FPHN UV Uy
>y, Virju + Yy ViguVyu — CUp

(4.6) > 1, VU1 + ¥y, Uy — CU
= — Un¢y, V¢ + tpp, Ufy — CUxy.
Next,
FU(V AN = Vi AY) > FY(A) Vigu — A Viju)

+ AN UL — AS UR) = CUy Y F
(4.7) > Uy PP ALV — CUL Y F' = CUy

—CY F'UL-UL Y FUAY

i>2 i>2

By (4.2), (4.4), (4.6) and (4.7) we obtain

C i y
(4.8) Lo <Un Z F“Ampl Vo Un1 + E + —F U2 + C Z F'"+C

i>2 Un
where
E = U1121 F(V;Upp)? + (JlllFij’klleijlekl.
Let
b= 5|Vu|2 b

where b, 0 are undetermined constants, 0 <0 <1<, and nis a C? function which
may depend on u but not on its derivatives. We have

(4.10) 5
By (2.1), (2.3), and (4.5) we see that
F“Vjuvmu ZF”VJU(VJUM — A“ C’VU’ ZF“

(4.11) o
> (¢, — FPALV,uV o — C|Vul* Y F — C|Vul.
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It follows that
(4.12) Lo > bLn+ F” P-C> P
We now go on to prove (1.10) in Theorem 1.1. Let n = u — u so by (4.9),
(4.13) (Vip)? < C8*(1 + U2) + 2b*(Vin)? < C5*UZ + OB,
Next we estimate E. For fixed 0 < s < 1/3 let
J={i:U; <—=sUn}, K={i:U;>—sUp}.

We have
. Fi _ s
—FU:klleijlekl > Z ﬁ(v UU)
itj M "
Fii _ Fll
222 g
(4.14) 2'222
Z(Fu Fll)(lezl)
(1 + S)Ull K
2(1—s)

= T Z(F — F'Y(V,;U11)? = CU?Z /s).

The first inequality in (4.14) is a consequence of an inequality due to Andrews [2] and
Gerhardt [11]; it was also included in an original version of [4]. By (4.14), (4.1) and
(4.13) we obtain

1 ; ,  COFY
E < Y PV UL+ CY F 4 e > (Vi)
ey ieK I ek
ieJ
SCUPY F'4+C8°Y FUU;+CY F"+C0°U; + ) F'
ieJ
It follows from (4.8), (4.12) and (4.15) that
5 CN ) )
bLn < (C6° — = R FiUZ4+ 0¥y F'"4+CY F"
(4.16) ( U 11) ; 2
+ 0(52(]121 + ) F + C.

By Proposition 2.2 there exist uniform positive constants 6, R satisfying

Llu—u)>0Y Fito
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provided that Uyi(xg) > R and hence, when b is sufficiently large,

(052 S Y )FU2 + OV P+ C(8UT, + 07 P > 0.
Un icJ
This implies a bound Uyi(xg) < C as otherwise the first term would be negative
for 9 chosen sufficiently small, and |U;| > sUy; for @ € J. The proof of (1.10) in
Theorem 1.1 is therefore complete.
We now turn to the interior estimate (1.17) in Theorem 1.3. Following [25] we
choose a cutoff function ¢ € C5°(B,) such that

Cr
> \/E’

V(| < C,

where C). is a constant depending on 7.
Let n =u —u+log(. By (4.1) and (4.13),

) Ob2 )
E < Fi(V;0)? < CO*F U2 + FF”(%C)Q +CP Y P
(4.18)
< 0(52F”U2 + v Z Fi
Under the MTW condition (1.15) we have
A;Llpl < —cy < 0.

It therefore follows from (4.8), (4.12) and (4.18) that
C O\ y
< (= 2 Fé 2 _ F
bl < ( o 0o 2) U2 — coUn ;
(4.19) i
Cb° F* 4+ C.
OB (g g ) D F

From the assumption u € C?(B,) is admissible so for B > 0 sufficiently large,
MBg+U)€Tl, in B,
and therefore,
F(2Bg+U) > F(Byg) in B,.
By the concavity of F,

F'(U,; —Uy)>F2Bg+U)—FU)— 2BZFu‘
4.20
Y > F(Bg) — 2B F" —(z,u,Vu).
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For B > 0 sufficiently large we have
Ln>Lu—u ——ZF”
[ C I3
(4.21) > F U, — Uy) — z Y Fi-C

> F(Bg) - (2B+ %) DNl

From (4.19), (4.21) we derive a bound ((z()U11(xg) < C which yields W(zy) < C
when we fix § small and B large. This proves

|V2u| < % in B,.

