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1. SUMMARY

I study the interplay between combinatorics and algebraic geometry, with applications to
number theory. I use ideas from tropical geometry which transforms questions in algebraic
geometry into questions in combinatorics through the combinatorial study of degenerations
and stratifications. A brief introduction to tropical geometry can be found on my website at

http://www.math.uwaterloo.ca/~eekatz/whatistropical.pdf

There are two main threads of my recent research:

e Incorporating the algebraic geometric notion of positivity into combinatorics (in joint
work with Karim Adiprasito and June Huh) which has already lead to the proof of
a forty-five-year-old conjecture of Rota on the log-concavity of characteristic polyno-
mials of matroids; and

e Finding uniform effective bounds on rational and torsion points on curves by studying
curves of bad reduction (in joint work with Joseph Rabinoff and David Zureick-
Brown);

I also describe my work in the following directions:

e Addressing the tropical lifting problem: “Which balanced weighted polyhedral com-
plexes arise from algebraic varieties?” (in individual work and in joint work with
Tristram Bogart and with Sam Payne); and

e Relating the filtration on cohomology groups induced by a degeneration to the com-
binatorics of the dual complex, with applications to Ehrhart theory (in joint work
with David Helm and with Alan Stapledon).

In my work, I employ Hodge theory, rigid analytic geometry, p-adic integration, combina-
torics of bad reduction, and intersection theory. I have written on the following topics individ-
ually and with coauthors Karim Adiprasito, Tristram Bogart, David Helm, June Huh, Han-
nah Markwig, Thomas Markwig, Sam Payne, Joseph Rabinoff, Alan Stapledon, and David
Zureick-Brown: rational and torsion point bounds [KZB13, KRZB15a|; log-concavity of char-
acteristic polynomials and more generally Hodge structures on matroids [HuhK12, AHK15];
mixed Ehrhart theory of subdivisions and hypersurfaces [KS14b, KS14al; the tropical lifting
problem [K12b, BKal2]; tropical varieties and mixed Hodge strucutres [HeK11, KS12]; the
tropical j-invariant [KMMO08, KMMO09]; and tropical realization spaces [KP11, K13]; tropical
intersection theory [KP08, K09b, K12a|; relative Gromov-Witten invariants [K07]. I have
also written expository papers [K09b, K14b].

2. RESULTS
2.1. Rota’s Conjecture and Hodge theory on matroids. With Karim Adiprasito and
June Huh [AHK15], T have resolved Rota’s conjecture on the log-concavity of the character-
istic polynomial of matroids:



Theorem 1 (Adiprasito-Huh-K '15). The characteristic polynomial of any matroid is log-
concave.

Rota made this conjecture in his talk at the 1970 International Congress of Mathemati-
cians, and it was one of the central problem in enumerative combinatorics. It is a natural
extension of the Unimodality conjecture for chromatic polynomials for graphs which was
resolved by Huh [Huh12] through deep arguments in singularity theory. Here, unimodal-
ity means that the coefficients of the characteristic polynomial form a unimodal sequence.
In contrast to [Huh12|, our proof of the more general conjecture, while inspired by Hodge
theory, is elementary, making use of only ring theory and linear algebra.

Matroids are the common combinatorial generalization of graphs and linear subspaces.
For background, we recommend [K14b]. Let k be a field and k™ be given distinguished
coordinates z1,...,x,. Let V be a linear subspace in k™ not contained in any coordinate
hyperplane. Define the rank function r : 28" — Z., by, for S C {1,...,n},

r(S) = codim((V N Lg) C V)
where Lg is the coordinate flat
Ls={z € k" |z;=0foricS}.

The rank function satisfies natural properties like monotonicity on subsets and subadditiv-
ity of codimensions under intersection. When one axiomatizes such a rank function, one
obtains one definition of a matroid, a concept introduced by Whitney. Only some matroids,
the so-called representable ones arise from linear subspaces. Matroids have been playing
an increasing role in algebraic geometry: they label certain pathological subsets of Grass-
mannians called thin Schubert cells [GGMS87] which are relevant to polytope theory and
are employed to show that other moduli spaces have arbitrarily bad singularities [Va06];
invariants of matroids are closely connected to cohomology and K-theory [FS12]; and ma-
troids provide a laboratory for studying questions of realizability of cohomology classes by
irreducible subvarieties [Huh14].

