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1. Introduction

It is well understood that the structure of absolute Galois groups is quite restricted, and that general
profinite groups cannot be absolute Galois groups. Here are some examples of the restrictions that are
known or conjectured.

1. The Artin-Schreier theorem asserts that the only finite groups that can occur as subgroups of absolute
Galois groups are the trivial group and the cyclic group of order two.

2. F. Bogomolov has conjectured in [4] that in the case where the base field contains an algebraically closed
field, the p-Sylow subgroup of the commutator subgroup is free. This is obviously a very restrictive
condition.

3. The Bloch-Kato conjecture [9] implies in particular that when the roots of unity are in the base field,
then the cohomology ring of the absolute Galois group is generated in degree one and is defined by
relations in degree two. This is also clearly a very restrictive condition.

* Corresponding author.
E-mail address: carlsson@stanford.edu (G. Carlsson).

https://doi.org/10.1016/j.jpaa.2022.107039
0022-4049/© 2022 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.jpaa.2022.107039
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jpaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jpaa.2022.107039&domain=pdf
mailto:carlsson@stanford.edu
https://doi.org/10.1016/j.jpaa.2022.107039

2 G. Carlsson, R. Joshua / Journal of Pure and Applied Algebra 226 (2022) 107039

In this paper, we study another condition which applies to all absolute and separable Galois groups. Specif-
ically, we prove three results.

1. We identify a new group theoretic condition, total torsion freeness (see Definition 2.1), and prove that
it holds for absolute Galois groups of fields which contain all roots of unity. The condition can be
interpreted both in the case of discrete groups and profinite groups. Total torsion freeness condition
implies the usual notion of torsion freeness.

2. We prove that all groups satisfying total torsion freeness can be approximated in an appropriate sense
by groups in a very restricted family which we call 8. In the case of profinite groups, this means that
the group can be described as an inverse limit of groups in 28. The family 9 consists of groups which are
(a) virtually finitely generated abelian (virtually topologically finitely generated abelian in the profinite
case) and (b) torsion free. See Definition 3.1 for the definition.

3. We prove that every group in the family B embeds as a torsion free subgroup of the group 3, x Z" (or
¥, X Z™ in the profinite case) for some n. We also show that it follows that every group I' in 9B acts on
the ring

1 1
E, = JKlt ", tn 7]

for some n, in such way that the extension EL C E,, is a Galois ring extension in the sense of [11]. This
last statement will be extremely useful in our work on the algebraic K-theory of fields.

Example of groups satisfying the total torsion freeness condition include free groups, free profinite groups,
free abelian groups, free abelian profinite groups, fundamental groups of orientable two manifolds (not
necessarily compact), and free products of totally torsion free groups. On the other hand, groups that are
torsion free in the usual sense but not totally torsion free include fundamental groups of non-orientable
surfaces, and the groups of upper triangular integral n x n matrices with ones along the diagonal. It is also
easy to check that most semidirect products of the form Z x Z™ fail to be totally torsion free but are of
course torsion free.

This work is motivated by our work on the descent problem in the algebraic K-theory of fields. We will
not go into detail on this work here, but will note that a key component is understanding the structure of an
analogue of the geometric classifying space construction of [12] for profinite groups, and the approximation
theorem in this paper permits the construction of very useful and explicit models of such classifying spaces.
We believe that the results are also of independent interest, hence the present paper.

The first author wishes to express his thanks to Brian Conrad for a number of stimulating conversations,
in particular concerning the proof of Theorem 2.1.

2. Total torsion freeness

In this section, we define total torsion freeness and prove that separable Galois groups of fields have this
property.

Definition 2.1. A Hausdorff topological group G is said to be totally torsion free if the abelianization of any
closed subgroup of G is torsion free. In this case, the abelianization of a subgroup K means the quotient of
K by the closure of its commutator subgroup. A topological group is said to be weakly totally torsion free
if every closed subgroup of finite index has torsion free abelianization.

