COMPARISON OF MOTIVIC AND CLASSICAL OPERATIONS IN
MOD-/-MOTIVIC AND ETALE COHOMOLOGY

PATRICK BROSNAN AND ROY JOSHUA

ABSTRACT. In this paper we explore the relationships between the motivic and classical cohomol-
ogy operations defined on mod-I motivic cohomology. We also explore similar relationships in étale
cohomology and conclude by considering certain operations that commute with proper push-forwards.

1. Introduction

Throughout the paper k will denote a fixed perfect field of characteristic p > 0. We will restrict to
the category, Sm/k, of smooth separated schemes of finite type over k. If X denotes such a scheme,
H7 (X, Z(r)) will now denote the motivic cohomology with degree n and weight rand H}(X,Z/1(r))
will denote the corresponding mod-l-variant. Cohomology operations on motivic cohomology were
defined and studied in [Voev1] and also just for Chow-groups in [Bros]. We call these motivic operations
and these are characterized by the property that these are operations which are defined when [ # p
and have the form:

P’ Hiy (X, Z/1(5)) — Ho (X, 2/1(G + (1 - 1)) and
BP": Hiy(X,2/1(5)) — Hy O (X, 216 + (1 = 1))

When i = 25, the above motivic cohomology groups identify with the usual mod-I Chow groups and
then these operations were also defined in [Bros].

These operations are defined by making use of a geometric model for the classifying spaces of finite
groups. By using a simplicial model for these classifying spaces, one obtains certain other operations
in mod-l motivic cohomology, which we call classical and which are defined even if | = p. These
operations now have the form:

Q" Hiy (X, Z/1(j)) — HY (X, 2/1(j1)) and BQ™ : Hi (X, Z/1(j)) — H (X, Z/1(51)).

One of the main goals of this paper is to explore the relationship between these two types of operations
in mod-/ motivic cohomology. These elaborate on the results in an earlier preprint by the authors
studying these relations after inverting the Bott-element, which is considerably easier.

The comparison of the total power operations, yields straightforward comparison between the mo-
tivic and classical operations first for classes with degree equal to twice the weight and then for classes
with degree < twice the weight by observing that both the classical and motivic operations are stable
with respect to suspension in the degree. Since the classical operations are not stable with respect to
suspension in the weight, the case when the degree > twice the weight, is more involved and makes use
of the Cartan formulae. The main comparison results may be summarized in the following theorem.

Theorem 1.1. (See section 6 for more details.) Assume the base field has a primitive l-th root of
unity and let Be HY,(Speck,Z/1(1)) denote the motivic Bott element. Let F denote a pointed simplicial
sheaf on Sm/k . .
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2 Patrick Brosnan and Roy Joshua
(i) Let aeH'\(F,Z/(q) for anyi < 2q. Then Q"(a) = B4V P (q), BQ"(a) = BUU=D3P"(a).
(ii) For the remaining two cases let asflf\ZH(F, Z]l(q)), with t > 0.

If t = 2t' for some integer t', then
BUQ"(z) = Bt =0=D) B Pr(z) and BY'AQ"(x) = BT =D BYAP (2), 0<r<q+t.

If t = 2t' + 1 for some integer t', then
t+1 Q'r( ) q+t +1-r)(-1) Bt +1Pr( ) and
B(t +1)I ﬁQT(ZL‘) _ B(q+t +1_T)(l_1).Bt +1ﬁpr(l'), 0<r< q+t' +1.

(iii) Both the motivic and classical operations extend to operations on étale coh~0mology with respect
to the sheaf p. If F denotes a pointed simplicial sheaf on Sm/k,, and aeH.,(F,m(q)), for any
1> 0, then

Qr(a) — B(qfr)(lfl)Pr(a% IBQT( ) (q r)(1-1) ﬂPT( )

One may consult Examples 6.5 for various examples of the above relations. We conclude by con-
structing classical operations in motivic cohomology that commute with respect to proper pushfor-
wards and applying them to several examples.

The following is an outline of the paper. We begin section 2 by reviewing quickly the cohomology of
the classifying spaces of finite groups, using both the geometric and simplicial models for the classifying
spaces. We discuss the total power operations in detail in the next two sections. First we recall the
total power operations defined by Voevodsky for defining the motivic operations. We show that this
may be modified to define total power operations for the classical operations, at least for classes whose
degree is less than or equal to twice their weight. Both of these are first defined for algebraic cycles
whose degree is twice their weight. Since the motivic operations are stable with respect to suspension
in both the degree and the weight this suffices to define the motivic operations for all classes. However,
since the classical operations are stable with respect to suspension in only the degree, the above total
power operations do not define classical operations except for classes with degree less than or equal
to twice their weight. Therefore we define total power operations in a different manner to be able to
define classical operations without the above restriction and then show that these new total power
operations agree with the ones defined above for classes with degree equal to twice their weight. This
is carried out in detail in section 4.

At this point, the usual relations among the classical operations, like the Cartan formulae and
Adem relations are by no means obvious. The quickest approach to establishing these for the classical
operations is to show that the classical operations defined here identify with the operations defined
operadically as in [J1, section 5] (making use of [May]), where such relations are known to hold. We
prove this in section 5. The next section contains the key comparison theorem relating the motivic
operations with the classical ones. We explore some applications of the above results in the last
section. Here we construct classical cohomology operations that commute with proper push-forwards
and work out several examples of such push-forward formulae.

Conventions. We restrict to smooth separated schemes of finite type over a field £ and [ will
be a fixed prime. Usually this will be assumed to be different from the characteristic of & and k
will be assumed to be provided with a primitive I-th root of unity, though such hypotheses are not
required to define the classical operations. We will also consider simplicial schemes X, over such a
base field, where each X,, will be assumed to be a smooth scheme of finite type over k. Sm/k, .
(Sm/k s, Sm/k,,) will denote the category Sm/k provided with the big Zariski (Nisnevich or étale
topology, respectively). If C denotes any one of these categories, SSh(C); will denote the category of
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all pointed simplicial sheaves on C. HC will denote the corresponding homotopy category obtained by
inverting all Al-weak-equivalences. Any pointed simplicial scheme X,, with each X,e(Sm/k) as well
as any pointed simplicial set will be viewed as an object in each of the categories SSh(Sm/k,,. )+,
SSh(Sm/ky,;,)+ and SSh(Sm/k,, )+ in the obvious manner.

The mod—I motivic complex will be denoted Z/l. This should be distinguished from the integers
mod—1, which will be denoted Z/I. H}, will denote cohomology with respect to the motivic or mod—I
motivic complex computed on the Nisnevich or Zariski site: H}, will denote cohomology computed on
the étale site. Often, when certain computations hold in any of these cases, we will simply use H* to
denote cohomology computed on any of these sites.

2. Cohomology of the classifying space for a finite group

We begin by recalling briefly the construction of the geometric classifying space of a linear algebraic
group: originally this is due to Totaro - see [Tot]. Let G be a linear algebraic group over S = Spec k
i.e. a closed subgroup-scheme in GL,, over S for some n. For a (closed) embedding i : G — GL,, the
geometric classifying space By (G 1) of G with respect to i is defined as follows. For m > 1 let U,, be
the open sub-scheme of A™ where the diagonal action of G determined by i is free. Let V,,, = U,,,/G
be the quotient S-algebraic space of the action of G on U, induced by the (diagonal) action of G on
A™: the projection U,, — V,,, defines V,,, as the quotient algebraic space of U,, by the free action of
G and V,, is thus smooth. We have closed embeddings U,, — Up+1 and V,;, — V41 corresponding
to the embeddings I'd x {0} : A — A™" x A" and we set EGI™ = n}i_{nooUm and BG9" = lim V,,

m—00
where the colimit is taken in the category of sheaves on (Sm/k)py;s or on (Sm/k).. Observe that

if G = X, (or a subgroup of it) acting on A™ by permuting the n-coordinates and acting on A™"
diagonally, we may take Up, = {(u1, - ,un)|u;eA™, u; # uj,i # j}. Moreover, in this case, the Uy,
may be shown to be an affine scheme readily and then [MFK, Proposition 0.7] shows that V,, is also
affine. (These observations will be rather important for the construction of the total power operations
constructed below.)

