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ABSTRACT. We prove that the stabilization (resp. iterated suspension) func-
tor participates in a derived adjunction comparing pointed spaces with certain
(highly homotopy coherent) homotopy coalgebras, in the sense of Blumberg-
Riehl, that is a Dwyer-Kan equivalence after restriction to 1-connected spaces,
with respect to the associated enrichments. A key ingredient of our proof, of
independent interest, is a higher stabilization theorem (resp. higher Freuden-
thal suspension theorem) for pointed spaces that provides strong estimates for
the uniform cartesian-ness of certain cubical diagrams associated to iterating
the space level stabilization map (resp. Freudenthal suspension map)—these
technical results provide, in particular, new proofs (with strong estimates) of
the stabilization and iterated loop-suspension completion results of Carlsson
and the subsequent work of Arone-Kankaanrinta, and Bousfield and Hopkins,
respectively, for 1-connected spaces; this is the stabilization (resp. Freudenthal
suspension) analog of Dundas’ higher Hurewicz theorem.

1. INTRODUCTION

We have written this paper simplicially: in other words, “space” means “sim-
plicial set” unless otherwise noted; see Dwyer-Henn [27] for a useful introduction
to these ideas, together with Bousfield-Kan [14], Goerss-Jardine [36], and Hovey
[43]. We work in the category of symmetric spectra (see Hovey-Shipley-Smith [44]
and Schwede [60]), equipped with the injective stable model structure, so that “S-
modules” means “symmetric spectra”, which are the same as modules over the
sphere spectrum S; in particular, fibrant S-modules enjoy the property of being
Q-spectra [44, 1.4] that are objectwise Kan complexes. Alternatively, the results
here could be developed in the context of EKMM spectra [30], or even Bousfield-
Friedlander [12] spectra.

Our main result is that the stabilization functor—the classical construction of
associating a spectrum to a pointed space by tensoring with the sphere spectrum—
participates in a Dwyer-Kan equivalence with certain (highly homotopy coherent)
homotopy coalgebra spectra, in the sense of Blumberg-Riehl [10], where the sta-
bilization construction naturally lands, after restriction to 1-connected spaces. In
the statement of the following theorem, K is the homotopical comonad (Remark
1.3, Definition 3.4, and (23)—(24)) naturally acting (Remark 3.6) on the suspension
spectrum XX (see (23)) of a pointed space X, and €(Y") is the cosimplicial cobar
construction (Definition 3.10) associated to the K-coalgebra Y (Definition 3.5).

Theorem 1.1. The stabilization functor

£°°: Ho(S.)—Ho(coAlg )
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restricts to an equivalence between the homotopy categories of 1-connected spaces
and 1-connected f(-coalgebm spectra (Remark 1.8 and Definition 3.4); more pre-
cisely, 3°° participates in a derived adjunction (Proposition 4.2) comparing pointed
spaces to K -coalgebra spectra

(1) Mapoajg, (27X, Y) =~ Maps_ (X, holima €(Y))

that is a Dwyer-Kan equivalence after restriction to the full subcategories of 1-
connected spaces and 1-connected K-coalgebra spectra, with respect to the associated
enrichments (Definition 3.18).

This can be thought of as a stabilization analog of the Quillen [57] (resp. Sullivan
[63]) main result that the rational chains (resp. cochains) functor participates
in a derived equivalence with certain coalgebra (resp. algebra) complexes, after
restriction to 1-connected spaces up to rational equivalence.

Our second main result is that an analogous statement is true when we re-
place the stabilization functor ¥°° with the iterated suspension functor ¥". In the
statement of the following theorem, K, is the homotopical comonad (Remark 1.3,
Definition 3.4 and (26)—(27)) naturally acting (Remark 3.6) on the iterated sus-
pension X" X (see (26)) of a pointed space X, and €,.(Z) is the cosimplicial cobar
construction (Definition 3.10) associated to the K,-coalgebra Z (Definition 3.5).

Theorem 1.2. Let r > 1. The iterated suspension functor

E": Ho(Sx)—Ho(coAlgg )
restricts to an equivalence between the homotopy categories of 1-connected spaces
and (14r)-connected K,.-coalgebras (Remark 1.3 and Definition 3.4); more precisely,
7" participates in a derived adjunction (Proposition 4.2) comparing pointed spaces
to K,.-coalgebras

(2) Mapoag, (XX, Z) ~ Mapg, (X, holima &,(2))

that s a Dwyer-Kan equivalence after restriction to the full subcategories of 1-
connected spaces and (1+1)-connected K,.-coalgebras, with respect to the associated
enrichments (Definition 3.18).

Remark 1.3. Here, K and K, are point-set level (highly homotopy coherent) ho-
motopical comonads in the sense of Blumberg-Riehl [10]; in particular, they are
homotopy invariant, they satisfy highly homotopy coherent analogs of the usual
counit and coassociativity diagrams for comonads, and their (highly homotopy co-
herent) homotopy coalgebras play a key role in the formulation and proofs of our
main results.

The following are immediate corollaries of our main results.

Corollary 1.4. A pair of 1-connected pointed spaces X and X' are weakly equiva-
lent if and only if the suspension spectra 5°°X and X°° X’ (resp. iterated suspension
spaces XX and X" X') are weakly equivalent as derived R—coalgebm spectra (resp.
K,.-coalgebras).
Corollary 1.5. Let X, X' be pointed spaces. Assume that X' is 1-connected and
fibrant.

(a) (Existence) Given any map ¢ in [E*°X,5%°X'|g (resp. [E"X, X" X']g ),

there exists a map f in [X, X'] such that ¢ = X°(f) (resp. ¢ = X" (f)).
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(b) (Uniqueness) For each pair of maps f,g in [X,X'], f = g if and only if
E(f) = E%(g) (resp. E'(f) = X"(g)) in the homotopy category of K-
coalgebra spectra (resp. K,.-coalgebras).

Corollary 1.6. A R—coalgebm spectrum Y (resp. Rr—coalgebm space Z) is weakly
equivalent to the suspension spectrum X°X (resp. iterated suspension ¥"X ) of
some 1-connected space X, via derived R—coalgebm maps (resp. Rr—coalgebm maps),
if and only if Y is 1-connected (resp. Z is (1 + 1)-connected).

The following two theorems, of independent interest, are our main technical re-
sults (see Section 5.9 for the proofs). The higher stabilization (resp. higher Freuden-
thal suspension) theorem provides strong estimates for the uniform cartesian-ness of
certain cubical diagrams associated to n-fold iterations of the space level stabiliza-
tion (resp. Freudenthal suspension) map; it can be thought of as the stabilization
(resp. Freudenthal suspension) analog of Dundas’ higher Hurewicz theorem [24,
2.6]; see also the elaboration in Dundas-Goodwillie-McCarthy [25, A.8.3]. In the
statement of the following theorems, Q0 is the derived version of the 0-th space
functor Q> (Definition 3.4 and (23)) and Q" is the derived version of the iterated
loop space functor Q" (Definition 3.4 and (26)).

Theorem 1.7 (Higher stabilization). Let k > 1, W a finite set, and X a W -cube
of pointed spaces. If X is (k(id + 1) + 1)-cartesian, then so is X—Q°X>X.

Theorem 1.8 (Higher Freudenthal suspension). Let k > 1, W a finite set, and X
a W -cube of pointed spaces. If X is (k(id+ 1) 4 1)-cartesian, then so is X—Q"E"X.

It is worth pointing out that Theorems 1.7 and 1.8 provide new proofs (with
strong estimates) of the Q% *-completion results in Carlsson [16] and the subse-
quent work of Arone-Kankaanrinta [2], and the Q" ¥"-completion results of Bousfield
[11] and Hopkins (see [11]), respectively, for 1-connected spaces; this is elaborated
in Remarks 5.28 and 5.29. These uniform cartesian-ness estimates imply certain
uniform cocartesian-ness estimates, and vice-versa (Proposition 5.14); this unifor-
mity phenomenon is the stabilization (resp. Freudenthal suspension) analog of a
closely related uniformity correspondence appearing in [24, 2.4] and [25, A.8.3.2]
that naturally arises from a homotopical analysis of iterations of the Hurewicz map
for integral homology.

Remark 1.9. We can state our main result in the context of Lurie’s theory of
oo-categories in the following way [20, 1.3]. Associated to the simplicial Quillen
adjunction (X°°,9°) in (23) (resp. (X7,Q") in (26)) is a corresponding adjunction
of co-categories [49, 5.2.4.6]. Riehl-Verity [59] show that an adjunction of oo-
categories of the form

F:A=3B:G
determines a homotopy coherent comonad K whose underlying functor is FG. If the
oo-category A admits suitable limits, the adjunction (F, G) lifts to an adjunction of
oo-categories of the form

F:A=0k:C
where Ck is an oco-category of coalgebras over the comonad K and C is a suitable
cobar construction applied to K-coalgebras. This is dual to [59, 7.2.4]. Our Theorem
1.1 (resp. 1.2) then implies that, when applied to the adjunction (X°°,Q°°) (resp.
(£7,Q7)), the resulting adjunction (F,C) restricts to an equivalence between the
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oo-categories of 1-connected objects on each side (resp. 1-connected objects on the
left side and (1 4 r)-connected objects on the right side).

In terms of (the opposite of) Lurie’s version of the Barr-Beck theorem [50,
4.7.0.3]: Our main result reduces to proving that the left derived stabilization
functor X (resp. iterated suspension functor ") commutes,

(3) Y% holima €(Y) =~ holima 2*°¢(Y)
(4) resp. ¥" holima €,.(Z) ~ holima ¥"€,.(Z)

up to weak equivalence, with the right derived limit functor holima , when composed
with the cosimplicial cobar construction € (resp. €,.) associated to the homotopical
comonad K (resp. K,.) and evaluated on 1-connected K-coalgebras (resp. (1 + 7)-
connected Rr—coalgebras)—see Theorem 2.4. This condition is precisely the crux
of verifying (the opposite of) [50, 4.7.0.3].

1.10. Strategy of attack and related work. We are leveraging a line of attack
developed in [20] for resolving the O-connected case of a conjecture in Francis-
Gaitsgory [31], together with a modification of that strategy developed in [9] for
integral chains. We exploit Cohn’s work [21] showing that this extends to (highly
homotopy coherent) homotopy coalgebras over the associated homotopical comonad
(Blumberg-Riehl [10]). A key ingredient underlying our homotopical estimates are
certain uniform cartesian-ness estimates (Theorems 1.7 and 1.8) related to the
Qx> -completion map studied in Carlsson [16], and subsequently in the work of
Arone-Kankaanrinta [2], and the Q" %"-completion map studied in Bousfield [11]
and Hopkins (see [11]).

We were motivated by the results of Hopkins [42] on iterated suspension, the
subsequent work of Goerss [34] on desuspension and Klein-Schwanzl-Vogt [46] on
comultiplication and suspension, and the work of Klein [47] on moduli of suspension
spectra. We benefited from a careful study of the density argument in Dundas-
Goodwillie-McCarthy [25] and the higher Hurewicz theorem in Dundas [24]. Our
results, from a technical point of view, are enabled by Goodwillie’s higher (dual)
Blakers-Massey theorems [37], the homotopical comonads and their associated ho-
motopy coalgebras studied in Blumberg-Riehl [10] and exploited in Cohn [21], to-
gether with the enrichments and framework developed in Arone-Ching [1].

We were encouraged (via rough analogy) by the earlier work of Quillen [57] and
Sullivan [63] (see also Bousfield-Gugenheim [13]), in light of the results in [19] for
structured ring spectra, together with the work of Smirnov [62] on a coalgebraic
study of homology, and the work of Dwyer-Hopkins (see [51, C]), Goerss [35],
Karoubi [45], Kriz [48], and Mandell [51, 52].

Another way to think about Theorems 1.1 and 1.2 is that the functors ¥*° and
3" as they appear in (1) and (2), satisfy homotopical descent on objects and mor-
phisms; see Arone-Ching [1] and Hess [40], for a discussion of related ideas, Carlsson-
Milgram [18] and May [53] for background on related topics, Edwards-Hastings [29]
for a concise discussion of stabilization and abelianization, and Behrens-Rezk [6]
for an interesting survey of closely related ideas.

1.11. Organization of the paper. In Section 2 we outline the argument of our
main result. In Section 3 we review the completion constructions, their associated
cosimplicial cobar constructions, together with the (highly homotopy coherent)
homotopy coalgebras over the associated homotopical comonads that naturally arise
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when making sense of these completion constructions in our context. Furthermore,
in Section 3 we set up the framework for the homotopy theory of these homotopy
coalgebras. In Section 4 we describe the derived unit and derived counit maps
associated to (1) and (2). In Section 5 we develop the homotopical estimates that
underlie our main results, and in the short Section 6 we remind the reader about
notation for various hom-objects used throughout the paper. For the experts that
are already familiar with the enrichments and framework in Arone-Ching [1], it will
suffice to read Sections 2 and 5 for a complete proof of the main results.
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authors are grateful to Michael Ching for helpful comments and useful remarks
throughout this project. The second author would like to thank Bjgrn Dundas,
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was supported in part by National Science Foundation grants DMS-1510640 and
DMS-1547357. The second author was supported in part by the Simons Foundation:
Collaboration Grants for Mathematicians #638247.

2. OUTLINE OF THE ARGUMENT

In this section we will outline the proof of our main results. Since the derived unit
map (Definition 4.3) associated to (1) is tautologically the Q°°¥°°-completion map
X' =X’ gmzm, which is proved to be a weak equivalence on l-connected spaces
in Carlsson [16], and subsequently in Arone-Kankaanrinta [2], proving the main
result in the stabilization case reduces to verifying that the derived counit map
(Definition 4.5) associated to (1) is a weak equivalence. Similarly, since the derived
unit map (Definition 4.3) associated to (2) is tautologically the Q" %"-completion
map X'—X' érzr, which is proved to be a weak equivalence on 1-connected spaces
in the work of Bousfield [11] and Hopkins (see [11]), proving the main result in the
iterated suspension case reduces to verifying that the derived counit map (Definition
4.5) associated to (2) is a weak equivalence.

The following theorem is proved in Section 5, just after Proposition 5.44.

