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Higher Grassmann Codes III: Quantum Variants

Mabhir Bilen Can

Abstract—We show that it is possible to break up Higher
Grassmann codes we constructed in earlier work to a sequence
of affine Reed-Muller codes so that various operations can be
reduced to performing these operations for the component affine
Reed-Muller codes. Then we consider quantum codes produced
from a pair of Higher Grassmann codes and discuss also their
implementation aspects in detail.

Index Terms—Error correcting codes, quantum communica-
tion.

I. INTRODUCTION

HE present paper is a follow-up to our earlier work where

we constructed what are called Higher Grassmann codes
and estimated their parameters. The Grassmannians are usually
imbedded into projective spaces making use of the Pliicker
imbedding. The (usual) Grassmann codes considered in the
literature as in [19] make use of such imbeddings. Higher
Grassmann codes are algebraic geometric codes defined by
starting with Grassmann varieties defined over finite fields,
and using higher imbeddings of such Grassmannians into
projective spaces: these are obtained by composing a diagonal
Pliicker imbedding with a corresponding Segre imbedding.
By varying such imbeddings we obtain a family of Higher
Grassmann codes.

The first part of this paper is devoted to a detailed analysis of
such Higher Grassmann codes, with the main details discussed
in section III, and section II serving as an introduction to
our techniques. We show that it is possible to break up the
Higher Grassmann code into a sequence of affine Reed-Muller
codes in an iterative manner, so that various operations can
be reduced to performing these operations for the component
affine Reed-Muller codes.

In section IV, we provide a rather detailed comparison
of the parameters of the Higher Grassmann codes with
those of the projective Reed-Muller codes. In the remaining
part of the paper, namely sections V through 7, we focus
on quantum codes constructed from pairs of such Higher
Grassmann codes, for example, by making use of the CSS-
construction. Section V discusses the basic construction of
such quantum codes. We also show that such quantum codes
inherit several nice properties from the Higher Grassmann
codes used in their construction. Section VI discusses how to
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obtain the stabilizer matrices for the quantum codes from the
parity check matrices of the Higher Grassmann codes. Finally
section VII discusses certain applications to fault tolerant
quantum computation making use of an affine variant of the
Higher Grassmann codes.

II. GEOMETRY OF GRASSMANNIANS

This section is essentially a quick review of the Higher
Grassmann codes constructed in our prior work: see [4] and
[5]. Throughout the following discussion, we will fix a finite
field F, and consider objects defined over it. Let V denote
an m-dimensional vector space over F; and let {ey,...,e,)}
denote a chosen basis of V. Note that the rows of any [ X m
matrix A = A(M), with the rank of A equal to / generates an [
dimensional subspace of V. Two such matrices A, A, span the
same vector subspace if and only if there exists g € GL; such
that A; = gA,. This provides the following description of the
Grassmannian of /-planes in V. Let Mat,,, denote the space of
[ x m matrices over I, and let Mat?m denote the Zariski open
subset consisting of rank / matrices. Then GL; acts by left
matrix multiplication on Mat?m, and the quotient is precisely
the Grassmann variety Gr(l, V).

Finally, let us point out the fact that Gr(l, V) is a homoge-
neous space for SL,, as well as for GL,,;:

Gr(1, V) = SL,,/Stabs, ((e1, .. . e1))
=~ GL,,/Stabgr, ({e1.. . .. e1)).

Here, (ej,...,e;) is the [-dimensional subspace spanned
by ei,...,e, in V, and Stabg, ({ei,...,e;)) (resp.
Stabgr,, ({e1,...,e;)) stands for the stabilizer subgroup
of {ey,...,e;) in SL,, (resp. in GL,,).
A. Pliicker Coordinates and the Pliicker Imbedding
Let
I(,m) ={a = (a1, - ,a)ll
<y <ap <---<aq <ml. (II-A.1)

if and only if for each i, 1 <i <[, @; < B;. In this case we
will define @ < . Observe that an [ X m-matrix A has rank
[ if and only if there exist / columns indexed by an element
a € I(l,m) which are linearly independent, or equivalently
the corresponding minor of A has nonzero determinant. Thus
I(I,m) denotes the set of Pliicker coordinates for the Grass-
mannian Gr(l, V), where the Pliicker coordinate corresponding
to @ € I(I,m) is the determinant of the corresponding minor.
Observe that one now obtains a closed immersion
Gr(l,V) — P(A'V) by sending the [-dimensional subspace
spanned by vectors {vq,, -, Vq,} to the line vy, A+ -+ Avg,. This
can also be viewed as the mapping sending an / x m matrix of

One defines a partial order < on I(l,m) by defining a < 3,
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C(1,2) = pt
Cl;lr%] lv 'I;he Grassmann variety Gr(2,V) and its Schubert varieties, where
xV =3.

rank / to the sequence (det(A,)|e € I(l,m)), where « € I(l, m)
denotes the columns of A which are linearly independent. This
is the Pliicker imbedding.

B. The Schubert Cell Decomposition of Gr(l,V)

We will fix a basis {ey,-- -, e,} for the vector space V, and
consider the full flag (V; € V, € --- C V,, = V) in V, where

Vi = Span(ey,--- ,e;). Then for each a € I(l,m), we let the
Schubert cell indexed by a be
Co = (WeGr(,V)Idim(WnV;) =i, if

@ <j<ail<j<m0<i<l (II-B.1)

As is well-known each Schubert cell C, is an affine space
of dimension X", a; — (I + 1)/2. The closure of the Schubert
cell C, will be denoted C, and is the corresponding Schubert
variety. One may now show that given two Schubert cells C,
and Cg, C, C Cp if and only if @ < B. This order is called
the Bruhat-Chevalley order. The Hasse diagram of the Bruhat-
Chevalley order is given in Figure 1 for the special case when
dimyV=5and [ =2.

In the above example, the top cell Cy s, is of dimension 6,
the next cell C3 5 is of dimension 5, with the dimension of the
cells in each successive lower level, being one less than the
cells in the previous level. Thus the cell C3s) has dimension
5, the cells C3 4) and C(5) of dimension 4, the cells C(, 4y and
Cq 5y of dimension 3, the cells C(»3y and Cj 4y of dimension 2,
the cell C(; 3y of dimension 1 and the cell C(; ) of dimension
0.