The equivariant motivic ( étale cohomology) of a scheme X with an action by %,, will be defined to
be H}, (EZ%m;f X,Z/l(%)) (H;t(EE%mEx X,Z/l(x)), respectively). The results in [MV, section 4] show

n

that, one may also define equivariant étale cohomology using the simplicial construction for EY,,.

We recall the computation of the reduced equivariant motivic cohomology of F', where F' is any
pointed simplicial sheaf on (Sm/k) y,,. ( For example, F' = X where X is a given scheme with trivial
action by ;). (See [Voevl, Section 6].)

2.1. fI}kV[(F/\ (BX{"™)4;Z/1()) is a free module over ff}kvl(F, 7./1(%))with a basis {cd’, d’|i > 0} where
d is a class in fI/ZéfZ(F A (BZ{™)4;Z/1(1 — 1)) which is the mod-I reduction of a class dsﬁ%f%F A
(BX{"™)4;Z(1 — 1)) and ¢ is a class in ﬁféf?’(F A (BSI™) 43 Z/1(L — 1)) so that 6(c) = d.

Let cycl denote the cycle map from motivic cohomology to étale cohomology. (By identifying the
motivic cohomology with the higher Chow groups, these cycle maps identify with those defined in
[Bl].) Now one may observe that the same computation as above holds in étale cohomology with the
classes ¢ and d replaced by their images under the above cycle map.

One may replace EZlgm by the simplicial model EY; (which is given in degree m, by Z;”'H and

provided with the obvious structure maps) and BE?m by the corresponding simplicial model BY; in
the above computation to obtain:
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2.2. [:Ij\/l(Fi/\ BYy;Z/1(x)) is a free module over H(F.;Z/I(x)) with a basis {~x§i, 7'l > 0} where 3
is a class in H./2\£l_2(F+ A BXy;Z/1(0)) which is the mod-I reduction of a class yr:‘H/Z\fl_Z(FJr A BY; Z(0))
and z is a class in lLI/Q\ffS(FJr A BYy;Z/1(0)) so that 6(z) = .

Remark 2.1. One may observe that the main difference between the computations in 2.1 and in 2.2 is
that the classes z, y and y have weight 0.

One may replace F' above with a pointed simplicial sheaf on (Sm).; and the above cohomology with
H}, to obtain:

2.3. H(F, A BY;Z/1(x)) is a free module over ﬁ:t(F+;~Z/l(*)) with a basis {zg’,¥'|i > 0} where 3
is a class in H272(F, A BX};2/1(0)) and z is a class in HX3(F, A BY;;Z/1(0)) so that §(z) = 7.

3. The total power operations:I

A key step in the comparison between the motivic and classical cohomology operations is a thorough
understanding of the total power operation. We proceed to discuss this in detail.

If one only considers the case i = 2j, then H*(X,Z/I(j)) for a smooth scheme X identifies with
the mod-I usual Chow groups of X. Then the total power operation simply sends a class

aeHY (X, Z/1(5)) — o
which defines a class in H¥!(BSI™ x X, Z/1(j1)).
In order to be able to extend this total power operation as a natural transformation
P HY( 5 Z/1(5)) — H¥Y( xBI™,Z/1(j1))

defined on all simplicial sheaves on the big Zariski, Nisnevich or étale site over k, one needs to adopt
the construction in [Voevl, section 5|. We will adopt this suitably modified to also define total power
operations when BZ?m is replaced by the simplicial model BY];.

Next recall the following. An augmented simplicial object X, in a category C consists of a simplicial
object Y, in C with Y; = X;,7 > 0 together with an object X_1C and an augmentation € : Yy — X_4
so that dyoe =djoe€,1=0,1.

Let X, denote an augmented simplicial scheme. Let k[Xo] = {k[X,]|n} denote the corresponding
co-ordinate ring. A finitely generated k[X,|-module is given by a collection {M,|n} where each M, is a
finitely generated k[X,]-module and provided with a compatible collection of maps {a*(M,) — M,,}
for each structure map a : X,, — X,, of X,. M, will be called finitely generated projective (finitely
generated free) if each My, is a finitely generated projective (free, respectively) k[X,,]-module.

Proposition 3.1. Let X, denote an augmented simplicial scheme so that X_1 is affine. If My =
{M,,|m} is a finitely generated module on Xo which is the pull-back of a finitely generated k[X_1]-
module, then there exists a finitely generated free module Fy on Xo and a map ¢ : Fe — M, which is
an epimorphism in each degree. In case M, is the pull-back of a finitely generated projective k[X_1]-
module, one may also find a finitely generated projective k[Xo]-module N so that M, & N, = F,, for
all n and where the last isomorphism is compatible with the structure maps of the augmented simplicial
scheme.

Proof. Since M, is the pull-back of a finitely generated k[X_;]-module, it suffices to prove the first
statement when the augmented simplicial scheme X, has been replaced by the affine scheme X_;.
This is then clear since X _1 is affine. If V_q is the kernel of the surjection, then M_1 & N_1 = F_;.
This isomorphism pulls-back to a similar isomorphism M,, & N,, = F,, for each n and compatible with
the structure maps of the augmented simplicial scheme X,. U
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The following results relate the geometric classifying space BX]™ with the simplicial classifying
space BY;.

Proposition 3.2. Let Uy denote the open subscheme

{(ulv e ,Ul)|Ui€AN,Uj 7& Uk, j 7& k}

of AN, (As observed above this scheme and the quotient scheme Viy = Un /% are affine schemes.)
For any fized integer N > 0, let gsy : EXixUy — EX;xSpeck = BY; denote the obvious
bl ol

map of simplicial schemes. This map induces a weak-equivalence in HSShSm/ky,. (and also in
HSShSm/k,,. and HSShSm/k,,) on taking the colimit as N — oc.

Proof. This is immediate from the fact that the Uy get more and more connected as N — oco: see
[MV, section 4.2]. O

In view of the above proposition, we may approximate BY; by E¥;x Uy by taking N high enough.
by}
We will let U denote Uy and V denote Vi for a large N.

Observe that one has an obvious augmentation

(301) EZ[XUNHUN/EZ
b}

One may view this diagram as an augmented simplicial scheme. Observe that the scheme Vy = Uy /%
is affine so that Proposition 3.1 applies.

3.0.2. Recall from [Voevl, Theorem 2.1] that the functor X — H?"(X,7Z/(n)) is represented by the
sheaf U > Z/1,, (A")(U)/Z/1,, (A" — {0})(U), Ue(Sm/k) ..

Let X denote a scheme in (Sm/k) and FE, L vector bundles on X provided with an isomorphism
¢ : Exx L — A% which is the N-dimensional trivial bundle on X. Given a cycle Z on E with
coefficients in Z/l and equi-dimensional and finite over X, we consider the cycle on L xx E xx L
whose fiber over a point (x,l) of L is (Z,,l), where Z, denotes the fiber of Z over zeX. It is
observed in [Voevl, Construction 5.1] that this is an equi-dimensional cycle finite over L and that
by identifying F x x L with A])\(f using the isomorphism ¢, one obtains a map of pointed sheaves
Th(L) — Z/l;(AN)/Z /1, (AN — {0}) (where Th(L) denotes the Thom-space of L), i.e. a class in
H?*N(Th(L),Z/I(N)). (In fact this map identifies with the class A,(¢*(Z), where ¢ : E;<(L — F

is the obvious projection and A : ExL — LxEXxL is the diagonal.) Moreover, making use of
X X

X
the Thom-isomorphism, H2Am(E) (X, 7./1(dim(E))) = H*N(Th(L),Z/I(N)), one observes that this
defines a class in H?#™(E) (X, 7/1(dim(E))) which is denoted a(Z) and shown to be independent of
the isomorphism ¢: see [Voevl, Construction 5.1].