Remark 2.1. The only groups with non-discrete topology we study will be profinite groups. The general
statement is made only since it allows uniform treatment of the discrete and profinite cases.
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Remark 2.2. Note that total torsion freeness implies torsion freeness, since a group is torsion free if and
only if every cyclic subgroup is torsion free and, since it is abelian, its abelianization is torsion free. In the
profinite case, we have the same situation, since topologically cyclic subgroups must be torsion free since
they are abelian.

Example 2.1. Free groups and free abelian groups are totally torsion free. Similarly for free and free abelian
profinite and pro-l groups. See Proposition 2.1 for a proof.

Example 2.2. The integral Heisenberg group is torsion free, but not totally torsion free. The group consists
of upper triangular integral matrices with diagonal elements all equal to one. It is easy to check that the
subgroup consisting of all elements of the form

1 2m n
0 1 l
0 0 1

has abelianization isomorphic to Z X Z x Z /27, and that therefore the group is not totally torsion free.

Example 2.3. Fundamental groups of non-orientable surfaces are torsion free but not totally torsion free.
They are torsion free since they act freely on a finite dimensional contractible manifold, but not totally
torsion free since their one-dimensional integral homology has torsion.

One elementary result about this notion is the following.

Proposition 2.1. Free products of totally torsion free groups are totally torsion free. Free products of weakly
totally torsion free profinite (pro-p) groups are weakly totally torsion free.

Proof. The first statement follows immediately from the Kurosh theorem. The second statement follows
from the analogous profinite and pro-p statements in [3] and [7]. O

We also have the following.

Proposition 2.2. The fundamental groups of orientable two dimensional manifolds M without boundary are
totally torsion free.

Proof. It suffices to prove that Hy(M,Z) = 71 (M)? is torsion free, since any subgroup of (M) is also
the fundamental group of an orientable 2-manifold without boundary. But this result is Corollary 7.13 of
[b]. O

We will also need to record results concerning Pontrjagin duality. Recall that for a compact topological
abelian group A, we define the Pontrjagin dual to A, denoted A, to be Hom¢(A, S'), where S! denotes the
circle group, and the superscript “c” denotes continuous homomorphisms.

Proposition 2.3. The construction A — A satisfies the following properties.

1. The™construction defines an equivalence of categories from the category of compact topological abelian
groups to the opposite of the category of discrete abelian groups. The -construction is its own inverse.

2. For a profinite group G, G is isomorphic to Hom®(G, oo ), where oo € St is the group of all roots of
unity, isomorphic to Q/Z. If G is a p-profinite group, then (i can be replaced by pipe, the group of all
p-power roots of unity, isomorphic to Z[}%]/Z.
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3. The functor A — A is ezact.
4. For G a profinite abelian group, G is torsion free if and only Zfé is divisible. Similarly for “p-torsion
free” and “p-divisible”.

Proof. Statement (1) is one version of the statement of the Pontrjagin duality theorem, (2) is an immediate
consequence, and (3) follows immediately from (1). It remains to prove (4). To prove (4), we note that G is
torsion free if and only if the sequence 0 — G =2 (' is exact. The exactness proves that this occurs if and
only if @ =% G — 0 is exact, so xn is surjective. This is the result. O

We now have the main result of this section.

Theorem 2.1. Let F' be any field containing all roots of unity. Then the absolute Galois group Gp of F is
totally torsion free.

Remark 2.3. Class field theory shows, for example, that one cannot expect this result to hold for absolute
Galois groups of number fields, so that some condition on the field is necessary.

