Mod-[l Topological
G-T heory for Algebraic
Stacks



Outline

e Mod-[ topological G-theory of algebraic stacks:
the definition

e [ homason’'s theorem and some of its appli-
cations for schemes

e Counter-example to the obvious extension of
Thomason’s theorem to algebraic stacks

e [ he motivating example of quotient stacks
(for the correct solution)

e [ he iso-variant étale site

e [ he descent spectral sequence and applica-
tions



Mod-[ topological G-theory of algebraic stacks:
the definition

e Topological K-theory and G-theory for ordi-
nary spaces

e Mod-[ topological K-theory and G-theory for
schemes:

using étale homotopy types

using a localized version of (algebraic) K and
G-theories

e Moore spectra, the Bott-element



T he definition of mod-/ topological K and
G-theories for algebraic stacks

e Henceforth all objects are of finite type and
over an algebraically closed field. [ % char(k).
v>>0.

o K1P(S) /I = K(S) /¥[8~ 1]

o GIP(S) /1" = G(S)/1"[6~ 7]



Thomason’s Theorem for schemes
e Hypercohomology on a site with enough points

e Thomason’s theorem X of finite type over
k, char(k) # 1, k algebraically closed (for sim-
plicity). Then the augmentation:

G*P/1(X) — Het (X, G*P/17 ()

IS a weak-equivalence. Therefore, there is a
spectral sequence:

EY' = HS,(X, mGlP/IY( )]1Y) = my_s(GTP /1Y (X).



Among the applications:

e a general Riemann-Roch theorem, i.e. the
square

G/I"(X) — GP/I¥(X)

e

G/IV(Y) — GtoP/1Y(Y)

homotopy commutes for any proper map f :
X —Y.

e (trivial application) The E>-terms of the above
spectral sequence provide a definition of étale
cohomology of X when X is smooth.

e A simple counter-example to the obvious ex-
tension of Thomason’'s theorem to algebraic
stacks



T he Isovariant étale site

e T he motivating example of quotient stacks

e [ he inertia stack:

I¢s — S
T
S 2. SxsS

e [ he Isovariant étale site:Definition

e Coarse moduli spaces:definition

e Gerbes



Key Theorem

Assume the stack § is a gerbe over its coarse-
moduli space M. Letp:S — M be the obvious
map. Then p* induces an equivalence : Mg —

Siso.et

Outline of Proof



T heorem:gluing of iso-variant étale sites

Given S, there exists a finite filtration Sg C
S1---C S, =S8 by locally closed algebraic sub-
stacks with §; — §;_1 a gerbe over its coarse-
moduli space.

The isovariant étale topos of § is obtained by
gluing the isovariant étale topoi of §; — §;_1.

S;s0et NAs enough points and they correspond
to the geometric points of the coarse-moduli
spaces of each §; — S;_1.

The isovariant étale site has finite [-cohomological
dimension, [ # char(k).

Outline of proof



T he main theorem: the isovariant descent
spectral sequence

The obvious augmentation:
Gtop(s)/lu — Hjs0.et (S, Gtop( /1Y)
IS a weak-equivalence.

There exists a strongly convergent spectral se-
quence (I # char(k)):

EY' = Hp (S, mGPP( /1Y) = n_y (GLP(S) /1Y)

Outline of proof
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Applications

e A general Riemann-Roch theorem for proper
maps of finite cohomological dimension be-
tween Artin stacks

e New homology theories for Artin stacks that
have finite [-cohomological dimension

e Further remarks on such theories.
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