In view of 3.0.2, a class in H?(X,,Z/1(i)) may be represented by a cycle Z on X x A’ equi-
dimensional and finite over X. Let Z' denote the I-th external power of Z: this is now a cycle on
(X x AD!. We will let p*(Z!) denote its pull-back to (X x A")! x U, where U = Uy for some suitably
large N. Since ¥ acts freely on U, one may observe that the cycle p*(Z') descends to a unique cycle Z’
on ((X x A)! x U)/%; equi-dimensional and finite over (X! x U)/%;. On pulling back by the diagonal
one obtains the cycle Z” on X x (A" x U)/%;.
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3.0.3. Now E = (Al x U)/%; is a vector bundle on V = U/¥; and the latter is affine. Moreover, recall
that we have the augmented simplicial schemes: EY;x (Al x U) — (Al x U)/%; and EXyxU — U/Y; .
El Zl

The pull-back of the vector bundle E to the simplicial scheme EY;xU defines a vector bundle we

b}
will denote by E. By invoking Proposition 3.1, one may find a vector bundle L on V = U/Y; so that
E xy L = A{}’ for some N. Therefore, the pull-back L of L to EX;xU also has the property that

b}
E nglsz L is a trivial bundle of rank N.
l

Next we let E = X x E, L = X x L denote the pull-backs of E and L to X x V. We also let

E =X xE,L=X xL denote the corresponding vector bundles on the simplicial scheme X x E¥;xU
b

l
obtained by pull-back from X x V. Then E X xxgx, xv L is a trivial bundle of rank N on the simplicial
)
scheme X x EX; xU and E x x L is a trivial bundle of rank N on X x V. Moreover, E%* (L®%) will be the

b}
pull-back of the vector bundle (E)®* ((L)®", respectively). Observe that Th(L®") = X A Th((L)®,
Th((L)®") = X1 ATh((L)®") and that there is a natural map Th(L®") — Th(L®?).

In this context, the same arguments as above show that a cycle Z on X x A?, equi-dimensional and
finite over X defines (pointed) maps

(3.0.4) Pym(Z) : TH(L®) — Z/1,,(AN) ) Z, (A —0)  and
Po(Z) : TR(L®) — Z/1,p (AN ) Z,, (AN — {0})

With~ the latter being obtained by pre-composing the first map with the obvious map Th(L®) —
Th(L®"). Clearly these correspond to classes in

H*N(Th(L®),Z/I1(iN)) and ~ H*N(Th(L®),Z/1(iN))

so that the second is the pull-back of the first class by the obvious map Th(L®") — Th((L)®"). Making
use of Thom-isomorphisms, these correspond to classes in

H¥4mE) (X A (U/) 4, Z/1(idim(E)))  and fﬂidim(’f)(&A(EEISLUQ,Z/l(idim(E)))

so that the second is the pull-back of the first class by the obvious map E¥;xU — U/%;. More
b}

precisely, we have defined maps

Xy AU/ 4 = 2/l (A /Z,, (A74™F) — [0}) and

Xy AN(BSxUL) — Z/1y (A9 E)) ) 7, (A7E) _ £0}),
P}

so that the latter is obtained from the former by pre-composing with the augmentation X A(EX; xU) —
)

X4+ A (U/%;)+. Moreover, the assignment Z — Py, (Z) and Z — Ps(Z) are contravariantly functorial
in X. Therefore, the same relations extend on taking a resolution of the given simplicial sheaf F' by
a simplicial scheme X,, with each X,, a smooth scheme. (Observe also that rank(E) = [ here.)

The contravariant functoriality of the above constructions in X shows that by taking a resolution
of any simplicial sheaf on (Sm/k),, (and also in SShSm/k,,. and SShSm/k,,) by representables,
one obtains the same maps as above when X is replaced by any simplicial sheaf on (Sm/k),,,. In
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particular, one may replace X by the pointed simplicial sheaf Z/l;.(A?)/Z.(A* — {0}) to obtain maps
2l () [ Zur (A" = {O}) A (U/E1)+ — Z/lyp (A7) ) 2, (AE) — {0}) and
Z [l (A")/ Zey (AT = {0}) A (X xUs) — 2l (WD) 2, (AFE) — {0}
l
so that the latter is obtained from the former by pre-composing with the augmentation EY 5>3<U —
l

(U/%;). Restating these as classes in cohomology, we observe that there exist natural transformations
(defined on the categories HSSh(Sm/ky,, )+, HSSh(Sm/ky,,)+ and HSSh(Sm/k,,)+):

P, (O Z/1(i) — H*( A(Un/%0)+,Z/1(il)) and
Pl HY( ,7)1(i)) — H* /\(EElgUN)Jr,Z/l(z’l))

so that the latter is obtained from the former by composing with the augmentation E¥; x Uy — Uy /%;.
by}

Moreover, these are compatible as N — oo which, together with Proposition 3.2 provides the following
result.

Proposition 3.3. We obtain natural transformations:
Pom : Jim HY( | 7Z)1(1) — Jim HY( ANUN/S) 4, Z/J1i)) and

Ps: lim H?( | ZJ1(i)) — lim H¥( ANELxUy.),2/1(i)) = H¥( ABY,Z/1(il))
—00 3

N—oo

on HSSh(Sm/ky,,)+ (and also on HSSh(Sm/k,,. )+ and HSSh(Sm/k,)y) so that the latter is
obtained from the former by composing with the augmentation EXyxUyn — Uy /Y.
Y

Definition 3.4. The natural transformation Py, (Ps) will be called the geometric total power oper-
ation (the simplicial total power operation, respectively).

3.1. Motivic operations. Next we recall the definition of the cohomology operations of Voevodsky.
Let F' denote a pointed simplicial sheaf on (Sm/k),,, (or on (Sm/k), ).

One starts with the total power operation :
(3.1.1) Pom : HXy(F, Z/1(i)) — HX{(F A (U/%0)+, Z/1(il))

By the results in 2.1, @f[}\lA(F/\(U/El)JF, Z/1(j1)) is a free module over flj\A(F, 7./ (%)) with basis given
- z"] —

by the elements d” and cd”, r > 0. The operations P" and SP" are defined by the formula:

(3.1.2) Pym(w) = Xps0 P (w)d " + BP"(w)ed "1, weH*(F,Z/1(i))

Observe that so defined P : I:I/Q\ﬁl(F, Z/1(i)) — 1{[/2\2+2T(l_1)(F, ZJl(i+7r(l—1))) and
BP" : HY(F.2/1(j) — Hy ™"V (X, 2/1G + (1 - 1))).

Behavior under suspension: A key observation is that, since the motivic cohomology operations
are stable with respect to shifting degrees by 1, and also both degrees and weights by 1, this defines
the operations P" and BP" on all H),(F,Z/l(j)).

The classical operations are mot stable with respect to suspension of weights, and therefore, one
cannot define classical operations in general using the total power operations considered above. For
this, we define a new total power operation when the simplicial model is used for the classifying spaces
of finite groups. We also show that, when applied to classes with degree = twice their weight, these
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total power operations identify with the ones considered above. All of these are discussed in detail in
the next section.

4. The total power operations:I1

We proceed to define total power operations in a somewhat different manner so as to be able to
define the classical operations on all classes. Let ¥; denote the symmetric group on I-letters and let 7
denote a subgroup of ¥;. Let Bmw denote the simplicial classifying space of 7 with Em — Bw denoting
the associated principal 7-fibration. We let Z/I(Ew) denote the chain complex obtained by taking the
free Z/l-vector space in each simplicial degree and viewing that as a chain-complex in the usual manner
using the alternating sums of the face maps as the differential. We let Z/I(Ew)Y = Hom(Z/I(ET), Z/1)
which now forms a co-chain complex trivial in negative degrees.