The proof of (1.17) in Theorem 1.3 is complete.

5. BOUNDARY ESTIMATES FOR SECOND DERIVATIVES

In this section we establish the boundary estimate (1.13) in Theorem 1.1. We
shall assume that the function ¢ € C*(OM) is extended to a C* function on M, still
denoted .

For a point xy on OM, we shall choose smooth orthonormal local frames eq, ..., e,
around o such that when restricted to M, e, is normal to M. For x € M let p(z)
and d(z) denote the distances from z to xy and OM, respectively,

p(x) = distym (2, x0), d(z) = distym(z,OM)
and Ms ={x € M : p(z) < ¢}.

Since u —u = 0 on OM we have

(5.1) Vas(u —u) = =V (u—uw)ll(eq,e5), V1<a,<n ondM
where I1 denotes the second fundamental form of OM. Therefore,
(5.2) |Vasul <C, V1<a,6<n on OM.

To proceed we calculate using (4.5) and (2.1) for each 1 < k < n,
(5.3) £V =) C(1+ D N+ fi),
and
(5.4) LIV~ @) > FiUsU, — C(1+ 3 £+ 3 ).

As in [15] we need the following crucial lemma.
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Lemma 5.1. There exist some uniform positive constants t,d, e sufficiently small and
N sufficiently large such that the function

Nd?
satisfies v >0 on My and
(5.6) Lo < —5(1 +y F> in M.

The proof of Lemma 5.1 is similar to that of Lemma 4.1 in [15] using Proposition 2.2,
so we omit it here.

Let
(5.7) ¥ = A+ Ayp® —A3Z]Vg(u—g0)|2.
B<n
For fixed 1 < av < n, we derive using Lemma 5.1 and Proposition 2.1 as in [15]
LY £Vo(u—p)) <0 in Ms,
{W:I:Va(u—w) >0 on OM;

when A; > Ay > A3 > 1. By the maximum principle we derive ¥ + V,(u — ) >0
in Ms and therefore

(59) ’vnau(x0)| S vnw(‘rO) S C: Va<n.

(5.8)

The rest of this section is devoted to derive
(5.10) Vanu(zo) < C.

The idea is similar to that used in [15] but the proof is much more complicated due
to the dependence of ) on u and Vu. So we shall carry out the proof in detail.

As in [15], following an idea of Trudinger [46] we prove that there are uniform
constants cg, Ry such that for all R > Ry, (N[{Uas(20)}], R) € I" and

(5.11) FN{Uagp(x0)}], R) = 1plu)(x0) + o
which implies (5.10) by Lemma 1.2 in [4], where N [{U,s}] = (N}, -, \,,_;) denotes
the eigenvalues of the (n — 1) x (n — 1) matrix {U,s} (1 < o, < n — 1), and
Plu] = (- u, Vu).

Let

m= min (lim f(N[{Uss(0)}], R) = ¢(z0)),

xo€OM R—+o00
~ . . / . -
¢= min ( lim f(N[{Uas(z0)}], B) — F(Us(0))) > 0.
We wish to show m > 0. Without loss of generality we assume m < ¢/2 (otherwise we
are done) and suppose m is achieved at a point g € 9M. Choose local orthonormal
frames around x as before and assume V,,u(z) > V,nu(zo).
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For a symmetric (n — 1)? matrix {r,g} such that (N[{r.s}], R) € T when R is
sufficientluy large, define

Flras) = Jim SV [{ras}], B)

Note that F' is concave by (1.4). There exists a positive semidefinite matrix {F¢"”}
such that

(5.12) E57(rag — Uap(20)) 2 Flrag] — FlUag(o)]

for any symmetric matrix {rns} with (N[{ras}], R) € I when R is sufficiently large.
In particular,