Proof. Consider any closed subgroup K C G, and its corresponding extension Fi of F'. We are interested
in the Galois group 2l = G‘fpl; of the extension F¥ over Fx, and want to prove that it is torsion free. We
have that

A= lim A/nA
-

where n varies over the partially ordered set of integers with ordering given by n < n’ if and only if n|n’. For
each prime, we let 2, denote the p-Sylow subgroup of 2. Of course, we have 2 = Hp 2, and it will suffice
to prove that 2, is torsion free for each p. When p # char(F'), we can apply Kummer theory as follows.
Kummer theory asserts that

Hom®(/p"A, Z/p*Z) = F /p*Fj; = F* @ Oy

where Cpn» denotes the cyclic group of order p". We can pass to the direct limit on both sides of this
isomorphism to get an isomorphism

Homf(2,,Cpo) = Fr @ Cpoo

where Cp denotes the group Z[%] /Z. We note that the group Hom®(2,, Cpe) can be interpreted as the
Pontrjagin dual pr, by part 2 of Theorem 2.3. The discrete group Fj; ® Cpe is clearly p-divisible, so by
part 4 of Proposition 2.3, 2, is torsion free.

On the other hand, if p = char(F), we use Witt vectors instead, as in [10], Ch. 26. We recall that for
any algebra A over the finite field F,, we can construct the ring of Witt vectors W (A). It has a number of
useful properties.

1. As a set, W(A) is the infinite product [] 7, A.
2. The shift operator

V(ag,a,...) =(0,a0,a1,...)

is a homomorphism of abelian groups.
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3. The Frobenius operator F defined by F(ag,a1,...) = (ah,dl,...) commutes with V, and the composite
VF = FV is multiplication by p in the group structure on W(A).

4. The subset I,,(A) C W(A) given by I,,(A) = V"W (A) is an ideal in W(A), and we denote the quotient
algebra W (A)/I,(A) by W, (A). Multiplication by V gives an operator W,,(A4) — W,,4+1(A4).

We now use these constructions to study the dual to 2, following F. Lorenz [10]. Let 7 : W(F) — W (F)
denote the operator F' — id. Because F' and V commute, it is clear that V : W, (F) — W, 11 (F) induces a
homomorphism

F: W (F)/m(Wi(F)) = Wapa (F) /7 (Wyia (F))
and what is proved in [10], Ch. 26, p. 108, is that there is a perfect duality between the groups
W, (Fi)/m(Wh(Fr)) x Ap/p" A, — Cheo

and consequently an isomorphism colim W, (Fr)/m(W, (Fk)) = Hom®(2,, Cpe), after passage to colimits
—
over n. We claim that the group colim W, (Fk)/n(W,(Fk)) is p-divisible, from which the torsion freeness
—

of 2, would follow as in the case p # char(F') above. To see this, one must only observe that F'V also
induces a map

FV : W (F)[71(Wa(F)) = Wap1(F)/1(Wypa (F))

and that because = F(z) in W,,(F)/7(W,(F)), the two maps F and FV are equal. Since F'V is multipli-
cation by p, the result follows. This gives the required result. O

3. The approximation theorem

This section will define a class of groups which can be used to approximate any totally torsion free
profinite group, in the sense that the group can be described as an inverse limit of groups in that family.

Definition 3.1. A profinite group G is said to be wvirtually finitely generated abelian if it contains a closed
topologically finitely generated abelian subgroup of finite index. We will denote the family of all virtually
finitely generated abelian profinite groups by V. The family of torsion free groups in V** will be denoted
by B. In the discrete situation, we will denote by B° the family of all torsion free groups that contain a
finitely generated abelian subgroup of finite index.

Example 3.1. Let A and B be finitely generated torsion free abelian groups, and let ¢ : A — Aut(B) be a
homomorphism. Suppose further that the image of ¢ is finite. Then the semidirect product A, B is torsion
free and virtually finitely generated abelian. The torsion free property holds for any semidirect product of
one free abelian group with another, and the fact that it is virtually finitely generated abelian follows from
the observation that Ker(¢) x B C A x,, B is a normal subgroup of finite index, and therefore A x, B
belongs to B. The profinite completion of any such group gives a profinite group in 8.