Let K denote a possibly unbounded co-chain complex. Now K ©' i the [-fold tensor product of
K:the symmetric group ¥; acts in the obvious manner on K e Therefore, one may now form the
co-chain complex:

Z/I(Er)Y ® K%
2/1[x]

where the differentials of the tensor-product are induced by the differentials of the two factors in the
usual manner. (Strictly speaking one needs to take the homotopy inverse limit of the cosimplicial object
of co-chain complexes obtained this way: see [J1]. However, one may identify this with a suitable total
chain-complex as in [Brow, Appendix].) In particular, the differential, ((Z/{(E7))Y)? @ K®)" —
Z/l[x]
(Z/I(E7)Y ® (K®)"! is such that if ze K™ is a cycle, then its I-th power z® defines a cycle of
Z/l(m)
degree nl in the above total complex we denote by

(4.0.3) Q(2)e(Z/UES,)" K&t

&
Z/1(%1)

We will choose the complex K as follows. First we allow three distinct contexts:

(i) We work throughout on the site (Sm/k)zq, with H* denoting cohomology on the Zariski site.
(ii) We work throughout on the site (Sm/k)nis with H* denoting cohomology on the Nisnevich site.
(ili) We work throughout on the site (Sm/k)e; with H* denoting cohomology on the étale site.

Next observe that the category of (possibly unbounded) co-chain complexes of abelian sheaves on
any of the above two sites is a quasi-simplicial model category in the sense of [Fausk| and therefore
it is closed under homotopy inverse limits. Let Hom denote the internal hom in this category. Then,
given co-chain complexes of abelian sheaves M, N, we let RHom(M,N) = Hom(M,GN) with G
denoting the homotopy inverse limit of the cosimplicial object defined by the Godement resolution
computed on the appropriate site. RHom will denote the external hom.

Let Xe(Sm/k). We let K = I'(X,RHom(M, A(i))) where M is any chain complex of abelian
sheaves trivial in negative degrees, A(i) = Z/1(i) is the mod—! motivic complex of weight i. Moreover,
now K = RHom(M ® Z(X),A(i)), where Z(X) denotes the co-chain complex associated to the
simplicial abelian presheaf defined by I'(U, Z (X)) = Z(I'(U, X)).

In fact we may start with a pointed simplicial sheaf F' in (Sm/k) 5, and let M denote the normalized
co-chain complex obtained by taking the associated free simplicial sheaf Z/I(F') of Z/I-vector spaces
(with the base point of F identified with 0) and re-indexing so that we obtain a co-chain complex. Then
we define RHom(F, A(i)) = RHom(M, A(i)) = Hom(M,GA(i)). The above definition makes implicit



Cohomology Operations 9

use of the adjunction between the free Z/I-vector space functor and the underlying functor sending

a Z/l-vector space to the underlying set. A useful observation in this context is that the natural

map Z/I(S)® Z/I(T) — Z/I(SN\T) is a weak-equivalence for any pointed simplicial presheaves S
7/l

and T. (One may prove this as follows. First this is clear if S is a presheaf of pointed sets, i.e.
it is true if S is replaced by its 0-th skeleton. Omne may prove using ascending induction on n,
that the above map is a weak-equivalence when S is replaced by its n-skeleton. Finally take the
colimit as n — oo over the n-skeleta of S.) This will enable one to obtain the weak-equivalence
RHom(M' @ M", A(i)) ~ RHom(F' \ F", A(i)), when M’ = Z/I(F') and M" = Z/I(F").

Then K%' = T'(X, RHom(M, A(i)))®" = (X!, RHom(M, A(i))®¥) maps to I'(X, RHom(M, A(il)))
by pull-back by the diagonal A : X — X', (In fact this makes use of the diagonal map Z/I(F) —
Z/ l(F)®l and the pairing A% - A.) We proceed to show this pairing is compatible with the obvious
action of ¥;. First observe that M being the normalized chain complex obtained from the simpli-
cial abelian sheaf Z/I(F') (re-indexed so as to become a co-chain complex), has the structure of a
co-algebra over the Barratt-Eccles operad as shown in [B-F, 2.1.1 Theorem]. A has the structure of
an algebra over the same operad as shown in [J1, Theorem 1.1]. Therefore, one may readily show
that these structures provide RHom(M, A) the structure of an algebra over the tensor product of
the Barratt-Eccles operad and the Eilenberg-Zilber operad: see [J1, Proposition 6.4]. Therefore, the
above pairing is compatible with the obvious action of ¥; and one obtains the obvious map

Z/IED)Y ® T(X,RHom(Z/I(F),A>i))* — Z/IEY)Y @ T(X,RHom(Z/I(F),A(il))).
Z/U(%) Z/U(%y)

(See for example (5.0.7), which explains such pairings in more detail.) One may identify the last term
with

DX, RHom(Z/UF) | @ Z[UE:), AG) = DX, RHom(Z/I(F) & Z/I(BE), A(iD)

We denote the above composition

(4.0.4) Z/l(EEl)VZ/%Z)F(X, RHom(Z/I(F), A(i)))®" — T'(X, RHom(Z/I(F) ® Z/I(B%)), A(il)))

by Q. As observed above any cycle zel'(X, RH om(M, A)) in degree n provides a cycle in degree nl
in the source of the last map. Therefore, Q(Q(z)) defines a cycle in the target of the last map in
degree nl. This provides the natural transformation

(4.0.5) Q. : HI( ,Z/I(i)) — HY( ABYy,Z/I(il))

for all j and all ¢ > 0 on the category HSSh(Sm/ky,,)+ and HSSh(Sm/k,,)+. (We call this the

(second) simplicial total power operation.)

4.1. The classical operations. These are defined similar to the motivic operations using the total
power operation Qg defined above. Let F' denote a pointed simplicial sheaf. The main point to recall
is the computation of Ef/*\,t(F A BY; ZJ1) (HY(F A BY;Z/1)) in 2.2 ( 2.3) which shows it is a free
module over I:Ij{/l(F;Z/l) (H*,(F;7/1), respectively) with basis {z7,7'|i > 0}. The operation Q"
(BQ") is defined by the formula:

(4.1.1) Qs(w) = ZTZOQT(w)gj/Q_T + BQ" (w)zy?/* ", weHI(F,Z/1(i)),j even
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and extended to all j by observing that the classical operations are stable with respect to degree
suspension. Observe that, so defined,

Q" : HI(F,Z)1(3)) — H*>rU=U(F 7/i(il)) and SQ" : H’(F,Z/1(i)) — HI "D+ (X 7/1(il)).

Behavior under suspension. In contrast to the motivic operations, these operations are compatible
with shifting the degree alone by 1. This will follow from the comparison theorem in the next section.

Next we proceed to show that, for classes with degree = twice the weight, the total power operation
Q, identifies with the total power operation Py defined above in Proposition 3.3.

Proposition 4.1. Let aeH3,(F,Z/1(i)) denote a class. Then Qs(a) = Ps(a).

Proof. First we observe from [Voevl, Theorem 2.1] that since we are only considering cycles whose
degree equals twice their weight, one may replace the motivic Z/l(m)[2m] by the sheaf associated to
the presheaf V' +— Z/l,,(A™(V)/Z/I(A™ — 0)(V'), V belonging to the big Nisnevich site (Sm/k)pn;s.
Henceforth we will use A(m) to denote this sheaf when considering such cycles; when considering
general cycles, A(m) will still denote the motivic complex Z/I(m).

