FUNCTOR CALCULUS COMPLETIONS FOR RETRACTIVE
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ABSTRACT. The aim of this paper is to study convergence of Bousfield-Kan
completions with respect to the 1-excisive approximation of the identity functor
and exotic convergence of the Taylor tower of the identity functor, for algebras
over operads in spectra centered away from the null object. In Goodwillie’s
homotopy functor calculus, being centered away from the null object amounts
to doing homotopy theory and functor calculus in the retractive setting.

1. INTRODUCTION

Let R be a (—1)-connected commutative ring spectrum (i.e., a commutative
monoid object in the category (Sp”,®sg,S) of symmetric spectra [25, 32]). We
denote by (Modg, A, R) the closed symmetric monoidal category of R-modules and
assume that O is an operad in R-modules whose terms are (—1)-connected and
satisfies O[0] = * (i.e., such O-algebras are non-unital). We denote by Alg, the
category of O-algebras in R-modules; it is pointed by the null object *. Let Y be an
O-algebra and denote by Algg the category of retractive O-algebras over Y; in other
words, Algg is the factorization category of the identity map on Y. The objects in
Algg are factorizations Y — X — Y of the identity map idy: Y=Y in Algy, and
morphisms are the commutative diagrams of the form

Y —X——=Y

|

Y — X ——Y

in Algg; it is pointed by the factorization Y =Y =Y of idy.

To keep this paper appropriately concise, we freely use notation from [11]. To
understand how to do homotopy theory in Alg}, see [3, 2.1], [21, 4.9]; see also
(17, 3.10], [31] and note that Algh = idy | (Algy | Y) (the category of objects
in (Algy | Y) under idy [27, IL6]); in particular, Algl inherits a simplicial (e.g.,
[31], [23, 4.2]) cofibrantly generated (e.g., [22]) model structure from Algy which is
equipped with the positive (flat) stable model structure. Our basic assumption is
that Y is (—1)-connected and both fibrant and cofibrant in Alg.

If X is a retractive O-algebra over Y, we say that X is k-connected relative to'Y
(or k-connected (rel. Y'), for short) if the structure map ¥ — X is k-connected in
Algy. In Goodwillie’s homotopy functor calculus [19, 20, 26], Algg is the category
that naturally arises when studying Taylor towers in Alge centered at the object
Y. The aim of this paper is to extend several results in [5, 12, 29, 30] on Bousfield-
Kan completions and Taylor towers for O-algebras centered at the null object *, to
analogous results for O-algebras centered at Y. Here are our main results.
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In the statement of Theorems 1.1, 1.2, and 1.3, QTY denotes derived r-fold loops
(17, 10.8], [28, 1.2]) in Algl, % denotes derived r-fold suspension ([17, 10.4],
28, 1.2]) in Algh, Q5° denotes the derived version of the 0-th object functor Q2
([24], Section 3) on Hovey spectra Sp' (Algy)) on Algd, and ¥5° denotes the derived
version of the stabilization functor ¥ ([24], Section 3) on Alg}. In the special
case when Y = %, Theorem 1.1 is proved in [12] when r = oo, and subsequently in
[5] (using a different approach, more closely related to ideas in [6, 7, 14, 15]) for
1 <r < oo. We observe that these results generalize to the context of O-algebras
centered at Y.

Theorem 1.1. Assume that R,0,Y are (—1)-connected and O[0] = *. Let X be a
retractive O-algebra over Y. If X is 0-connected (rel. Y ), then the Bousfield-Kan
completion maps

X ~ X2

are weak equivalences. In particular, since Q%"i%ﬁ’ ~ PY (id), where PY (id) denotes
the 1-excisive approzimation to the identity functor on O-algebras centered at'Y,
the Bousfield-Kan completion of X with respect to PY (id) recovers X, up to weak
equivalence.

In the special case when Y = %, Theorem 1.2 is proved in [29] for r = co (using
an approach closely related to ideas in [9]) and Theorem 1.3 is proved in [30] (using
ideas closely related to [1]). We observe that these results generalize to the context
of O-algebras centered at Y.

Theorem 1.2. Assume that R,0,Y are (—1)-connected and O[0] = *. Consider
any fibration sequence of the form

F—-F—B

in retractive O-algebras over' Y. If E, B are 0-connected (rel. Y'), then the Bousfield-
Kan completion maps

(1) F:F(%i;, (1<r<oo)

are weak equivalences. More generally, consider any co-cartesian 2-cube of the form

F——F

L

Z ——B

in retractive O-algebras over Y. If E,B,Z are 0-connected (rel. Y ), then the
Bousfield-Kan completion maps (1) are weak equivalences.

Theorem 1.3. Assume that R,0,Y are (—1)-connected and O[0] = *. Let X be
a retractive O-algebra over Y. If X is (—1)-connected (rel. Y ) and PY (id)X is
0-connected (rel. Y ), then the homotopy limit of the Taylor tower of the identity
functor on O-algebras centered at'Y (and evaluated at X ) is weakly equivalent

PY (id)X ~ X2

sy

to the Bousfield-Kan completion of X with respect to PY (id).
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Remark 1.4. We know from [11] that the identity functor is 0-analytic, but not (—1)-
analytic, hence it follows ([19, 20]) that any O-connected (rel Y') X € Alg}) satisfies
X ~ PY(id)X; we also know by Theorem 1.1 that such an X satisfies X ~ X&%;oi;o‘
On the other hand, when X is (—1)-connected (rel. Y) but its stabilization P} (id) X
is O-connected (rel. Y'), then Theorem 1.3 provides an interesting convergence
result for the Taylor tower of the identity functor. It is worth pointing out that
sy — Q5930 X is 0-connected in Algl) if and only if y — 22X is O-connected in
Sp''(Alg)); e.g., by the (derived) triangle identities.

Our results are enabled by the homotopical resolutions studied in [8], together
with Hovey spectra [24] of retractive O-algebras over Y by work on Bousfield local-
ization in model structures that are not left proper; see, for instance, [18] and [21],
and the subsequent work of [2] and [10].

2. HOMOTOPICAL ESTIMATES

The purpose of this section is to prove Theorem 2.16 which provides the detailed
homotopical estimates underlying each of our main results. Since making these
types of estimates may not be so familiar, we ease the reader into the various
higher Blakers-Massey (and its dual) arguments, before building up to a proof of
Theorem 2.16. Readers who would like to first see proofs of the main results are
invited to look ahead to Section 3.

Denote by *y := Y the null object (or point) in the pointed category Algg. It
will sometimes be conceptually and notationally convenient to denote by } ~ %y
an appropriately fattened up version of the point xy in Algg; this will not cause
any confusion. Let’s explore the behavior of derived suspension ¥y ([17, 10.4], [28,
1.2]) on objects in Algy.

Proposition 2.1. Let k> —1. If X € /—\Igg is k-connected (rel. Y'), then Sy X s
(k 4+ 1)-connected (rel. Y).

Proof. 1t suffices to assume that X is cofibrant in /—\Igg. Consider a pushout cofi-
bration 2-cube of the form
X
(*)i
*y

(2)

in Algg. By assumption, we know that xy — X is k-connected, hence the maps (x)
are (k+1)-connected. Since the 2-cube is co-cocartesian by construction, it follows
that the maps (#) are (k + 1)-connected; see, for instance, [11, 1.4]. O

.

(%) ¥,
l(#)
(#) in

Let’s explore the behavior of Yy on maps in Algg; this will provide a useful
warmup in using cocartesian-ness estimates.