In general, it is well-known that
Gr(l,V) = U,Cy. (II-B.2)

It is also not difficult to check from (II-B.1) that the Schu-

,,,,,

that, there is a unique codimension one Schubert subvariety
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C’ in Gr(l, V). The indexing set of the Schubert cells in C’ is
given by m—Im—-14+2,m—-1+3,...,m).

C. Projective Embeddings of Gr(l,V)

We quickly review the following key definitions from
[4, 2.1].

Let T,, denote the maximal diagonal torus of SL,,. The root
system of the pair (SL,,, T,;) will be denoted by R. Explicitly,
it is given by the set of vectors R = {g; —¢; : 1 <i,j <
m, i # j}, where {&1,...,&,} is the standard basis for the m-
dimensional Euclidean Q-vector space. The system of positive
roots determined by B,,, denoted by R™, is given by RT =
{ei—&j: 1 <i < j< m}. The subset of simple roots in
R* will be denoted by S; it is given by § = {a; : «a; =
& — &i+1, 1 <i < m—1}. The duals of the basis vectors «;
(1 <i < m-1) are denoted by o, and the fundamental weights
@; (1 <i<m—1) are defined by equations
v 1 ifi=j
(@i aj) = 0 otherwise
for a; € S. Note that the i-th fundamental weight @; is the
highest weight vector of the i-th fundamental representation
Ak™ of SL,,. Here, k is the underlying field on which the
representation is defined, and Al denotes the i-th exterior power
of the vector space k™. The submonoid generated by @; (1 <
i <m-1) in X(T,,), denoted by X(T,,)+, is the monoid of
dominant weights. Then we have,

X(Ty)4 ={1€ X(T,) : (A,a) >0 for every a; € S}.

It is well-known that for every finite dimensional irreducible
representation W of SL,,, there is a unique dominant weight
A€ X(T,,)+ called the highest weight of W, see [14, Chapter
I1.2]. In other words, simple SL,-modules are parametrized
by the elements of X(T,,)+.

Let V denote the m-dimensional F,-vector space Fj' with
the standard basis {ey,-- ,ey}. The /-th fundamental repre-
sentation of SL,, is given by the /-th exterior power of V. It is
well-known that the Picard group of Gr(l,V) is generated by
the ample line bundle L£(@;), corresponding to the weight ;.

The dual of the space of global sections, that is
HY(Gr(l, V), L(w))*, is isomorphic to A'V. Therefore, the
Pliicker coordinates on Gr(l,V) are given by the restrictions
of the coordinate functions on the affine space A() = AlV.
In general, our higher imbeddings are given as follows, where
0<v<(g-DUm-D):

v 1
t: GHLV) — P (H(AIV)) — P\ V™). -C.)

Let O]P,(( Al V)@y)(l) denote the first Serre twist of the structure
sheaf of P(( /\l V)®). The pullback of this line bundle under
the Segre embedding is equal to the v-fold tensor product
(’)P( A V)(l) R---X OP( Al V)(l). The restriction of this product
to the diagonal, which is isomorphic to P( /\] V), is given by
the multiplication of the sections of the factors; it lands in
(’)P( A v)("). Therefore, we notice that a degree one hyperplane
in P(( /\l V)®) determines a degree v hypersurface in P( /\l V).

We will discuss this in more detail by considering the
following example, where we take v = 2. Now we first embed
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Gr(l,V) into P* x P*, where s = () — 1; this embedding
is given by the composition of the diagonal embedding of
Gr(l,V) into Gr(l,V) x Gr(l,V) followed by the doubled
Pliicker embedding. Then we use the Segre embedding to
embed the doubled projective space into a bigger projective
space. We denote the morphism defined by these compositions

by ¢. In summary, we have the following diagram:

L GrL V) 2 GHIL V) x GH(L V)

pPXp Segre

278 ps x pf = prit2s, (11-C.2)
We will describe explicitly the image of (II-C.2).
Let M be a point from Gr(l,V), and let (m;,my, ..., ms;1)

denote its image under the Pliicker embedding. Then we have

diag (p.p)
t: M— M, M) — ((mq,...,mg1),(mq,...,mg1))
Segre
> (mimj)i=1,..s+1. (II-C.3)
Jj=1,..,5+1

Equivalently, (m;m;) =151 is the point that is represented by

.....

j=L..s+1
the tensor product M ® M in P(\' Ve \'V).

D. Tableaux, Standard Monomials and the Homogeneous
Coordinate Ring of Gr(l,V)

(i) A tableaux in I(l,m) of length n (or a tableaux on
Gr(l,V)) is a sequence (a(l),- -, a(n)), with each a(i) €
I(I,m). Such a tableaux is standard if a(1) > a(2) >
- > a(n).

(1) A standard monomial on Gr(l,V) of length n is a

formal expression pu(1)Pa2) - * * Pa(n)» Where each p; are

Pliicker coordinates and (a(1),---,a(n)) is a standard

tableaux. (See [25, Definition 1.3.1].)

The homogeneous coordinate ring of the Grassmannian

Gr(l,V) is the graded ring

®,>0l(Gr(, V), Ogra,vy(v)),

(iii)

where I'(Gr(l, V), Og,q.v)(v)) is given by the span of all
the standard monomials of length v. (See [25, Proposi-
tion 1.3.6].)
We conclude this section by recalling two main results from
[5].

Theorem 1: (See [5, Theorem 6.2].) Let Cg,v)(v) denote
the g-ary degree v Higher Grassmann code on Gr(l, V). Let r
and s be the non-negative integers defined by v—1 = r(g—1)+s,
where 0 < s <g—1. If v < (g — 1)I(m — [), then the minimum
distance d of Cgqv)(v) is bounded as follows:

(q _ S)ql(m—l)—r—l <d< ql(m—l) _ Sql(m—l)—r—l.