Example 3.2. Let G be the fundamental group of any compact flat Riemannian manifold. Then by the
results of [2] G is in the family B°. The profinite completion of G gives a profinite group in B.

Remark 3.1. Note that these examples are not totally torsion free. Although groups in 9B will be used to
approximate totally torsion free groups, they are not generally totally torsion free themselves.
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It is easy to see that if a profinite group is virtually abelian, then it admits a closed normal abelian
subgroup of finite index. This follows since if K is any finite index abelian subgroup of a profinite group,
then the intersection of the (finite) collection of conjugates of K is the required abelian normal subgroup.
Our initial goal is to prove that given a totally torsion free profinite group I', and a continuous surjective
homomorphism 7 : I' — G, where G is finite, then there is a profinite group G € B and surjections 7 : I' — G
and o : G — G, with the kernel of ¢ abelian and finitely generated, so that oo 7 = 7. So, we fix a finite
quotient group of G of ', and define an approzimation system for I' — G to be a sequence of continuous
surjective homomorphisms

r -G-%aG

where the composite is the projection from I' to G, and where the kernel of ¢ is torsion free, finitely
generated, and abelian.

Let p be a prime, let o : ' — G — G be an approximation system for I' — G, and let g € G be of order
p. We say that « is p-torsion free over g if c71(g) C G contains no p-torsion elements.

Proposition 3.1. Let 7w : I' — G be a continuous homomorphism of profinite groups, where G is finite, and "
is weakly totally torsion free. Then for any prime p and element g of order p in G, there is an approximation
system

which is p-torsion free over g.

Proof. Let g be an element of order p in G. The subgroup L = 7~ '(g) C T is closed, and therefore
has torsion free abelianization L®. The restriction of = to L gives a surjective homomorphism from L to
(9) & Z/pZ, which we also denote by m. Let Lgb denote the p-Sylow subgroup of L, which is naturally
both a subgroup and a quotient of L, and let rp denote the projection L — L;b. Since 7 vanishes
on all ¢-Sylow subgroups (for ¢ # p) of L, it follows that 7 naturally factors through a homomorphism
mp « L3 — Z/pZ. The Pontrjagin dual © = Hom®(L, jupe), where fip = [%]/Z, is a divisible group
because L2 is torsion free. The homomorphism 7, is identified with a non-zero element of order p in D.
Because of the divisibility of D, there is a sequence of elements p; € © with ¢ = mp, and p- p; = p;_1, or
equivalently, a homomorphism i~ into ® extending ;. Since p,~ is the Pontrjagin dual to Z,, we obtain
a surjective homomorphism II, : Lgb — Zy,, which projects to m, in Z/pZ. Let ﬁp denote the composite

ab Mp
L— LY —Zy

The kernel of II, (denote it by £) is a closed subgroup of L, and the quotient L/£ is isomorphic to Z,.
Of course, £ is also a closed subgroup of K C I', where K is the kernel of m, but it is not necessarily normal
in I'. However, it has only finitely many conjugates, as it is normalized by L, which has finite index in T'.
Let {€1,...,£,} be the set of conjugates of £, and let £ denote the intersection

The closed subgroup £ is normal in I', and we consider the quotient I'/£. We have the short exact sequence
of groups

{e} = K/€ =T/ — G — {e}
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Since K /£ C [, K/£; we have that K/£ is a torsion free profinite group, and that it is topologically finitely
generated. Finally, we need to show that I'/£ is p-torsion free over g. But it is clear that any lift of g to L
projects to the image of g under the homomorphism 7, and is consequently a topological generator for Z,,.
In particular, it cannot be a torsion element. O

Definition 3.2. Let o7 : ' — G’l T Gand as : I — G 25 G be two approximation systems for
I' - G. Let G’lg denote the image of I' in @1 X G‘g. It is clear that the composites Glg UL @1 L G and
G’lg LN é2 22 G are equal, so we obtain a homomorphism o5 : élg — G. We will define the fiber product
of a; and as to be the approximation system

F—)GHQMG

and denote it by a; X as.
G

The following proposition will allow us to construct an approximation system I' — G — @ for which G
is finitely generated and torsion free.