Proposition 2.2. Let n > —1. Consider any n-connected map A — B in Algg.
Assume that A, B are (—1)-connected (rel. Y). Then the induced map Yy A —
Yy B is (n+ 1)-connected.
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Proof. One way to verify this is to make systematic use of cocartesian-ness esti-
mates. It suffices to assume that A, B are cofibrant in Algg. Consider the induced
3-cube of the form

A
L B4>*Y
!
Y

— 92)/14 L
N N

*IY —_— EyB

in Algg where the front and back 2-faces are pushout cofibration 2-cubes (and
hence oo-cocartesian). It follows from [11, 3.8] (e.g., [19, 1.7]) that the 3-cube is
oo-cocartesian. Consider the left-hand 2-face of the form

A——B

o

/ /
*y > *y

Since the upper map is n-connected by assumption and the bottom map is oo-
connected (i.e., a weak equivalence), it follows from [11, 3.8] (e.g., [19, 1.7]) that
this 2-face is (n+1)-cocartesian. Putting it all together, the 3-cube is co-cocartesian
and the left-hand 2-face is (n 4 1)-cocartesian, hence the right-hand 2-face of the
form

/ /
*Y4>*Y

I

YyA——=YyB

is (n + 1)-cocartesian; since the upper map is co-connected, it follows from [11, 3.8]
(e.g., [19, 1.7]) that the bottom map is (n + 1)-connected. O

Let’s explore the behavior of derived loops Qy ([17, 10.8], [28, 1.2]) on objects
in Alg}.
Proposition 2.3. Letk € Z. If X € Algg is k-connected (rel. Y ), then Qy X is
(k — 1)-connected (rel. Y).

Proof. It suffices to assume that X is fibrant in Algg. Consider a pullback fibration
2-cube of the form

QyX ﬁ) *Y

(#)J{ J{(*)
(%)

/
*Y4>X

in Algg. By assumption, we know that xy — X is k-connected, hence the maps (x)
are k-connected. Since the 2-cube is oo-cartesian by construction, it follows that
the maps (#) are k-connected. Hence the map *y — Qy X is (k—1)-connected. O
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Let’s explore the behavior of {y on maps in Algg; this will provide a useful
warmup in using cartesian-ness estimates.

Proposition 2.4. Let n € Z. Consider any n-connected map A — B in Algg,
Then the induced map Qy A — Qy B is (n — 1)-connected.

Proof. One way to verify this is to make systematic use of cartesian-ness estimates.
It suffices to assume that A, B are fibrant in Algg. Consider the induced 3-cube of
the form

QyAH*IY
N ‘ N\

QyB —_— *IY

Y l—> A l
N N

/
*Y*>B

in Algg where the front and back 2-faces are pullback fibration 2-cubes (and hence
oo-cartesian). It follows from several applications of [11, 3.8] (e.g., [19, 1.6]) that
the left-hand 2-face is (n — 1)-cartesian, and hence by another application of [11,
3.8] (e.g., [19, 1.6]), we know that the map Qy A — Qy B is (n — 1)-connected. [

The following, which appears in [4, 6.7], can be understood as a consequence of
Blakers-Massey [11, 1.5] for Alg.

Proposition 2.5. Letk > —1. If X € Algg is k-connected (rel. Y ), then the map
of the form X — Qy Xy X in Algg is (2k + 2)-connected.

Proof. 1t suffices to assume that X is cofibrant in /—\Igg. Consider a pushout cofi-
bration 2-cube of the form (2). By assumption, we know that the maps (x) are
(k + 1)-connected. Since the 2-cube is oo-cocartesian by construction, it follows
that the maps (#) are (k + 1)-connected; see, for instance, [11, 1.4]. To estimate
the connectivity of the map X — Qy f)yX , it suffices to estimate the cartesian-ness
of the 2-cube. By Blakers-Massey [11, 1.5] for Algy, we know that diagram (2) is
l-cartesian where [ is the minimum of

*2+l{172}+1:*1+00
2+l +l+lyy+1=(k+1)+(k+1)=2k+2

Hence | = 2k+2, our 2-cube is (2k+2)-cartesian, and hence the map X — Qy 3y X
is (2k 4 2)-connected. O

The next step, on our way to proving Theorem 2.16, is to observe some low-
dimensional patterns that naturally arise in the homotopical estimates; this will be
useful. Let X be a 0-cube in Alg)O/ of the form Xy and consider the maps

Xy ﬁ) DC@ —>(#) Xy
in Algy. If Xy is O-connected (rel. Y), then (k) is O-connected and (#) is 1-
connected; hence the O-cube X is O-cocartesian and l-cartesian in Algh. These
three conditions are tautologically the same: Xy is O-connected (rel. Y) if and only
if the O-cube X is 1-cartesian in Algg if and only if the O-cube X is O-cocartesian in
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Algg. By Proposition 2.5, the 1-cube of the form X — Qy Sy X in Algg, which has
the form

(3) DC@ — Qyiy:X:@

is 2-connected; furthermore, the 0-cubes are 0-connected (rel. Y'). In other words,
the 1-cube (3) satisfies (i) the 0-subcubes are 1-cartesian and the 1-subcubes are
2-cartesian in Algy (i.e., the 1-cube (3) is (id + 1)-cartesian in Alg}) and (ii) the
0-subcubes are 0-cocartesian and the 1-subcubes are 2-cocartesian (i.e., the 1-cube
(3) is (2 - id)-cocartesian in Alg})). These conditions are tautologically the same: a
1-cube is (id 4 1)-cartesian in Algy if and only if it is (2 - id)-cocartesian in Algy .

With these observations, we can restate the & = 0 case of Proposition 2.5 as
follows: If the 0-cube X is (id 4 1)-cartesian in Algy, then so is the 1-cube of the
form X — Qy 2y X.

Remark 2.6. Equivalently, we could have restated the k = 0 case of Proposition 2.5
as follows: If the 0-cube X is (2 - id)-cocartesian in Alg}), then so is the 1-cube of
the form X — Qv Xy X.

It turns out that this relationship persists for all higher dimensional n-cubes X
in Algh (n > 0), beyond the n = 0 case of Proposition 2.5 above.

Theorem 2.7. Let W be a finite set and X a W-cube in Algly. Let n = |W|. If
the n-cube X is (id + 1)-cartesian in Algl, then so is the (n + 1)-cube of the form
X — QyZyx.

Remark 2.8. The cartesian-ness estimates in Theorem 2.7 are strong enough to
show that if X € Alg, is O-connected (rel. Y), then (i) X is weakly equivalent to
its Bousfield-Kan completion with respect to Qy 2y (i.e., X ~ Xé\yiy) and (ii) the
associated homotopy spectral sequence converges strongly.

The duality relationship observed above—between a specific uniform cartesian-
ness of 1-cubes in Alg}) and a specific uniform cocartesian-ness of 1-cubes in Alg} —
persists for all higher dimensional n-cubes X in /-\Igg (n>0).

Proposition 2.9. Let W be a finite set and X a W-cube in /—\Igg. Let n = |W|.
The n-cube X is (id + 1)-cartesian in Algly if and only if it is (2 -id)-cocartesian in
Algl.

Remark 2.10. In particular, we could have restated the last statement of Theorem
2.7 as follows: If the n-cube X is (2 -id)-cocartesian in Algy), then so is the (n + 1)-
cube of the form X — Qy Xy X.