Theorem 2: (See [5, Theorem 7.4].) Let v € [(g— DI(m—1)].
Let Cgrqv)(v) denote the g-ary degree v Grassmann code on
Gr(l, V). If u is defined by the equation u := (g— 1)l(m—10)—v,
then the dual of Cg,yv)(v) is given by one of the following
two cases:

CorqyyWif v#0 mod (g — 1),

—_— . (II-D.1)
Caer,vy(u)otherwise,

Cerany(v) =

where Cg,q (1) denotes the extension of the code Cgqv)(1)
by adding the code-word that is 1 everywhere.
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Remark 1: Observe that there was a misstatement in the
upper bound in Theorem 1. The misstatement in [5, The-
orem 7.4] can be traced back to [5, Lemma 7.2(1)]. For
v € 0,1,..,(g = Dim—1), let x(v) denote the number of
standard monomials pj . - p,;, such that X’_ji; = v and
ij€{0,---,g—1} for all j € {1,---,r}. In this notation, [5,
Lemma 7.2 (1)] states the following: The numbers «(v) satisfy
the equalities x(v) = k((g — 1)I(m —I) —v). The corrected state-
ment of [5, Lemma 7.2 (1)] asserts the following: the numbers
k(v) satisfy the equalities «(v) = «((g — )({(m = 1) + 1) — v).
These appear in [6]. See also [11] for related material.

III. THE DECOMPOSITION OF THE
HIGHER GRASSMANN CODES

Let a,4x (@pin) denote the maximal element (m—I+1, m—I+
2,-++,m) (the minimal element (1,2,---,1) of I(l,m). As we
observed above p,, . is the Pliicker coordinate corresponding
to the open cell and p,,,, is the Pliicker coordinate correspond-
ing to the smallest cell, which is zero dimensional.

Let poc1) - - * Pany denote a standard monomial of degree v,
viewed as a section in

L(Gr(1, V), Ogray) ().

Let C,, denote the Schubert cell corresponding to the fixed
Pliicker coordinate ag. Then, the restriction of the standard
monomial py1y - Pam) 10 Cq, 1S obtained by performing
the following operations on poiy - Peey (see [25, 1.3.1
Definition (iii)], as well as [25, 1.2.10 Proposition, 1.3.12
Proposition]):

(i) one puts the Pliicker coordinate p,, = 1,

(i) any a # ap on any path starting from @,,,, and ending
at @ in the corresponding Hasse diagram, correspond
to Schubert cells whose closures contain C,,. Therefore,
one puts the Pliicker coordinate p, = 0 for such «, and
one puts all the Pliicker coordinates pg which are not
on any path starting at p,, and ending at p,, . in the
corresponding Hasse diagram to be 0.

Let HG(v) denote the Higher Grassmann code on Gr(l, V)
of degree v.! Given a Schubert cell C,, (a Schubert variety
C,) let HG(v)|CHO (HG(v)¢,) denote the restriction of the code
HG(v) to the rational points lying in C,, (C,, respectively).
Let Cq,, i = 1,-++ ,n denote the Schubert varieties appearing
in the boundary of the Schubert cell C,,.

The code HG(V)\C'UO is obtained by evaluating all linear
combinations of the standard monomials at the rational points
on the Schubert cell C,, and on the lower dimensional
Schubert cells forming the boundary. Therefore, restricting
a linear combination of standard monomials to the rational
points in the boundary of the Schubert cell C(ag) (denoted
6C,,) defines a restriction map:

resq, : HG(V)IC}O - HG(V)ItSC_aU'

(iii)

(II-.1)

It may be important to observe that the restriction map res,,
is an instance of puncturing the code HG(v),¢(,,) by evaluating
only on the rational points of Gr(l, V) contained in UL, C(a;).
(Observe from [12, Theorem 1.5.1] that puncturing need not
preserve the minimum distance.)

"In [5], this code was denoted Cgra,v)(v). However this notation would
become a bit too inconvenient for the purposes of this paper, as we have to
focus on restrictions of this code to the various Schubert cells.
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Let RMCUO (v — 1) denote the affine Reed-Muller code of
degree v — 1 on the Schubert cell C,,: recall this is generated
by monomials of total degree < v — 1 in the coordinates of
the affine cell C,,. Observe that, p,, = 1 everywhere on the
cell C,,. Therefore, any polynomial of degree at most v — 1
in the Pliicker coordinates other than p,, restricted to the cell
C,, may be viewed as a homogeneous polynomial of degree
v in the Pliicker coordinates including p,,. This defines the
injective map of the code RMc, (v—1) into HG(v)¢(q,), sending
a polynomial of degree at most v—1 in the Pliicker coordinates
other than p,, to the corresponding homogeneous polynomial
of degree v involving the Pliicker coordinate p,,.

iay : RMc, (v = 1) = HGO)c,, . (I11-.2)

Now we have the following Lemma.

Lemma 1: Let pl pii ---pq. denote a standard monomial
which vanishes at every point on the boundary of the Schubert
cell Cy,. Then the exponent ip > 1.

Proof: Observe that the boundary of the open Schubert
cell is a union of lower dimensional Schubert cells, where
the variables pg,,--- s Pa; take on all possible values, with
Da, always zero. Now suppose ip = 0 and let ij, -,
denote the exponents among {ij,---,i;} which are all non-
zero. Then there is a point on the boundary of the open
Schubert cell whose Paj,» " s Pay, -coordinates are all nonzero.
Therefore, the given monomial will not vanish at that point
on the boundary of the open Schubert cell, contradicting our
assumption. O

Theorem 3: (i) The diagram

0 - RM, (v = D—SHG()e, —SHGM ), =0 (III-3)

is an exact sequence of codes in the sense that the map res,,
is a surjective map of codes whose kernel is the image of the
map iq,.

(i) One obtains an isomorphism: HG(V)se, =
IT_,HG(v),c, where the product denotes an iterated fibered
product of the restriction of the code HG(v) to the Schubert
varieties forming the boundary of the Schubert variety C,,.

Proof: Observe that we only need to consider the restriction
of standard monomials po,pa1) " - * Pam), With pey = paqy =
“++ > DPom)- Now restricting such a standard monomial to the
boundary of the cell C,,, corresponds to putting the Pliicker
coordinate p,, = 0 in all such standard monomials. Any
section of HG(V)léCZ,O is given by a linear combination of the
standard monomials of the above form and of degree v that
does not involve the Pliicker coordinate p,,. Clearly any such
linear combination of the standard monomials is in the image
of the restriction map

HG() e, —HGWisc,, -

These observations prove that the restriction res,, is surjec-
tive: in fact this follows from Standard monomial theory.
(See [25, 1.3]).