Proposition 3.2. Let a1 : I' — G1 25 G and oo : T — G 22 G be approzimation systems for T' — G,
where T' is profinite and G is finite. Suppose that S1 and Sy are finite collections of pairs (p, g), where p is
a prime and g € G is an element of order p. Suppose further that the approximation system «; is such that
for any (p, g) € Si, «; is p-torsion free over g. Then oy é ag is p torsion free over g for any (p,g) € S1USs.

Proof. Clear from the definitions. O

Theorem 3.1. Let I' be a weakly totally torsion free profinite group, and suppose we are given a continuous
homomorphism I' — G. Then there is an approrimation system

r -G—-G
with G torsion free.

Proof. Let {(p1,9:),---, (Pm,gm)} be a complete list of all pairs (p, g) so that p is a prime and g is a p-torsion
element of GG. For each 4, construct an approximation system

a;: ' — él -G
so that G, is p-torsion free over g;. Form the iterated fiber product

alx---xam:{F—>é—>G}
G G

It is p-torsion free for every element g of order p in G. Suppose that there is a torsion element g in G. Then
by choosing one of the primes p dividing the order of g, and taking appropriate powers, we can generate
an element ¢’ of order p. Since the kernel of the projection G — G is a torsion free group, ¢’ must have
a non-trivial projection in G. But from the construction, its powers will all be non-identity in the fiber
product factor corresponding to (p,¢’), which gives the result. O

This implies the following result concerning weakly totally torsion free profinite groups.
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Theorem 3.2. Let I' denote a weakly totally torsion free profinite group. Let U denote the set of all closed
normal subgroups K of T for which T'/K is in B. Then we have the natural homomorphism

p:T — [] /K
Key

The map ¢ is an inclusion and the group I' is isomorphic as a topological group to the image of ¢. Equiva-
lently, T' is isomorphic to the inverse limit of the partially ordered set of quotients in U.

Proof. The injectivity of ¢ is an immediate consequence of Theorem 3.1, and the statement about being
homeomorphic to its image is a standard property of compact Hausdorff spaces. The inverse limit statement
is similarly elementary. O

Remark 3.2. Note that the approximating groups I'/ K are only required to be torsion free, they are likely
not totally torsion free themselves.

There is an analogous statement for discrete groups, which can be proved in an entirely analogous manner.
Since the final conclusion is weaker, we state it without proof.

Theorem 3.3. Let I' we a weakly totally torsion free discrete group, and suppose further that T' is residually
finite. Then for any element v € T, there is a homomorphism f : T — G, where G € B, so that f(v) # e.

4. Galois theoretic properties

We will begin by showing that every group in 98 can be embedded as a closed subgroup of the semidirect
product ¥, X 7™ for some n. As a set, 2, X VAT isomorphic to the product ¥, x Z”, and we topologize it as
such, with the topology on ¥, being the discrete topology. It is then clearly Hausdorff, compact, and totally
disconnected, and it is easy to check that the multiplication remains continuous, from which it follows that
it is a profinite group. We first recall the definition of the wreath product.

Definition 4.1. Let G denote a discrete group, and K any group. Let K¢ denote the set of all functions
f: G — K, made into a group by equipping it with pointwise multiplication. Also, we equip K¢ with the left
G-action by automorphisms (g- f)(¢') = f(g'g~'). We define the wreath product G K to be the semidirect
product G x K¢ with the given action. We note that in the situation where K is a topological group (but
G remains discrete), this construction still makes sense, and G K is in a natural way a topological group.

We consider the situation of a topological group G equipped with a continuous surjective homomorphism
7 : G — @, where Q) is equipped with the discrete topology, and where the kernel of 7 is abelian.