Let’s first work out the proof of Proposition 2.9, before proceeding with a proof
of Theorem 2.7; this will provide a useful warmup in making certain cartesian-ness
and cocartesian-ness estimates.

Proof of Proposition 2.9. Here is the basic idea. As noted above, this is tauto-
logically true for the case of 0-cubes and 1-cubes. Consider the case of 2-cubes.
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Suppose X is a {1,2}-cube in Alg} of the form
(4) Xy —— A1)

L

Xy — X123

Assume that X is (id + 1)-cartesian in Algg; this means that: the O-subcubes are
1-cartesian, the 1-subcubes are 2-cartesian, and the 2-subcubes are 3-cartesian.
Let’s verify that X is (2 - id)-cocartesian in Algh. The first step is to estimate
the cocartesian-ness of X itself (the only 2-subcube of X). By higher dual Blakers-
Massey [11, 1.11] for Algy, we know that X is k-cocartesian where k is the minimum
of

k{1,2}+2—1:3+1
2+kpy thpy=2+2+2

Hence £ = 4 and we have calculated that the 2-cube X is 4-cocartesian. By the
earlier cases for n = 0,1, together with [11, 3.9] (e.g., [19, 1.8]), we have verified
that: the 0-subcubes are 0-cocartesian, the 1-subcubes are 2-cocartesian, and the
2-subcubes are 4-cocartesian. Hence X is (2 - id)-cocartesian in Algg. Conversely,
assume that X is (2-id)-cocartesian in Algy . Let’s verify that X is (id+1)-cartesian in
Algg. The first step is to estimate the cartesian-ness of X itself (the only 2-subcube
of X). By higher Blakers-Massey [11, 1.7] for Alg,, we know that X is k-cartesian
where k is the minimum of

—2+I€{172}+1:4—1
—2+/€{1}+1+k{2}+1:2+2

Hence k = 3 and we have calculated that the 2-cube X is 3-cartesian. By the earlier
cases for n = 0, 1, together with [11, 3.9] (e.g., [19, 1.8]), we have verified that: the
0-subcubes are 1-cartesian, the 1-subcubes are 2-cartesian, and the 2-subcubes are
3-cartesian. Hence X is (id + 1)-cartesian in Alg}.

Consider the case of 3-cubes. Suppose X is a {1, 2, 3}-cube in /—\Igg. Assume that
X is (id + 1)-cartesian in Algg; this means that: the O-subcubes are 1-cartesian, the
1-subcubes are 2-cartesian, the 2-subcubes are 3-cartesian, and the 3-subcubes are
4-cartesian. Let’s verify that X is (2 - id)-cocartesian in Algy. The first step is to
estimate the cocartesian-ness of X itself (the only 3-subcube of X). By higher dual
Blakers-Massey [11, 1.11] for Algy, we know that X is k-cocartesian where k is the
minimum of

k{17273}+3—1:4+2
3+k{172}+k{3}=3+3+2
3tk +kpythpEy=3+2+2+2

Note that by uniformity of the cartesian-ness estimates, allowing other partitions
of {1,2,3} provides nothing new; hence we have left them out of the above. Hence
k = 6 and we have calculated that the 3-cube X is 6-cocartesian. By the earlier
cases for n = 0,1, 2, together with [11, 3.9] (e.g., [19, 1.8]), we have verified that: the
0-subcubes are 0-cocartesian, the 1-subcubes are 2-cocartesian, the 2-subcubes are
4-cocartesian, and the 3-subcubes are 6-cocartesian. Hence X is (2 - id)-cocartesian
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in Alg}). Conversely, assume that X is (2 -id)-cocartesian in Algy . Let’s verify that

X is (id + 1)-cartesian in Algg. The first step is to estimate the cartesian-ness of
X itself (the only 3-subcube of X). By higher Blakers-Massey [11, 1.7] for Alg, we
know that X is k-cartesian where k is the minimum of

—3+I€{1’2,3} +1 - —2+6
*3+]€{172}+1+k{3}+1:71+4+2
—3+ky+1+kpy+1+kp +1=2+2+2

Note that by uniformity of the cocartesian-ness estimates, allowing other partitions
of {1, 2,3} provides nothing new; hence we have left them out of the above. Hence
k = 4 and we have calculated that the 3-cube X is 4-cartesian. By the earlier
cases for n = 0, 1,2, together with [11, 3.9] (e.g., [19, 1.8]), we have verified that:
the 0-subcubes are 1-cartesian, the 1-subcubes are 2-cartesian, the 2-subcubes are
3-cartesian, and the 3-subcubes are 4-cartesian. Hence X is (id + 1)-cartesian in
Algg. And so forth. (]

Proof of Theorem 2.7. Here is the basic idea. The case of 0-cubes is given in Propo-
sition 2.5 above. Consider the case of 1-cubes. Suppose X is a {1}-cube in Algg of
the form Xy — Xy1y. Assume that X is (id + 1)-cartesian in Algy ; this means that:
the 0-subcubes are 1-cartesian and the 1-subcubes are 2-cartesian. Let’s verify that
the 2-cube of the form X — Qy Xy X is (id + 1)-cartesian in Algy. It suffices to
assume that X is a cofibration 1-cube. Let C' be the homotopy cofiber of Xy — X1
in Alg) and consider the associated co-cocartesian 2-cube of the form

(5) j: Xy —— X{l}
C: *ly —C

in Algg, where C is the indicated 1-face on the bottom. By Proposition 2.9, we
know that X is (2 -id)-cocartesian; in particular, X is 2-cocartesian and hence C' is
2-connected (rel. Y'). Putting it all together, it follows that the vertical maps in
diagram (5) are 1-connected and the horizontal maps are 2-connected. Here is our
strategy: consider the commutative diagram of 2-cubes in Algg of the form

(6) x— Y ¢

S )~ .
Oy Sy — 2 Gy 5ye

Instead of attempting to estimate the cartesian-ness of the 2-cube (x) directly, which
seems difficult, we will take an indirect attack and first estimate the cartesian-ness
of the 2-cubes (a), (b), (¢); then we will use [11, 3.9] (e.g., [19, 1.8]) to deduce an
estimate for (x). Consider the 2-cube (a). By higher Blakers-Massey [11, 1.7] for
Algy, we know that (a) is k-cartesian where k is the minimum of

—2+k{1’2}+1:—1+00
24k +1+kpy+1=2+1
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Hence k = 3 and we have calculated that the 2-cube (a) is 3-cartesian. Consider
the 2-cube (b). The 2-cube ¥y X — ¥y € is oo-cocartesian and has the form

(7) iyx : iyx(z) —_— in{l}
iye . iy*y —_— nyC

in Algy, where Xy y ~ xy. It follows that the vertical maps in diagram (7) are
2-connected and the horizontal maps are 3-connected. By higher Blakers-Massey
[11, 1.7] for Alge, we know that 3y X — 3y € is k-cartesian where k is the minimum
of

—2+k{172}+1 = —1+OO
—2+kpy+1+kpy+1=3+2
Hence £ = 5 and we have calculated that the 2-cube iyx — fly@ is b-cartesian;
therefore the 2-cube (b) is 4-cartesian. Consider the 2-cube (c). We know that C' is
2-connected (rel. V) from above, hence by Proposition 2.5 the map C' — Qy Xy C

is (2 - 2 + 2)-connected. This calculation will produce a cartesian-ness estimate for
the 2-cube (c¢). Here is why: the 2-cube (c¢) has the form

(8) *y C

G

Qyiy*y E—— Qyiyc

in Algg, where Qy Dy xy ~ *y-. Taking homotopy fibers horizontally produces the
map QyC — Qy Qy By C; this map is Qy of the right-hand vertical map. We know
(#) is 6-connected from above; hence the 2-cube (c) is 5-cartesian. Putting it all
together, it follows from diagram (6) and [11, 3.9] (e.g., [19, 1.8]), together with
our cartesian-ness estimates for (a), (b), (¢), that the 2-cube (x) of the form

9) X: Xp ————— X1y
of )]
Qyiyx : Qyiy:X:q) EE—— Qyiyfx“}

in Algg, is 3-cartesian. Finally, note that since the top horizontal map is 2-
connected, it follows that the bottom horizontal map is 2-connected; i.e., the
bottom horizontal 1-face is 2-cartesian. Hence we have verified that the 2-cube
X — QyYyX satisfies: the O-subcubes are l-cartesian, the 1-subcubes are 2-
cartesian, and the 2-subcubes are 3-cartesian. Therefore, the 2-cube of the form
X — Qy Xy X is (id 4 1)-cartesian in Alg).