Next we proceed to show that the kernel of the above
restriction map res,, identifies with the image of RMc, (v—1)
under the map i,,. Lemma 1 shows that every standard
monomial in the kernel of the restriction map res,, must have
Pa, 3s a factor. On the other hand, p,, = 1 everywhere on
the cell C,,. The net effect is that any linear combination
of standard monomials in the kernel of the restriction map
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resy, in (III-.1) is a homogeneous polynomial of degree v
with p,, appearing in every monomial of this homogeneous
polynomial: such a homogeneous polynomial identifies with
a polynomial of degree < v — 1 in the Pliicker coordinates
other than p,, when p,, is inverted, i.e., on the cell C,,
where p,, is 1. Therefore, this shows that the kernel of the
restriction map res,, identifies with the image of the map
loy : RMc, (v—1) — HG(v)@o and completes the proof of the
first statement in the theorem.

To prove the second statement, one needs to show that the
obvious map

HG(V)|6C‘U0 - H?:lHG(v)@"i

is an isomorphism. For this first observe that the boundary
6C,, is an iterated union of the Schubert cells forming the
boundary 66_’(,0. Since the code HG(v) is obtained by evaluating
linear combinations of the standard monomials of degree v at
the rational points on this iterated union of Schubert cells, the
resulting code becomes an iterated fibered product of the codes
HG(V)‘C-W, where the Schubert varieties C,, are the closures
of the Schubert cells forming the boundary of the Schubert
variety Cy,. O

Remarks 1:

(i) It may also be important to observe that the inclusion

iq, corresponds to a shortening of the code HG(V)i¢(y,)-

(i) Observe that, since any short exact sequence of vector
spaces over a field splits, the above sequence splits as a
short exact sequence of vector spaces over the given field
F,. However, it does not split as a short exact sequence
of codes.

One can see this clearly in the example worked out
below for the Grassmannian Gr(2, V), where dimz (V) =
5: see Example 1.

The analogue of the above theorem is discussed in [16,
5.1], in the special case when the Grassmannian is a
projective space.

We will explain the above results by means of the example
of the Grassmannian in Figure 1.

Example 1: Consider the Grassmannian of 2-planes in 5-
dimensional space as in Figure 1. Let p;j, 1 <i < j <5
denote the corresponding Pliicker coordinates. Now observe
that the Pliicker coordinate p( sy corresponds to the open cell,
while the Pliicker coordinate p(; 2y corresponds to the smallest
Schubert cell, which is in fact 0 dimensional.

Then putting pusy # O defines the open Schubert cell,
putting pus) = 0, pas) # 0 defines the next highest dimen-
sional Schubert cell, putting pus) = pzs) = pes = 0 and
D34 # 0 defines the Schubert cell corresponding to p 4y, etc..
More generally to consider the Schubert cell corresponding to
the variable x ;, one needs to put x;; = 1 and all other
variables x j, other than x; ;, and those variables that are
on a path leading downwards from the node corresponding to
X(,j) to be zero.

We then obtain the following short exact sequences of
codes: '

14.5)

(i) 0> RMc,,(v—1) f)HG(v)ZfHG(v)‘C-(S_S) -0,
(i) 0 —» RMc,, (v -~ DSHGW)e,, —HGOV)e,, X

Vo4

(iii)

(iv)

HG(V)\C(Q,_S) - 07 )
(iii) 0 — RMc,, (v - 1) >HG(W)¢,, SHGM)¢,, — 0,
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iQs)

(iv) 0 = RMc,, (v = )>HGW)¢,, E;HG(V)|C<2V4)HG(>)<
V€4

HG(V)|C~(115) - 0,
i24)

(V) 0 = RMc,, (v = ) SHGOW)¢,, SHGM)a,, X

HGO)e,, )
HGW)¢,, — 0,

. i(1.5) res
(vi) 0 — RMCM(V — 1)—>HG(V)@LS)—>HG(v)|C~“‘4) - 0,

(Vii) 0- RMC(2,3>(V - I)IS)HG(V)IC‘(Z,S)gHG(V)lc(Ls) - O’
{14

(viii) 0= RMc,, (v = D=HGW)¢, , SHGW)¢, , — 0, and
(ix) 0 — RMc,, (v — DSHGO)e,, SHGW)¢,, — 0.

A. The Generator and Parity Check Matrices for the Higher
Grassmann Codes

We begin with the following observation. Let P denote the
set of cells of the Grassmannian Gr(l,V), partially ordered
by the Bruhat order. Then [27, Proposition 3.5.2] shows the
existence of the order preserving map from P — {1,....,|P|}
so that we can enumerate the cells C, in the Grassmannian
Gr(l,V) by numbers a € {1,....,|P|} in such a way that if a
cell C, is contained in the closure of another cell Cg, then
a < B holds in {1,....,[P|}. Such a map on a poset is called
a linear extension of the poset under consideration. Note that
|P| is the number of Young diagrams, including the empty
diagram, that fit into an / x (m — [) grid.

We now fix a linear extension ay, ..., p of the Bruhat-
Chevalley order on the cells of Gr(/,V). Note that the
Bruhat-Chevalley order on the Schubert cells is a self-dual
poset meaning that if we reverse the Bruhat-Chevalley order,
then we get an isomorphic poset. It follows that the linear
extension could be constructed for the opposite poset as well.
With this fact in mind, we proceed with the assumption that
Co, = C,,,, denotes the open cell, C,, denotes the next highest
dimensional cell, etc., in the enumeration of the Schubert cells
described in the last paragraph.

Using this extension, together with the decomposition of
Higher Grassmann codes described in the previous section,
we arrive at the following description of the generator matrices
for these codes. In line with the convention in [12, Chapter
1, 1.2], we assume that the rows of the generator matrix
form a basis for the code. Moreover the columns from left to
right correspond to the rational points on the Grassmannian,
beginning with the rational points in the open cell in the
left-most columns, then the rational points in the next higher
dimensional cell, etc.