Theorem 2.1. Let r=>1. IfY is a 1-connected K-coalgebra spectrum (resp. Z is
a (1 + r)-connected K,.-coalgebra) and n > 1, then the natural map

(5) holimp <» €(Y) — holima<n—1 €(Y)

(6) resp.  holimpa<n €.(Z) — holimp<n-1 €,.(Z)

is an (n + 2)-connected map between 1-connected objects.

Theorem 2.2. Let r > 1. IfY is a 1-connected R-coalgebm spectrum and n > 0,
then the natural maps

(7) holima €(Y) —» holima <. €(Y)
(8) ¥ holima €(Y) — X holimp <» €(Y)
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are (n+3)-connected maps between 1-connected objects. Similarly, if Z is a (1+7)-
connected K,.-coalgebra and n > 0, then

(9) holima €,.(Z) — holima<n €,.(Z)
(10) ¥ holima €,.(Z) — X" holimp <. €,.(2)

the natural map (9) (resp. (10)) is an (n + 3)-connected map between 1-connected
objects (resp. (n + 3+ r)-connected map between (1 + r)-connected objects).

Proof. Consider the first part. By Theorem 2.1 the maps in the holim tower
{holimp <~ €(Y)}, have connectivity strictly increasing with n; furthermore, the
map above level n is (n + 3)-connected, the map above level n + 1 is (n + 4)-
connected, the map above level n + 2 is (n 4 5)-connected, and so forth. It follows
that the map (7) is (n 4 3)-connected. The second part follows from the first part.
The other case is similar. d

We prove the following theorem in Section 5, just after Theorem 5.41. It pro-
vides estimates sufficient for verifying that stabilization (resp. iterated suspension)
commutes past the desired homotopy limits.

Theorem 2.3. Letr > 1. If Y is a 1-connected R—coalgebm spectrum (resp. Z is
a (1 + r)-connected K,.-coalgebra) and n > 1, then the natural map

(11) %% holimpa<» €(Y) — holimpa <. X €(Y)

(12) resp. X" holimpa<n €.(Z) — holima<n X" €,.(2)

is (n + 5)-connected (resp. (n + 5+ r)-connected); the map is a weak equivalence
forn=0.

Theorem 2.4. Letr > 1. If Y is a 1-connected R—coalgebm spectrum (resp. Z is
a (1 4 r)-connected K,-coalgebra), then the natural maps

(13) ¥ holima €(Y) — holima 2% ¢(Y) —= Y

(14) resp. X" holima €,(Z) — holima X" €,.(Z) — Z

are weak equivalences.

Proof. For the case of the left-hand map in (13), it is enough to verify that the
connectivities of the natural maps (8) and (11) are strictly increasing with n, and
Theorems 2.2 and 2.3 complete the proof. Consider the right-hand map. Since
T2 e(Y) ~ FE> (YY) and the latter is isomorphic to the cosimplicial cobar con-
struction Cobar(FK, K,Y), which has extra codegeneracy maps s~! (Dwyer-Miller-
Neisendorfer [28, 6.2]), it follows from the cofinality argument in Dror-Dwyer [22,

3.16] that the right-hand map in (13) is a weak equivalence. The other case is
similar. (]

Proof of Theorems 1.1 and 1.2. We want to verify that the natural map

¥ holima €(Y)—Y
is a weak equivalence; since this is the composite (13), Theorem 2.4 completes the
proof. The other case is similar. [

The following is an immediate corollary of the connectivity estimates in Theorem
2.1. These types of homotopy spectral sequences have been studied, for instance,
in [7, 8, 14, 15].
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Corollary 2.5. IfY is a 1-connected K-coalgebra spectrum (resp. Z is a (1 +r)-
connected K,.-coalgebra), then the homotopy spectral sequence

E?,, = m*me(Y) = m_, holima €(Y)
(resp. Eis’t =71°mC,.(Z) = m_s holima QT(Z))

converges strongly. By strong convergence of { E™} to . holima €(Y") we mean that
(i) for each (—s,t), there exists an v such that E”  , = E>, , and (i) for each i,

—s,t

E> = 0 except for finitely many s; see, for instance, [14, IV.5.6, I1X.5.3, IX.5.4]

—s,5+1%

and [26, p. 255]; similarly for the other case.

3. HOMOTOPICAL COMONADS AND THEIR HOMOTOPY COALGEBRAS

If X is a pointed space, the stabilization map has the form
(15) e (X) =75 (X) = colim, myq (B"X)

This comparison map between homotopy groups and stable homotopy groups comes
from a space level stabilization map of the form

(16) X — Q®%>(X)

and applying 7, to (16) recovers the map (15); here, Q° = Q> F (Definition 3.4)
denotes the right-derived functor of the underlying 0-th space functor 2> = Evy,
3> = S®— denotes the stabilization functor given by tensoring with the sphere
spectrum S, and F' denotes a simplicial fibrant replacement monad.

With a space level stabilization map in hand, it is natural to form a cosimplicial
resolution of X with respect to QX of the form

(17) X ——= Q®E®(X) =% (Q®°E°)2(X) =—= (A°T°)3(X) -+

showing only the coface maps. The homotopical comonad K = %0 which is the
derived functor of the comonad K = 30> associated to the (X°°,2°°) adjunction
(see (23)), can be thought of as encoding the spectrum level co-operations on the
suspension spectra; compare with [9] for integral chains.

By analogy with the techniques in Bousfield-Kan [14], by iterating the space
level stabilization map (16) Carlsson [16], and subsequently Arone-Kankaanrinta
[2], study the cosimplicial resolution of X with respect to Qx> and taking the
homotopy limit of the resolution (17) produce the Q°°%°-completion map

A
(18) X—=XGwosoe

This map arises as the derived unit map (Definition 4.3) associated to (1).
Similarly, if 7 > 1, the Freudenthal suspension map has the form

(19) T (X)) = Tagr (X7 X)
This map comes from a space level Freudenthal suspension map of the form
(20) X - Q'Y (X)

Applying 7, to the map (20) recovers the map (19); here, Q" = Q'® (Defi-
nition 3.4) denotes the right-derived functor of the iterated loop space functor
Q" = hom,(S",—), X" = 5" A— denotes the iterated suspension functor given
by smashing with the r-sphere S™ = (S')"", and ® denotes a simplicial fibrant
replacement monad; see Section 6 for a reminder on the hom, functor.
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Once one has such a Freudenthal suspension map on the level of spaces, it is
natural to form a cosimplicial resolution of X with respect to "X" of the form

(21) X —= Q9 (X) == (VE")2(X) == (UL)*(X)---

showing only the coface maps. The homotopical comonad K, = ZTQT, which is
the derived functor of the comonad K, = X"Q" associated to the (X7, Q") adjunc-
tion (see (26)), can be thought of as encoding the space level co-operations on the
iterated suspension spaces. Bousfield [11] and Hopkins (see [11]) study the cosim-
plicial resolution of X with respect to Q"Y", and taking the homotopy limit of the
resolution (21) produces the QY -completion map

A
(22) X—=X4 o

This map arises as the derived unit map (Definition 4.3) associated to (2).

3.1. Cosimplical cobar constructions associated to homotopy coalgebras.
Consider any pointed space X and S-module Y, and recall that the suspension
spectrum X°°(X) = S®X and 0-th space 2°(Y) = Evo(Y) = Yp functors fit into
an adjunction

EOO
(23) S. =——— Modg

QOC
with left adjoint on top. Associated to the adjunction in (23) is the monad QX
on pointed spaces S, and the comonad K := X*°Q* on S-modules Modg of the
form

(24) id L Q%% (unit), id < K (counit),
QEXOQPEX =02 (multiplication), KK < K (comultiplication).

The suspension spectrum ¥*°X is naturally equipped with a K-coalgebra structure.
Denote by m: Q®°—=Q>K = Q°3°0> the right K-coaction map on Q2 (defined
by m := nid).

Definition 3.2. Let Y be a K-coalgebra. The cosimplicial cobar construction
C(Y) := Cobar(Q>,K,Y) in (S.)* looks like

[e%S) d° [e%S) = ()©

(25) cy): Q Y?;Q KY —= Q®°KKY - -

(showing only the coface maps) and is defined objectwise by C(Y)" := Q®K"Y
with the obvious coface and codegeneracy maps; see, for instance, the face and
degeneracy maps in the simplicial bar constructions described in Gugenheim-May
[39, A.1] or May [54, Section 7], and dualize. For instance, the indicated coface maps
in (25) are defined by d° := mid and d' := idm. Here, we denote by m: Y —KY
the K-coaction map on Y. Compare with [20, 3.15].

Similarly, consider any pointed spaces X, X’ and recall that the iterated sus-
pension space X" (X) := S" A X and iterated loop space Q"(X’) := hom, (S, X’)
functors fit into the left-hand adjunction

Dl b b

(26) Si —=5. S. <Ti> Sy +++ Sy <*T> S (r copies)



HIGHER STABILIZATION AND HIGHER FREUDENTHAL SUSPENSION 9

with left adjoint on top; here, S := (S1)"" for r > 1 where S := A[1]/0A[1].
Note that the left-hand adjunction is naturally isomorphic to the right-hand r-fold
iteration of the suspension-loop adjunctions, by uniqueness of adjoints up to natural
isomorphism. Associated to the adjunction in (26) is the monad Q"X" on pointed
spaces S, and the comonad K, := X"Q" on pointed spaces S, of the form

(27) id 5 Q"S"  (unit), id < K, (counit),
Q'YTQTET QY (multiplication), KK, <& K, (comultiplication).

The iterated suspension space X" X is naturally equipped with a K,.-coalgebra struc-
ture. Denote by m: Q"—Q"K,. = Q"3"Q" the right K,-coaction map on Q" (defined
by m :=nid).

Definition 3.3. Let Z be a K,-coalgebra. The cosimplicial cobar construction
C.(Z) := Cobar(Q",K,, Z) in (S.)? looks like

0

(28) C(2) : QTZZ:I;QTKTZ:;QTKTKTZ--

(showing only the coface maps) and is defined objectwise by C.(Z)" := Q"(K,)"Z
with the obvious coface and codegeneracy maps; see, for instance, the face and de-
generacy maps in the simplicial bar constructions described in Gugenheim-May [39,
A.1] or May [54, Section 7], and dualize. For instance, in (28) the indicated coface
maps are defined by d° := mid and d' := idm. Here, we denote by m: Z—K,Z
the K,-coaction map on Z. Compare with [20, 3.15].

It will be useful to interpret the cosimplicial Q¥ resolution of X in terms of a
cosimplicial cobar construction that naturally arises as a “fattened” version of (25);
this leads to the notion of a homotopy R—coalgebra appearing in Blumberg-Riehl
[10] and exploited in Cohn [21].

Definition 3.4. Denote by 7: id—F and m: FF—F the unit and multiplication
maps of the simplicial fibrant replacement monad F on Modg (see [10, 6.1], and also
[33] and [58]). It follows that QO := Q®F and K := KF are the derived functors
of 0 and K, respectively. The comultiplication m: K—KK and counit e: K—F
maps are defined by the composites

(29) KF ™9 KKF = KidKF 2299, KPR F
(30) KF 2% idp = F

respectively.

Similarly, denote by n: id—® and m: ®®—® the unit and multiplication maps
of the simplicial fibrant replacement monad ® on pointed spaces S, (see [10, 6.1],
and also [33] and [58]). It follows that Q" := Q"® and K, := K,® are the derived
functors of Q" and K., respectively. The comultiplication m: K,—K,K, and counit
£: K,—® maps are defined by the composites

(31) Ke® 29 KoK, @ = K, idK, @ 22 K oK, @
(32) K& 2% idd = @

respectively.
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It is shown in Blumberg-Riehl [10, 4.2, 4.4], and subsequently exploited in Cohn
[21], that the derived functor K := KF of the comonad K is very nearly a comonad
itself with the structure maps m: K—KK and e: K—F above. For instance, it is
proved in [10] that K defines a comonad on the homotopy category of Modg, which is
a reflection of the the fact that K has the structure of a highly homotopy coherent
comonad (see [10]); in particular, K has a strictly coassociative comultiplication
m: K—KK and satisfies left and right counit identities up to factors of F' ~ id.

In more detail, the homotopical comonad K makes the following diagrams

™ KK Jdm pRK K ™o KK

e s
K
ideid mid

commute. Here, the map (x) is the composite FKK =5 FFK ™% FK and the

map (#*) is the composite KFK Mide, kpp dm, KF; in other words, the map ()

(resp. (xx)) simply inserts e: K—id on the left (resp. right) and multiplies down
the resulting F'F term to F. 3
Similarly, the homotopical comonad K, makes the following diagrams

3
%Xz

xz
ﬁ
;
.

—K

<
Xz

K, —"—=K,K, K, 24" BK, K, K, > K, K,
l i | |
—— KKK DK, K, K, K,
commute. Here, the map (x) is the composite ®K,. K, el poK, ™Y oK, and
idide idm

the map () is the composite K, PK, —5 K, & —7 K,.®; in other words, the
map () (resp. (xx)) simply inserts e: K,.—id on the left (resp. rlght) and multiplies
down the resulting ®® term to P.

The following notion of a homotopy R—coalgebra appearing in Blumberg-Riehl
[10] and exploited in Cohn [21], captures exactly the left K-coaction structure that
stabilization ¥*°X of a pointed space X satisfies; this is precisely the structure
being encoded by the cosimplicial Q¥ resolution (17).

Definition 3.5. A homotopy R-coalgebm (or R—coalgebra, for short) isa Y € Modg
together with a map m: Y—KY in Modg such that the following diagrams

(33) Y — > KY Fy 4™ pRy
ml lmid \L(*)

commute. Here, the map (x) is the composite FRY 44 ppy mid, FY;

other words, the map (%) simply inserts £: K—id on the left and multiplies down
the resulting F'F' term to F. We will sometimes refer to a K-coalgebra structure on
Y as a left K-coaction on Y.
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Similarly, a homotopy RT—goalgebm (or K,-coalgebra, for short) is a Z € S,
together with a map m: Z—K,.Z in S, such that the following diagrams

(34) Z—" oK, Z oz ™M oK,z
ml |- o
KeZ ——K,K,Z PF — 7

ideid

commute. Here, the map (x) is the composite PK, Z ppyz T ®Z; in other
words, the map (x) simply inserts €: K,—id on the left and multiplies down the
resulting ®® term to ®. We will sometimes refer to a Rr—coalgebra structure on Z
as a left K..-coaction on Z.