Consider the case of 2-cubes. Suppose X is a {1,2}-cube in Alg} of the form
(4). Assume that X is (id + 1)-cartesian in Alg}; this means that: the 0-subcubes
are l-cartesian, the 1-subcubes are 2-cartesian, and the 2-subcubes are 3-cartesian.
Let’s verify that the 3-cube of the form X — Qy ¥y X is (id + 1)-cartesian in Algy,.
It suffices to assume that X is a cofibration 2-cube. Let C' be the iterated homotopy
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cofiber of X in Algy and consider the associated co-cocartesian 3-cube of the form

(10) X: Xy — X1y
N ‘ N
X2y —=> Xq1,23

N Lﬁ *Y\l

*YHC

in Algg7 where C is the indicated 2-face on the bottom. By Proposition 2.9, we
know that X is (2 - id)-cocartesian; in particular, X is 4-cocartesian and hence C
is 4-connected (rel. Y). Putting it all together, it follows that the vertical maps
in diagram (10) are 1l-connected, the horizontal maps in the top 2-face (i.e., the
1-faces of X) are 2-connected, and the top 2-face is 4-cocartesian. We would like to
estimate the cocartesian-ness of the back 2-face of the form

(11) Xy — X1y

|

*y > *y

The upper horizontal map is 2-connected and the lower horizontal map is co-
connected (i.e., a weak equivalence), hence by [11, 3.8] the back 2-face in (10)
is 3-cocartesian in Algy. Similarly, the left-hand 2-face in (10) is 3-cocartesian in
Algg. Here is our strategy: consider the commutative diagram of 3-cubes in Algg of
the form (6). Instead of attempting to estimate the cartesian-ness of the 3-cube (x)
directly, which seems difficult, we will take an indirect attack and first estimate the
cartesian-ness of the 3-cubes (a), (b), (¢); then we will use [11, 3.9] (e.g., [19, 1.8])
to deduce an estimate for (x). Consider the 3-cube (a). By higher Blakers-Massey
[11, 1.7] for Algy, we know that (a) is k-cartesian where k is the minimum of

=3 +kpo3t1=-2+00
Btk 1k Fl=—1+4+1
—3+k’{1’3}+1+k‘{2}+1:—1+3+2
—3+k‘{273}+1+/€{1}+1:—1+3+2
—3+k‘{1}+1+k{2}+1+k{3}+1=2—|—2+1

Hence k = 4 and we have calculated that the 3-cube (a) is 4-cartesian. Consider the
3-cube (b). The 3-cube Xy X — ¥y C is co-cocartesian in Algy, where Yy #y =~ *y.

By higher Blakers-Massey [11, 1.7] for Alg,, we know that XyX — Xy@ is k-
cartesian where k is the minimum of

—3+kppost1=-2+00
—3+kpnnt+tlt+kp+1=-1+5+2
—3+kpsy+1+kpy+1=-1+4+3
—3+k’{2’3}+1+k‘{1}+1:—1+4+3

—3+k‘{1}+1+k{2}+1+/€{3}+1:3+3+2
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Hence k£ = 6 and we have calculated that the 3-cube iyf)C — f]y(i’ is 6-cartesian;
therefore the 3-cube (b) is 5-cartesian. Consider the 3-cube (¢). We know that C'is
4-connected (rel. Y') from above, hence by Proposition 2.5 the map C' — Qy Sy C
is (2 -4 + 2)-connected. This calculation will produce a cartesian-ness estimate for
the 3-cube (¢). Here is why: the 3-cube (c) has the form

C
l#

QE

(12) Xy ————> *y

W

in Algg7 where Qy Dy xy ~ 4. Taking homotopy fibers (twice) in Algg produces
the map Q3.C — Q3 Qy Xy C; this map is Q3 of the right-hand vertical map (#).
We know (#) is 10-connected from above; hence the 3-cube (c¢) is 8-cartesian.
Putting it all together, it follows from diagram (6) and [11, 3.9] (e.g., [19, 1.8]),
together with our cartesian-ness estimates for (a), (b), (¢), that the 3-cube (x) of
the form

X Xy ——— X1y
°) | |
Qyiyx : Qyiyx@ I— Qyiy%{l}

in Algo, is 4-cartesian. Let’s calculate a cartesian-ness estimate for the 2-subcube
QyEny of (x). We know that X is ( -id)-cocartesian in Alg} from above, hence
Sy X is (2-id+ 1) cocartesian in /—\Igo By higher Blakers-Massey [11, 1.7] for Alg,
we know that zyx is k-cartesian where k is the minimum of

—2+kpoy+1=-1+5
24k +14+kpy+1=3+3

Hence k = 4 and we have calculated that the 2-cube Yy X is 4-cartesian; therefore
the 2-cube Qy Yy X is 3-cartesian. Hence we have verified that the 3-cube X —
Qy Sy X satisfies: the O-subcubes are 1-cartesian, the 1-subcubes are 2-cartesian,
the 2-subcubes are 3-cartesian, and the 3-subcubes are 4-cartesian. Therefore, the
3-cube of the form X — Qy ¥y X is (id + 1)-cartesian in Alg}. And so forth. O

2.11. The general case k > 0. It will be useful to have similar cartesian-ness and
cocartesian-ness estimates for k¥ > 0, beyond the k¥ = 0 case when X € Algg is
0-connected (rel. Y'). For this purpose, let’s revisit our above motivating remarks
in the case when k > 0.

Let k£ > 0. Let X be a 0-cube in Algg of the form Xy and consider the maps

:X:Q)—))*y

in Algy. If Xy is k-connected (rel. Y), then (%) is k-connected and (#) is (k + 1)-
connected; hence the 0-cube X is k-cocartesian and (k+1)-cartesian in Algg. These
three conditions are tautologically the same: Xy is k-connected (rel. Y) if and only
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if the O-cube X is (k+1)-cartesian in Algy) if and only if the 0-cube X is k-cocartesian
in Algl. By Proposition 2.5, the 1-cube of the form X — Qy Xy X in Algh, which
has the form

(13) XQ — Qyin@

is (2k + 2)-connected; furthermore, the O-cubes are k-connected (rel. Y). In other
words, the 1-cube (13) satisfies (i) the O-subcubes are (k + 1)-cartesian and the
1-subcubes are (2k + 2)-cartesian in Alg} (i.e., the 1-cube (13) is (id + 1)(k + 1)-
cartesian in Alg)) and (i) the 0-subcubes are k-cocartesian and the 1-subcubes are
(2k + 2)-cocartesian (i.e., the 1-cube (13) is (id(k 4 2) 4 k)-cocartesian in Algy, ).
These conditions are tautologically the same: a 1-cube is (id + 1)(k + 1)-cartesian
in Alg} if and only if it is (id(k + 2) + k)-cocartesian in Alg} .