GO) =
Ge,,(v—-1) 0 0 0---0
* Ge, v-1) 0 0---0
* * Ge,,(v=1DO0--- 0 (A1)
Here C,, = C,,, denotes the open cell, C,, denotes the

next highest dimensional cell, etc., in the enumeration of the
Schubert cells described in the last paragraph. The entries *
in (IIT-A.1) indicate the fact that starting with each code word
forming a row of the matrix Gc,), for i > 1, one needs
to lift them to code words in the Higher Grassmann code.
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Thus the generator matrix for the Higher Grassmann code can
be assembled by starting with the generator matrices for the
affine Reed-Muller codes associated to each of the Schubert
cells, and then lifting each row to a code word in the Higher
Grassmann code. This is possible iteratively, making use of
the Hasse diagram of the boundary structure of each Schubert
variety, and in view of the fact that the restriction map res in
the short exact sequence in (III-.3) is surjective. It is important
to realize that the above generator matrix is formed as follows:

(i) Start with the generator matrices for the affine Reed-
Muller codes for each of the Schubert-cells.

(i) Then starting with the lowest dimensional cell or cells,
extend code words forming the rows of the generator
matrix for each of the corresponding affine Reed-Muller
codes to a code word in the Higher-Grassmann code.
The fact that the restriction maps denoted res,, in
Theorem 3 are surjective shows this is possible in an
iterative manner, starting with the smallest dimensional
cell(s).

In fact the above decomposition into Schubert-cells also
work in the case of projective spaces. The only difference
between what happens for a general Grassmannian and a
projective space is that the boundary structure for a Schubert
cell for the projective space is simpler: the boundary of a
Schubert cell of dimension »n in projective space is a Schubert
cell of dimension n—1 and Schubert cells of dimension strictly
smaller than n — 1. In the case of a general Grassmannian,
the boundary of a Schubert cell of dimension » may be the
(disjoint) union of several Schubert cells of dimension n — 1
and several Schubert cells of dimension strictly lower than
n—1.

Recall from [5, Theorem 7.4] that the parity check matrix
for the Higher Grassmann code of degree v is the generator
matrix for the dual code, which is also a Higher Grassmann
code of degree u, where u = (g—1)(l(m—10)—vincase v # 0
mod (g — 1) and is the extension of the above code by adding
the word which is 1 everywhere, otherwise. One may observe
that the corresponding generator matrix for the dual code is
then obtained as in the last paragraph when v # 0 mod (¢g—1)
or obtained by adding the word that is 1 everywhere to such a
matrix. Therefore, the parity check matrix for the given Higher
Grassmann code may be obtained as the generator matrix for
the corresponding dual code.

It follows that the parity check matrix for the above higher
Grassmann code also has the same block form as above, i.e.,
may be represented as follows:

H(v) =
He, (v—1) 0 0 0---0
x  He,v-1) 0  0--0
* * HCaZ(V_ 1) 0---0 , (IH-AZ)
% % % Sk oeee %

with possibly the last row consisting of all 1s. Now
one may inductively see, that as we go down the
rows of the above matrix starting at the top, that the
matrices denoted Hca’_(v -1, i = 0,1,--- are the
parity check matrices for the affine Reed-Muller codes
RMc, (v = D).
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We will now apply the above discussion to obtain the parity
check matrix for the example in Example 1. (III-A.3), shown
at the bottom of the page, and with an additional last row of
all 1 in case v=0 mod (g — 1).

IV. COMPARISON OF THE PARAMETERS OF THE HIGHER
GRASSMANN CODES WITH THE PARAMETERS OF THE
PROJECTIVE REED-MULLER CODE

The computation of the dimension of the Higher Grassmann
codes is discussed in [5, Theorem 5.3]: moreover, it is shown
there that this computation is a direct extension of the compu-
tation of the dimension of the Projective Reed-Muller codes
discussed also in [5, Proposition 3.9]. A comparison of the
proofs of the above two results should readily show that the
dimensions of the Higher Grassmann codes, corresponding to
the Grassmannian of /-planes in m + 1-space is always higher
than the dimension of projective Reed-Muller code associated
to P!, Here are some specific details on this. The discussion
in the proof of [5, Theorem 5.3] shows that the dimension
calculation proceeds by taking the count of the number of
supports of the relevant standard monomials of length r (as
specified by the function A(r,m+1, 1)), multiplying that by the
function g(z, r,g— 1) which gives the number of positive expo-
nents that can be placed on r-variables so that the resulting
monomial has degree ¢, and then taking the resulting sum as
t varies as in [5, Theorem 5.3]. One may see that the formula
for the dimension of the projective Reed-Muller code is given
by a very similar sum in [5, Proposition 3.9], with the notable
difference being that the function h(r,m + 1,1) is replaced by
the function hpgy(m+1,r) = " —: ! . One may now observe

readily that the function h(r,m + 1,1) > hpry(m + 1,r), the
simple explanation being that the Grassmannian of [-planes

in m 4 1-space has dimension (m—;_ ! > m+ 1, and also

because of the fact that the Bruhat order on this Grassmannian
is not a total order. These mean that there are more ways
of choosing r-variables to form a monomial than in the
case of the projective space P"t!. This will show the dimen-
sion of the Higher Grassmann code of degree v associated to
the Grassmannian of /-planes in m-1-space (over F,) is always
larger (and in fact considerably larger, as a more detailed
analysis will show) than the dimension of the Projective Reed-
Muller code on P"*! of degree v, and over F,.

Regarding the other parameters, the length n and the
minimum distance d, we have written certain functions in
SageMath to compute them in specific examples. This provides
the following table.
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In the following table, the lines HGC (PRM) denote the
Higher Grassmann codes (the Projective Reed-Muller codes,
respectively).

Conclusions. One may therefore draw the following con-
clusions from the above discussion and the above table.

(1) A key observation is that the Higher Grassmann codes
generally have better absolute parameters than the cor-
responding projective Reed-Muller codes.

(i) This is already quite clear from the above table in
terms of the minimum distance and also the length,
with the improvement in minimum distance being very
highly pronounced when considering Grassmannians of
[-dimensional subspaces of m-dimensional spaces, with
[ and m moderately large, and / roughly of the order
of m/2, and over moderately large fields. One may
also see this conceptually as follows. In view of the
formula for the lower bound for the minimum distances
as given in Theorem 1 which is (g — s)g’™ P! vs.
(g — s)g™ """ for the projective Reed-Muller codes, the
exponent of g there is already significantly larger than
for the projective Reed-Muller codes for the choice of /
as above, and therefore the minimum distance becomes
even larger as the last example in the above table shows.
In view of the fact that the minimum distances of the
quantum codes depend strongly on the minimum dis-
tances of the classical codes that are input into the CSS
construction, these advantages carry over to the resulting
quantum codes as well, when they are constructed using
the CSS construction.