Remark 3.6. Associated to the adjunction (3°°,Q°) is a left K-coaction (or K-
coalgebra structure) m: L*°X—-KE>®X on ¥*°X, defined by m = idnid, for any
X €S,. This map induces a corresponding left K-coaction m: £°X—KE>X that
is the composite

NOX My KNP X = Kidu© X 494 psioo ¢

Similarly, associated to the adjunction (X7, Q") is a left K,.-coaction (or K,-coalgebra
structure) m: "X —K,.X"X on ¥" X, defined by m = idnid, for any X € S,. This
map induces a corresponding left K,-coaction m: L™ X—K, X" X that is the com-
posite

STX T KX = Kider X 21 ) o x
Remark 3.7. More generally, every K-coalgebra structure m: ¥Y—KY on Y € Modg
induces a K-coalgebra structure m: Y—KY that is the composite ¥ - KY =

Kidy 279 kpy. Similarly, every K,-coalgebra structure m: Z—K,.Z on Z € S,

induces a K, -coalgebra structure m: Z—K, Z that is the composite Z = K, Z =
idnid

KiidZ —— K, ®Z.

Remark 3.8. The derived functor Q> has a naturally occurring right homotopy
K-coaction map (or right K-coaction map, for short) m: Q*°—=Q>*K, defined by
the composite

Q*p ™9, gekp = gxidkE 41U gx prp
that makes the following diagrams
Qe " 5 Q~K Qe s QK
| |-
QOOKWQOCRR O =——=QO>
idide

commute. Here, the map (**) is the composite QK 4ide, goopp dm, Q>F,
in other words, the map (**) simply inserts e: K—id on the right and multiplies
down the resulting F'F' term to F.
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Similarly, the derived functor Q" has a naturally occurring right homotopy K-
coaction map (or right K,-coaction map, for short) m: Q" —Q"K,., defined by the
composite

r mid r . id nidid s
Q" — Q'K ¢ = Q"idK, & ——— Q"OK,. ®

that makes the following diagrams

QO —" > (K, Q"= K,
ml \me i(**)
QTRT ? QTRTRT QT —_— QT

commute. Here, the map (xx) is the composite QO dK, Mdide, repe 14m, Q" P,

in other words, the map (%) simply inserts e: K,—id on the right and multiplies
down the resulting ®® term to .

The following cosimplicial cobar constructions provide a generalization of the
resolutions (17) and (21): this is because the resolution X — €(X*°X) is identical
to (17) and the resolution X — €,.(X"X) is identical to (21).

Remark 3.9. In the following definition, it is important to note that the cobar
constructions €(Y), €,.(Z) are genuinely cosimplicial diagrams (equipped with both
coface and codegeneracy maps satisfying the cosimplicial identities); we have simply
suppressed showing the codegeneracy maps to keep the diagrams (35) and (36)
reasonably sized for typesetting purposes.

Definition 3.10. Let Y be af(—coalgebra spectrum. The cosimplicial cobar con-
struction €(Y") := Cobar(Q>,K,Y) in (S,)* looks like

0
(35) CY): 00V == OKY X ORKY - -
dl
(showing only the coface maps) and is defined objectwise by €(Y)" := Q®K"Y =
Q> F(KF)™Y with the obvious coface and codegeneracy maps; for instance, in (35)
the indicated coface maps are defined by d° := mid and d' := id m. Compare with
20, 3.15).
Similarly, Let Z be a K,-coalgebra. The cosimplicial cobar construction ¢.(2) =
Cobar(Q", K., Z) in (S,)2 looks like

~ L . - o~
(36) ¢ (2): UZ—= QK Z_—EZOKKZ- -
dl
(showing only the coface maps) and is defined objectwise by €,.(Z)" := Q'K'Z =
Q7P (K, P)"Z with the obvious coface and codegeneracy maps; for instance, in (36)

the indicated coface maps are defined by d° := mid and d' := id m. Compare with
120, 3.15].

Remark 3.11. Tt may be helpful to note, when comparing with [10], that the counit
map (30) is identical to the composite

ideid

KF = idkF 149 pp FidF = FF ™ F
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Similary, the counit map (32) is identical to the composite

Ke® = idK, & 1% oK@ 149, 9idd = 00 7 @
3.12. Enrichments, box products, and composition maps. In this section
we setup the homotopy theory of R-coalgebras (resp. RT—coalgebras) using a tiny
modification of the framework developed in Arone-Ching [1]; it is closely related to
[20], together with the observation in Cohn [21] that this framework extends to the
homotopy coalgebras in Blumberg-Riehl [10].

Definition 3.13. Let Y, Y’ be K-coalgebra spectra (resp. Z, Z' be K,-coalgebras).
A morphism of K-coalgebra spectra from Y to Y/ is amap f: Y—Y” in Modg that
makes the left-hand diagram

(37) Yy — s KY 7" K,.Z
fl iidf gl lidg
Y ——~KY’ 7 ——>K, 2

in Modg commute. Similarly, a morphism of RT—coalgebras from Z to Z’ is a map
g: Z—Z' in S, that makes the right-hand diagram in S, commute.

_ This motivates the following homotopically meaningful cosimplicial resolution of
K-coalgebra (resp. K,-coalgebra) maps; for a reminder on the Hom functors, see
Section 6.

Definition 3.14. Let Y,Y” be K-coalgebra spectra (resp. Z, Z' be K,-coalgebras).
The cosimplicial object Hompmed, (Y7 FK'Y’) (resp. Homsg, (Z7<I>K;Z')) in sSet
looks like (showing only the coface maps)

d° - _
HomModS (}/, FY/) — HomModS (Y, FKY/) I HOI‘l’lMOdS (}/, FKKY/) ce
dl
d° . _
resp. Homs (Z,®Z") —= Homs_(Z,®K,Z') —= Homs,_ (Z,®K,K,Z') - -
d

and is defined objectwise by

Hompod, (Y, FK®Y)" := Hompoq, (Y, FK"Y”)
resp. Homs, (Z, @R;Z’)n := Homs, (Za @R;}Z/)

with the obvious coface and codegeneracy maps (see [1, 1.3]).
Remark 3.15. This is simply the resolution in Arone-Ching [1], but “fattened-up”

by F' (resp. ®). For instance, on the level of hom-sets (simplicial degree 0), let’s
verify that s%d! = id on Homweq (Y, FY’). Start with f: Y—FY’ and consider
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the commutative diagram

y Lo pyr 47 ppy?
lidsidz

*) | FFY’

lmid

Y Ly —— Fy

The composite along the upper horizontal and right-hand vertical maps is s°d! f
and the composite along the bottom horizontal maps is f; the diagram commutes
verifies that s°d! = id. Similarly, on the level of hom-sets (simplicial degree 0), let’s
verify that s%d® = id on Homweqs (Y, FY’). Start with f: Y—FY’ and consider
the commutative diagram

i idmi id?
Y —" o kFy — L kppy 2 ey M prpy
in id nid® nid* nid3
idm id®f ,id2 mid , ,
FY ——= FKFY ——= FKFFY' —— FKFY' —— FKFY
id e id? ideid® id e id? lid cid?
id*f , idmid , ,
| FFY ——— FFFY' —— FFY FFY
mid m id? mid lmid
idf ’ m id ’ ’
FY ——FY FFY FY'———FY
Tnid nid?
Y f FY —— FY"’

The composite along the upper horizontal and right-hand vertical maps is s°d°f
and the composite along the bottom horizontal maps is f; the diagram commutes
verifies that s°d° = id.

Definition 3.16. The realization functor | — |: sSet—CGHaus for simplicial sets is
defined objectwise by the coend X — X xa A(); here, A™ in CGHaus denotes the
topological standard n-simplex for each n > 0 (see [36, 1.1.1]).

Remark 3.17. Recall that if Y, Y’ € Modg and Z, Z’ € S,., then the mapping spaces
Mapyeqgs (Y, Y”) and Maps (7, Z') in CGHaus are defined by realization

Mapyoqg, (Y, Y") := | Hompoeqs (Y, Y)| Maps_(Z,Z') := |Homs, (Z,Z")|
of the indicated simplicial sets.

Definition 3.18. Let Y, Y’ be R—coalgebra spectra. The mapping spaces of derived
K-coalgebra maps Homeonig, (Y,Y”) in sSet and Map,pyg, (Y;Y”) in CGHaus are
defined by the restricted totalizations

HOIncoAlgr< (K Y’) = Tot"™® HomModS (K FR'Y’)
Mapoig, (Y, Y') := Tot™ Mapyeq, (Y, FK*Y”)

of the indicated cosimplicial objects.
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Similarly, let Z, Z’ be Rr—coalgebras. The mapping spaces of derived Rr—coalgebra
maps Homeong, (Z,2') in sSet and Map,ag, (Z,Z") in CGHaus are defined by the

restricted totalizations
Homeoarg, (Z,2') := Tot™ Hommoq, (Z, PK?Z')
MapcoNgRT (Z7 Z’) = ",FOt"eS Ma‘pModS (Z7 ‘I)R:Z/)
of the indicated cosimplicial objects.

Remark 3.19. Note that there are natural zigzags of weak equivalences

Homcoayg, (Y,Y') =~ holim Homyoq, (Y, FK*Y")
Homconig, (Z,Z') = holim Homs, (z,9K:Z')

The following proposition is proved in [20, 4.9].
Proposition 3.20. If A € (sSet)® is objectwise fibrant, then the natural map
| Tot"™s A] —— Tot"™s | A|
in CGHaus is a weak equivalence.

The following proposition allows us to describe certain maps simplicially and
then pass to the topological mapping space via realization.

Proposition 3.21. Let Y,Y’ be K-coalgebra spectra (resp. Z, Z' be K,.-coalgebras).
Then the natural map

| Homcopig, (Y, V)| —— Mapgoyg, (¥, ")
resp. | Homeonig, (Z,2")] = Mapcoaig; (Z2,7")
in CGHaus is a weak equivalence.
Proof. This follows from Proposition 3.20. O

Definition 3.22. Let Y, Y’ be K- coalgebra spectra (resp Z,7' be K, -coalgebras).
A derived K- coalgebra map f of the form Y=Y’ (resp. K. -coalgebra map g of the
form Z—Z') is any map in (sSet)®r of the form
f: Al=] — Hompoq, (Y, FK*Y”)
resp. g: A[~] — Homs, (Z,®K?Z')

A topological derived R—coalgebm map h of the form Y=Y’ (resp. RT—coalgebm map
I of the form Z—Z') is any map in (CGHaus)®r of the form

h: A® — Mapyg. (Y, FK*Y”)

resp. l: A®* — Mapg_ (Z,@R:Z’)

The underlying map of a derived R—coalgebra map f is the map fo: Y—FY” that
corresponds to the map fo: A[0]—Hompmod (Y, FY'). Similarly, the underlying

map of a derived K,-coalgebra map g is the map go: Z—®Z’ that corresponds to
the map go: A[0]>Homs, (Z,9Z").

Remark 3.23. Note that every derived K- coalgebra map f (resp. K, -coalgebra map
g) determines a topological derived K-coalgebra map |f| (resp. K,-coalgebra map
lg|) by realization.
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Box product pairings on cosimplicial objects can be thought of as encoding, on
the cosimplicial level, pairings that formally look like the cup product pairings on
the singular cochains of a space. These pairings can also encode the composition-
of-loops pairings on based loop spaces. In our context, we use box product pairings
to encode composition of derived R—coalgebra (resp. Rr-coalgebra) maps; see, for
instance, Arone-Ching [1] and Batanin [5]. The following definition of the box
product (and its associated coface and codegeneracy maps) appears in McClure-
Smith [55, 2.1]; it goes back to Batanin [4, 3.2], and earlier to Artin-Mazur [3, III]
in a dual version built for bisimplicial sets. The box product construction (and
associated formulas for the coface and codegeneracy maps) below naturally arises
by studying the cup product structure on the singular cochains of a space [55, (2.1)—
(2.3)]; see Remark 3.26 for a more conceptual interpretation of the box product in
terms of a left Kan extension along concatenation.

Definition 3.24. If X,Y € (sSet)® their boz product XOY € (sSet)? is defined
objectwise by a coequalizer of the form

(Xgy)" = cohm( [ XPxYe=— [ X xY* )
p+qg=n r4+s=n—1

where the top (resp. bottom) map is induced by id x d° (resp. d"™! x id) on each
(r,s) term of the indicated coproduct; note that (XOY)? = X% x Y°. The coface
maps d*: (XOY)"—(XOY)"*! are induced by

XP x ye 4 xotl ya i<,
XP x Ve X o oyatt i s,
and the codegeneracy maps s/: (XOY)"—(XOY )"~ ! are induced by
XPx ye 224 w1y <o,
XP x Yo Ty oyal i >,

IfX,Ye CGHausA, then their box product XOIY € CGHaus® is defined similarly
by replacing (sSet, x) with (CGHaus, x); the box product is defined similarly for
cosimplicial objects in any closed symmetric monoidal category (M, ®).

Remark 3.25. For instance, (XOY)! and (XOY)? are naturally isomorphic to the
colimits of the left-hand and right-hand diagrams, respectively,

X() X Yl X() X Y2
idxd® idxd®

d!xid d* xid
X0xy0o =5 Xl xyo0 XOxyl 2o X1 xy!

idxd®
d? xid
Xlxyt =25 X2 x Y0

and so forth. These zigzag diagrams appear in Batanin [4]; we like them because
they provide a useful way of working effectively with box products. Note that the
box product construction is glued together by identifying the first coface maps of the
second object Y with the last coface maps of the first object X, roughly speaking;
this is what one would expect from a concatenation process (Remark 3.26).
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Remark 3.26. From a conceptual point of view, the box product of cosimplicial ob-
jects can be understood as a left Kan extension that is built to model concatenation
processes. In more detail: if X,Y € (sSet)®, their box product XOY € (sSet)? is
the left Kan extension of objectwise product

XXY
A x A =% sSet x sSet — > sSet
lu
A x0Oy

left Kan extension

sSet

along ordinal sum (or concatenation). This is proved in McClure-Smith [55, 2.3];
for an explicit description of the resulting adjunction see [20, 4.16] and [55, 2.4].