With these observations, we can restate Proposition 2.5 as follows: If the 0-cube
X is (id+1)(k+1)-cartesian in Alg} , then so is the 1-cube of the form X — Qy Xy X.

Remark 2.12. Equivalently, we could have restated Proposition 2.5 as follows: If
the O-cube X is (id(k 4 2) + k)-cocartesian in Alg}, then so is the 1-cube of the
form X — Qy Xy X.

It turns out that this relationship persists for all higher dimensional n-cubes X
in Algh (n > 0), beyond the n = 0 case of Proposition 2.5 above.

Theorem 2.13. Let k > 0. Let W be a finite set and X a W-cube in Algg, Let
n = |W|. If the n-cube X is (id + 1)(k + 1)-cartesian in Algl, then so is the
(n + 1)-cube of the form X — Qy 3y X.

The duality relationship observed above—between a specific uniform cartesian-
ness of 1-cubes in Algy and a specific uniform cocartesian-ness of 1-cubes in Algh —
persists for all higher dimensional n-cubes X in Alg} (n > 0).

Proposition 2.14. Let W be a finite set and X a W-cube in Algy. Let n = [W|.
The n-cube X is (id+1)(k +1)-cartesian in Algy if and only if it is (id(k+ 2) + k)-
cocartesian in Algg.

Remark 2.15. In particular, we could have restated the last statement of Theorem
2.13 as follows: If the n-cube X is (id(k 4 2) + k)-cocartesian in Algy, then so is
the (n 4 1)-cube of the form X — Qy Xy X.

Let’s first work out the proof of Proposition 2.14, before proceeding with a proof
of Theorem 2.13; this will provide a useful warmup in making certain cartesian-ness
and cocartesian-ness estimates.

Proof of Proposition 2.14. These estimates were observed in [5] for the special case
of Y = %, and they remain true in the context of O-algebras centered at Y. Here
is the basic idea. As noted above, this is tautologically true for the case of 0-cubes
and 1-cubes. Consider the case of 2-cubes. Suppose X is a {1,2}-cube in Alg} of
the form (4). Assume that X is (id + 1)(k 4 1)-cartesian in Alg,; this means that:
the O-subcubes are (k+ 1)-cartesian, the 1-subcubes are (2k + 2)-cartesian, and the
2-subcubes are (3k + 3)-cartesian. Let’s verify that X is (id(k + 2) + k)-cocartesian
in /-\Igg. The first step is to estimate the cocartesian-ness of X itself (the only
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2-subcube of X). By higher dual Blakers-Massey [11, 1.11] for Algy, we know that
X is l-cocartesian where [ is the minimum of

oy +2—1=1+4(3k+3)
2+ Uy + loy =2+ (26 +2) + (2k +2)

Hence | = 3k+4 and we have calculated that the 2-cube X is (3k+4)-cocartesian. By
the earlier cases for n = 0, 1, together with [11, 3.9] (e.g., [19, 1.8]), we have verified
that: the O-subcubes are k-cocartesian, the l-subcubes are (2k + 2)-cocartesian,
and the 2-subcubes are (3k +4)-cocartesian. Hence X is (id(k + 2) + k)-cocartesian
in Algl. Conversely, assume that X is (id(k 4 2) 4 k)-cocartesian in Algy. Let’s
verify that X is (id + 1)(k + 1)-cartesian in Algy. The first step is to estimate the
cartesian-ness of X itself (the only 2-subcube of X). By higher Blakers-Massey [11,
1.7] for Algy, we know that X is [-cartesian where [ is the minimum of

—2+l{1)2}—|—1=(3k—|—4)—1
=241y + 1+l + 1= (2k +2) + (2k +2)

Hence | = 3k+ 3 and we have calculated that the 2-cube X is (3k+ 3)-cartesian. By
the earlier cases for n = 0, 1, together with [11, 3.9] (e.g., [19, 1.8]), we have verified
that: the O-subcubes are (k 4 1)-cartesian, the 1-subcubes are (2k + 2)-cartesian,
and the 2-subcubes are (3k 4 3)-cartesian. Hence X is (id + 1)(k + 1)-cartesian in
Alg).

Consider the case of 3-cubes. Suppose X is a {1,2,3}-cube in Algg. Assume
that X is (id + 1)(k + 1)-cartesian in Alg}; this means that: the 0-subcubes are
(k+1)-cartesian, the 1-subcubes are (2k+2)-cartesian, the 2-subcubes are (3k+3)-
cartesian, and the 3-subcubes are (4k 4 4)-cartesian. Let’s verify that X is (id(k +
2) + k)-cocartesian in Algy. The first step is to estimate the cocartesian-ness of X
itself (the only 3-subcube of X). By higher dual Blakers-Massey [11, 1.11] for Alg,
we know that X is l-cocartesian where [ is the minimum of

l{1’2’3} +3-1= (4]€ +4) +2
3+ 12y +lzy =3+ Bk +3) + (2k +2)
3+l{1} +l{2}+l{3} =3+ 2k+2)+(2k+2)+ (2k + 2)
Note that by uniformity of the cartesian-ness estimates, allowing other partitions
of {1, 2,3} provides nothing new; hence we have left them out of the above. Hence
I = 4k + 6 and we have calculated that the 3-cube X is (4k + 6)-cocartesian. By the
earlier cases for n =0, 1,2, together with [11, 3.9] (e.g., [19, 1.8]), we have verified
that: the O-subcubes are k-cocartesian, the 1-subcubes are (2k +2)-cocartesian, the
2-subcubes are (3k + 4)-cocartesian, and the 3-subcubes are (4k + 6)-cocartesian.
Hence X is (id(k + 2) + k)-cocartesian in Algy. Conversely, assume that X is
(id(k +2) + k)-cocartesian in Algy . Let’s verify that X is (id+1)(k+1)-cartesian in
Algg. The first step is to estimate the cartesian-ness of X itself (the only 3-subcube

of X). By higher Blakers-Massey [11, 1.7] for Algy, we know that X is I-cartesian
where [ is the minimum of

—3+l23 +1=-2+(4k+6)
B+l + 14+l +1=—1+Bk+4)+ (2k+2)
—3+l{1}+1+l{2}+1+l{3}+1:(2k+2)+(2k+2)+(2k+2)
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Note that by uniformity of the cocartesian-ness estimates, allowing other partitions
of {1,2,3} provides nothing new; hence we have left them out of the above. Hence
I = 4k + 4 and we have calculated that the 3-cube X is (4k + 4)-cartesian. By the
earlier cases for n = 0, 1, 2, together with [11, 3.9] (e.g., [19, 1.8]), we have verified
that: the O-subcubes are (k + 1)-cartesian, the 1-subcubes are (2k + 2)-cartesian,
the 2-subcubes are (3k + 3)-cartesian, and the 3-subcubes are (4k + k)-cartesian.
Hence X is (id + 1)(k + 1)-cartesian in Algy). And so forth. O