(5.13) FyPUsp — ¥[u] — F5Uap(@o) + v[u](20) = F[Uas] — ¢[u] — 1 > 0 on M.
By (5.1) we have on OM,
(5.14) Uap = Upp — Vn(u — w)oap + Aaﬁ[u] — Ao‘ﬂ[g]
where 0,53 = (Vaes, €,); note that o,5 = II(eq, e3) on OM. It follows that at z,
Vilu = u) 3 005 = Fy (Ung — Uap) + By (A [u] — A*[u])

> FU,5) — FlUap] + F5 7 (A [u] — A*°[u))

(5.15) = FlUg) = ¥lu] =+ Fg?(A*[u] — A°[u])
> — i+ Plu] — olu] + F (A [u] — A*[u])
> =+ Hlu] — Hlu]

where H[u] = F{’ A% [u] — [u).
Define
¢ =-nV,(u—u)+ Hul+Q
where 1 = Félﬁaaﬂ and
Q = Fy'V opu — FyPUsp(x0) + 9[u] (z0)-

From (5.13) and (5.14) we see that @(x¢) = 0 and ¢ > 0 on OM near x.
By (5.3) and assumption (1.7) we have

LH < H.[u]Lu+ Hy [u] LV + F7 Hy,p [u]ViuViju+ C Y " F" +C
<CY fi+CD> filul+C

Therefore,

(5.16) LO<CY fi+CY filh+C.
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Consider the function ¥ defined in (5.7). Applying Lemma 5.1 and Proposition 2.1
again for A; > Ay > Az > 1 we derive
v+ 2 0 on 8M(5.
By the maximum principle, ¥ + & > 0 in Ms. Thus V,@(zo) > —V,¥(z9) > —C.
Write u! = tu + (1 — t)u and

Hut) = B3P AP uf] = pu'].

(5.17)

We have

Hiu] — Hlu] = /0 dﬁ;&“t] it

:(u—g)/Ole[ut]dt—i-ZVk(u—g)/olH

Therefore, at x,
1
(5.18) Hlu] — H[u] = V,(u — g)/ H, [u']dt
0

and

Vo H[u) = Vo Hlu) + 3 Vi (4 — u) /0 "

1
Va(u—w) / (HL[u') + V' Hy, (] + Hop [V )t
0

1
(5.19) FValu= ) Y [y 0
0

<Vt — u) /0 [l + 1, [0V — w)dE 4 C

1
<Voun(u —u) / H, [u']dt + C
0

since Hp, ,, <0, V(v —u) > 0 and V, (v —u) > 0. It follows that
Va®(x) < — n(zo)vnn xo) + V, H[u](z) + C

(5.20)
n(xo) / H,, [u'](xo dt) Vanu(xg) + C.

By (5.15) and (5.18),

¢

(5.21) (o) —/0 Hy o)) > > 66> 0

n(u — u)(zo)
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for some uniform €; > 0. This gives

|Q

(5.22) Vanu(zg) < )
€1

™\

So we have an a priori upper bound for all eigenvalues of {U;;(x¢)}. Consequently,
A{Uij(x0)}] is contained in a compact subset of I' by (1.5), and therefore

mg = f(AMUas(20)];, R) — ¢[ul(z) > 0
when R is sufficiently large. This proves (5.11) and the proof of (1.13) is complete.

6. THE GRADIENT ESTIMATES

In this section we consider the gradient estimates. Throughout the section, and in
Theorems 6.1-6.3 below in particular, we assume (1.3)-(1.5), (1.7) and the following
growth conditions hold

p- VxAgg(xv Zap) + |p|2A§£(‘T7 Z>p) S szl(x? Z)|£|2(1 + |p|71)7
P Va(a, z,p) + |p[*Ya(x, 2,p) > —ta(a, 2)(1 + [p]™),

for some functions 11,1, > 0 and constants 71,72 > 0. Let u € C3(M) be an
admissible solution of (1.1).