The next key step to is to invoke the following result proved in Proposition 3.2: the map gsy :
EY) xUn — EX¥;xSpeck = BY; of simplicial schemes induces a weak-equivalence in H.SShSm/k,,
p) pY

l !
(and also in HSShSm/k,,,. and HSShSm/k,,) on taking the colimit as N — oco. Therefore, one may
replace BY); in the above definition of the classical operations by E¥;xU, where U = Uy, N >> 0.
b}

i.e. First the map in (4.0.4) may be replaced by the map

(4.1.2) Z/Z(EEZ)VZ/%l)T(X, RHom(Z/I(F) ® Z/I(U), A1)

— (X, RHom(Z/I(F) ® Z/l(EEl)Z/?(@EZ)Z/l( ), A(il)))

Therefore, the total power operation Qg may be defined as a map

(4.1.3) Q.: HI( A1) — HY /\(EE,;U),A(Z’Z))

Next will consider the case when F = X which is a smooth scheme. A class in H%(F,.A(i)) may
be represented by a cycle Z on X x A’ equi-dimensional and finite over X. One first pulls-back the
cycle Z to p*(Z%) on X x A" x U. This cycle is invariant under the obvious action of the symmetric
group ¥; on A¥ x U and therefore defines a cycle in

Z/Z(EZI)VZ® I'(X,RHom(Z/l(U), A(il))) = T'(X, RHom(Z/I(EY;) ® Z/I(U),A(il))).
/() Z/U(%)

Observe that this is the total complex of the double complex defined by the cosimplicial co-chain
complex: {I(X, RHom(Z/I(Z;") ® Z/1(U), A(il)))|n}. In fact this defines the cycle Qs(Q(z)) in

DX, RHom(Z/I(U), A(il))) = T'(X, RHom(Z/I(EX))o /(X() Z/I(U), A(il))
so that the pull-backs by dfj and dj to classes in I'(X, RHom(Z/l(%;) ® Z/I(U), A(il))) are the same.

This will be denoted Qy(2).

(4.1.4) A key observation is that the assignment z — QS(Z) is contravariantly functorial.
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Next let £ and L denote the vector bundles on V = U/Y; defined as in 3.0.3. Recall rank(E) = 1.
Recall also that the pull-back of E' to U is trivial and that since L is chosen such that E'® L is trivial,
the pull-back of L to U is also trivial. Recall the pull-back of £ (L) to EX;xU is E (L, respectively).

DY

(See the discussion preceeding (3.0.4) above.) It follows that for each fixed degree n > 0, E,, ® L,, is

N

trivial and that therefore that L, also is trivial. Therefore, the same cycle as above defines the cycle
Au(q*(9s(2)))el (X, RHom(Z/U(Th(Lg"), A(i(l + rank(L))))

= RHom(Z(X) ® Z/l(Ezl)OZ/%l)(Z/l(Th(/iﬁ?i)), A(i(l + rank(L)))),

where ¢ : E®ix L% — E® is the obvious projection and A : E¥x [ — [®ix FPix[® ig the
b's X X X

diagonal. Moreover, the two pull-backs by dy and d; to classes in I'( X, RHom(Z/l(Th(ﬁaei)), A(i(l+

rank(L))))) identify since the pull-backs by dp and d; of the class Qg(z) identify. On taking coho-

mology, this defines a class in H? (X A EZlé\Th(f/@i), ZJI(iN)) = H*N(Th(L®"),Z/1(iN)), where
!

N = rank(E) + rank(L). (Recall | = rank(E) as well.) In fact, the definition of the total power

operation Pg(z) as in Proposition 3.3 shows that, this class identifies with the class denoted Ps(z)

above. The main point to observe now is that under Thom-isomorphism this class corresponds to the

class in H?!(X /\EElé\ Uy, Z/1(li) represented by the class O(z). This is proved in the lemma below.
l

Since this class represents the class Q;(z), we observe that Qs(z) = Ps(z) in this case.

Next we consider the general case when F' denotes any pointed simplicial sheaf. Now one chooses
the standard resolution of F' by a simplicial scheme X, as in [Voevl, section 3], with each X, a smooth
scheme. Then a class z in H%(F,Z/1(i)) is represented by a cycle Zy on X x A’ equi-dimensional and
finite over X so that the two pull-backs d}(Zy) to cycles on X x A’ equi-dimensional and finite over X;
are the same for i = 0 and 4 = 1. The observation (4.1.4) shows that then d%(Qs(Zo)) = di(Qs(Zo)).
It follows that this cycle therefore defines a cycle in

Tot{ RHom(Z/I(F)® Z/I(S") @ Z/I(U), A(il)|n} = RHom(Z/I(F) ®Z/l(EEl)Z/%l)Z/l(U), A(il))

(Here Tot denotes a suitable total complex.) We will denote this cycle by Q,(Z)p. Next observe that

the vector bundles F and L as in 3.0.2 as well as the associated vector bundles E and L are defined

independently of X, so that these are the same for all X;, j =0,1,...,. Therefore, we may define the

associated vector bundle F = X X Fand L =X o X L. Moreover it follows similarly that the two cycles

A (q*(d(Qs(Z0))))eRHom(Z(X) Z/Z(EZZ)OZ/% )Z/z(Th(Eg%)), A(iN)) are the same for j = 0, 1.
1

Therefore, on taking cohomology, this defines a class in H?N(Th(L®Y),Z/I(iN)) = H*N(X¢ 1 A
EElé\Th(E),Z/l(z’N)) ~ H%N(F A EZlé\Th(fL),Z/l(iN)), where N = rank(E) + rank(L). In fact
l l

this class identifies with the class denoted Ps(z) above. Once again the lemma below shows that under
Thom-isomorphism this class corresponds to the class in H*!(F, A EY; é\ Uy, Z/1(il) represented by
l

the class Q4(Zo)r. Since this class represents the class Q4(2), we observe that Qs(z) = Ps(z) in this
case as well, thereby completing the proof of the proposition. O

Lemma 4.2. Let ze H**(X, ., A(u)) for a simplicial scheme Xo be represented by a cycle Zy on
Xo x A" equi-dimensional and finite over Xo so that the pull-backs di(Zy) and di(Zp) to cycles on
X1 x A" are the same. Let V denote the trivial vector bupdle Xe X AV. Then the Thom-isomorphism
sends the class z to the cycle represented by A, (q*(Zo))eH* " 20 (Th(V), A(u+v)), where q : Vo — X
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is the projection and A : Vo x A* — Vo x A¥ x Vj is the obvious diagonal. (Here Vjy is the restriction
Xo Xo Xo
of V to Xo.)

Proof. The Thom class [T] corresponding to the vector bundle V' is the class defined by the diagonal
Ay, which is a cycle on Vj x Vj equi-dimensional and finite over Vj. Now the cup-product of the class
z represented by the cycle Zy with [T] corresponds to the cycle represented by A, (q*(Zy)). O

5. Comparison with the operadic definition of classical cohomology operations:
properties of classical operations

An E*°-structure on the motivic complex Z/l = ®;Z/l(i)) is shown to lead to a somewhat different
definition of the classical cohomology operations on mod—! motivic cohomology as discussed in [J1,
Section 5] and based on the earlier work [May]. We will presently show that these operations are in fact
identical to the classical operations defined above. Since the classical operations defined operadically
readily inherit several well-known properties, we are thereby able to carry over such properties to the
classical cohomological operations defined above. Some of these properties of the classical cohomology
operations, for example, the Cartan formulae are used in an essential manner in the comparison results
in the next section.

The only other way to establish such properties for the classical cohomology operations would be
by a tedious step-by-step verification of these properties following the approach in [St-Ep]. Therefore
we prefer the approach adopted here, which is far simpler.

Proposition 5.1. The cohomology operations defined above coincide with the classical cohomology
operations defined on mod-l motivic cohomology in [J1, Section 5].