Remark 3.27. Let’s illustrate how to use these zigzag diagrams to work effectively
with the box product; this will help the reader to develop a feel for the construction.
For instance, consider the coface and codegeneracy maps for the truncated box
product XY diagram of the form

(38) (xXay)° Ly (XOY)! e (XOY)?
dt 42
-
(X0y)° (X0y)!

Let’s unwind from Definition 3.24 exactly how the indicated coface d’ and code-
generacy s/ maps are defined. We will then use the resulting descriptions to verify
several of the cosimplicial identities involving these particular maps.
The map d°: (XOY)°—(XOY)! is induced by the map (note that i = 0)
0, -
X0 x y0 L2 x1 5 yo
and hence, in terms of zigzag diagrams, is induced by the diagram
X0 xy!
idxd°
d'xid
X0 xy?0 XOxYy0 ——= X! xY©
- >
d®xid
The map d': (XOY)?—(XOY)! is induced by the map (note that i = 1)
. 1
X0 % Y0 14X x0 1
and hence, in terms of zigzag diagrams, is induced by the diagram

X0 xy!

idxd!
idxdoT

1.,
X0 x YO X0 % y0 X 1 yo
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The map d°: (XOY)'—(XOY)? is induced by the maps (note that i = 0)

d°xid
X0 xyt 258 xt vyl

d°xid
X1 xy02X8 x2 y0

and hence, in terms of zigzag diagrams, is induced by the diagram

X0 x y?
idxd®
d' xid
X0 x vyl Prid XOxyl -2 X! x V!
\/
iddeT 40 xid idxd®
0 0 1 0 1 0 d®xid o 0
XxYﬁXxY X' xY"—= X°xY
d” xid
d°xid

This diagram commutes (note that d?d’ = d°d*).
The map d': (XOY)'—(XOY)? is induced by the maps (note that i = 1)

idxd!
X0xyl —/—% X0 xy?
d' xid
Xlxyo =5 X2 xYyo

and hence, in terms of zigzag diagrams, is induced by the diagram

idxd! X0 xy?
/yidxd"T
X0 x y! e d? X0 % y1 42X y1 oy
iddeT ﬁ iddeT
/—\.

2 .
X0 x Y0 = X! x Y0 X1 x y0 X8 x2 o yo
: _— Xy

d* xid
d' xid

This diagram commutes (note that d*d® = d°d® and d?d* = d*d').
The map d?: (XOY)!—(XOY)? is induced by the maps (note that i = 2)

idxd?

XOx Yyl =25 X0 xy?

idxd*
X1 xy0 224 xl vyl
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and hence, in terms of zigzag diagrams, is induced by the diagram

idxd? XY xy?
iddeT

d' xid
X0 x vyt idxdt XOxyl -2 X! xY!
1 2
X0 % y0 £ 1 y0 X1 x y0 g

This diagram commutes (note that d?d® = d°d*).
The map s%: (XOY)!'—(XOY)? is induced by the maps (note that j = 0)

X2 xY?O

idx s
X0 x Yyl 222 x0 5 y0

X1 x y0 2294 xo  yo
and hence, in terms of zigzag diagrams, is induced by the diagram

—_— - T
X0 xy! idx s X0 x Y0

iddeT
s%xid

d' xid
XOxyo 25 X1 xyo

This diagram commutes (note that s°d® = id and s%d! = id).
The map s%: (XOY)2—(XOY)! is induced by the maps (note that j = 0)

idxs®
X0xy2 "% X0Oxy!
1 1 s%xid 0 1
X' xY —= X" xY

Oxid
X2 x Y0 2ZS X1 y0

and hence, in terms of zigzag diagrams, is induced by the diagram

m
X0 xy? idx s X0 xy?t
idxdoT %dxd“T
d* xid d* xid
XOxyl 225 Xl xv! X0Oxyo 2o X1 xyo

s9xid
iddeT
s9xid

X'xY? — - X2 xY"©
d?xid

This diagram commutes (note that s°d° = id, s°d' = id, and s°d? = d's°).
The map s': (XOY)?—(XOY)! is induced by the maps (note that j = 1)
X0 x y2 X5 x0 v
idxs®

Xlxy! =25 X x Yo

Lxid
X2 x Y0 2XS X1 y0
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and hence, in terms of zigzag diagrams, is induced by the diagram

- .. T

X0 xvy? idx st X0 %yl

iddeT idx s° iddeT
/—\ d' xid

X0 xyl T’ s X1 x vyl X0 x y0 258 X1 % y0

d'xid -_
idxd”T idx s°
stxid

d? xid
X1 xy0o 228 x2 «yo

This diagram commutes (note that s°d° = id, s'd? = id, and s'd® = d°s?).
Consider diagram (38). Let’s use the descriptions above to verify several of the
cosimplicial identities.
Let’s verify that s°d® = id in (38). This is because the diagram

d° xid s9xid
XOx Y0 25 X1 xy0 225 X0 x Y0

idxid

X0 x Yo X0 x Yo

commutes (note that s°d® = id).
Let’s verify that s°d! = id in (38). This is because the diagram

idxd?! idx s?
X0 x Y0 =25 X0yl 225 X0« yO

idxid

X0 x Yo X0 x Yo

commutes (note that s°d' = id).
Let’s verify that d'd” = d°d° in (38). This is because the diagram

d° xid d* xid
XOx Y025 X1 xy0 =25 X2 x Y0

d° xid
_—

0
X0 % v X1 x y0 L x2 o y0

commutes (note that d*d = d°d?).
Let’s verify that d?d” = d°d! in (38). This is because the diagram

d°®xid idxd*
XOx Y0 25 X1yl =5 Xl xy!

idxd?! d° xid
XOxy0 =5 X0yl =25 X xy!

cominmutes.
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Let’s verify that d?d' = d'd" in (38). This is because the diagram

idxd! idxd?
XOxYy0 —5 XOxyl —% X0 xy?

idxd?! idxd*
X0 xy0 =25 X0yl =25 X0 xy2

commutes (note that d?d* = d'd").
Let’s verify that s°d? = d*s” in (38). This is because the two diagrams

DU SRkl IV R LS SV S B e EVE UL LU SRV S B U ¢ BV !
X0 x Y1 I x0 o op0 19X w0 1 1y y0 X vo oy 19X w0y

commute (note that s%d* = d's?).
Let’s verify that s'd? = d’s” in (38). This is because the two diagrams

d° xid idx s? d° xid stxid
X0yl 225 X1yl =25 X xyo XIxY0 25 X2 xy0 25 X1 x Y0

idx s d°xid s9x%id d®xid
XOxyl =2 X0 y0 225 XIxyl XIxy0lZlZso XOxy0o 225 Xl xyo0

commute (note that 51d0 d0 0)
Let’s verify that s9s” = s%s! in (38). This is because the three diagrams

idx s idx s° s9x%id idx s°
XOxy2 =5 X0xyl /=5 X0 x Y0 X xyl 225 XOxyl —5% X0 x Y0

idx st idx s idx s s%xid
XOxy2 =5 X0xyl /=5 X0 x Y0 X xyl =5 X xy0 225 X0 x Y0

0y 0
s xid s° xid
X?2xY0 5 X x Y0 225 X0 x Y0

stxid s¥xid
X2xY0O 225 X x Y0 225 X0 x Y0

commute (note that s%s° = s%st).

The following pairings are exactly what you would expect them to be. The basic
idea is that in cosimplicial degree 0, the composition map p (below) should send
a: Y=FY" and o/: Y'—=FY" to the composite

y & py Mo ppyr midy gy

where m: FF—F is the multiplication on F.

Proposition 3.28. Let Y,Y',Y" be K-coalgebra spectra (resp. Z,Z',Z" be K,-
coalgebras). There is a natural map of the form

Hompod, (Y, FK*Y')OHompod, (Y, FK*Y") £ Hompe, (Y, FK*Y")
resp. Homs, (Z, ®K?Z' )\ OHoms, (Z', ®K2Z") £ Homs_ (Z, K2 Z")
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in (sSet)®. We sometimes refer to pi as the composition map.
Proof. This is proved exactly as in [1, 1.6]; x is the map induced by the collection
of composites

Homyea, (Y, FKPY") x Homyeq, (Y, FKIY") XK,
Homyoqs (Y, FRPY’) x Hompodg (FRPY’, FRPFRqY”) comp,
Homyoq, (Y, FK?FKY") — Homyq, (¥, FKP¥7Y")

where p,q > 0; here, the indicated weak equivalence is the map induced by mul-
tiplication FF'—F of the simplicial fibrant replacement monad. The other case is
similar. (]

Proposition 3.29. Let A, B € (sSet)®. There is a natural isomorphism of the
form |AOB| = |A|O|B| in (CGHaus)?.

Proof. This follows from the fact that realization commutes with finite products
and all small colimits [32, 36]. O

Proposition 3.30. Let Y,Y",Y" be K-coalgebra spectra (resp. Z,Z',Z" be K,-
coalgebras). There is a natural map of the form

Mapyoq, (Y, FK*Y')OMapyeq, (Y, FK®Y”) £ Mapy,q. (Y, FK*Y")

resp.  Mapg_(Z, ®K2Z')OMaps_(Z', 9K Z") L5 Mapg_(Z, ®K2Z")
in (CGHaus)®. We sometimes refer to p as the composition map.

Proof. This follows from Proposition 3.28 by applying realization, together with
Proposition 3.29. O

Definition 3.31. The non-X operad A in CGHaus is the coendomorphism operad
of A® with respect to the box product [0 and is defined objectwise by the end
construction ([1, 1.12])

A(n) := Map, _ (A, (A')D”) := Map(A®, (A.)Dn)Ares

res

In other words, A(n) is the space of restricted cosimplicial maps from A® to (A®)P7;
in particular, note that A(0) = .

Consider the natural collection of maps ([1, 1.13])

(39) A(n) x Mapgoaig, (Yo, Y1) X -+ X Mapeopig, (Yn—1,Yn)
— Mapeoaig, (Yo, Yn),  n >0,

(40) resp.  A(n) x Mapeopig, (Z0, Z1) % -+ X Mapeonig, (Zn—1,Zn)
— MapcoNgRT (Zo, Zn), n >0,

induced by (iterations of) the composition map p; in particular, in the case n = 0,
note that (39) (resp. (40)) denotes the unit map

* = A(O) — 1\/[3‘13(:0A|gR (}/07 YO)
resp. * = A(O) - MapcoAlgRT (Z()a ZO)

Remark 3.32. The notion of an A,, composition, and the corresponding notion of
an A category, is studied, for instance, in Batanin [5].
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Proposition 3.33. The collection of maps (39) (resp. (40)) determine a topo-

logical As category with objects the K-coalgebra spectra (resp. K,.-coalgebras) and
morphism spaces the mapping spaces Mapeoaig, (Y,Y") (resp. Mapopg, (Z,2')).

Proof. This is proved exactly as in [1, 1.14]. |

Definition 3.34. The homotopy category of R-coalgebras (resp. Rr—coalgebras),

denoted Ho(coAlgg) (resp. Ho(coAlgg )), is the category with objects the K-

coalgebra spectra (resp. Rr—coalgebras) and morphism sets [V, Y]z from Y to
Y' (vesp. [Z,Z'|g from Z to Z') the path components

[Y7 Y/]R “=To MapcoAIgR (K Y/)
resp. [Z7 Z/}RT =To MapcoAIgRT (Za Z/)
of the indicated mapping spaces; compare with [1, 1.15].

Definition 3.35. A derived R—coalgebra map f of the form Y —Y" is a weak equiva-
lence if the underlying map fo: Y—FY” is a weak equivalence. Similarly, a derived

K,-coalgebra map g of the form Z—Z’ is a weak equivalence if the underlying map
go: Z—®Z' is a weak equivalence.

Proposition 3.36. Let Y,Y’ be K-coalgebra spectra (resp. Z, Z' be K,.-coalgebras).
A derived K-coalgebra map f of the form Y —Y' (resp. K..-coalgebra map g of the
form Z—Z') is a weak equivalence if and only if it represents an isomorphism in
the homotopy category of R-coalgebms (resp. Rr-coalgebms).

Proof. This is proved exactly as in [1, 1.16]. O

4. THE DERIVED UNIT AND COUNIT MAPS

The purpose of this section is to describe the natural weak equivalences (1) and
(2) appearing in the statement of our main results, together with the derived unit
and counit maps associated with them; for a reminder on the Hom functors, see
Section 6.

Proposition 4.1. Let X be a pointed space and Y a R-coalgebm spectrum (resp.
Z a K,-coalgebra). The natural isomorphisms associated to the (X°°,Q°) (resp.
(37, Q7)) adjunction induce well-defined isomorphisms

Hompioqs (X, FK*Y) — Homs, (X, Q%K*Y)
resp. Homsg, (ETX,(PR;Z) =5 Homs, (X, QTR;Z)
of costmplicial objects in sSet, natural in X,Y (resp. X, 7).
Proof. The is because the collection (n > 0) of composite maps
hom(E%°(X)®A[n], FK*Y) 2 hom(E*(X®A[n]), FK*Y)
hom(X ®A[n], Q°K®Y)

1%

1%

is a well-defined map of cosimplicial objects in Set, natural in X, Y. The other case
is similar. 0

The following proposition establishes the natural weak equivalences (1) and (2).
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Progosition 4.2. Let X be a pointed space and Y a R—coalgebm spectrum (resp.
Z a K,.-coalgebra). There are natural zigzags of weak equivalences

(41) Map,oajg, (57°X,Y) ~ Maps, (X, holima €(Y))
(42) resp. MapcoNgRT(ErX, Z) ~ Maps_(X,holima €,(Z))
in CGHaus; applying mo gives the natural isomorphism [ X, Y]z = [X, holima €(Y)]
(resp [X"X, Z]g = [X, holima €,.(Z)]).
Proof. There are natural zigzags of weak equivalences of the form
Homs_ (X, holima €(Y)) ~ Homs, (X, Tot™ ¢(Y))
Tot™ Homs,_ (X, 2K*Y')
Tot™ Hompod (XX, FK®Y)
Hom o, (XX, Y)

1%

1

1

in sSet; applying realization finishes the proof. The other case is similar. (I

Definition 4.3. The derived unit map associated to the natural zigzag of weak
equivalences in (41) (resp. (42)) is the map of the form X — holima €(3*°X)
(resp. X — holima €,.(X7X)) in pointed spaces with representing map

(43) X — Tot™ ¢(X*X)
(44) resp. X — Tot"™ €. (X"X)

corresponding to the identity map id: ¥*°X—>X*X (resp. id: X" X—X"X) in
coAlg (resp. coAlgg ).