Lemma 4.1. Suppose that G is as above, and is Hausdorff. Let K denote the kernel of w, an abelian Hausdorff
topological group. Then there is a closed embedding i : G — QUK over @, in the sense that the diagram

G —— QK

™

Q

commutes, so the image of i is a closed subgroup of QU K.
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Proof. We first consider the case where G is discrete. The standard classification of extensions of groups
with abelian kernel shows that group structures on the set Q@ x K for which the projection @ x K — @ and
the inclusion K — @ x K given by k — (e, k) are homomorphisms are in one to one correspondence with
2-cocycles on G with values in the G-module K, and that cocycles ¢; and ¢y determine isomorphic groups
if ¢ — ¢o is a coboundary. For a 2-cocycle ¢, we let G(c) denote the corresponding group. It is immediate
that given a group ) and a homomorphism of G-modules f : K; — Kj, there is a naturally associated
homomorphism G(c) — G(f° ¢), which respects the projection to @), and for which the restriction of the
homomorphism to the kernels is the homomorphism f. Thus our exact sequence 1 - K - G — Q — 1 is
associated to a 2-cocycle ¢ on @ with values in K. We consider the induced Q-module K© as in Definition 4.1
above. Shapiro’s lemma ([1], [6]) asserts that H?(Q, K%) vanishes, and we see that for any 2-cocycle ¢ on Q
with values in K9, the group G(c) is isomorphic to the wreath product QK. Let ¢ denote a cocycle defining
the extension 1 — K — G — Q — 1. There is a natural homomorphism iy : K — K% of Q-modules,
which sends k € K to the constant function on ) with value k. We therefore obtain a homomorphism
G(c¢) = G(ik - ¢) of groups, suitably compatible with the projections to @ and the inclusions of the kernels,
and from the above discussion G (i -¢) is isomorphic to the wreath product QUK. In the non-discrete case, the
identical method works provided one verifies continuity of the homomorphism iy, which is immediate. 0O

Suppose now that we have a group G in the family 8. By definition, it contains a topologically finitely
generated torsion free normal closed abelian subgroup K of finite index, with the quotient G/K denoted by
@, a finite group equipped with the discrete topology. We have just seen that we have a closed embedding
G—= QK.

Lemma 4.2. For any topologically finitely generated and torsion free profinite abelian group A, there is a
closed embedding A — n for some integer n.

Proof. In Theorem 4.3.3 of [13], it is shown that any torsion free topologically finitely generated abelian
profinite group A is of the form

11z
P
where the set of integers r;, are uniformly less than a fixed number n. It is therefore clear that A embeds in
7" = Hp Z,. O
Lemmas 4.1 and 4.2 above now give the following result.

Proposition 4.1. For any profinite group G within the class B, G embeds as a closed subgroup of Xy X N
for some N.

Proof. Let G fit into an exact sequence of the form
1-K—->G—->Q—1

where K is torsion free, abelian, and topologically finitely generated, and () is finite. Lemma 4.1 now
shows that G embeds as a closed subgroup in ! K, and Lemma 4.2 shows that Q! K in turn embeds
in Q1 Z™ for some n. By the definition of the wreath products, it is clear that there is an embedding
QULZ™ — DI (Z")q =¥, X 7™, where q = #(Q). Finally, it is also clear that the action of ¥, on 7n1
extends over the inclusion ¥, — X,,, any permutation of the set with ng elements will act on AL by
permutation of factors. This gives the result, with N =nq. O
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We now use this result to observe that members of the family 2 can always be realized as Galois groups
in some special ring extensions, which will turn out to be very useful in applications to K-theory. Fix a
ground field k, including all roots of unity. For n a positive integer, let T,, denote the ring k[tlﬂ, ot
Similarly, let E,, denote the union