Proof. Recall the simplicial Barratt-Eccles operad is the operad { NZ(EX,,)|n} where E,, denotes the
simplicial bar-resolution of the finite group ¥, and NZ(EX,) denotes the normalized chain complex
associated to the simplicial abelian group Z(FEX,,). The operad structure obtained this way is discussed
in [J1]. We will assume that it is an action by the simplicial Barratt-Eccles operad on the motivic
complex that provides its Foo-structure. The above action of the operad { NZ(EX,,)|n} on the complex
A = @p>0Z/1(n) provides us maps

(5.0.5) 0,: NZ(E%) ® A% — A

Recall that KV denotes Hom(K, Z/l), if K is any complex of Z/l-vector spaces. From the above
pairing we obtain

07 : NZ(EX) @ AY — (AY)®'

where we define 6 (h,a")(a1®- - Q) =< §;(hQ®a1®---Qaq;),a"” >, a;e A, a’e A and he NZ(EY;). In
fact these pairings provide the dual A" with the structure of a co-algebra over the operad { NZ(EY,|l}.
It is a standard result in this situation that the map 6] is a chain map and is an approzimation to
the diagonal map (i.e. homotopic to the diagonal map) A : AV — (AV)®I. (Here, as well as elsewhere
in this section, we use the observation that for any vector space V over Z/I, a vector veV ( a vector
vVeV"V) is determined by its pairing < v,w > with all vectors weV" (its pairing < u,v¥ > with all
vectors ueV, respectively.).)

We next take the dual of the pairing 6 to define a chain-map:
(A = NZ(B)Y @ (AY)".

The formula defining the chain map 6} shows that this map sends A% C ((AY)V)®' to NZ(EX)) ® A.
Clearly there is a pairing NZ(EY))Y @ NZ(EY;)Y — NZ(EY;)Y induced by the diagonal A : EY; —
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EY; x EY;. Tensoring the last map with NZ(EY;)" and making use of this pairing provides us with
the map:

(5.0.6) d: (NZ(ES))Y @ A% — (NZ(ED))Y ® A

One may recall that the action of c€X; on NZ(EY;) and of o~! on A®" cancel out. Tracing through
these actions of ¥; on the maps in the above steps, one concludes that the map d induces a map on
the quotients:

(5.0.7) d: (NZ(EZI))VZ% A% (NZ(EZZ))VZ% A

Now the cohomology of the complex (NZ(EEZ))VN(Z%E ))A identifies with H*(BY;; Z/1) @ H*(A)
whereas the cohomology of the complex (NZ (EEZ))VZ%Z;@Z identifies with the equivariant cohomol-
ogy: H* (A®l, ¥; Z/1). Therefore, the map d defines a map

(5.0.8) d*: H*(A®',%; Z/1) — H*(BYy; Z/1) © H*(A)

The formula defining d also shows that the map d* is a map of H*(BY;, Z/I)-modules. One may

also observe readily that the [-th power map defines a map H*(A) — H*(.A®l,21; Z/l), a — a'. Let
{ei, feili > 0} denote a basis of the Z/I-vector space H.(BY; Z/l) dual to the basis {y, zy'li > 0}
for H*(BY;; Z/1), ie. < ejy) >=0,ifi # j and = 1 if i = j. Also < fe;,y/ >= 0 for all i , j,
< fe;j,xy) >=0for i # j and = 1 for i = j. Observe that now we have the following computation for
a class ae H1(A):

< J*(ozl),ei @ (=) >=< él*(ei, (f)v),ozl >=< (—)v,él(ei,al) > and
< J*(al)a fei ® (_)\/ >=< él*(fel? (_)V)’ al >=< (_)\/7 él(feia al) >

where (—)VeH*(A)" and 67 is the map induced by 6; on taking homology of the corresponding
complexes. Since the map ¢ was observed to be chain homotopic to the diagonal, it follows that
d* = A* where A is the obvious diagonal. Therefore, the coefficient of 3 (zy’) in the expansion of
d*(a)eH*(BY; Z/1) @ H*(A) identifies with 0;(e;, a!) (0;(fei,al), respectively). This completes the
proof of the proposition O

The main point of the above comparison is to provide the following corollary where the corresponding
results are shown to hold for the classical operations defined operadically in [J1, Theorem 5.3] invoking
the results of [May].

Theorem 5.2. Let F' denote a pointed simplicial sheaf on (Sm/k)n;s in which case H* will denote
cohomology computed on the Nisnevich site or on (Sm/k)e in which case H* will denote cohomology
computed on the étale site.

The classical cohomology operations Q° : HY(F,Z/1(t)) — H12(=1(F 7./1(1.t)) and
BQ° : HI(F,Z/1(t)) — HI2U=D+(F 7,/1(1.t)).
satisfy the following properties:
(i) Contravariant functoriality: if f : F' — F is a map between simplicial sheaves, f* o Q% = Q%o f*

(ii) Let xsflq(F, ZJI(t). Q%(x) =0 if 25 > q, BQ*(x) = 0 if 25 > q and if (q = 2s), then Q°(x) = 2!
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(iii) If B is the Bockstein, o Q° = Q°.
(iv) Cartan formulae: For all primesl, Q*(z @ y) = '+Z Q' (r) ® Q’(y) and
i+j=s

bR ewy) = % 6Q'(2)® Q) +Q'(2) ® Q)

(v) Adem relations For each pair of integers i > 0,5 > 0, we let (i,7) = (ZZT—]],)' with the convention that

0! = 1. We will also let (i,7) =0 if i <0 or j < 0. (See [May, p. 183].) With this terminology we
obtain:

If 1 >2,a<1b, ande=0,1) orif 1=2,a<1bande=0) one has

(5.0.9) BQ Q" = Xi(—1)" i (a— Ui, (1 — )b —a+i—1)BQ " Q’

where °Q° = Q° while 3'Q* = BQ*. If1>2, a < b and ¢ = 0,1, one also has
BEQG,BQI) = (1 — e)zi(—l)aJri(a . li, (l . 1)b —a4+i— l)ﬁQaerfiQi

(5010) —Zi(—l)a+i(a —li—1, (l — 1)b —a -+ ’L')/BeQa-i-b—iﬁQi

[a

(vi) The operations Q° commute with the simplicial suspension isomorphism in H™(F;Z/l(r))

HMY(SFZ/1(r)).

(vii) The operation Q° commutes with change of base fields and also with the higher cycle map into
mod—! étale cohomology.

Remark 5.3. It is important to observe that Q° is not the identity. The property (i) above shows
that in general Q°(x) = 2!, if ze HY(X,Z/I(t)) = H°(X1,Z/I(t)) for any smooth scheme X and any
t > 0. This will play a major role in the comparison results in the next section.

6. Comparison between the motivic and classical operations

In view of the results established in the earlier sections we are able to provide a nearly complete
comparison of the motivic and classical operations.

6.0.11. The Motivic Bott element. Throughout the rest of this section, we will assume that the
field k has a primitive I-th root of unity. Recall that we have:
(6.0.12) HY (Spec k,Z(1)) =0,p #1

=k*p=1

Now the universal coefficient sequence associated to the short exact sequence 0 — Z(l)ﬁZ(l) —

Z/1(1) — 0 of motivic complexes, provides the isomorphism

(6.0.13) HY(Spec  k,Z/1(1)) = 1y (k)

The Motivic Bott element is the class in HY,(Spec k,Z/I(1)) corresponding under the above isomor-
phism to the primitive I-th root of unity (. We will denote this element by B. Since cycl(B) = ¢
in HY( ,m(x)), multiplication by the class cycl(B) induces an isomorphism: HX( ,u(r)) —
H:( ,(r+1)). It follows that the cycle map cycl induces a map of cohomology functors:

(6.0.14) cycl(B™Y) s Hiy( L ZI)B™Y — Ha( ().
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It is shown in [Lev] that this map is an isomorphism on smooth schemes.

As observed above, the cohomology H*(BX{™;Z/l) maps naturally to H*(BX;;Z/l) under which
the total power operation Py, maps to the total power operation P,. Therefore, a simple comparison
of the degrees and weights of the classes involved provides the following proposition.

Proposition 6.1. Assume that the base field k has a primitive [-th root of unity. Let ostiZ (X,Z/l(q)
for some ¢ > 0 with Xe(Sm/k). Then

Q"(a) = BV Pr(a), Q" (a) = BT 5P (a)

forr <q. Forr>gq, Q" (a) =0= P ().