Proof of Theorem 2.13. Here is the basic idea. The case of 0O-cubes is given in
Proposition 2.5 above. Consider the case of 1-cubes. Suppose X is a {1}-cube
in Alg}) of the form Xy — X{1}. Assume that X is (id 4+ 1)(k + 1)-cartesian in
Algg; this means that: the O-subcubes are (k + 1)-cartesian and the 1l-subcubes
are (2k + 2)-cartesian. Let’s verify that the 2-cube of the form X — Qy Xy X is
(id41)(k+1)-cartesian in Algy . It suffices to assume that X is a cofibration 1-cube.
Let C be the homotopy cofiber of Xy — X1} in Algg and consider the associated
oco-cocartesian 2-cube of the form (5) in Algy, where € is the indicated 1-face on
the bottom. By Proposition 2.14, we know that X is (id(k + 2) + k)-cocartesian;
in particular, X is (2k + 2)-cocartesian and hence C'is (2k + 2)-connected (rel. Y).
Putting it all together, it follows that the vertical maps in diagram (5) are (k+ 1)-
connected and the horizontal maps are (2k + 2)-connected. Here is our strategy:
consider the commutative diagram of 2-cubes in Algy of the form (6). Instead of
attempting to estimate the cartesian-ness of the 2-cube (%) directly, which seems
difficult, we will take an indirect attack and first estimate the cartesian-ness of the
2-cubes (a), (b), (c); then we will use [11, 3.9] (e.g., [19, 1.8]) to deduce an estimate
for (x). Consider the 2-cube (a). By higher Blakers-Massey [11, 1.7] for Algy, we
know that (a) is l-cartesian where [ is the minimum of

—2+l{1}+1+l{2}+1=(2k+2)+(k+1)

Hence | = 3k + 3 and we have calculated that the 2-cube (a) is (3k + 3)-cartesian.
Consider the 2-cube (b). The 2-cube Yy X — 2y € is co-cocartesian and has the
form (7) in Algg7 where Sy *y ~ xy. It follows that the vertical maps in diagram
(7) are (k+2)-connected and the horizontal maps are (2k 4 3)-connected. By higher
Blakers-Massey [11, 1.7] for Algy, we know that Yy X — 2y € is [-cartesian where
[ is the minimum of

—2+l{172}+1:—1+00
2+l 1+l +1=2k+3)+ (k+2)

Hence | = (3k+5) and we have calculated that the 2-cube Xy X — 2y-C is (3k +5)-
cartesian; therefore the 2-cube (b) is (3k + 4)-cartesian. Consider the 2-cube (c).
We know that C is (2k + 2)-connected (rel. Y') from above, hence by Proposition
2.5 the map C' — Qy Xy C is (4k 4 6)-connected. This calculation will produce a
cartesian-ness estimate for the 2-cube (¢). Here is why: the 2-cube (c) has the form
(8) in Algo, where QyEy*y ~ xy. Taking homotopy fibers horizontally produces
the map Oy C — QyQyEyC this map is Qy of the right-hand vertical map.
We know (#) is (4k + 6)-connected from above; hence the 2-cube (c¢) is (4k + 5)-
cartesian. Putting it all together, it follows from diagram (6) and [11, 3.9] (e.g.,
[19, 1.8]), together with our cartesian-ness estimates for (a), (b), (¢), that the 2-cube
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(%) of the form (9) in Alg}, is (3k 4 3)-cartesian. Finally, note that since the top
horizontal map in (9) is (2k + 2)-connected, it follows that the bottom horizontal
map is (2k 4+ 2)-connected; i.e., the bottom horizontal 1-face is (2k + 2)-cartesian.
Hence we have verified that the 2-cube X — Qy 3y X satisfies: the 0-subcubes
are (k -+ 1)-cartesian, the 1-subcubes are (2k + 2)-cartesian, and the 2-subcubes are
(3k+3)-cartesian. Therefore, the 2-cube of the form X — Qy 3y X is (id+1)(k+41)-
cartesian in Algy .

Consider the case of 2-cubes. Suppose X is a {1, 2}-cube in Algy of the form (4).
Assume that X is (id +1)(k+ 1)-cartesian in Alg}; this means that: the 0-subcubes
are (k + 1)-cartesian, the l-subcubes are (2k + 2)-cartesian, and the 2-subcubes
are (3k + 3)-cartesian. Let’s verify that the 3-cube of the form X — Qy Xy X is
(id41)(k+1)-cartesian in Alg . Tt suffices to assume that X is a cofibration 2-cube.
Let C be the iterated homotopy cofiber of X in Algg and consider the associated
oco-cocartesian 3-cube of the form (10) in Algl), where € is the indicated 2-face on
the bottom. By Proposition 2.14, we know that X is (id(k 4 2) + k)-cocartesian;
in particular, X is (3k + 4)-cocartesian and hence C is (3k + 4)-connected (rel.
Y). Putting it all together, it follows that the vertical maps in diagram (10) are
(k + 1)-connected, the horizontal maps in the top 2-face (i.e., the 1-faces of X)
are (2k + 2)-connected, and the top 2-face is (3k + 4)-cocartesian. We would like
to estimate the cocartesian-ness of the back 2-face of the form (11). The upper
horizontal map is (2k + 2)-connected and the lower horizontal map is co-connected
(i.e., a weak equivalence), hence by [11, 3.8] the back 2-face in (10) is (2k + 3)-
cocartesian in Algy . Similarly, the left-hand 2-face in (10) is (2k + 3)-cocartesian in
Algg. Here is our strategy: consider the commutative diagram of 3-cubes in Algg of
the form (6). Instead of attempting to estimate the cartesian-ness of the 3-cube (x)
directly, which seems difficult, we will take an indirect attack and first estimate the
cartesian-ness of the 3-cubes (a), (b), (¢); then we will use [11, 3.9] (e.g., [19, 1.8])
to deduce an estimate for (x). Consider the 3-cube (a). By higher Blakers-Massey
[11, 1.7] for Algy, we know that (a) is I-cartesian where [ is the minimum of

—3 41103 +1= -2+ 00
B3+l t1+lE+1=-1+@k+4)+(k+1)
SB+lpsy 1+l +1=-1+2k+3)+(2k+2)
B4l + 14l + 1= —1+ (2k+3) + (2k +2)
Bl + 1+l 1+l + 1= 2k +2) + (2k+2) + (k+ 1)
Hence | = (4k+4) and we have calculated that the 3-cube (a) is (4k + 4)-cartesian.
Consider the 3-cube (b). The 3-cube 3y X — ¥y C is co-cocartesian in Algy, where

gy*y ~ xy. By higher Blakers-Massey [11, 1.7] for Alge, we know that Yy X —
Yy € is [-cartesian where [ is the minimum of

_3+l{123}+1:—2+00

=3+l +1+la +1=-1+@Bk+5)+(k+2)

SB+lpsy 1+l +1=—-14+2k+4)+ (2k+3)

=3+ 1lgsy + 1+l +1=—-1+(2k+4)+ (2k+3)
B+l 1+l + 1+l +1=2k+3)+ 2k +3) + (k+2)
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Hence [ = (4k+6) and we have calculated that the 3-cube 3y X — 2y C is (4k+6)-
cartesian; therefore the 3-cube (b) is (4k + 5)-cartesian. Consider the 3-cube (c).
We know that C' is (3k + 4)-connected (rel. Y') from above, hence by Proposition
2.5 the map C' — Oy Sy C is (6k + 10)-connected. This calculation will produce
a cartesian-ness estimate for the 3-cube (c¢). Here is why: the 3-cube (c) has the
form (12) in Algl), where Qy Yy #y ~ %}.. Taking homotopy fibers (twice) in Algy
produces the map Q2.C' — Q2.Qy %y C; this map is Q% of the right-hand vertical
map (#). We know (#) is (6k 4 10)-connected from above; hence the 3-cube (¢) is
(6k + 8)-cartesian. Putting it all together, it follows from diagram (6) and [11, 3.9]
(e.g., [19, 1.8]), together with our cartesian-ness estimates for (a), (b), (c), that the
3-cube (x) of the form