There is a natural invariant of matroids called the characteristic polynomial xp(q) which
generalizes the chromatic polynomial of graphs. It is defined by Mobius inversion, which is
a generalization of inclusion-exclusion. In the representable case, xas can be thought of as
the class of

[V N (k)" € Ko(Vary),

where Ky(Vary) is the Grothendieck group of varieties over k. Consequently, it is closely
related to the Poincaré polynomial and [Fy-point enumeration of hyperplane arrangement
complements. For a number of reasons, many motivated by probabilistic considerations
[Br14], combinatorialists are interested in the structure of coefficients of the characteristic
polynomials. Theorem 1 asserts that the characteristic polynomial is log-concave, that is,
the logarithms of the absolute values of its coefficients form a concave sequence.

Our proof draws on an early special case jointly with Huh [HuhK12]. The earlier proof,
itself based on [Huh12], required that the matroids be representable. We take a wonderful
compactification V of the intersection V N (k*)™. By tropical geometric techniques, we show
that the coefficients of the reduced characteristic polynomial % are intersection numbers
coming from taking mixed powers of two nef classes on V. These numbers are shown to be
log-concave by applying the Khovanskii-Teissier inequality [Laz04] which is a generalization
of the Hodge index theorem.



To prove the general case, we define a matroidal intersection ring A*(M), a combinatorial
avatar for the cohomology of the wonderful compactification. It is naturally a quotient of
the Stanley-Reisner ring of the order complex of the lattice of flats of the matroid, but it has
a very different character and many surprising properties. By using deep ideas originating
in the work of McMullen and Karu [McM93, Kar04] on the combinatorial proof of the lower
bound theorem in polytope theory and refined in the work of de Cataldo and Migliorini
[dMO05], we are able to show that A*(M) behaves as if it were the cohomology ring of an
algebraic variety: it has a natural combinatorial ample cone with respect to which it has
desirable Hodge theoretic properties. This is to say that it satisfies the Kahler package: the
Hard Lefschetz theorem and the Hodge-Riemann bilinear relations. From this, we are able
to deduce inequalities of Hodge-type strong enough to imply log-concavity.

We expect our proof to have consequences similar to those of Stanley’s work on the g-
theorem. In fact, our result may point to a deep theory of “combinatorial positivity” analo-
gous to the theory of positivity in algebraic geometry as exposited in Lazarsfeld’s textbook
[Laz04]. Our proof has been announced on Gil Kalai’s blog:

http://gilkalai.wordpress.com /2015/08/14 /updates-and-plans-iii/

and it is likely that he will have an expository post on it by the time that this research
statement is read. This theory of combinatorial positivity was the subject of a workshop for
graduate students and postdocs at the University of Oregon in August 2015 in which I gave
a lecture series on our proof.

2.2. Bounds on rational points on algebraic curves. Algebraic varieties are the solution
sets to systems of polynomial equations. One may ask how many rational points lie on an
algebraic variety, that is, what are the rational solutions to a system of polynomial equations?
This is the central question in Diophantine geometry. The one-dimensional case of algebraic
curves is already very deep. The major development in this area was the proof by Faltings in
1983 that an algebraic curve of genus g > 2 has only finitely many rational points. However,
his work does not given an explicit bound. The work discussed in this section attempts to
find effective, explicit bounds. Even more ambitiously, we hope to find uniform bounds, that
is, bounds depending on the genus of the curve and not its arithmetic structure. It is the
subject of the uniformity conjecture that such bounds exist. I have work in this direction with
collaborators using the Chabauty-Coleman method [MP12]. This method gives an explicit
bound on the number of rational points on curves subject to bounds on the Mordell-Weil
rank of the curve, that is the rank of the Abelian group of rational points of its Jacobian, J.

I also discuss bounds on torsion points on curves. An Abel-Jacobi map is a particular
canonical (up to a choice of base-point) map ¢ : C' < J of the curve into its Jacobian. The
torsion points on the curve with respect to ¢ is the pre-image, ¢t~ (Jiors) of the torsion points of
the Jacobian. One can consider the rational torsion points, that is, torsion points defined over
a number field, or the geometric torsion points which are defined over an algebraically closed
field. They are finite by the Manin-Mumford conjecture as proved by Raynaud [Ray83].
There are effective bounds due to Buium [Bui96] but no uniform bounds.