Corollary 6.2. The same relation holds for any class asI:I/ivl (F,Z/(q)) when F is any pointed sim-
plicial sheaf on (Sm/k)y,, provided i < 2q.

Proof. We will first observe that the relations hold when ¢ = 2¢q and F' is any pointed simplicial sheaf
on (Sm/k) ;- This follows readily in view of the observation that the two total power operations Py,
and P, are compatible as natural transformations defined on the category of all pointed simplicial
sheaves on (Sm/k). Next we consider the statement when i < 2¢. For example, if i = 2¢ — 1,
ﬁi‘}fl(F, Z]l(q)) = ﬁﬁ(E; ANF,Z/1(q)). Now using the observation that both the motivic and classical
operations are stable with respect to the suspension X1A , such a degree-suspension reduces this to
the case when ¢ = 2¢, which has been proved already. Observe also that when ¢ < 2¢, one knows that
Q" (a) =0 = P"(«) for r > g, (see [Voevl, Lemma 9.9] for a proof of the last equality) so that for the
classes a for which Q" is non-zero, the exponent (¢ —r)(l — 1) of B is > 0. (If i > 2¢ this may no
longer be true apriori.)

In case F is in fact a scheme Xe(Sm/k), the identification H),(X,Z/(q)) = CH’(X,2q—1;1) shows
that these groups are trivial if ¢ > 2¢g. Therefore, it suffices to consider the case when ¢ < 2¢ in case
F' is in fact a scheme Xe(Sm/k). O

Next we will consider what may be said about the case i > 2¢q. First observe that the Bott element
B defines a class in H},(X,Z/1(1)) for any smooth scheme X by pull-back. Next consider a a pointed
simplicial sheaf F'. Then one finds a resolution of F' by pointed simplicial schemes X, 1 : see [Voevl,
section 3]. The structure map X; — Speck factors through the structure map Xy — Speck, so that
B pulls-back to define a class (still denoted) BeHY,(F,Z/I(1)).

Lemma 6.3. Let F' denote a pointed simplicial sheaf on (Smt/k)n;s. Then

(i) Q"(B) = B". i
(ii) if zeHY,(F,Z/1(t)), then Q"(B.z) = B'Q"(z) and Q" (B.x) = B'3Q" (z) for allze H} (F,Z/1(t)).

Proof. (i) Take z = B in Theorem 5.2(ii). Then ¢ = 0 = s there so that Q"(B) = 0 for r > 0
and QY(B) = B'. This proves (i). (ii) now follows from (i) making use of the Cartan formula in
Theorem 5.2(iv). O

Our basic technique to handle the case where the degree > twice the weight (i.e. i > 2¢) is to apply
suitable weight and degree suspensions so as to reduce to the case where the degree = twice the weight.
Then we handle this case by the comparison above. Both the motivic and classical operations commute
with degree suspension, and the motivic operations commute with weight suspensions as well. The
classical operations do not, however, commute with weight suspensions. But weight suspensions may
effected by multiplying with the class B and the behavior of the classical operations with respect
to tensoring with B is explained by the results above. Therefore, we obtain the extension of our
comparison to classes of all degree and weight as explained below.
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Proposition 6.4. Suppose xsﬁiﬂH(F, Z/l(q)), with t > 0.
(i) If t = 2t' for some integer t', then
BUQ"(x) = Bt 0= BYPr(2) and BY'BQ"(x) = BT BYgPT(2), 0<r<q+t.

(i) If t =2t' + 1,
t'+1)1 Qr( ) q+t +1-r)(-1) Bt +1Pr( ) and
B(tl+1 ﬁQr(x) _ B(q+t +177‘)(l71).Bt +1ﬁpr(x), 0<r< q+t’+ 1.

Proof. To obtain (i), one first applies an iterated weight suspension ¢'-times: this is effected by mul-
tiplying = by BY. Now the class Bt'xefsz\fl+2t (F,Z/l(q+ 1)), so that one may apply the comparison
in Proposition 6.1 to it and obtain:

QT(Bt/l‘) — Blg+t'—r)(1-1) pr (Bt/fL‘) and BQT(Bt’l,) — B(Q+tl_r)(l_1)ﬁPT(Bt/$).

Making use of Lemma 6.3, we see that Q" (B z) simplifies to BY'Q"(z) while Q" (B x) simplifies
to BY8Q"(z). P"(B"z) = B'P"(X) and BP"(B"x) = BY 3P"(x). These prove (i). To obtain (ii),
one needs to apply an iterated weight suspension ¢’ + 1-times followed by a degree suspension once.
This produces the class E;Bt/“xslzfﬁwt/H(Z;F, Z/l(q+t +1)). Now one applies the comparison in
Proposition 6.1 to it. Then one makes use of Lemma 6.3 to pull-out the B from the left-hand-side. [J

Examples 6.5. () Take t = 1. In this case one obtains B'Q"(z) = B@t="(-DBP"(z) and
B'BQ" (z) = Blat1="(=1)BZP"(x). One may now also take = ¢ to obtain, B'Q(x) = B'PI(x)
and B'fQ(x ) B!'Pi(z). Since B is not invertible, multiplication by B need not be injective
and therefore, one cannot conclude that therefore Q%(z) = P9(X) or that Q% (x) = BPI(x).

(ii) Take t = 2. In this case one obtains B'Q" (z) = Bt1=") (=) BP"(z) and
BlﬁQr( ) Blg+1-r)(I-1) B,BPT( )

(iii) Take t = 3. In this case one obtains BXQ"(z) = Bt2="(-1DB2pr(z) and BX3Q"(x) =
Blat2=n(=1)B23Pr (). If, in addition, r = ¢ + 1, then this becomes B*Q"(z) = B*1P"(x)
and B?3Q"(r) = B'T!3P"(x). Once again, since B in not invertible, one cannot conclude that
therefore B=1Q"(x) = P"(x) or that B'=13Q" (z) = BP"(z).

Observe that by the multiplicative properties of the operations and the observation that P"(B) =0
if r > 1 ([Voevl, Lemma 9.8]):

(6.0.15) P"(B’a) = B'P"(a),
(6.0.16) BP"(B’a) = BIBP"(a).

The above relations show that the motivic cohomology operations above induce operations on
H*( ,Z/l(%))[B7!] in the obvious manner: we define P"(a.B~!) = P"(a).B~! and BP"(a.B™ 1) =

BP"(a).B~. Next we proceed to compare these induced motivic and classical operations on mod—I
étale cohomology,

Proposition 6.6. (Comparison of operations in mod—l étale cohomology.) Assume that the base
field k has a primitive I-th root of unity. Let F' denote a pointed simplicial sheaf on (Sm/k)es. Let
aeHL (F, (q)) for some ¢ > 0. Then

Q" (e) = BU=D pria), Q" (a) = BU-D 5P ()

forr <i/2 and alli > 0. For Q"(a) =0 for r > i/2 and P"(a) =0 for r > 1i/2.
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Proof. For the case r < ¢ this follows from Proposition 6.1. For the other cases it follows by expanding
the exponents of B on both sides of the formulae in Proposition 6.4 and canceling out all the powers
of B on the left-hand-side. U

7. Cohomological operations that commute with proper push-forwards and Examples

The operations considered so far commute with pull-backs only and do not commute with push-
forwards by proper maps. In this section we modify the above operations to obtain operations that
commute with proper-push-forwards. The goal of this discussion is to consider the analogues of degree
formulae in mod-p motivic cohomology: such degree formulae have played a major role in some of
the applications of motivic cohomology operations. The key to this is the following formula, which
follows by a deformation to the normal cone argument as shown in [FL, Chapter VI]. We state this for
the convenience of the reader. Recall that motivic cohomology is a contravariant functor on smooth
schemes. By identifying motivic cohomology with higher Chow groups, one may show the former is
also covariant for proper maps.