+1 4+ 1
LI
s

where in the characteristic zero case the union is over the partially ordered set of all positive integers
(respectively the set of all positive integers prime to the characteristic of k in the case of finite characteristic),
with the partial order given by s1 < sg if and only if $1|s2. We now define a group action of Z on E; in the
case where char(k) = 0, and of the group Z(p), the product of all the ¢-Sylow subgroups of Z for ¢ # p, in
the case of positive characteristic = p. In the characteristic zero case, we fix an identification 6 : Q/Z — poo,
where (s, denotes the group of all roots of unity in k. In the case where k has characteristic p, the domain
of 0 is Z,)/Z, where Z,) denotes the localization of the integers at p. Let o € 7 (or Z(p)) denote the
topological generator 1 € Z. In order to specify an action of 7 or Z(p) it suffices to specify the action of «
on the elements t#, which we do via the formula

This constructs an action of Z or Z(p) on E;. For the remainder of the paper, we will let T',, = Z™ or Z(p)”
depending on the characteristic. Forming the tensor products E,, we obtain a I', action on E,,, and it is
easy to verify that EL» = T,,. Therefore, we have the following.

Proposition 4.2. The ring extension T,, C E,, is a Galois ring extension, i.e. an infinite Galois extension in
the sense of [11], Definition 22, p. 97.

Proof. We will first prove that each of the extensions ]El;1 C E‘;'Fl are strongly separable in the sense of [11],
Definition 21, p. 95. Letting R = IE{1 and S = ]Ei'rl, we must prove that S is a projective S ® S-module,

R
where S is given the S ® S-module structure coming from the multiplication map for S. But this is clear,
R

s—1

since R = k[t*!], § = k[t=+], and therefore S is a free R-module of rank n with basis {1,¢%,...,t"+ }. The
algebra E; is the colimit of the algebras E{'" and so E; satisfies the requirements of Definition 22 of [11].

The situation for n > 1 follows easily from Lemmas 4.1 and 4.2 on p. 96 of [11]. O

We also observe that the I',-action extends to an action of 3, x I';; on E,,. Consider any closed subgroup
G C %, xI'y,. We will need a criterion to determine if the ring extension Eg C E is Galois. We recall some
terminology and a result from [8]. Let A be a commutative ring equipped with the discrete topology, and
let a profinite group G act continuously on it with fixed point subring B Let p be a prime ideal of A, and let
G denote its stabilizer, which will be called its decomposition group. Gy, is a closed subgroup of G. Let k(p)
denote the field of fractions of A/p. Similarly, let ¢ = p N B, and write k(q) for the field of fractions of B/q.
There is an evident inclusion k(q) C k(p). The group G}, acts continuously on k(p), when k(p) is equipped
with the discrete topology. There is therefore a homomorphism from Gy to the Galois group Gal(k(p), k(q)),
which is in general a profinite group. This homomorphism is surjective. This is stated explicitly in [8] in
the case where G is finite, and the result in this context follows immediately from this case by passing to
inverse limits over Hausdorff finite quotients. The kernel of this homomorphism is called the inertia group
of p, and is clearly a closed subgroup of G,. We denote it by I,. The following is proved in the case of finite
G in [8]. The profinite case follows directly.
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Proposition 4.3. Let A be a commutative ring equipped with the discrete topology, and let a profinite group
G act continuously on A. Then the extension AS C A is Galois if and only if the inertia group 1, is trivial
for all prime ideals p of A.

We want to consider the action of 3, x I';; on E,,, specifically the action of G, where G is a torsion free
closed subgroup of 3, x I';,.

Proposition 4.4. Let G be a torsion free closed subgroup of ¥, x T',. Then the ring extension ES C E,, is a
Galois ring extension.