Remark 4.4. If X is a pointed space, then there is a zigzag of weak equivalences

X8 s = holima €(E¥X) =~ Tot"™ ¢(S°X)

resp. X5,y =~ holima €,(X"X) ~ Tot™ &,.(X"X)
in S., natural with respect to all such X; this is because €(X*°X) (resp. €,(X7X))
is objectwise fibrant. In particular, the derived unit map (43) is tautologically the
Q¥ >°-completion map X —X 6 studied in Carlsson [16] and subsequently in
Arone-Kankaanrinta [2]. Similarly, the derived unit map (44) is tautologically the

Q" ¥r-completion map X—X{, ., studied by Bousfield [11] and Hopkins (see [11]).

00 Yoo

Definition 4.5. The derived counit map associated to the natural zigzag of weak
equivalences in (41) (resp. (42)) is the derived K-coalgebra (resp. K,-coalgebra)
map of the form X holima €(Y) — Y (resp. X" holima €,.(Z) — Z) with under-
lying map

(45) 5% Tot™ €(Y) — FY

(46) resp. X" Tot"™* €. (Z) — Z

corresponding to the identity map

(47) id: Tot"™ €(Y)—Tot"™ ¢(Y)

(48) resp. id: Tot™ €,.(Z)—Tot"™ €,.(2)
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in Sy, via the adjunctions [9, 5.4] and (X°°,Q>) (resp. (X",Q")). In more detail,

the derived counit map is the derived K-coalgebra (resp. K,-coalgebra) map defined
by the composite

(49) Al-] S Homs_ (Tot™ ¢(v), €(Y))

~ Hompoq, (> Tot™ €(Y), FK®Y)
(50) resp. A[-] * Homs_ (Tot™ ¢,(2), ¢, (Z))

=~ Homs, (X" Tot"™ €,(Z), PK2Z)
in (sSet)®r, where (*) corresponds to the map (47) (resp. (48)).

Remark 4.6. Let X, X’ be pointed spaces. If X’ is fibrant and the natural coaug-

mentation X' ~ X2\~ (resp. X' =~ X7\ ) is a weak equivalence, then there is

a natural zigzag
£ Maps, (X, X') = Mapcajg, (E°X, 22 X)
resp. X": Maps_ (X, X’) =5 Mapoalg, (XX, ¥ X)

of weak equivalences; applying 7y gives the map [f] — [E*°f] (resp. [f] — [E"f]).
This follows from the natural zigzags

Maps, (X, X') = Maps, (X, X' 5)
~ Maps_ (X, holimp €(X>°X")) ~ Map g, (2 X, n®X)

l

of weak equivalences; see [1, 2.15] and [40, 5.5]. The other case is similar.

5. HOMOTOPICAL ANALYSIS

The purpose of this section is to prove Theorems 1.7 and 1.8; we will then use
these to prove Theorems 2.3 and 2.1 (Section 5.30). The following definitions appear
in [37, Section 1, 1.12] in the context of spaces.

Definition 5.1. Let W be a finite set and M a category.

e Denote by P(W) the poset of all subsets of W, ordered by inclusion C of
sets. We will often regard P(W) as the category associated to this partial
order in the usual way; the objects are the elements of P(W), and there is
a morphism U—V if and only if U C V.

e Denote by Po(W) C P(W) the poset of all nonempty subsets of W it is the
full subcategory of P(W) containing all objects except the initial object .

e Denote by P1 (W) C P(W) the poset of all subsets of W not equal to W it
is the full subcategory of P(W) containing all objects except the terminal
object W.

o A W-cube X in M is a P(W)-shaped diagram X in M; in other words, a
functor X: P(W)—M.

Remark 5.2. If X is a W-cube in M where |W| = n, we will sometimes refer to X
simply as an n-cube in M. In particular, a O-cube is an object in M and a 1-cube is
a morphism in M.
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Definition 5.3. Let W be a finite set and M a category. Let X be a W-cube in M
and consider any subsets U C V C W. Denote by 95X the (V — U)-cube defined
objectwise by

T — (05 X)r == Xruv, TCcV-U.

In other words, 9 X is the (V — U)-cube formed by all maps in X between Xy and
Xy . We say that 95X is a face of X of dimension |V — U|.

Definition 5.4. Let W be a finite set. Let X be a W-cube in Modg (resp. S.) and
keZ.

e X is a cofibration cube if the map colimgp, ) X— colimp) X = Xy is a
cofibration for each V' C W in particular, each Xy is cofibrant.

e X is k-cocartesian if the map hocolimgp, ) X— hocolimp ) X >~ Xy is
k-connected.

e X is co-cocartesian if the map hocolimgp, (1) X— hocolimpy) X ~ Xy is a
weak equivalence.

e X is a fibration cube if the map Xy = limpy_v) 8‘KV3C—> limgp, (w_v) 8“7%
is a fibration for each V' C W in particular, each Xy is fibrant.

e Xis k-cartesian if the map Xy ~ holimp ) X— holimgp () X is k-connected.

o X is oo-cartesian if the map Xy ~ holimgp () X— holimgp () X is a weak
equivalence.

Remark 5.5. In particular, a 1-cube X (e.g., a W-cube with W = {1}) is k-cartesian
if the map Xy — X1y is k-connected and a O-cube Y is k-cartesian if the map
Yp — x is k-connected. Similarly, a 1-cube X is k-cocartesian if the map Xy — X1y
is k-connected and a 0-cube Y is k-cocartesian if the map * — Yy is k-connected.

The following definitions appear in [24, Section 2], [25, A.8.0.1, A.8.3.1].

Definition 5.6. Let T, W be finite sets such that |T'| < |WW| and M a category. Let
X be a W-cube in M. A T-subcube of X is a T-cube resulting from the precomposite
of X along an injection &: P(T)—P(W) satisfying that if U,V C T, then E(UNV) =
EU)NEV) and U UV) =EU)UEV). If |T| = d, we will often refer to a T-
subcube of X simply as a d-subcube of X.

Remark 5.7. In general, not all subcubes of X are faces of X. For instance, consider
a 2-cube X of the form (e.g, X is a W-cube with W = {1, 2})

(51) Xo—X1y

|

X2y —>Xq1,2)

Then the composite Xy — X1 2y is a 1-subcube of X, but is not a 1-dimensional
face of X. There are exactly four 1-dimensional faces of X, the maps indicated in
(51), and exactly five 1-subcubes of X.

Definition 5.8. Let f: N—N be a function and W a finite set. A W-cube X is
f-cartesian (resp. f-cocartesian) if each d-subcube of X is f(d)-cartesian (resp.
f(d)-cocartesian); here, N denotes the non-negative integers.
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5.9. Higher Freudenthal suspension and higher stabilization. The purpose
of this section is to prove Theorems 1.7 and 1.8, that play a key role in the proofs of
our main results (Section 5.30). The strategy of attack developed in this section is
motivated by Dundas [24, 2.6]; see also Dundas-Goodwillie-McCarthy [25, A.8.3].

The cartesian-ness estimates in higher Freudenthal suspension (Theorem 1.8)
arise by homotopically analyzing what happens when we iteratively apply the
Freudenthal suspension map id — a% to go from a pointed space X (i.e., a 0-
cube), to a 1-cube, to a 2-cube, to a 3-cube, and so forth.

Remark 5.10 (Freudenthal suspension and stabilization). Let k& > 1. Suppose X is
a 0-cube in pointed spaces and Xy is k-connected. We know by Freudenthal suspen-
sion, which can be understood as a consequence of the higher Blakers-Massey theo-
rem (see, for instance, [25, A.8.2]), that the map Xp—Q¥Xg is (2k + 1)-connected.
More generally, it follows by repeated application of Freudenthal suspension that
the map Xg—Q %Xy (resp. Xg—Q°E®Xy) is a (2k + 1)-connected map between
k-connected spaces.

Suppose X is 1-connected and let X be the 1-cube X — QXX. Then we know
by Remark 5.10 that each 0-subcube of X is 2-cartesian and the 1-subcube of X
is 3-cartesian. In other words, the 1-cube X is (id 4 2)-cartesian. Now let’s study
what happens when we apply the Freudenthal suspension map to X itself.

Suppose X is a 1-cube of pointed spaces (e.g., X is a W-cube with W = {1})
and X is (id + 2)-cartesian. Let’s verify that the 2-cube X — QXX is also (id + 2)-
cartesian. It suffices to assume that X is a cofibration W-cube. Consider the 2-cube
of the form

T : Xp———X1y
D) QXX —=O8X (3

We already know by Remark 5.10 that each O-subcube is 2-cartesian and each
1-subcube is 3-cartesian. Hence it suffices to analyze the cartesian-ness of the 2-
subcube X — QXX. It is difficult to analyze the cartesian-ness directly, so we take
an indirect attack as follows. Let C' be the homotopy cofiber of X and € the 1-cube
* — C. Then the associated 2-cube X — € is co-cocartesian and has the form

X DC@HXU}

L

$—(C

Since the 0-subcubes of X are 2-cartesian, we know that the vertical maps are 2-
connected. Since the upper horizontal map is 3-connected, we know the bottom
horizontal map is 3-connected.

Since it is difficult to analyze the cartesian-ness of X — QXX directly, we consider
the following commutative diagram of 2-cubes

(52)
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We take an indirect attack and analyze first the cartesian-ness of (#), (#)’, (#)”.
Consider the case of (#). We want to estimate the cartesian-ness of X — €. To
carry this out, the idea is to use Goodwillie’s higher Blakers-Massey theorem [37,
2.5], which we recall here for the convenience of the reader.

Proposition 5.11 (Higher Blakers-Massey theorem). Let W be a nonempty finite
set. Let X be a W-cube of pointed spaces. Suppose that

(i) for each nonempty subset V.C W, the V-cube 8Q‘)/DC (formed by all maps in
X between Xy and Xy ) is ky -cocartesian,
(il) ky < ky for each U C V.

Then X is k-cartesian, where k is the minimum of 1 — |W| 4>, .\ kv over all
partitions A of W by nonempty sets.

By higher Blakers-Massey (Proposition 5.11), the 2-cube X — € is k-cartesian,
where k + 1 is the minimum of

kgy +kpoy =3+ 2
k{l,Q} = o0

Hence k = 4 and we have calculated that X — € is 4-cartesian. Consider the case
of (#)’. The 2-cube ¥X — X.C is oco-cocartesian and has the form

X EXp—=2XXy1y
YC: Yrk—2C

We know the vertical maps are 3-connected and the horizontal maps are 4-connected.
By higher Blakers-Massey (Proposition 5.11), the 2-cube XX — X.C is k-cartesian,
where k£ 4 1 is the minimum of

k{l} + k{g} =443
k{LQ} = 0

Hence £ = 6 and we have calculated that ¥X — XC is 6-cartesian; t~herefore
QXX — QXC is 5-cartesian. Consider the case of (#)”. The 2-cube € — Q3C has
the form

L
oxe: Q8+ —=OQ%C

We know from above that C' is 3-connected, hence by Remark 5.10 the right-hand
vertical map is 7-connected. Taking homotopy fibers horizontally gives the map
QC — QOXC which is Q applied to the right-hand vertical map. Hence we have
calculated that € — QY€ is 6-cartesian ([37, 1.18]). Putting it all together, it
follows from diagram (52) and [37, 1.8] that X — QXX is 4-cartesian. Hence we
have shown that the 2-cube X — QXX satisfies: each O-subcube is 2-cartesian, each
1-subcube is 3-cartesian, each 2-subcube is 4-cartesian. Hence we have verified that

the 2-cube X — QXX is (id + 2)-cartesian.
Suppose X is a 2-cube of pointed spaces (e.g., X is a W-cube with W = {1,2})
and X is (id + 2)-cartesian. Let’s verify that the 3-cube X — QXX is also (id + 2)-
cartesian. It suffices to assume that X is a cofibration W-cube. Consider the 3-cube
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of the form X — Q¥X. It is difficult to analyze the cartesian-ness directly, so we
take an indirect attack as follows. Let C be the iterated homotopy cofiber of X and
C the 2-cube of form

(53)

*—%
Q=——=x

—_—

Then the associated 3-cube X — € is oo-cocartesian and has the form

(54) Xo — Xy
N N
Xpay —> X1}

k —— | —> %

N

¥  — > (C

Let’s analyze the connectivity of C. It suffices to estimate the cocartesian-ness of
X. To carry this out, the idea is to use Goodwillie’s higher dual Blakers-Massey
theorem [37, 2.6], which we recall here for the convenience of the reader.

Proposition 5.12 (Higher dual Blakers-Massey theorem). Let W be a nonempty
finite set. Let X be a W-cube of pointed spaces. Suppose that

(i) for each nonempty subset V.C W, the V-cube O} _,X (formed by all maps
in X between Xw_v and Xy ) is ky -cartesian,
(ii) ky < ky for each U C V.

Then X is k-cocartesian, where k is the minimum of |[W| =1+, ., kv over all
partitions A of W by nonempty sets.

By higher dual Blakers-Massey (Proposition 5.12), the 2-cube X is k-cocartesian,
where k£ — 1 is the minimum of

k{l} + k{g} =343

Hence k£ = 5 and we have calculated that X is 5-cocartesian. Therefore C is 5-
connected, and hence the two maps of the form * — C in (54) are 5-connected.
Furthermore, since the 0-subcubes of X are 2-cartesian, we know that the vertical
maps in (54) are 2-connected.