Proposition 7.1. Let

X/ >

denote a cartesian square with all schemes smooth and with the vertical maps either regular closed
immersions or projections from a projective space. Let the normal bundle associated to i (i) be N (N',
respectively). Then the square commutes:

-

H*(X',Z/i(e)) —~ H*(W',Z/I(e))

oo |

H*(X,Z]l(e)) H*(W,Z/1(e))

where N = f*(N')/N is the excess normal bundle and e(N) denotes the Euler-class of N. In case g and
hence f are also closed immersions with normal bundles Ny and Ny, respectively, then N = Ng|X/Nf.

Moreover if a finite constant group scheme G acts on the above schemes, the corresponding assertions
holds in the G-equivariant motivic cohomology defined below.

Definition 7.2. Let G denote a finite group acting on a scheme X. Then we let Hg(X,Z/(r)) =
hoEmRF(EGéX, Z/l(r)) following the terminology in [J2, Section 6]. We let HA(X,Z/l(r)) =
Tn(Ha(X,Z/1(r)) .
Remarks 7.3. 1. One may now verify that if G = Z/I, for a fixed prime [, then

H}(Speck,Z/l(e)) = H*(Spec  k,Z/l(e)) @ HZ,,,.(BG, Z/1)

sing
where H*(Speck,Z/l(e)) denotes the motivic cohomology of Speck and H;, (BG,Z/l) denotes the
singular cohomology of the space BG with Z/I-coefficients. Recall that if I = 2, Hy;,, (BG,Z/l) is a
polynomial ring in one variable and when | > 2, Hy,, (BG,Z/l) = Z/l[t] ® Alv] where 3t = v and
A[v] denotes an exterior algebra in one generator v.

2. The situation where will apply the above proposition will be the following: X will denote a
given smooth scheme and X’ will denote X *' W will denote another smooth scheme provided with a
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closed immersion X — W and lVV’ will denote W*'. In this case the normal bundle associated to the
diagonal imbedding of X in X is T i1 (the normal bundle associated to the diagonal imbedding of

Win WX is Ty xi-1 ,;respectively). As equivariant vector bundles for the obvious permutation action

of Z/l on X*" and W*' these identify with R, Tx and R®y, Ty where R is the representation of Z]l
given by (k[z]/(2! —1))/k. For a line bundle &, let w(&,t) = 1+ ¢ (L)' ~'t. One extends the definition
of w(&,t) to all vector bundles £ by making this class take short exact sequences to products. Then
the Euler-class e(R ®y, Tx) = t4¥"X)w(Tx, 1/t) and e(R @y Ty) = t%™Ww(Ty,, 1/t).

At this point, we may adopt the arguments as in [Bros| to define cohomology operations that
are compatible with push-forwards by proper maps between quasi-projective schemes. i.e. Let Q°® :
H*(X,Z/l(e)) — H*(X,Z/l(e)) denote the total operation defined by Q°* = X;Q°. Now we define the
covariantly functorial operations Qs by letting

(7017) Qo = ESQS = Q. N w(TX)_l

(Recall that the class w(Tx) is invertible.) If we re-index motivic cohomology homologically, (i.e. if
X is proper and of pure dimension d, we let H, (X, Z/l(r)) = H*"(X,Z/(d —r))) the operations Q,
map Ho(X, Z/1(1)) t0 Hy 1) (X, Z/U(t1 — d(1 - 1))).

Proposition 7.4. Let f : X — Y denote a proper map between quasi-projective schemes over Spec k.

Then Qe © fi = f+ 0 Q.

Proof. Since X and Y are quasi-projective, f may be factored as a closed immersion i : X — Y x P"
for some projective space P™ and the obvious projection 7 : Y x P* — Y. Therefore, it suffices to
prove the assertion separately for f = 4 and for f = . The case f = i is clear from the statements
above. Next observe that P” is a linear scheme and therefore the motivic cohomology of X x P” is
given by an obvious Kunneth formula: see [AJ, Appendix| for example. Therefore the Cartan formula
immediately implies the required assertion for the case f = . O

We proceed to consider various examples.

7.1. Examples. The first example we consider is an operation

Qs : Hy(X, Z/1(t)) = Hy-250-1)(X, Z/1(tl — d(l = 1)))

on a projective smooth scheme X of dimension d so that the composition with the proper map
T 0 Hy_951-1)(X, Z/1(tl — d(l = 1))) — Hy_o5q—1)(Spec  k,Z/I(tl — d(l —1))) is in fact zero.

For example, one may take dim(X) =3,¢=2,t=1, s =1 and [ = 2. Now we have the operation

Q1 : Ha(X,Z/2(1)) — Ho(X, Z/2(-1)).

In cohomology notation this identifies with an operation Q; : H*(X,Z/2(2)) — H%(X,Z/2(4)). The
projection to Spec  k sends the source to the group Ha(Spec  k,Z/2(1)) = H=2(Spec  k,Z/2(—1)) =
CH™Y(Speckk,Z/2) = 0. Tt follows that m, o Q1 = 0. Recall that H*(X,Z/2(2)) identifies with
CH?(X,7Z/2). Therefore any closed integral sub-scheme of X of codimension 2 defines a class in this
group. If a is such a class, our conclusion is that m.(Q1(«)) = 0.

So far we did not put any restriction on the prime . Next we assume [ = p. Let v(r) be the sheaf
that is kernel of W* — C : Z§)' /s~ O /s Here X is the scheme obtained as the pull-back of
X xS where the map S — S is the absolute Frobenius and S = Speck is the base field. Moreover

S

T

W* is defined as the adjoint to the obvious map QTX/S — W*QX(p>/

s and ZQS( /s denotes the kernel
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of the differential d : €, — QTXJ% (See [I, 2.4] for more details.) It is known that v(0) = the

constant sheaf Z/p, v(1) = dlog(O%) and that v(r), viewed as a sheaf on X is generated locally by
dlog(z1).- - - dlog(x,), v,€0%.

It is shown in [GL, Theorem 8.4] that if X is a smooth integral scheme over k and k is perfect, then
one has the natural isomorphism (induced by a quasi-isomorphism v(r)[—r] ~ Z/p(r)) H*(X,v(r)) =
Hst"(X,Z/p(r)), where cohomology denotes cohomology computed either on the Zariski or étale sites.

Therefore, if we require [ = p and the field k is perfect, the last operation takes on the form
Q1+ HA(X,v(2)) — HY(X,v(4))
where cohomology denotes cohomology computed either on the Zariski or étale sites.

As another example, we may assume dim(X) =4, ¢=3,t =1, s =1 and |l = 3. Now we obtain the
operation Q1 : CH3(X,Z/3,1) = H®(X,Z/3(3)) — H°(X,Z/3(9)). Re-indexing homologically this
identifies with Q1 : H3(X,Z/3(1)) — H_1(X,Z/3(—5)). Now m,0Q1 = Q1 0m, and 7, maps the group
H3(X,Z/3(1)) to H3(Speck,Z/3(1)) = H3(Speck,Z/3(—1)) = CH (Speck,Z/3,1) = 0 since the
higher Chow groups indexed by the codimension are trivial for negative codimension. Therefore, the
composition m, 0 Q1 = 0. In case [ = p, this operation now takes on the form

Q1 : H*(X,v(3)) — H°(X,v(9)).

As yet another example, we will presently show that the only classical operations that send the
usual mod-{ Chow groups to the usual mod-I Chow groups are the power operations. Recall that the
usual mod—! Chow groups are given by the mod—I motivic cohomology groups H?*(X,Z/l(n)). Now
let Q° : H*(X,Z/1(t)) — H**2U=1)(X 7/I(It)) be given so that the 2t + 2s(I — 1) = 2it. Then
2s(l — 1) = 2t(l — 1) so that s = t. Therefore we see from Theorem 5.2(ii) that the given operation is
none other than the /-th power operation.
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