X Xy ———— Xy
of ]
Qyiyx : Qyiyx‘n I—— Qyiyx“}

in Algg, is (4k + 4)-cartesian. Let’s calculate a cartesian-ness estimate for the 2-
subcube Qy By X of (x). We know that X is (id(k+2) 4 k)-cocartesian in Alg} from
above, hence Xy X is (id(k 4 2) + k + 1)-cocartesian in Algh. By higher Blakers-

Massey [11, 1.7] for Alge, we know that Xy X is l-cartesian where [ is the minimum
of

241y +1=~-1+(3k+5)
=2+ 1lgy + 1+ 1y +1=(2k+3) + (2k + 3)

Hence | = (3k+4) and we have calculated that the 2-cube Xy X is (3k+4)-cartesian;
therefore the 2-cube Qy 3y X is (3k + 3)-cartesian. Hence we have verified that the
3-cube X — Qy Xy X satisfies: the 0-subcubes are (k 4 1)-cartesian, the I-subcubes
are (2k+2)-cartesian, the 2-subcubes are (3k+ 3)-cartesian, and the 3-subcubes are
(4k+4)-cartesian. Therefore, the 3-cube of the form X — Qy 3y X is (id+1)(k+1)-
cartesian in Algy. And so forth. O

Theorem 2.16. Let k>0 and 1 <r < oco. Let W be a finite set and X a W -cube
in Algy. Letn = |W/|. If the n-cube X 15 (id +1)(k + 1)-cartesian in Algh, then so
is the (n + 1)-cube of the form X — Q21 X.

Proof. These estimates were worked out in [5] for the special case of Y = x. The
detailed proof above of Theorem 2.13 in the case of r = 1 shows why these estimates
remain true in the context of O-algebras centered at Y; intuitively, » = 1 is the
most restrictive situation in terms of estimates (e.g,. the comparison map in all
other cases factors through the comparison map for » = 1). In the case of r = oo,
several of the estimate steps are easier since iffo preserves cocartesian-ness, Q%"
preserves cartesian-ness, and the stable estimates in [11, 3.10] become available for
each estimate step following the application of f]g’,o O

3. HOMOTOPICAL RESOLUTIONS

The purpose of this section is to introduce the homotopical resolutions studied in
[5] and to prove Theorems 1.1, 1.2, and 1.3. These kinds of homotopical resolutions
are studied in [8]; see also [7, 12]. There are adjunctions of the form



FUNCTOR CALCULUS COMPLETIONS 17

o g
(14) Algy =—=Algo  Algy =—=5p"(Algp)  (r=1)
Y Y

with left adjoint on top. Here, SpN(Algg) denotes Hovey spectra [24] on Algg; we are
using that left Bousfield localization constructions produce semi-model categories
in situations where left properness is not available (together with the fact that in
Algy, and hence in Algg7 the generating cofibrations and acyclic cofibrations have
cofibrant domains); see [2, 10, 18, 21]. If we iterate the comparison map id — Qf. X%
and evaluate on X € Algg, this builds a cosimplicial resolution of X with respect
to Q.54 of the form (1 <r < o)
id(X) —— Q35 (X) == (A 57)2(X) —= (A 57)*(X) -+

—_—

showing only the coface maps. This resolution is not what we want—it is not
homotopy meaningful.

The basic idea is to turn this into a derived (homotopy meaningful) resolution by
appropriately inserting fibrant replacements and cofibrant replacements. In more
detail, let » > 1. Denote by ¢: Q—id and m: Q—QQ the counit and comultiplica-
tion maps of the cofibrant replacement comonad @ on Algy (see [8, 6.1]) and define
ENITY = XLQ (resp. i?,o = ¥9°Q). Denote by n: id—® and m: ®®— the unit
and multiplication maps of the fibrant replacement monad ® on Alg} (see [8, 6.1])
and define Qg/ = Q3 ®. Similarly, denote by n: id—F and m: FF—F the unit
and multiplication maps of the fibrant replacement monad F on Sp™(Algh) (see [8,
6.1]) and define Qg := QFF.

Remark 3.1. Since SpN(Algg) is only equipped with a cofibrantly generated sim-
plicial semi-model structure (Algg is not left proper, in general, so left Bousfield
localization only produces a semi-model structure, without further work)—see, for
instance, [2, 10, 18, 21]—this simply means that F, Qg}o are only homotopy mean-
ingful when evaluated on cofibrant objects. In other words, small object arguments
(and their generalizations that produce monads) in Sp™(Alg}) only behave as fi-
brant replacements when evaluated on cofibrant objects; we note that this is always
satisfied in the homotopical resolutions below.

_ It follows easily that we can build a cosimplicial resolution of X with respect to
O} 37 of the form (1 <r < o0)

id(X) —— OF 5 (X) == (B 50)*(X) = (% })°(X) -~
in Algg, which is given precisely by the homotopical resolution
(15)  Q(X) —= Q04 T5(X) == QU 55)2(X) == Q%4 )*(X) -
in Algg (showing only the coface maps); see, for instance, [51 8. If X € Algg,
the Bousfield-Kan completion X f\ry - of X with respect to Qf XY is the homotopy

Xy

limit

X§, 5, = holima Q(Q555)* (X)
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of the cosimplicial resolution indicated on the right-hand side of (15). To get our
hands on this construction, we filter A by its subcategories AS™ C A, n > 0, which
leads to the following (e.g., [12]). Define

(Q525), := holima <. Q(QLX5)*H, n>0
It follows that the Qg/ ig/—completion of X is weakly equivalent to

(16) X4, 5, = holim((555)o(X) = (@5 55)1(X) (25 55)a(X) ¢ -+ )

the homotopy limit of the indicated tower; here, (Q5.3%)o(X) ~ Q5 25 (X).

Proof of Theorem 1.1. Here is the basic idea. To verify that X ~ X2 s o it suffices
Y <Y

to verify that the map of the form

X ~Qx Wny

(335 )n(X)

into the n-th stage of the completion tower in (16) has connectivity strictly increas-
ing with n. The connectivity of the map (x),, is the same as the cartesian-ness of
the coface (n + 1)-cube ([7, 5.20]) of the coaugmented cosimplicial resolution (15)
which we know (Theorem 2.16) is ((n+ 1) +1)(0+ 1) = n+ 2; hence the map (x),
is (n + 2)-connected which completes the proof. O

Proof of Theorem 1.2. Here is the basic idea. We will follow the proof ideas in [29]
and exploit the estimates in Theorem 2.16. We start with the fibration sequence in
Algd of the form F — E — B and resolve the E, B terms

| T%T j
T —— 50 (B) —= (5 55)%(B) =—= (.25 )3(E) - --
B—— 03 50(B) —= (05, 54)%(B) =—= (3, £1.)3(B) - -

by their cosimplicial resolutions with respect to Q’{/iry, this produces the bottom
two rows of the indicated form (for notational convenience, we omit writing the Q).
Taking homotopy fibers vertically in Algg produces the top horizontal row of the
form F — F; in particular, each of the rows is a coaugmented cosimplicial diagram
in Algg, and the columns are homotopy fiber sequences in Algg. Since homotopy
fibers commute with homotopy limits, together with the assumption that E, B are
0-connected (rel. V) and Theorem 1.1, we know that F' ~ holimp F.