Remark 5.13. It is worth pointing out that the 2-cube X, which was assumed to
be (id 4 2)-cartesian, satisfies: each O-subcube is 1-cocartesian, each 1-subcube is
3-cocartesian, and each 2-subcube is 5-cocartesian. Hence the 2-cube X is (2id +1)-
cocartesian. Conversely, by higher Blakers-Massey (Proposition 5.11), if a 2-cube
X is (2id + 1)-cocartesian, then X is also (id + 2)-cartesian. A more general version
of this uniformity correspondence is described below (Proposition 5.14).
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Since it is difficult to analyze the cartesian-ness of X — QXX directly, we consider
the following commutative diagram of 3-cubes

(55) r—* e

mi iww
arx-#.aye

We take an indirect attack and analyze first the cartesian-ness of (#), (#)’, (#)”.
Consider the case of (#). By higher Blakers-Massey (Proposition 5.11), the 3-cube
X — € is k-cartesian, where k 4+ 2 is the minimum of
k{1}+k{2}+k{3} =34+3+2
k{l} + k{273} =344
kgay + kg =3 +4
k{g} + k{172} = 2 + 5
k{1,2,3} =00
Hence k£ = 5 and we have calculated that X — C is 5-cartesian. Consider the
case of (#). The 3-cube ¥X — XC is oco-cocartesian. Noting that 3 shifts the
cocartesian-ness estimates by +1: By higher Blakers-Massey (Proposition 5.11),
the 3-cube XX — XC is k-cartesian, where k + 2 is the minimum of
k{l} +k{2} +k{3} =44+443
ky + ko =445
k{g} + k{Lg} = 4 + 5
k{g} + k{l,z} =3+6
k{1,233 =00
Hence £k = 7 and we have calculated that XX — Y€ is 7-cartesian; therefore

Q¥X — Q¥C is 6-cartesian. Consider the case of (#)”. The 3-cube € — QX€ has
the form

We know from above that C' is 5-connected, hence by Remark 5.10 the right-hand
vertical map of the form €' — QXC is 11-connected. Taking homotopy fibers
horizontally and then “into the page” gives the map (Q)2C’ — (Q)szEC which is
(Q)? applied to the right-hand vertical map C' — QXC. Hence we have calculated
that € — Q€ is 9-cartesian ([37, 1.18]). Putting it all together, it follows from
diagram (55) and [37, 1.8] that X — QXX is 5-cartesian. What about the subcubes
of X — Q¥X? We have nearly all the cartesian-ness estimates we need, except for
the 2-subcube QXX. We know from Remark 5.13 that X is (2id+1)-cocartesian, and
hence ¥X is (2id + 2)-cocartesian. By higher Blakers-Massey (Proposition 5.11),
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the 2-cube XX is k-cartesian, where k + 1 is the minimum of

kgy +kpoy =4+4
k{172} = 6

Hence k = 5 and we have calculated that X is 5-cartesian; therefore QXX is
4-cartesian. Hence we have shown that the 3-cube X — QXX satisfies: each 0-
subcube is 2-cartesian, each 1-subcube is 3-cartesian, each 2-subcube is 4-cartesian,
each 3-subcube is 5-cartesian. Hence we have verified that the 3-cube X — QXX is
(id 4 2)-cartesian.

A more general version of these cartesian-ness estimates are worked out below in
Theorem 5.16. First it will be useful to observe the following uniformity correspon-
dence; compare with [25, A.8.3]. A special case of this correspondence was worked
out in Remark 5.13.

Proposition 5.14 (Uniformity correspondence). Let k > 1 and W a finite set. A
W -cube of pointed spaces is (k(id+1) + 1)-cartesian if and only if it is ((k+1)(id+
1) — 1)-cocartesian.

Remark 5.15. Note that a W-cube X is (k(id 4+ 1) + 1)-cartesian means that X
satisfies: each O-subcube is (k + 1)-cartesian, each 1-subcube is (2k + 1)-cartesian,
each 2-subcube is (3k + 1)-cartesian, each 3-subcube is (4k + 1)-cartesian, and so
forth.

Similarly, note that a W-cube X is ((k 4 1)(id + 1) — 1)-cocartesian means that
X satisfies: each 0-subcube is k-cocartesian, each 1-subcube is (2k + 1)-cocartesian,
each 2-subcube is (3k 4 2)-cocartesian, each 3-subcube is (4k + 3)-cocartesian, and
so forth.

Proof of Proposition 5.14. This is tautologically true for |[W| = 0,1. Let n > 2.
Assume the statement is true for all |W| < n; let’s verify it is true for |W| = n.
Let W = {1,--- ,n} and suppose X is a W-cube of pointed spaces. Assume that X
is (k(id + 1) + 1)-cartesian; let’s verify X is ((k + 1)(id 4+ 1) — 1)-cocartesian. By
the induction hypothesis, it suffices to verify that X is (k(n + 1) 4+ n)-cocartesian;
this follows easily from higher dual Blakers-Massey (Proposition 5.12). Conversely,
assume that X is ((k + 1)(id + 1) — 1)-cocartesian; let’s verify X is (k(id + 1) + 1)-
cartesian. By the induction hypothesis, it suffices to verify that X is (k(n+ 1)+ 1)-
cartesian; this follows easily from higher Blakers-Massey (Proposition 5.11). (]

Theorem 5.16 (Higher Freudenthal suspension: Theorem 1.8 restated). Let k > 1,
W a finite set, and X a W -cube of pointed spaces. If X is (k(id 4+ 1) + 1)-cartesian,
then so is X—Q"X"X.

Proof. Consider the case |W| = 0. This is recalled in Remark 5.10. Consider the
case |W| > 1. Suppose X is a W-cube and X is (k(id+ 1)+ 1)-cartesian. Let’s verify
that X—Q"%"X is a (k(id + 1) + 1)-cartesian (|W| + 1)-cube. It suffices to assume
that X is a cofibration W-cube; see [37, 1.13]. Let C be the iterated homotopy
cofiber of X and € the W-cube defined objectwise by Cy = x for V. # W and
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Cw = C. Then X—C is oo-cocartesian. Consider the commutative diagram

(56) X—¢C
<*>l l
QY —— Q'Y
of |W|-cubes.

Let’s verify that () is (k(|W]+ 2) 4 1)-cartesian as a (]W|+ 1)-cube of pointed
spaces. We know that X is ((k + 1)(id + 1) — 1)-cocartesian by the uniformity
correspondence in Proposition 5.14, and in particular, C' is ((k+ 1)(|[W|+1) — 1)-
connected. For d < |W|, any (d+1) dimensional subcube of X is ((k+1)(d+2)—1) =
((k-+1)(d+1)+k)-cocartesian and any d dimensional subcube of X is ((k+1)(d+1)—
1)-cocartesian. So if X|T is some d-subcube of X with 7" not containing the terminal
set W, then X|T—C|T = x is (k + 1)(d + 1)-cocartesian by [37, 1.7]. Furthermore,
even if T' contains the terminal set W, we know that X|T—C|T is still (k+1)(d+1)-
cocartesian by [37, 1.7]; this is because (k+ 1)(d+ 1) < (k+ 1)(|W]|+ 1) — 1 since
k> 1 and d < |W|. Hence X|T—C|T is (k + 1)(d 4+ 1)-cocartesian for any d-
subcube X|T of X. It follows easily from higher Blakers-Massey (Proposition 5.11)
that X—C is (k(JW| + 2) 4+ 1)-cartesian. Similarly, it follows that X"X—X"C is
(k(|W|+2) + 1 + 2r)-cartesian and hence Q"Y' X—Q "Y€ is (k(|W|+2) + 1 4 7)-
cartesian. Also, C—Q Y7 C is at least (k(|W|+2) +1)-cartesian since C—Q"%"C is
(2[(k4+1)(JW|+1)—1]+1)-connected by Remark 5.10; this is because the cartesian-
ness of =Y € is the same as the connectivity of the map QWIC—QWIQryrC
(by considering iterated homotopy fibers, together with [37, 1.18]).

Putting it all together, it follows from diagram (56) and [37, 1.8] that the map
(%) is (k(|W|+2) 4 1)-cartesian; this is because k(|W|+2)+1 < k(|W|+2)+1+r.
Doing this also on all subcubes gives the result. O

The proof of the following is similar.

Theorem 5.17 (Higher stabilization: Theorem 1.7 restated). Let k > 1, W a
finite set, ~(md X a W-cube of pointed spaces. If X is (k(id 4+ 1) 4 1)-cartesian, then
s0 is X—Q>°2>°X.

Proof. Consider the case |IW| = 0. This is recalled in Remark 5.10. Consider the
case |W| > 1. Suppose X is a W-cube and X is (k(id + 1) + 1)-cartesian. Let’s
verify that X—Q°%>°X is a (k(id + 1) + 1)-cartesian (|W] 4 1)-cube. It suffices
to assume that X is a cofibration W-cube; see [37, 1.13]. Let C be the iterated
homotopy cofiber of X and € the W-cube defined objectwise by Cy = * for V #£ W
and Cy = C. Then X—C is co-cocartesian. Consider the commutative diagram

(57) x e

o]

QXN — QN>R

of |W|-cubes.

Let’s verify that (x) is (k(|]WW|+ 2) 4 1)-cartesian as a (|W|+ 1)-cube of pointed
spaces. We know that X is ((k + 1)(id + 1) — 1)-cocartesian by the uniformity
correspondence in Proposition 5.14, and in particular, C' is ((k+ 1)(|[W]|+1) — 1)-
connected. For d < |W|, any (d+1) dimensional subcube of X is ((k+1)(d+2)—1) =
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((k+1)(d+1)+k)-cocartesian and any d dimensional subcube of X is ((k+1)(d+1)—
1)-cocartesian. So if X|T is some d-subcube of X with 7" not containing the terminal
set W, then X|T—C|T = x is (k + 1)(d + 1)-cocartesian by [37, 1.7]. Furthermore,
even if T contains the terminal set W, we know that X|T—C|T is still (k+1)(d+1)-
cocartesian by [37, 1.7]; this is because (k+1)(d+1) < (k+ 1)(JW] + 1) — 1 since
k>1andd < |W|. Hence X|T—C|T is (k+1)(d+1)-cocartesian for any d-subcube
X|T of X. It follows easily from higher Blakers-Massey (Proposition 5.11) that X—C
is (k(|W] + 2) + 1)-cartesian.

We know that X*°X—X°C is oco-cocartesian and hence oo-cartesian; therefore
QXEXX—=0°N®C is co-cartesian. Also, C—Q®°X>C is at least (k(|W|+2) + 1)-
cartesian since C—Q>°%>°C is (2[(k+1)(|W|+1)—1]+1)-connected by Remark 5.10;
this is because the cartesian-ness of C—Q>®¥°°C is the same as the connectivity of
the map QWIC—QIWIQeyeC (by considering iterated homotopy fibers, together
with [37, 1.18]).

Putting it all together, it follows from diagram (57) and [37, 1.8] that the map
(%) is (k(|W|+2)+1)-cartesian. Doing this also on all subcubes gives the result. [

5.18. Completion with respect to Q°X> and Q"Y". In this section we explain
how Theorems 1.7 and 1.8 provide new proofs (with strong estimates) of the stabi-
lization and iterated loop-suspension completion results of Carlsson [16] (and the
subsequent work of Arone-Kankaanrinta [2]), and Bousfield [11] and Hopkins (see
[11]), respectively, for 1-connected spaces. Along the way, we recall the notion of
coface n-cubes and certain cofinality statements needed in the proofs of Theorems
2.3 and 2.1 (Section 5.30).

Definition 5.19. A cosimplicial pointed space Z is coaugmented if it comes with a
map d°: Z~'—Z0° of pointed spaces such that d°d® = d'd°: Z—'—Z'; in this case,
it follows easily from the cosimplicial identities ([36, I.1]) that d° induces a map
717 of A-shaped diagrams in S, where Z~! denotes the constant cosimplicial
object with value Z~!; i.e., via the inclusion Z~! € S, C S2 of constant diagrams.

Definition 5.20. Let n > —1 and suppose Z is a cosimplicial pointed space coaug-
mented by d°: Z71—Z% The coface (n + 1)-cube, denoted X, 1, associated to
the coaugmented cosimplicial pointed space Z~'—Z, is the canonical (n + 1)-cube
built from the coface relations [36, 1.1] d’d* = d'd’~!, if i < j, associated to the
coface maps of the n-truncation
d° d°
71V 70—z ... 2"
dl

of Z71—Z; in particular, Xy is the pointed space (or 0-cube) Z~1.

Remark 5.21. For instance, the coface 1-cube X; has the left-hand form

0 0 0
71 Logo gL po Z—l\% ZO\dO
d° d°
\L() dt Jﬁ d° A 4>d1 ‘ Zt
] p yvd |
Zoi %-Zl o 42
d”\ * dl\

7l ——= 72
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the coface 2-cube Xs has the indicated middle form, and the coface 3-cube X3 has
the indicated right-hand form.

Definition 5.22. Let n > 0. Denote by AS™ C A the full subcategory of objects
[m] such that m < n.

The functor in the following definition, appearing in [61, 6.3], plays a key role in
the homotopical analysis of this paper; see also [56, 9.4.1].

Definition 5.23. Define the totally ordered sets [n] := {0,1,...,n} for each n > 0,
and given their natural ordering. The functor Py([n]) — AS" is defined objectwise
by U + [|U| — 1], and which sends U C V in Py([n]) to the composite

(U -1]=2UcCcV [V]|-1]

where the indicated isomorphisms are the unique isomorphisms of totally ordered
sets.

Remark 5.24. For instance, the punctured 2-cube Py ([1]) — A=! has the left-hand
form

1} oy,

0 1 \
. A oo
{0} ——{0,1} o d!
{2} d% {1, Q}doldz
AL
“f0,2} % {0,1,2}

and the punctured 3-cube Py([2]) — A=? has the indicated right-hand form. It
may be helpful to note that d* is the inclusion that “misses the i-th element in its
codomain”, where position count starts from 0; e.g., the 0-th element in {1,2} is 1
and the 1-st element in {1, 2} is 2.

The following proposition is proved in [14, X1.9.2].

Proposition 5.25. Let a: D'—D be a functor between small categories. If Z is
a D-shaped diagram in pointed spaces and « is left cofinal [14, X1.9.1], then the

induced map holimps Z <— holimp Z is a weak equivalence.

The following proposition, proved in [61, 6.7], explains the homotopical signifi-
cance of the punctured n-cube appearing in Definition 5.23; see also [17, 6.1-6.4]
and [23, 18.7]. It was exploited early on in [42]; see also [25] and [56].

Proposition 5.26. Let n > 0. The functor Po([n]) — AS™ is left cofinal; hence,
if Z is a cosimplicial pointed space, then the induced map

holimep, () Z ¢— holimp<n Z
is a weak equivalence.

Remark 5.27. We follow the conventions and definitions in [9, 5.11] for our model
of homotopy limit; e.g., if the diagram is objectwise fibrant, it is the Bousfield-Kan
homotopy limit formula defined as the totalization of the cosimplicial replacement.