2.2.1. Uniform bounds on rational and torsion points. With Joseph Rabinoff and David
Zureick-Brown [KRZB15al, I have proved an important case of the uniformity conjecture.
We give uniform bounds on the number of rational points on a curve C' over a number field
K when its Mordell-Weil rank r satisfies r < g—3, extending a result of Stoll on hyperelliptic
curves [Stol3]. We also provide unconditional bounds on rational torsion, and bounds on
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geometric torsion subject to conditions on the reduction type of the curve. To our knowledge,
no uniformity result was previously known even in this case for non-hyperelliptic curves.

Theorem 2. Let d > 1 and g > 3 be integers. There exist explicit constants N(g,d),
Niors(9, d). Niors,t(g, d) such that for any number field K of degree d and any smooth, proper,
geometrically connected genus g curve C /K, we have

(1) If C has Mordell-Weil rank at most g — 3, then
#C(K) < N(g,d).

(2) For any Abel-Jacobi embedding v: C' — J into its Jacobian (defined over K ), we

have
#Lil (JC<K>tors) S Ntors(.g’ d)

(3) Letp be a prime of F, and let € be the stable model of C' over an algebraic closure of
the completion K,. Suppose that C satisfies g > 2g(C;) + nc, for each component C;
of the closed fiber 6,, where g(C;) is the geometric genus of C; and n¢, is the number
points of the normalization of C; mapping to nodal points of 6,. Then, we have

#L_l (J(K)tors) S Ntors,’[(ga d)

For (2), our bound is unconditional The constant N(g,d) is quadratic in genus as is
Niors(g, d) while Ny +(g, d) is exponential but explicit. In the case of K = Q, we may take

Ntors(g; 1) = N(g, 1) = 7692 — 829 + 22.

Our proof works by studying curves at primes of possibly bad reduction, that is, primes p
for which when the equations of the curve is taken mod p, the curve may become singular.
Previous effective bounds usually depend on the first prime of good reduction. By working
in the bad reduction case, we are able to circumvent this restriction. We develop the theory
of p-adic integration in the sense of Coleman [Col85] and extended by Berkovich [Be07] to
apply this method in the bad reduction case. In fact, we completely describe the correction
terms (which depend on monodromy) between the Berkovich-Coleman integral which can
be performed locally and the Abelian integral which is a Lie group p-adic logarithm. We
employ techniques from Berkovich spaces, a branch of rigid analytic geometry that allows
us to deal with curves defined over p-adic fields. We also make use of non-Archimedean
potential theory and the Baker-Norine theory of linear systems on graphs to understand
how the combinatorics of the reduction of the curve influence rational points.

2.2.2. Effective bounds on curves of bad reduction. Earlier work with Zureick-Brown [KZB13]
gives an effective, but not uniform bound on the number of rational points on curves of
Mordell-Weil rank at most g — 1. Here, we lower the known bounds, verifying a conjecture
of Stoll [Sto06] for our main result:

Theorem 3. Let C' be a curve over a number field K with Mordell-Weil rank r < g — 1.
Suppose p > 2r 4+ 2 is a prime which is unramified in K and let p C Ok be a prime above p.
Let € be a proper reqular model of X over Og,, the ring of integers of the completion of K
at p, Then

#C(K) < #6,"(F,) + 2r.

Here, €™ denotes the smooth points of the closed fiber of 4. This result extends Stoll’s
strengthening of the Chabauty-Coleman bound to the bad reduction case. Our proof intro-
duces rank functions to give bounds on the size of linear systems on curves over valued fields
and then shows that such rank functions satisfy a Clifford inequality analogous to the one
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in the classical theory of curves. This extends the work of Baker-Norine on linear systems
on graphs. The rank functions we study was independently introduced and systematized in
the work of Amini-Baker [AB14].