Proof. We let I,,(G) denote the inertia group of the prime p for the group action of G on E,,. It is readily
verified that I,(G) = I, N G. We claim that any torsion free subgroup G C %,, x I',, has a non-trivial
intersection with I'),. For, suppose v € G is any non-trivial element. The projection of 7y in ¥,, is an element
of finite order, say s. The element v° is an element in I';,, and it is non-trivial due to the fact that G is torsion
free. It follows that I, (G) = 1, since if there were a non-trivial element v € I,(G), it would follow that I, (G)
would contain a non-trivial element of I',,, which is precluded by Proposition 4.2, since I,(I';,)) = I,NI",,. O

Remark 4.1. Note the very close analogy to the results of Auslander and Kuranishi concerning the structure
of fundamental groups of flat manifolds [2]. There it is shown that if a discrete subgroup of the group of
isometries of Euclidean space E™ is torsion free, then it acts freely on E™.

References

[1] A. Adem, R.J. Milgram, The Cohomology of Finite Groups, Grundlehren der Mathematischen Wissenschafter, vol. 309,
Springer Verlag, 1994.

[2] L. Auslander, M. Kuranishi, On the holonomy group of locally Euclidean spaces, Ann. Math. (2) 65 (1957) 411-415.

[3] E. Binz, J. Neukirch, G.H. Wenzel, A subgroup theorem for free products of profinite groups, J. Algebra 19 (1971) 104-109.

[4] F. Bogomolov, On the structure of Galois groups of the fields of rational functions, Proc. Symp. Pure Math. 58 (2) (1995)
83-88.

[5] G. Bredon, Topology and Geometry, Graduates Texts in Mathematics, vol. 139, Springer, 1993.

[6] B. Eckmann, Cohomology of groups and transfer, Ann. Math. (2) 58 (3) (1953) 481-493.

[7] D. Gildenhuys, L. Ribes, A Kurosh subgroup theorem for free pro-C-products of pro-C-groups, Trans. Am. Math. Soc. 186
(1973) 309-329.

[8] A. Grothendieck, Le groupe fondamentale: généralités, Expose V, in: Revétements Etales et Groupe Fondamental (SGA1),
in: Lecture Notes in Mathematics, vol. 224, Springer, Berlin, 1971, pp. 145-194.

[9] C. Haesemeyer, C. Weibel, The Norm Residue Theorem in Motivic Cohomology, Princeton University Press, 2018.

| . Lorenz, S. Levy, Fields with Structure, Algebras, and Advanced Topics, vol. 2, Springer, 2007.

] A. Magid, The Separable Galois Theory of Commutative Rings, 2nd edition, CRC Press, 2014.

] F. Morel, V. Voevodsky, A'-homotopy theory of schemes, Publ. Math. IHES 90 (1999) 45-143.

]

1
1
1
[13] L. Ribes, P. Zalesskii, Profinite Groups, 2nd edition, Springer, 2010.

0
1
2
3


http://refhub.elsevier.com/S0022-4049(22)00035-4/bibCAAFAA6BC2242361C53F3F0BA7943012s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibCAAFAA6BC2242361C53F3F0BA7943012s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib4EC4C528DEB0E059E74C74F99D70E73As1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibFCA6DE290748884F04FD0F10E8AC8091s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib21ECA118C9F9FC891D62DE86F09D2D89s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib21ECA118C9F9FC891D62DE86F09D2D89s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibCC58FB51E1D7B6DA45800AACE7F6A78Es1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib1A90ED94E880CA6482803AAEF25F7E52s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibD0BA526F023ABAEC415BB8406EACDBD4s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibD0BA526F023ABAEC415BB8406EACDBD4s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib2DAA71605D39ADF84C3880E7E607E5D5s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib2DAA71605D39ADF84C3880E7E607E5D5s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibFD065EC966C0E5CF07D5ACF230584D0As1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bibE08C16DF621212327607A73040CED375s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib20F04E9318636AE7F650FEAF402DF603s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib5CADD38D5B3007E5975B5F208F5A19B0s1
http://refhub.elsevier.com/S0022-4049(22)00035-4/bib064DE6FFA414DFF63AAC3F402C0D0568s1

	Approximating absolute Galois groups
	1 Introduction
	2 Total torsion freeness
	3 The approximation theorem
	4 Galois theoretic properties
	References