HIGHER STABILIZATION AND HIGHER FREUDENTHAL SUSPENSION 35

Remark 5.28 (Higher stabilization implies X ~ X2 ). Assume that X is a 1-
connected pointed space. A result in Carlsson [16], and in the subsequent work of
Arone-Kankaanrinta [2], is that the completion map X ~ X, 600200 is a weak equiv-
alence. It is worth pointing out that higher stabilization (Theorem 1.7) provides a
new proof, with strong estimates, of this result as follows.

To verify that the completion map X ~ X g-/;oc is a weak equivalence, it suffices
to verify that the map

oo

(58) X — holimp <. €(2°X)

into the n-th stage of the homotopy limit tower has connectivity strictly increasing
with n. By Proposition 5.26, the map (58) can be built, up to weak equivalence,
from the coface (n + 1)-cube X, 11 (Defintion 5.20) associated to the cosimplicial
resolution (17). In more detail: The map (58) can be described as the map X —
holimp, ([n)) Xnt1; the connectivity of this map is the same as the cartesian-ness
of the coface (n+1)-cube X, 1, but this is the same as the cartesian-ness of the
(n+1)-cube X,, — Qeex>=X,,, for each n > 0.

Since X is a 1-connected pointed space, the map X — % is 2-connected, and
hence the 0-cube Xy is (id + 2)-cartesian. Hence by higher stabilization (Theorem
1.7) we know that X; is (id + 2)-cartesian, and therefore another application of
Theorem 1.7 gives that Xy is (id + 2)-cartesian, and so forth. In a similar way, the
coface (n + 1) cube X471 is (id 4 2)-cartesian for each n > 0; hence Theorem 1.7
has provided us with strong estimates for the uniform cartesian-ness of cubes built
by iterations of the stabilization map. In particular, we know that the (n+ 1)-cube
Xpnt1 is (n + 1 + 2)-cartesian for each n > 0, which means that the map (58) is
(n 4 3)-connected for each n > 0. Therefore, these connectivity estimates imply
that the map

X — holim,, holimp <. €(X%X) ~ holima €(X®°X) ~ X[ o

is a weak equivalence; since this is the desired completion map, we have recovered

the result in [2, 16] that X ~ X2 .

Remark 5.29 (Higher Freudenthal suspension implies X ~ X7 _ ). Assume that
X is a 1-connected pointed space. A result of Bousfield [11] and Hopkins (see [11]),
is that the completion map X ~ X STZT is a weak equivalence. Similar to above, it
is worth pointing out that higher Freudenthal suspension (Theorem 1.8) provides
a new proof, with strong estimates, of this result as follows.

To verify that the completion map X ~ X STET is a weak equivalence, it suffices
to verify that the map

(59) X — holimp <. €, (27 X)

into the n-th stage of the homotopy limit tower has connectivity strictly increasing
with n. By Proposition 5.26, the map (59) can be built, up to weak equivalence,
from the coface (n + 1)-cube X, 41 (Defintion 5.20) associated to the cosimplicial
resolution (21). Arguing as in Remark 5.28, the coface (n+1) cube X,,41 is (id+2)-
cartesian for each n > 0; hence Theorem 1.8 has provided us with strong estimates
for the uniform cartesian-ness of cubes built by iterations of the higher Freudenthal
suspension map. In particular, we know that the (n + 1)-cube X, 41 is (n + 1+ 2)-
cartesian for each n > 0, which means that the map (59) is (n + 3)-connected for
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each n > 0. Therefore, these connectivity estimates imply that the map

X — holim,, holimp <. €, (37X ) ~ holimp €,(X"X) ~ X4, .

is a weak equivalence; since this is the desired completion map, we have recovered

the result in [11] that X ~ X2 _ .

5.30. Proofs of the main results. Here we prove Theorems 2.1 and 2.3.

Definition 5.31. Let Z be a cosimplicial pointed space and n > 0. Assume that
Z is objectwise fibrant. Denote by Z: Po([n])—S. the corresponding composite
diagram

Po(ln]) = AS" c A L S,

The associated co-cartesian (n + 1)-cube built from Z, denoted Z: P([n])—S,, is
defined objectwise by

oo holimpg Zp, for V=10,
VT Zy, for V #£0.

In other words, the Z construction is simply “filling in” the punctured (n+ 1)-cube
Z: Po([n])—S« with value Zy = holimgp, () Z =~ holimp<n Z at the initial vertex
to turn it into an (n + 1)-cube that is co-cartesian.

Remark 5.32. For instance, in the case n = 1 the Z construction produces the
oo-cartesian 2-cube of the left-hand form

holim A <1 Z—70 holima<2 Z — 70 .
\d
i o N
) 204l g
ZOL)Zl . \Ldl
70 da 7t o 42
NCvd N
d° at

A2

and in the case n = 2 the Z construction produces the oco-cartesian 3-cube of the
indicated right-hand form.

Definition 5.33. Let Z be a cosimplicial pointed space and n > 0. The codegen-
eracy n-cube, denoted Y,,, associated to Z, is the canonical n-cube built from the
codegeneracy relations [36, 1.1] s7s’ = s's7*1 if i < j, associated to the codegener-
acy maps of the n-truncation

SO
20 <t g2 g

81

of Z; in particular, Yo is the pointed space (or 0-cube) Z°.
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Remark 5.34. For instance, the codegeneracy 1-cube Y; has the left-hand form

AR B AR A
R NN
N $0 Z28*>Zl
Z1L>Zo \LSU
227 izl o $0
0 s
sl\\ ’ 0\
v 5 70

the codegeneracy 2-cube Y, has the indicated middle form, and the codegeneracy
3-cube Y3 has the indicated right-hand form.

Remark 5.35. It is important to note that the total homotopy fiber of an n-cube
of pointed spaces is weakly equivalent to its iterated homotopy fiber [37, Section
1], and in this paper we use the terms interchangeably; we use the convention that
the iterated homotopy fiber of a 0-cube Y (or object Yp) is the homotopy fiber of
the unique map Yp—+ and hence is weakly equivalent to Yp; see also [56, 5.5.4].

The following is proved in [56, 3.4.8].

Proposition 5.36. Consider any 2-cube X of the form

A | -T
A——=A

in Si; in other words, suppose s is a retraction of d. There are natural weak
equivalences hofib(d) ~ Qhofib(s).

Remark 5.37. Let’s develop some of the low dimensional versions of Theorem 2.3 for
the special case r = 1; for intuition purposes, we will follow (as closely as possible)
the analogous development for integral chains worked out in [9, after 3.25].

Let Z be a 2-connected Ki-coalgebra. We want to estimate the connectivity of
the map

(60) S holima<n €;(Z) — holimp <. $€;(2)

for each n > 0. In the case n = 0 this is the identity map ¥0QZ — ¥QZ and hence
a weak equivalence. Consider the case n = 1. Let’s build €;(Z), the oco-cartesian
2-cube of the left-hand form

holimp<i €1(Z)—=€,(Z)°  Tholimp<i €1(Z2)—=X¢,(Z)°

e T T

(20— ¢ (2 ve (2)0— 28 s (7)1

—_~—

Applying ¥ gives the 2-cube X€;(Z) of the indicated right-hand form. The con-
nectivity of the map

(61) EhOhmA§1 Q:l(Z) — hOlimAgl E@l(Z)

is the same as the cartesian-ness of the 2-cube &, (Z). The idea is to (i) estimate

the cocartesian-ness of the 2-cube €;(Z) (and its subcubes), (ii) applying ¥ will



38 JACOBSON R. BLOMQUIST AND JOHN E. HARPER

increase cocartesian-ness estimates by 1, (iii) ¥€;(Z) is a 2-cube in S, and we will
be able to use higher Blakers-Massey (Proposition 5.11) to obtain a cartesian-ness

estimate of ¥, (Z). To carry this out, the idea is to use higher dual Blakers-Massey

(Proposition 5.12) to estimate the cocartesian-ness of the 2-cube € (7).

Taking W = {0, 1} since €;(Z) is a 2-cube, the input to Proposition 5.12 requires
that we estimate the cartesian-ness of each of the faces

Oy _vei(Z), D#VCW.

Hence we need to estimate the cartesian-ness of the two 1-faces indicated in the
left-hand diagram

¢ (2)° 0z

ok

(20 —Lag (2 QZ2-1-0507

which have the form in the indicated right-hand diagram. We know that d° = m id
is the Freudenthal suspension map on 4 , and since QZ is 1-connected we know
that d° is a 3-connected map and hence a 3-cartesian 1-cube. What about the
map d' = idm involving the K;-coaction map on Z? The key observation is that
the cosimplicial identities force a certain “uniformity of faces” behavior as follows.
Consider the commutative diagrams (or 2-cubes) of the form

(62) 0z 0x0z  0z—L0x0z
| |’
Oz Oz Oz Oz

coming from the cosimplicial identities [36, I.1]. Then by Proposition 5.36 we know
hofib(d°) ~ Qhofib(s®),  hofib(d") ~ Qhofib(s"),

and hence hofib(d°) ~ hofib(d"). Therefore, by this uniformity we know that d' is
also a 3-connected map and hence a 3-cartesian 1-cube. Since we know that the

—_~—

2-face of €;(Z) is oo-cartesian (by construction), it follows from Proposition 5.12
that €;(Z) is k-cocartesian, where k — 1 is the minimum of
k{0,1} = 00, k{o} + k{l} =3+3=6.

Hence k = 7 and we have calculated that €;(Z) is a 7-cocartesian 2-cube in S,

—_~—

hence X¢€;(Z) is an 8-cocartesian 2-cube in S,. Furthermore, since €;(Z) is oo-
cartesian and d°,d' are 3-connected, we know by [37, 1.6] that the other two 1-
faces are also 3-connected. Putting it all together, we have shown that the 2-cube
¢1(Z) in S, is (2id + 1)-cocartesian and 7-cocartesian. Hence Y€ (7) is (2id + 2)-

cocartesian and 8-cocartesian. It follows from Proposition 5.11 that X€;(Z) is
k-cartesian, where k + 1 is the minimum of

k{O,l} =38, k{o} + k‘{l} =4+4=_8.
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—_~—

Hence k = 7 and we have calculated that ¥¢;(Z) is a 7-cartesian 2-cube in S,.. The

—_~

upshot is that ¥€;(Z) is 7-cartesian and hence we have calculated that the map
(61) is 7-connected.

Consider the case n = 2. Let’s build the co-cartesian 3-cube €;(Z). Applying ¥

gives the 3-cube X€;(Z) and the connectivity of the map

(63) EhOlimAgz Q:l(Z) — hOlimAg2 E@l(Z)

—_~—

is the same as the cartesian-ness of X¢€;(Z). The idea is to (i) estimate the
cocartesian-ness of the 3-cube €;(Z) (and its subcubes), (ii) applying ¥ will in-

crease cocartesian-ness estimates by 1, (iii) £€;(Z) is a 3-cube in S, and we will
be able to use higher Blakers-Massey (Proposition 5.11) to obtain a cartesian-ness

estimate of ¥, (Z). To carry this out, the idea is to use higher dual Blakers-Massey

(Proposition 5.12) to estimate the cocartesian-ness of the 3-cube €;(Z).
Taking W = {0,1,2} since €;(Z) is a 3-cube, the input to Proposition 5.12

e~

requires that we estimate the cartesian-ness of each of the faces 9}, _,€1(2), 0 #
V' C W. Hence we need to estimate the cartesian-ness of three 2-faces and three
1-faces (or maps). The key observation is that exactly one of these 2-faces does not
involve the K;-coaction map on Z; furthermore, this particular 2-face is precisely the
coface 2-cube X5 in Remark 5.29 when taking X = QZ. Since QZ is 1-connected, we
know by higher Freudenthal suspension (Theorem 1.8) and Remark 5.29 that Xo is
an (id + 2)-cartesian 2-cube; in particular, Xo is 4-cartesian. What about the other
two 2-faces involving the Ki-coaction map on Z? The key observation is that the
cosimplicial identities force a certain “uniformity of faces” behavior as follows. For
ease of notational purposes, let A = €;(Z) and consider the commutative diagrams
of the form

(64)
404 qn A0t 415" 4o 404 g1’ 4o
dol (F1) ldl dll (F2) if \Ldl dll (Fs) ldz ldl
Yy L L A2 g A2 g
Sol l iso i lso i iso
AOLO)AlLO)AO AILO)AO AlLO)AO

coming from the cosimplicial identities [36, I.1]. The upper left-hand square (F)
is the coface 2-cube Xy which is (id + 2)-cartesian by above. The upper left-hand
squares (F5) and (F3) are the remaining two 2-faces that we need cartesian-ness
estimates for. The key observation is that the lower right-hand squares are each
a copy of the codegeneracy 2-cube Ys associated to A, and that furthermore, the
indicated vertical and horizontal composites are the identity maps by the cosim-
plicial identities [36, 1.1]; then by repeated application of Proposition 5.36 to these
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composites in (64), we know that

(iterated hofib) (F}) ~ Q2 (iterated hofib)Ys,
(iterated hofib) (Fy) ~ Q2 (iterated hofib)Ys,
(iterated hofib) (F3) ~ Q2 (iterated hofib)Ys,

and hence (iterated hofib)(F;) ~ (iterated hofib)(F3) ~ (iterated hofib)(F3). There-
fore, by this uniformity we know that (F») and (F3) are also 4-cartesian 2-cubes.
Similarly, we know that the three 1-faces (or maps) with codomain A? are 3-

cartesian. It follows from [37, 1.6] that for €;(Z) the 2-subcubes are 4-cartesian,
the 1-subcubes are 3-cartesian, and the O-subcubes are 2-cartesian. Putting it all

—_~—

together, we have shown that the 3-cube €;(Z) in S, is (id + 2)-cartesian. Since

we know that the 3-face of €1(Z) is oo-cartesian (by construction), it follows from

Proposition 5.12 that €;(Z) is k-cocartesian, where k — 2 is the minimum of
kfog2y =00, kpoy thpzy =3+4=7 kiop+kpy +hp=3+3+3=9.
Note that by the “uniformity of faces” behavior, we get nothing new from the other

partitions of W; this is why we have not written them out here. Hence k£ = 9 and

we have calculated that €(Z) is a 9-cocartesian 3-cube in S,. Furthermore, since
each 2-subcube is (id + 2)-cartesian, then each 2-subcube is (2id + 1)-cocartesian

(Remark 5.13 and Proposition 5.14). Hence €, (Z) is (2id + 2)-cocartesian and

—_~—

10-cocartesian. It follows from Proposition 5.11 that ¥£.¢;(Z) is k-cartesian, where
k + 2 is the minimum of

k{0,1,2} =10, k{o} + k{l,g} =4+6 =10, kj{o} + kj{l} + k{g} =4+4+4=12.