(iii)

V. QUANTUM CODES FROM HIGHER GRASSMANN CODES

In this section we show by using our higher Grassmann
codes that there are quantum error correcting codes of desir-
able parameters and information rates. An overly simplified
diagrammatic representation of our main idea is depicted in
Figure 2.

We proceed to review the standard notation of the quantum
error correcting codes. All details of the relevant notation,
constructions, and more can be found in [9, Chapter 9].

Let g denote, as before, a prime power. Throughout the
following discussion, we will let Z_ denote the set of positive
integers. For each n € Z,, we denote by (C?)®" the gn
dimensional complex vector space defined by the n-fold tensor
product of C? by itself. A g-ary quantum code of length n is
a complex vector subspace C of (C7)®". A quantum error for
C is an element of the space of all operators defined on C9,
that is, End(C9Y).

Hc,,(v=1) 0 0 0 0
* Hcy,(v=1) 0 0 0
* * Hc,,(v—1) 0 0
* * Hc,,(v—1) 0 0

H() = * * * Hc,,(v—1) 0 (I11-A.3)

* * * Hc,;,(v=1) 0
* * * * He,y(v=1)--- 0
* * * * HC(H,(V— 1)--- 0
* * * * * HC(U,(V -1
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TABLE I

COMPARISON TABLE

v Il {|m | q [ length min distance (lower bound)
HGC [[10 [[21]5 [[7 | 140050 9604
PRM [[10 [[1]5 [[7 | 2801 1372
HGC [[15 |25 [[7 | 140050 1715
PRM [ 15 [[1]5 [[7 | 2801 245
HGC [[20 [[2]5 [[7 | 140050 204
PRM [[20 [[1]5 [[7 | 2801 42
HGC [[120 ][ 2 ][5 | 32 1109461025 || 6144
PRM [[120 ][ 1 ][5 | 32 ] 1082401 192
HGC [[ 120 ]| 3| 7 |l 25 6.22x10'6 12207031250
PRM [[120 [[1 ][ 7 | 25 || 2.54x10% 1250
HGC || 150 || 5 || 10 || 25 || 9.27x1034 291038304567337036132812500
PRM [[ 150 [[ 1 ][ 10 ][ 25 || 3.97x10™2 312500
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Projective spaces

Pairs of line bundles

Nested pairs of

g-ary CSS construction

classical codes

> Quantum stabilizer codes

Fig. 2. Schematic of quantum Grassmann codes as sub-codes of the quantum Projective Reed-Muller codes.

Lettr : F, — F, denote the trace function defined by tr(a) =
>, a”, where m is defined by g = p™. We fix a primitive p-
th root of unity, w := exp(2mi/p) € C. Let a and b be elements
from F,. We denote by X(a) : C? — C? and Z(b) : C7 — C¢
the following unitary operators on C%:

X(@)(|x) :=lx+ay and  Z®B)(x)) := 0" PVLx),

where |x) is a vector in CY. Let £ denote the set defined by
be

E ={X@Z®) | a,b e F,).

We call £ a nice error basis. Indeed, £ is a basis for End(C?).

For a := (ay,...,a,) € F?, we set

X(@@) = X(a))®---®X(a,) and
Z@):=Z(a)) Q- Z(ay,).

Similarly to the set £, we define a nice error basis for
End((C9)®")) by setting

&, :={X@Z) | {a,b} C IF;}.
In (V-.1), the product X(a)Z(b) is understood as (X(a;)Z(b;))®

-+ ® (X(a,)Z(by)). The error group associated with the nice
error basis for &,, denoted G,, is defined by

(V-.1)

G, = {0 X@Z(D) | {a,b} C F!, c €F,).
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Since G, is a subgroup of GL,((C%)®"), we may consider
(C?H®" as a defining representation of (C?7)®".

Let a := (ay,...,a,) and b := (by,...,b,) be two vectors
from ]FZ We form a new vector in ]Ffi" by concatenation, (alb) €
]P'g” The symplectic weight of (alb) is defined by

swt((alb)) := [{k € {1,....n} | (ar, br) # (0,0)}].

If E € G, is an element of the form E := w°X(a)Z(b), where
¢ € F,, then the weight of E is defined by

w(E) := swt((alb)). (V-2)

Let U(g") denote the group of complex unitary matrices
of size ¢". A very useful fact about quantum error-correcting
codes is that a quantum code Q is able to detect an error E €
U(g") if and only if the condition {c;|E|c;) = Ag{ci|c2) holds
for every {ci,c2} C Q, where Ag is a constant depending on
E. Finally, we come to the definition of a notion of minimum
distance for a quantum code. A quantum code Q is said to have
minimum distance d if it can detect all errors in G, of weight
less than d but cannot detect some error of weight d. In this
terminology, a quantum code Q is said to be an [[n, k, d], code
ifQisa qk-dimensional subspace of (C?)®" that has minimum
distance d. If the quantum code Q is already defined, then we
call [[n, k, d]l, the parameters of Q.

Let S be a subgroup of G,. Then the quantum stabilizer
code associated with S is a nonzero subspace Q C (C9)®"
such that

Q:=(|ive(CH®™ |Ev=v).

EeS

In other words, Q is the weight space of weight 1 for the
representation of S on (C?)®". Let t € Z,. A quantum code Q
associated with S is said to be pure to t if S does not contain
non-scalar matrices of weight less than .

We now recall a well-known theorem in quantum informa-
tion theory, called the g-ary CSS construction. The acronym
comes from the authors Calderbank and Shor [7], and Steane
[28]. We state its version that is proven in [15].

Lemma 2: (CSS Code Construction) Let {n, k1, k,d;,d>} C
Zy.Let Cy and C; be two linear codes over F, with parameters
[n,ki,di] and [n, ky,d>], respectively. If the inclusions Cp C
C, C ]FZ hold, then there exists a quantum stabilizer code C
with parameters

[n, ki — ko, d = min{wt(c)lc € (C; \ C2 U Cy \ CIL)}]]q

that is pure to min{d,,d,}.
Next, we will outline two different constructions of quantum
error correcting codes based on the higher Grassmann codes.