Our result is discussed on Matt Baker’s blog:
http://mattbakerblog.wordpress.com /2014 /04 /11 /effective-chabauty/

and summarized in Baker-Jensen’s survey on linear systems on graphs [BJ15]

2.3. The tropical lifting problem. Central to tropical geometry is the procedure of trop-
icalization which attaches a combinatorial object called a tropical variety to an algebraic
variety. Specifically, one begins with an algebraic variety X, the common zero set of a sys-
tem of polynomial equations in an algebraic torus (K*)™ defined over a valued field K. From
it, one produces a tropical variety, Trop(X ), which is a polyhedral complex, as a combinato-
rial shadow of X. The top-dimensional cells of Trop(X) are equipped with a locally constant
multiplicity function m satisfying a balancing condition. Tropical varieties have a very rich
structure reflecting their origins in algebraic varieties. It is a natural, difficult question to
determine which polyhedral complexes come from algebraic varieties. There are non-obvious
combinatorial obstructions. This is called the tropical lifting problem.

2.3.1. Lifting problem for curves in space. In [K12b|, I study the case of algebraic curves
whose tropicalizations are graphs embedded in space. By finding a combinatorial translation
of deformation theory, I give a necessary condition for a graph to be the tropicalization of
an algebraic curve. My condition encompassed all known obstructions while also excluding
additional cases. My proof made use of deformation theory, logarithmic geometry, and the
theory of linear systems on graphs.

Theorem 4. Let f: C* — (K*)" be a map of a smooth curve with parameterized tropical-
ization Trop(f) : ¥ — R™. After a possible subdivision, for any m € Hom((K*)" K*), there
exists a non-negative piecewise-linear function ¢,, on % with integer slopes. The function
©m 18 in the linear system L(Ky), satisfies the vanishing and constant slope condition with
respect to m, and is Go-ample on m-orthogonal hyperplane intersection interiors.

The above conditions are rather technical but can be transformed into easily-checked
combinatorial criteria. This work can also be seen in the light of Berkovich spaces and gives
a necessary condition for a piecewise-linear function on the skeleton to arise as the logarithm
of a section of a formally metrized line bundle. While it may not seem so, this work is very
closely related to my work in arithmetic geometry.

2.3.2. Relative lifting problem for curves in hypersurfaces. With Tristram Bogart [BKal2], I
study the relative lifting problem of curves in a hypersurface. This work explains a number
of pathological examples of tropical curves in tropical surfaces that could not lift to curves
in a surface even though the curve and the surface both lifted individually [Vil0]. These
examples had frustrated researchers hoping to use tropical geometry to enumerate curves in
non-toric surfaces. Our result provides a criterion that these counterexamples violate:

Theorem 5. Let I' C Trop(V (f)) be a tropical curve in a unimodular tropical hypersurface.
Suppose that w is a vertex or an interior point of an edge of Trop(V (f)) and that Star,,(I")
spans a rational plane U. If T lifts in V(f) then one of the following must hold:

(1) T is locally equivalent to an integral multiple of the stable intersection Trop(V (f)) Ngt
U,



(2) The stable intersection Trop(V (f)) Nt U contains a classical segment of weight 1 as
a local tropical cycle summand.

Our proof made use of obstructions to factoring polynomials in the spirit of [Stu96]. The
obstruction prevents one from constructing a particular broken curve in the central fiber of
a degeneration of the hypersurface. Our work was later extended by Brugallé-Shaw [BS11]
and Gathman-Schmitz-Winstel [GSW13].

2.4. Tropical geometry, Hodge theory, subdivisions, and Ehrhart theory. I have
a series of projects applying Hodge theory to tropical geometry and Ehrhart theory. Hodge
theory is the study of additional structures on the cohomology of algebraic varieties, and it
provides new, interesting, and valuable combinatorial invariants.

2.4.1. Tropical geometry and Hodge theory. In work with David Helm [HeK11] and Alan
Stapledon [KS12, KS14b, KS14a], I studied the topology of tropical varieties. Here, we used
mixed Hodge theory. Specifically, a family of complex varieties, degenerating over a disc,
carries a limit mixed Hodge structure on the cohomology of its generic fiber, encoding the
action of monodromy. The ranks of certain associated gradeds of the Hodge structure are
controlled by the combinatorics of the components of the degenerate limit of the family,
and in turn, the Hodge structure gives interesting combinatorial invariants. The necessary
background is provided in my paper with Helm [HeK11], which is the non-constant coefficient
analogue of a paper of Hacking [Ha08], and which has influenced recent work on the topology
of non-Archimedean spaces as summarized in Payne’s recent Bulletin article [P15].