—_~—

Hence k = 8 and we have calculated that ¥¢;(Z) is an 8-cartesian 3-cube in S..

The upshot is that ¥€;(Z) is 8-cartesian and hence we have calculated that the
map (63) is 8-connected.

Note that there is more information in the argument above. Since the 2-face
(Fy) is 4-cartesian, its total homotopy fiber is 3-connected, hence the indicated
homotopy fiber (see [14, X.6.3]; compare with [56, 5.5.7])

hofib(holimp <> €;(Z)— holima <1 €;(Z)) =~ Q?(iterated hofib)Y

is 3-connected and therefore the map holima <2 € (Z)— holima <: € (Z) is 4-connected.
Also, since 22 (iterated hofib)Ys is 3-connected, then (iterated hofib)Y, is 5-connected.
In a similar way, for each n > 3, the connectivity of the map

Y holimpa<n € (Z) — holima<n €1 (2)

is the same as the cartesian-ness of the (n+1)-cube ¥€;(Z). We can organize our
argument as follows, exactly as in the above cases for n = 1, 2.

The following calculation is proved in [14, X.6.3] for the Tot tower of a Reedy
fibrant cosimplicial pointed space; compare with [56, 5.5.7]. The connectivity as-
sumptions on Y (resp. Z) ensure that all spaces in sight (e.g., including the iterated
homotopy fibers) are 1-connected; this is elaborated, for instance, in Remark 5.42.
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Proposition 5.38. Let Y (resp. Z) be a K-coalgebra (resp. K,-coalgebra) and
n > 0. IfY (resp. Z) is 1-connected (resp. (1 + r)-connected), then there are
natural zigzags of weak equivalences

hofib(holima <. €(Y)— holima <n—1 €(Y)) ~ Q" (iterated hofib)Y,,
resp. hofib(holima <n €,.(Z)— holimpa<n-—1 €,(Z)) ~ Q" (iterated hofib)Y,,
where Y,, denotes the codegeneracy n-cube associated to €(Y) (resp. €.(Z)).

First we recall the following closely related proposition, which appears in [20,
6.27]. It can be proved by arguing exactly as in [56, 5.5.7]; see also Remark 5.37.

Proposition 5.39 (Uniformity of faces). Let Y (resp. Z) be a K-coalgebra (resp.
K,-coalgebra) and n > 0. Let 0 #T C [n] andt € T. IfY (resp. Z) is 1-connected
(resp. (1 + r)-connected), then there is a weak equivalence

(iterated hoﬁb)aﬂ}m ~ QITI= 1 (iterated hofib) Y1

resp. (iterated hoﬁb)ag}QT(Z) ~ Q711 (iterated hofib)Yr|-1

where Yp|—1 denotes the codegeneracy (|T| — 1)-cube associated to €(Y') (resp.
¢.(2)).

Proof. This is proved in [20] (compare [38, 3.4] and [61, 7.2]); the connectivity
assumptions on Y (resp. Z) ensure that all spaces in sight (e.g., including the
iterated homotopy fibers) are 1-connected. O

Theorem 5.40. Let Y be a R—coalgebm and n > 1. Consider the oco-cartesian

(n 4+ 1)-cube 667) (Definition 5.31) of pointed spaces built from €(Y). IfY is
1-connected, then

e

(a) the cube €(Y) is (2n + 5)-cocartesian,

e~

(b) the cube X°€(Y) is (2n + 5)-cocartesian, and

—_—

(c) the cube B°€(Y) is (n + 5)-cartesian.

Proof. Consider part (a). Taking W = {0,1,...,n} since Q/l(\§7) is an (n + 1)-cube,
our strategy is to use higher dual Blakers-Massey (Proposition 5.12) to estimate

—_—

how close the W-cube €(Y) in S, is to being cocartesian; the input to Proposition
5.12 requires that we estimate the cartesian-ness of each of the faces

—_—

(65) oW _vey), D#AVcw

Here is the key observation: for exactly one w € W, the n-face 8?{0}6(\/1/) does not

involve the K-coaction map on Y; furthermore, this particular n-face is precisely
the coface n-cube X,, (Definition 5.20) associated to the cosimplicial resolution (17)
when taking X = QY. Since Q*°Y is 1-connected, we know by higher stabilization

—_—

(Theorem 1.7) that X,, = a{va}c(Y) is an (id + 2)-cartesian n-cube. Furthermore,
now that we have uniform cartesian-ness estimates for this particular n-face, we
have the same uniform cartesian-ness estimates for the other desired faces in (65)—
this is because of the “uniformity of faces” property enforced by the cosimplicial
identities and summarized in Proposition 5.39./\H/ence we have verified that for each
nonempty subset V'.C W, the V-cube 9})_,€(Y) is (|V| + 2)-cartesian; since it is
oo-cartesian by construction when V' = W, it follows immediately from higher dual
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Blakers-Massey (Proposition 5.12) that Q/(\/Y) is (2n + 5)-cocartesian in S,, which
finishes the proof of part (a). Part (b) follows from the fact that ¥*°: S,—Modg is
a left Quillen functor together with the property that > preserves connectivity of
maps between 1-connected spaces. Part (c) follows easily from [19, 3.10]; in other

—

words, that ¥*°€(Y) is k-cocartesian if and only if it is (k — n)-cartesian. Taking
k = (2n+5) from part (b) finishes the proof. O

The proof of the following is similar; however, in addition to estimating the

—_~—

cocartesian-ness of €.(Z), we will also require estimates on the subcubes as well.

Theorem 5.41. Let Z be a Rr—coalgebm and n > 1. Consider the oco-cartesian

(n + 1)-cube Q:E_Z/) (Definition 5.31) of pointed spaces built from €.(Z). If Z is
(14 r)-connected, then

(a) the cube €.(Z) is (2n + 5)-cocartesian and (2 - id + 1)-cocartesian,

—

(b) the cube ¥7€.(Z) is (2n+5+r)-cocartesian and (2 -id + 14 1)-cocartesian,
and o
(c) the cube ¥7€,.(Z) is (n + 5 + r)-cartesian.

Proof. Consider part (a). Taking W = {0,1,...,n} since €,.(Z) is an (n+ 1)-cube,
our strategy is to use higher dual Blakers-Massey (Proposition 5.12) to estimate

—_—~—

how close the W-cube €,.(Z) and its subcubes are to being cocartesian; the input
to Proposition 5.12 requires that we estimate the cartesian-ness of each of the faces

aVVI‘//—VQtr(Z)ﬂ 0 7é VCcw.
We know from higher Freudenthal suspension (Theorem 1.8) on iterations of the
Freudenthal suspension map applied to 277, together with the “uniformity of
faces” property enforced by the cosimplicial identities and summarized in Propo-
sition 5.39, that for each nonempty subset V. C W, the V-cube ) _,,€,.(2) is
(V| + 2)-cartesian; since it is co-cartesian by construction when V' = W, it fol-

lows immediately from higher dual Blakers-Massey (Proposition 5.12) that €,.(Z)

is (2n + 5)-cocartesian. Similarly, it follows that €.(Z) is (id + 2)-cartesian, and
hence by the uniformity correspondence in Proposition 5.14 we know that €,.(Z) is
(2 - id 4 1)-cocartesian which finishes the proof of part (a). Part (b) follows from
the fact that X": S,—S, is a left Quillen functor together with the property that
3" increases the connectivity of maps between 1-connected spaces by r. Part (c)
follows immediately from higher Blakers-Massey (Proposition 5.11) together with
the cocartesian-ness estimates in part (b). O

Proof of Theorem 2.3. We want to estimate how connected the comparison map

2% holimp <n €(Y) — holimp <» 2 €(Y')

is, which is equivalent to estimating how cartesian ¥*°€(Y") is, and Theorem 5.40(c)
completes the proof. The other case is similar using Theorem 5.41(c). (]

Remark 5.42. There is more information in the proof of Theorem 5.40 above. We
know that for exactly one w € W, the n-face 832}@:()’) (i.e., the unique n-face of

this form not involving the K-coaction map on Y) in the proof of Theorem 5.40
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is precisely the coface n-cube X,, (Definition 5.20) associated to the cosimplicial
resolution (17) when taking X = QY. Since Q™Y is 1-connected, we know
that X,, is an (id + 2)-cartesian n-cube by higher stabilization (Theorem 1.7); in
particular, this n-face (9%}6(\/}/) is (n + 2)-cartesian and hence its total homotopy
fiber is (n + 1)-connected. By Proposition 5.39, we know

(iterated hoﬁb)('?m}g(\Y/) ~ QD=1 (jterated hofib)Y (41)-1
and hence by Proposition 5.38 we know that
hofib(holim <. €(Y)— holima <n—1 €(Y)) ~ Q" (iterated hofib)Y,,

is (n 4 1)-connected; therefore the map holima <. €(Y)— holimpa<n—1 €(Y) is (n +
2)-connected. Also, since Q" (iterated hofib)Y,, is (n+1)-connected, then we know
(iterated hofib)Y,, is (2n+1)-connected. The upshot is that we have just proved
Proposition 5.43 and the first part of Theorem 2.1.

Proposition 5.43. Let Y be a R—coalgebm and n > 1. Denote by Y, the codegen-
eracy n-cube associated to the cosimplicial cobar construction €(Y) of Y. IfY is
1-connected, then the total homotopy fiber of Y, is (2n + 1)-connected.

Proof. This is proved in Remark 5.42. O

Proposition 5.44. Let Z be a RT-coalgebm space and n > 1. Denote by Y,, the
codegeneracy n-cube associated to the cosimplicial cobar construction €.(Z) of Z.
If Z is (1 +r)-connected, then the total homotopy fiber of Y, is (2n + 1)-connected.

e~ ——

Proof. This is proved as in Remark 5.42 using ¢,(Z) in place of €(Y"). O

Proof of Theorem 2.1. The homotopy fiber of holima<» €(Y) — holimp<n—1 €(Y)
is weakly equivalent to Q™ of the total homotopy fiber of the codegeneracy n-cube
Y, associated to €(Y) by Proposition 5.38, hence by Proposition 5.43 this map is
(n + 2)-connected. The other case is similar using Proposition 5.44. g

6. APPENDIX: SIMPLICIAL STRUCTURES

In this background section, we recall the simplicial structures and adjunctions
on pointed spaces and S-modules that are used throughout the paper; the expert
may wish to skim through, or skip entirely, this background section. Our aim here
is to be clear in our notation for various hom-objects and to point out Propositions
6.4 and 6.6 which are used throughout Section 4, for instance.

Definition 6.1. Let X, X’ be pointed spaces and K a simplicial set. The ten-
sor product X®K in S,, mapping object homs (K, X) in S,, and mapping space
Homs, (X, X’) in sSet are defined by

XOK = XAK,
homs, (K, X') := hom, (K, X’)
Homs (X, X'),, := homs, (X®A[n], X")

where the pointed mapping space hom, (X, X') in S, is Homs_ (X, X’) pointed by
the constant map; see [36, I1.3].
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Definition 6.2. Let Y,Y’ be S-modules and K a simplicial set. The tensor prod-
uct YRK in Modg, mapping object hompeds (K,Y) in Modgs, and mapping space
Hompmed, (Y, YY) in sSet are defined by

YK =Y ANK,
hompmods (K,Y") := Map(K,Y”)
Hompoq (Y, Y”),, := hompmeds (Y RA[n],Y”)
where Map(K,Y”) denotes the function S-module; see [44, 2.2.9].

We sometimes drop the S, and Modg decorations from the notation and simply
write Hom and hom.

Proposition 6.3. With the above definitions of mapping object, tensor product,
and mapping space the categories of pointed spaces S, and S-modules Modg are
simplicial model categories.

Proof. This is proved, for instance, in [36, IL.3] and [44]. O
Recall that the adjunction (X°°,Q°°) in (23) is a Quillen adjunction with left

adjoint on top; in particular, for X,Y € S, there is an isomorphism

(66) hom(X*°X,Y) & hom(X,Q*Y)

in Set, natural in XY . The following proposition, which follows from [36, I1.2.9],
verifies that this adjunction meshes nicely with the simplicial structure.

Proposition 6.4. Let X be a pointed space, Y an S-module, and K, L simplicial
sets. Then

(a) there is a natural isomorphism o: L°(X)QK =, YR(X®K);

(b) there is an isomorphism

Hom (XX Y) = Hom(X, QY)

in sSet, natural in X,Y, that extends the adjunction isomorphism in (66);
(¢c) there is an isomorphism
Q*°hom(K,Y) = hom(K,Q>Y)
in Sy, natural in K,Y .
(d) there is a natural map o: Q°(Y)RK—Q®(Y®K) induced by Q.
(e) the functors ° and Q> are simplicial functors (Remark 6.5) with the
structure maps o of (a) and (d), respectively.

Remark 6.5. For a useful reference on simplicial functors in the context of homotopy
theory, see Hirschhorn [41, 9.8.5].

Similarly, recall that the adjunction (£7,Q") in (26) is a Quillen adjunction with
left adjoint on top; in particular, for X, X’ € S, there is an isomorphism

(67) hom(¥"X, X') & hom(X,Q"X")
in Set, natural in X, X’. The following proposition follows from [36, I1.2.9].

Proposition 6.6. Let X,Y be pointed spaces and K, L simplicial sets. Then
(a) there is a natural isomorphism o: L7 (X)®K — ST(XGK);
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(b) there is an isomorphism
Hom(X"X,Y) &2 Hom(X,Q'Y)

in sSet, natural in X,Y, that extends the adjunction isomorphism in (67);
(c) there is an isomorphism

Q"hom(K,Y) = hom(K,Q"Y)

in Sy, natural in K,Y .

(d) there is a natural map o: Q" (Y)RK—Q"(Y®K) induced by Q.

(e) the functors X" and Q" are simplicial functors (Remark 6.5) with the struc-
ture maps o of (a) and (d), respectively.
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