A. The First Construction

Let v; and v, be two positive integers such that v; = v, +
s(g—1), where s is a non-negative integer. We will consider the
higher Grassmann codes HG(v;), i € {1,2}. We know from [4]
these codes are obtained by evaluating the sections of the line
bundles Og,(v1) and Og,(v2) on the elements of Gr(F,). Since
these sections are given by the homogeneous polynomials of
degrees v; (i € {1,2}), there is an injective linear map

0 : H(Gr, Og,(v2)) — H(Gr, Og,(n)). (V-A.1)
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Indeed, the assignment that sends a standard monomial
pi‘(il) pi;i,) of degree Y 7, a; = v, to the standard mono-
; =

mial pi‘(:)s(q_])m pZEil,) extends linearly to an injective map
as in (V-A.1). Since the standard monomials Pgl(i,)"'PZ/{i,-)

and pi‘(if)s(q_l)-~- sz{i,) have equal values, the linear map 6

preserves the distance between the codewords. Thus, in light
of these observations, we proceed with the assumption that
HG(v,) € HG(v)).

Theorem 4: If HG(v;) and HG(v,) are the higher Grassmann
codes as defined above, then there exists a quantum stabilizer
code Conr,) with parameters

[7} 7k1 _k27d 5
q

q

where k; is the dimension of HG(v;) for i € {1,2}, and d
is bounded from below by the minimum of the minimum
distance of the code HG(v;) and the minimum distance of
the code HG(v,)*.

Proof: The proof is a straightforward application of
the g-ary CSS construction applied to the nested pair
(HG(v1), HG(»2)). o

Advantages of such quantum codes. First, the dimensions
of the higher Grassmann codes HG(v;) and HG(v,) are much
larger (in fact, several times larger) than the corresponding
Grassmann codes as the calculation of the dimension of
the higher Grassmann codes in [4] shows. In view of the
calculation of the dimensions of the resulting quantum codes
as above, this advantage also shows up in the dimensions of
the resulting quantum codes. A comparison of the minimum
distance of the higher Grassmann codes with the minimum
distances of the corresponding Projective Reed-Muller code
shows that the minimum distances for the higher Grassmann
codes are typically much larger; this translates in to much
larger minimum distances for the resulting quantum codes
as well. Moreover larger dimensions and larger minimum
distances translate into codes that perform much better.

Another advantage is that, as there is no restriction on the
degrees v; and v,, we obtain large families of quantum error
correcting codes this way.

B. The Second Construction

In the second construction we restrict our attention to the
line bundles Og,(v), where v satisfies the following conditions:

lm —1)(q - 1)J
2
2v=0 mod (g —1).

ISVSL
and

Recall here that /(m — [) denotes the dimension of the Grass-
mannian variety. Let us define v* by setting v := I(m —
I)(g — 1) — v. Equivalently, v* is given by v + s(q — 1), where
s=1Im—-1)—(2v/(g — 1)). Then we observe the following:

1) this construction fits into the framework of the first
construction with v, := v and v; := v*, so that
HG(v) € HG().

2) By [5, Theorem 7.4], HG(v*) = HG(»)*.

Therefore, Theorem 4 produces quantum codes whose

length and dimension are as in the first construction above,
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and the minimum distance is given by the minimum of the
dual code HG(»)*.

Advantages of the resulting quantum codes. These codes
share several of the features of the quantum codes in the first
construction, hence, they have their advantages.

VI. IMPLEMENTATION DETAILS

In this section we will discuss the construction of the
stabilizer codes starting with a pair of Higher Grassmann
codes, C; and C,, with C, a sub-code of C;. We will first
consider the binary case. Then as shown in [20, pp. 42-43],
the resulting quantum code Q is the subspace of C* defined
as the image of a projector operator P defined in terms of the
operators E = wX(a)Z(b), where a € Ci C F,beC, CF)
and ¢ € F,, with w a primitive 2-th root of unity. Denoting
the parity check matrices for the codes C; and C, by H(C))
and H(C»), the resulting quantum code produced by invoking
the CSS construction is a stabilizer code where the stabilizer
H(C3)

0 HCH)
by applying the Z( )-operator to the vectors forming the rows
of the matrix H(C;y) and by applying the X( )-operator to
the vectors forming the rows of the matrix H(C;). We have
already discussed in section III-A, how to produce the parity
check and generator matrices for the Higher Grassmann codes,
quite efficiently by decomposing the Higher Grassmann code
into a sequence of affine Reed-Muller codes. Therefore, what
remains is to essentially invoke the CSS construction with the
above matrix S to produce the stabilizer matrix. (See [20, pp.
42-43] for additional details.)

When the base field is no longer F,, the situation is a bit
more involved. Assume therefore that the base field is F,, for
q = p", for some prime number p. Then the required construc-
tion of the stabilizer matrices is again discussed in [21] and
[15, Theorem 13 and Lemma 20]. Given two classical codes
C, and C,, each contained in F/, one lets C = C{ x C, C IF;’Z.
Then C* = C, x Cy and C C C. The resulting quantum code
Q is the subspace of C¢" defined as the image of a projector
operator P defined in terms of the operators E = w°X(a)Z(b),
whereaeCfQFZ,beCZQFZandCEF with w a
primitive p-th root of unity.