(6.1)

Theorem 6.1. Assume, in addition, that (1.15) and (1.16) hold, v1 < 4, v2 = 2 in
(6.1), and that there is an admissible function u € C*(M). Then

(6.2) max IVu| < Cy(1+ max [Vul)

where Cy depends on [u|coiyy and |u|cz .-

Proof. Let w = |Vu| and ¢ a positive function to be determined. Suppose the function
w¢~* achieves a positive maximum at an interior point xqg € M where a < 1 is

constant. Choose a smooth orthonormal local frame eq,..., e, about zy such that
Vee; =0 at zg and {U;;(z0)} is diagonal.
The function logw — alog ¢ attains its maximum at zy where for i =1,... n,
Viw aVqu
6.3 — =0
( ) w ¢ )
VZ'Z"LU (CL — a2)|Vz~¢|2 CLVMCZS
6.4 — <0.
(64) e G <
Next,

wV,w = V,uVu
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and, by (2.1) and (6.3),

wV;w =ViuVgu + VyuVyu — V,wViw
v
= (Viu + RE,Vu) Viu + <6kl ’“Z—QV”‘> VauVau
> (ViUi — Al Vigu — ANV u — VIA")Viu — C|Vul?

U)2

= ViVl = - “(aA? Vi + pAT) — VuV AT — Cu®.

By (4.5) and (6.3),
F“Vluleu = Vluvm + ¢U|Vu|2 + ¢Pk Vluvlku

2
5 Un Vo

(6.6) , )

21

Let ¢ = (u—u)+b > 0 where b = 1+ sup,,(u—u). By the MTW condition (1.15)

we have
—AY Vi = AL (z,u, Vu)Vi(u — u)
(6.7) > A"z, u, Vu) — A%z, u, Vu) + co(|[Vé|* — |Vid|*)
> A, u, V) — A" (2, u, Vu) + oo(|Vo[* — [Vig|*) —

By (6.4), (6.5) and (6.7),

Viu i aco\quP i
0>w_F lelz+¢F (U _Uzz) ZF

(6.8) v

a— a? — coad

+ Fzz|v ¢‘2 F”AZ o luFuv/An CZF”’

¢?
Note that for a € (0, 1),

e e L

¢?
for some ¢, > 0. This is obvious if cg¢ < 1; if ¢y > 1 then
aco|Vol|? s a—a’—coad .
%ZF +¢—“F Vil > v >

By (6.6) and the convexity of i(z, z,p) in p,

2
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Plugging (6.9), (6.10) and (4.20) into (6.8), we derive for B sufficiently large
0> w + Py + g(F(Bg) —p(z,u, Vu) — QBZFu‘>
(6.11) w? ¢
| ! i i qii YU
IVt R - FUAT -
By (6.1) we obtain
0 >aF(Bg) — ay(x,u, Vu) — Cp|Vu|? 2
+ (48| Vo[? — Co|Vu|" > = Cp — 2aB) > F™.

Since 73 < 4 and 7, = 2, by (1.16) this yields a bound |Vu(zy)| < C if B is chosen
sufficiently large. O

Theorem 6.2. Assume, in addition, that (1) ¥ = ¢(x,p), A = A(x,p); (ii) (M™,g)
has nonnegative sectional curvature; and (iii) (1.9), (1.6) (6.1) hold for v1,72 < 2 in
(6.1), and that there ezist constants K > 0 and ¢; > 0 such that

(6.13) W(x,p) > e, Voee M,peT,M:; Ip| > K.
Then (6.2) holds.

FUVA" —CY F".

(6.12)

Proof. Since (M, g) has nonnegative sectional curvature, in orthonormal local frame,
REVeuViu > 0.
In the proof of Theorem 6.1, we therefore have in place of (6.5),
wVw > VuViu + RNV Vi

il

(6.14) w? ) .
2 ViU = - (a4, Vio + 6AY) = ViuV AT,
By (6.1), (6.4), (6.14) and (6.10), we obtain
! 1 . . —a?) .
05 = Yo YV L pig g iy 979 piing e
(6.15) ¢ wh o ¢?
> %c@ — ) + Vo — CIVu[" 2 F — O|Vu[?2,

Suppose |A(U(zg))| > R for R sufficiently large. As ¢ and A are independent of u,
by the comparison principle u > w in M. Consequently, we may apply Proposition 2.2
to derive a bound |Vu(zg)| < C from (6.15).