The next step is to get Q’{/ ig}—completion into the picture. Resolving each term
in the upper row above by its cosimplicial resolution with respect to Qg/iry produces
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a diagram of the form

(Qr Zr )SF # ) (Qr Er )3F04>(Qr Er )3F14>(QT TY 3F2

Il Il Il Il

(@502 F P (s )2 B0 —= (g 5y D2FY /= (Qy 2y )2F2 - -

I I I |

(55 F — L (g 50 FO ——= (4 Sp) B =% (. S) 7

| o e e
F—#__ _po — Pl ———ZF?...

where each column (resp. row) is a coaugmented cosimplicial diagram in Algg.

Since E, B are 0-connected (rel. Y) by assumption, we know from Theorem 2.16

that the coface (n + 1)-cubes ([7, 5.20]) associated to the coaugmented cosimplical

resolutions of the form
E — (Q30)*HE
B — (Qy30)*'B

are (id + 1)-cartesian for each n > —1. Hence it follows, by several applications
of [11, 3.8] and [19, 1.18] that the coface (n + 1)-cube associated to F' — F is id-
cartesian for each n > —1. An easy consequence of higher Blakers-Massey (and its
dual) [11, 1.7, 1.11] for Alg, is that Q} 3} preserves id-cartesian (n + 1)-cubes for
each n > —1. Hence it follows that the coface (n + 1)-cubes ([7, 5.20]) associated
to the coaugmented cosimplicial diagrams

() F = (5 S0)FF, k>0
are id-cartesian for each n > —1. Therefore, each of the maps

(17) QS0 B polimp e (U SDFE, k>0
s (n + 1)-connected; hence each of the maps (#) induces a weak equivalence
on holima. In other words, applying holima horizontally produces the left-hand

column, and therefore, subsequently applying holima vertically produces F~ s/z\ DI

What about the other way? By formal arguments (i.e., QTY commutes with homo-
topy fibers), the () columns have extra codegeneracy maps s~! [16, 6.2]; hence
applying holim vertically induces a weak equivalence [13, 3.16] with the F cosim-
plicial diagram, and therefore, subsequently applying holima horizontally produces
F (i.e., we know that F' ~ holima F as noted above, or by the connectivities in

(17) with k£ = 0). Hence we have verified that F ~ FST i

The more general case of an co-cartesian 2-cube is nearly identical; constructing
F — F by taking homotopy pullbacks instead of homotopy fibers, it follows, by
several applications of [11, 3.8] and [19, 1.18], that the coface (n+1)-cube associated
to F — F' is id-cartesian for each n > —1, and the above arguments complete the
proof. [
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Proof of Theorem 1.3. Here is the basic idea. We will follow the proof ideas in [30]
and exploit the estimates in Theorem 2.16. Start with the tower (16) associated
with the cosimplicial resolution of the identity functor on Algg with respect to
Qg352, resolve each functor in the tower

(18)  PY(955)0(X) <— Py (9 59)1(X) <—— Py (QFEF)a(X) - -

l i l

PY(QF59)0(X) <— Py (QFEP)1 (X) <— Py (QFEF)a(X) - -

| | |

PY(QE)0(X) =— P (QPEF)1(X) =— P (QPTF)2(X) - -
A A A

(O3 559)0(X) =——— (Z5)1(X) (QEF)2(X) -

by its Taylor tower [20] centered at Y, and evaluate the result on X. We know,
by Theorem 2.16, that the map id — (Q5°%59),, satisfies O,,41(0,1) (20, 1.2]) for
every n > 0 (for notational convenience, we omit writing the @); in particular, the
identity functor and (Q5°%59),, agree to order (n 4 1) via this map; this implies
([20, 1.6]) that the maps

PY 1 (id)(X) = PY (95 55)n(X)
PY (id)(X) = PY (OFEF)n(X)

Py (id)(X) = P (9F55)a(X)
are weak equivalences for every n > 0. This means that the rows above the dotted
arrows in (18) are eventually constant and hence applying holim horizontally pro-
duces the tower { PY (id)(X)}, and therefore, subsequently applying holim vertically
produces PY (id)(X). What about the other way? By assumption, *y — X5°X in

Sp (Algg) is O-connected (Remark 1.4). It follows, by iteratively applying higher
Blakers-Massey (and its dual) [11, 1.7, 1.11] for Alg,

() 00 §100 (#)1 () 00 §100 () 00 §100
(QFEF)F(X) = TV (PSP (X) = TV (1Y (QFEF)F)(X) — -+
that the maps (#); are 3-connected (and the indicated subsequent maps are even
higher connected) for each k > 2. Hence the maps
)00 §100 () ()00 3100
(QFEF)H(X) — P (QFEF)"(X)
are 3-connected for each k > 2; if k = 1, no estimates are required: the map (x); is
oo-connected since Q25°35° ~ PY (id) and hence PY (id) — P} (P} (id)) is a weak

equivalence. That was a useful warmup. More generally, by iteratively applying
higher Blakers-Massey (and its dual) [11, 1.7, 1.11] for Alg, it follows that (n > 1)

(53R (X) P 7Y (O3 530) (X)) — TY (T (5 539)F)(X) — - -



FUNCTOR CALCULUS COMPLETIONS 21

the maps (#), are (n + 2)-connected (and the indicated subsequent maps are even
higher connected) for each k > 2. Hence the maps

@FEF)H0 O PYOFERHX), 21
are (n + 2)-connected for each k > 2; if k = 1, no estimates are required: the map
(%), is co-connected since Q5°3%° ~ PY (id) and hence PY (id) — PY(PY (id)) is
a weak equivalence. It now follows by iteratively applying [11, 3.8] (e.g., [19, 1.6])
that the maps

L PLLOFSEX),  nz1

are (n + 2)-connected for each k > 1 if k = 0, no estimates are required: the map
(#%),, is co-connected since Q5°3.%° ~ P} (id) and hence PY (id) — PY (P} (id)) is
a weak equivalence. Let’s illustrate the case of k = 1: the map (xx), fits into a
3-cube of the form

(25 (X)

(19)
(QFEF)X QFEF X
m"‘\ \
PY (O X i PY  (Q5E)X
QENr X (Q%50)2X
\ m
PY L (Q5)X PY L (Q9S)2X

The back 2-face is oco-cartesian by definition, hence the front 2-face is co-cartesian
(PY,, commutes ([20, 1.7]) with such holim’s). The 3-cube is therefore co-cartesian
by [11, 3.8] (e.g., [19, 1.6]). We know from above that the map (*),41 is (n + 3)-
connected, hence by [11, 3.8] the right-hand 2-face is (n + 2)-cartesian. Since
the 3-cube is co-cartesian, it follows that the left-hand 2-face is (n + 2)-cartesian.
Therefore, it follows, by another application of [11, 3.8] (e.g., [19, 1.6]) that the map
(%), is (n+2)-connected. The other cases are similar. The upshot is: it follows that
applying holim vertically (above the dotted arrows) in (18) produces the bottom
horizontal tower, and therefore, subsequently applying holim horizontally produces
XS%;Cigf' Hence we have verified that PY (id)(X) ~ Xés;i%;' O
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