The stabilizer matrix of the corresponding quantum code is
formed by taking some of the operators £ defined above. What
one may observe is that whenever there is a linear dependence
relation

matrix can be obtained from the matrix § = g

D>

A1a; +~--+Akak=Oe}Fg,Al»qu,

then the composition X(2;a;) o --- o X(a;) = id. Moreover,
the converse of the above implication holds and any two
operators X(4;a;) and X(41,a;) commute as can be seen from
the definition of the operators X(4,a;) and X(A,a;).
Similarly, whenever there is a linear dependence relation

by + -+ 4bxk =0 €F, 4 €F,

then the composition X(4;by) o - -+ o X(A;by) = id. Moreover,
the converse of the above implication holds, and again any
two operators X(4;b;) and X(A;b;) commute as can be seen
from the definition of the operators X(4;b;) and X(1,b,).
The upshot of these observations is that, in order to define
the projection operator P associated to the quantum code
0O, one may restrict the operators E to where the X(a;) are
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obtained from the vectors a; belonging to a basis for the
classical code C;i and where the Z(b;) are obtained from the
vectors b; belonging to a basis for the classical code C;.
Moreover, one cannot omit any of the vectors a; belonging
to a basis for the classical code C; and one cannot omit
any of the vectors b; belonging to a basis for the classical
code C,. Therefore, we can conclude in this case that the
stabilizer matrix is obtained by applying the Z( )-operator to
the rows of the matrix H(Cy) and the X( )-operator to the
rows of H(C;), where H(C}) (H(C5)) denotes the parity check
matrix of the code C; (Czl). Thus we are once again able to
obtain the stabilizer matrix for the quantum code Q from the

matrix:S = (H(g;) H(%l)).

VII. HIGHER AFFINE GRASSMANN CODES AND
APPLICATION TO FAULT TOLERANT
QUANTUM COMPUTATION

Fault tolerant quantum computation is a critical step in the
development of practical quantum computers. Unfortunately,
not every quantum error correcting code can be used for
fault tolerant computation. Rengaswamy et. al. (see [22] and
[23]) define CSS-T codes, which are CSS codes that admit
the transversal application of the T-gate, which is a key step
in achieving fault tolerant computation. They then present a
family of quantum Reed-Muller fault tolerant codes.

In this section we will show that affine variants of the
Higher Grassmann codes define CSS T-codes which are CSS
codes that admit the transversal application of the T-gate. First
we clarify what we mean by an affine variant of the Higher
Grassmann code.’

Definition 1: Let V denote a vector space of dimension m
over F, and let / < m denote a positive integer. Then Gr(I, V)
denotes the Grassmannian of [-planes in V. Let O denote
the open affine cell in Gr(l, V), which is an affine space of
dimension d = I(m — ). Let v < d(q — 1). Then we define
the Higher affine Grassmann code of order v to be the code
obtained by evaluating all the polynomials of degree < v in
d-variables at the F,-rational points in 0. We will denote this
code by Cey, 1,y (V)

We may observe that such affine variants of the Higher
Grassmann codes appear in two somewhat different contexts
in the literature.

(i) Viewing the open cell in a Grassmannian as simply an
affine space of suitable dimension, this open cell can
also be then viewed as the open cell in a sufficiently
large dimensional projective space. Then the generalized
affine Reed-Muller codes studied in [8] are exactly the
codes constructed by evaluating polynomials at all the
rational points of such an open cell.

@i1) In [2], they studied affine Grassmann codes which are
defined by evaluating polynomials up to certain degree
at all the rational points of the same affine space, but
now viewed as the open cell in a Grassmannian, which
is not necessarily a projective space.

Therefore, such codes may also be viewed as restriction
of the Higher Grassmann codes to the affine open cell

2In future work, we hope to explore other related constructions such as the
hull-variation problem and its applications to quantum codes (see [24]), but
in the context of Higher Grassmann codes or closely related codes.
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in the Grassmannian, i.e., one takes the same global
sections, but restricts such homogeneous polynomials
to the affine open cell and then evaluates them only
at the rational points belonging to the affine open cell.
(One may observe that the restriction of a homogeneous
polynomial of degree v to the open cell makes it a non-
homogeneous polynomial of degree at most v.)

As vector spaces the above codes in (i) and (ii) identify.
But by viewing them in the context of [8], one may invoke
the duality results proved in [8, Theorem 2.2.1] to conclude
the following.

Proposition 1: Let 0 < u < d(g—1) so that u+v = d(g—1)—1.
Then Cor, ;)" = Car,pya.v) ().

Next recall that a linear code C over F, is self-orthogonal
if C € C*. A self-orthogonal code C is self-dual if
C=C*.

Now the following result is well-known: see [17, p. 26].

Proposition 2: A self-orthogonal code C over F, with length
n and dimension k is self-dual if and only if n is even and
k=n/2.

From now on-wards we will assume that ¢ = 2™, for
some positive integer m. Then if one chooses d, which is the
dimension of the given Grassmannian to be odd, d(2" — 1) is
odd, so that d(2™ — 1) — 1 is even. Therefore, if one chooses
v = 42071 hen the corresponding Higher affine Grassmann
code Cgr,,,,v)(v) is self-dual. (Observe that if we choose g to
be the power of an odd prime, then the above property fails:
this is the reason we restrict to the case g is a power of 2 in
the following discussion.)

As the Gottesman-Knill Theorem (see [10]) indicates that in
order to achieve universal fault tolerant computation, we must
be able to implement a non-Clifford gate on the encoded qubits
by manipulating the physical qubits. Not every stabilizer code
can achieve this, so we will restrict to the class of stabilizer
codes called CSS T-codes. Let C denote a binary code of
length n defined over Fy», for some m > 0. We say a code
word ¢ € C is supported on a vector s € [F),,, if the bit-wise
multiplication ¢ X s = c.

Definition 2:

(i) For a linear code C defined over Fo» and of length n
and binary string s € F),, we define the restriction of
C to (the support of) s, denoted Cl;, to be the code
created by removing from C all code-words which are
not supported on s, and then shortening the code by
removing the indices corresponding to zeros in s from
the remaining code-words.

A CSS T-code is a CSS code defined by codes C, C C
such that the length of C, is even and for every x € Cs,
Cyl.contains a self-dual code.

Theorem 5: Let Cy = Cgy,,,qv(v), with v = “&2D=L 0 qf
C, C Cy denotes the code that has only one word, namely the
word that is 1 at all the rational points in the open affine cell
of the corresponding Grassmannian, then C, € C; is a CSS
T-code.

Proof: Let x € C, be the only nonzero code-word. Since x
is the code-word consisting of only ones, every vector in [,
is supported in x, so we see Cil, = C;t. Since these codes
are equal, their duals are equal: C; = (((C1)*)|,)*. Recall that
C, is self-dual, so we have C{|, = C = C; = (C1)M)I)*
Hence, (C1)*|, contains a self-dual sub-code, namely, itself.00
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