Suppose now that |A(U(zo))| < R and |Vu(xg)| > K for K sufficiently large. Then
there is C5 > 0 depending on R and K such that

Cy'T < {F7} < Cyl.
Since L(u — u) > 0, it follows from (6.15) that
coCy |V o|? — nCCo|Vu|" 2 — C|Vu|?2 < 0.
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This proves |Vu(zy)| < C. O

An alternative assumption which is commonly used in deriving gradient estimate
is the following

(6.16) £\ = 1/0<1 + Zfi(/\)> i\ <0, VAeTr

for any o > 0 where 1 > 0 depends on o; see e.g. [18], [33], [38], [45], and [49].
Theorem 6.3. Assume, in addition, that 71,7, < 4, (1.12), (6.16) hold, and that
(6.17)  —v.(x,2,p), p- Dy(w,2,p), —p- DyA®* (2, p)/|€]* < ¥(z, 2)(1 + [p["),

(6.18) (A9, 2, p)| < (@, 2)IElln| (1 + [pl"), V&,n €T M€ L.

for some function 1 > 0 and constant vy € (0,2). There exists a constant C; depending
on |u|couyy and other known data such that (6.2) holds.

Proof. In the proof of Theorem 6.1 we take ¢ = —u + supy, u + 1. By the concavity
of A"(x,z,p) in p we have

(6.19) A" = A"z, u, Vu) < A% (x,u,0) + A) (x,u,0)Viu.

By assumption (1.12),

(6.20) —F"Vu¢ = F'Vyu=F"Uy— F"'A" > —-F"A" > —~C(1 + |Vul) Z F.
It follows from (6.4), (6.5), (6.6), (6.20), (6.1) and (6.17) that for a < 1,

(a —a?) i ViuVip ¢
0 ETF |Vaul? + w—Ql + by — g_bwpkvku
(621) + gF”AZkaU _ FuAlul _ F@lw — C(l + |VUD ZF”

¢
>coF|Viul* — C|Vu["™ = C(1+ |Vu| + [Vu"7?) Y F"
Without loss of generality we assume Viu(zg) > +|Vu(zo)| > 0. Recall that Uy (o)
is diagonal. By (6.3), (6.19) and (6.18) we derive
1

a
6.22) Uy = —|Vul*+ A
( ) 11 ¢| U’ + 11+V1u

3 VA < —%|VU|2+C(1+|VU|+|Vu|7_2).

k>2

If Uyi(zp) > 0 we obtain a bound |Vu(zg)| < C from (6.22). If Uy;(x9) < 0 then

by (6.16),
iz 1/0<1 +Zf1>
and a bound |Vu(zy)| < C follows from (6.21). O



24 BO GUAN AND HEMING JIAO

7. THE DIRICHLET PROBLEM

We now turn to existence of solutions to the Dirichlet problem (1.1) and (1.2). We
first consider the special case A = A(x,p) and ¢ = ¢ (z, p).

Theorem 7.1. Suppose (M",g) is a compact Riemannian manifold of nonnegative
sectional curvature with smooth boundary OM, A = A(x,p) and ¢ = ¥(x,p) are
smooth, and ¢ € C®(0OM). Assume that (1.3)-(1.5), (1.7), (1.9), (1.12), (6.1) and
(6.13) hold for 71,72 < 2 in (6.1). Then there exists an admissible solution u €
C>®(M) of equation (1.1) satisfying the boundary condition (1.2).

As A and v are assumed to be independent of v in Theorem 7.1, by the maximum
principle it is easy to derive the estimate

(7.1) max |u| + max |Vu| < C.
M oM

By Theorems 1.1 and 6.2 we obtain
(7.2) |ule2 iy < C.

From (1.5) and the fact that ¢» > 0 we see that equation (1.1) becomes uniformly
elliptic for admissible solutions satisfying (7.2). Consequently, the concavity condition
(1.4) allows us to apply Evans-Krylov theorem in order to obtain C*? estimates; and
higher order estimates follow from the Schauder theory. Theorem 7.1 may then be
proved using the standard continuity method.

Theorem 7.2. Let (M", g) be a compact Riemannian manifold with smooth boundary
OM . Suppose A = A(x,p), ¥ =(x,z,p) are smooth and ¢ € C*°(OM). In addition
to (1.3)-(1.5), (1.7)-(1.9), (1.12), (6.1), (6.16) and (6.17), assume that

(7.3) | Az, p)| < (@) €|l (L + [pl"), VEn €T M, & Ly

for some function ¥ > 0 and constant v € (0, 2). Then the Dirichlet problem (1.1)
and (1.2) admits an admissible solution u € C°(M) satisfying u > u on M.
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