My first paper with Alan Stapledon extracts data about the limit mixed Hodge structure
on the generic fiber of a family over a disc f : Y — I from the data of the tropical variety
and initial degenerations. When the family satisfies a natural smoothness condition called
schénness, we give a tropical recipe to compute Bittner’s motivic nearby fiber [Bi05] which
specializes to the Hodge polynomial of the limit mixed Hodge structure.

2.4.2. Mized Ehrhart theory. Two more recent papers with Stapledon [KS14a, KS14b] de-
velop mixed Ehrhart theory by studying degenerations of hypersurfaces over a disc. Classical
Ehrhart theory [BS07] involves counting the number of lattice points in dilates of a lattice
polytope. This data is encoded in an invariant called the Ehrhart polynomial h*(P;t). By
work of Batyrev-Borisov [BB96], extending results of Danilov-Khovanskii [DK86], h*(P;t) is
related to the cohomology of a hypersurface. We consider the analogous problem of studying
degenerations of hypersurfaces over a disc. This in turn is related to the study of polyhedral
subdivisions of lattice polytopes, which we call mized Ehrhart theory. By looking at the
ranks of the associated gradeds of the limit mixed Hodge structure on cohomology, we give
new, effectively computable, combinatorial invariants of subdivisions of lattice polytopes
that specialize to the usual Ehrhart polynomial. These polynomials include the refined limit
mixed polynomial, h*(P,S;u,v,w) and its specializations and local analogues. Because the
ranks of the gradeds are non-negative, these polynomials have many positivity properties.
Moreover, the Lefschetz properties of the filtrations and the deep decomposition theorem
of Beilinson, Bernstein, Deligne and Gabber [BBD82] give powerful ways of obtaining lower
bound, unimodality, and symmetry results. To this extent, we are able to prove a conjecture
of Nill and Schepers and answer a question of Athanasiadis.

We also develop a formalism for studying subdivision and introduce new invariants of sub-
divisions of convex, not-necessary-lattice polytopes. In fact, we are able to find multivariable
generalizations of the h-polynomial. Our formalism systematizes a number of results on sub-
divisions scattered throughout the literature and extends many of them beyond the simplicial
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case. Our work here builds on Stanley’s theory of local h-vectors [Sta92]. Our formalism is
related to work of Brenti and is motivated by and well-adapted to Kazhdan-Lusztig theory
although we have not yet applied it in that case.

2.5. Other work. I have other projects that do not fit into the above categories.

2.5.1. Work related to enumerative geometry. I do not write much about my older work
on tropical intersection theory [K09b, K12a|, my work with Payne on piecewise polynomials
[KP08], or my thesis work on relative Gromov-Witten invariants [K07]. Developing Gromov-
Witten theory relative to a non-smooth divisor was my original motivation to study tropical
geometry. Now that this dream is being realized by Abramovich, Chen, Gross, Siebert, and
others [ACGS], I hope to revisit this area of math.

2.5.2. Realization spaces for tropical varieties. With Payne [KP11] and individually [K13], I
studied the set of all varieties with given tropicalization proving that it forms a moduli space
(over fields with trivial valuation) and a rigid analytic parameter space (in the discretely
valued case). As a consequence, I show that tropical realization spaces obey Murphy’s Law
in the sense of Vakil [Va06] which proves that lifting questions can be arbitrarily complicated
with regard to field of definition and deformability of realizations. I also prove a sort of Artin
approximation theorem: if a polyhedral complex is the tropicalization of a formal family of
varieties, then it is the tropicalization of an algebraic family of varieties, allowing one to
transfer information between the algebraic and analytic points of view.

2.5.3. Anabelian graph theory. 1 also have a paper in graph theory graph [K14a] which ex-
plains how a graph is determined (up to contraction of bridges) by a certain unipotent ex-
tension of its cycle space. This result is the anabelian analogue of Whitney’s 2-isomorphism
theorem, and I wrote the paper to understand, by analogy, some aspects of the iterated
integrals behind Kim’s non-abelian Chabauty. There is a connection between this work and
the monodromy correction terms for the two types of iterated p-adic integrals.
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