Sunčica Čanić and Barbara Lee Keyfitz

A Useful Class of Two-Dimensional Conservation Laws

We identify a class of two-dimensional systems, which includes, for example, standard compressible flow, shallow water equations and nonlinear wave equations, for which a quasi-steady similarity reduction leads to change of type similar to steady transonic flow. For such systems, we outline a strategy for solving Riemann problems.

1. Conservation Laws with a Single Nondegenerate Wave Cone

In studying two-dimensional Riemann problems, we have noted a structure which makes them amenable to study by a self-similar reduction.

Consider a system of conservation laws in three independent variables (two space and one time),

∂_tH(U ) + ∂_xF (U ) + ∂_yG(U ) = 0 , (1)

with U = (u_1, u_2, . . . , u_n); H is usually the identity mapping or a projection. The quasilinear form of (1) is

P (∂, U )U ≡ (J∂_t + A∂_x + B∂_y)U = 0 (2)

where J(U ) = dH(U ), A(U ) = dF (U ) and B(U ) = dG(U ) are n × n matrices depending on U .

Suppose the system is hyperbolic; that is, the linearized symbol of P , p(σ, U ) ≡ det |P (σ, U )| (3) (σ = (τ, μ, ν) a covector in a space dual to (t, x, y) = ⃗x) has hyperbolic or timelike directions ⃗N for which p( ⃗N , U ) > 0, while p(λ ⃗N + σ, U ) = 0 has n real roots λ_i(σ) for each σ ∈ IR^n, σ ∉ span{ ⃗N }, and the symbol matrix has a complete eigenstructure. The solutions of p(σ, U ) = 0 form the normal cone. The class we study is described as follows.

Assumption 1: We can write p as a product of n − 2 linear (degenerate) factors and a single quadratic (nondegenerate) polynomial factor.

The equations of isentropic and polytropic gas flow, as well as the two-dimensional shallow water equations, the unsteady transonic small disturbance equation (also called the two-dimensional Burgers equation), nonlinear wave equations, and unsteady full potential flow all have this form.

E x a m p l e 1. The compressible Euler equations for a polytropic gas are

∂_t ρ ρu ρv ρE + ∂^x ρu ρu^2 + p ρuv ρuE + up + ∂^y ρv ρuv ρv^2 + p ρvE + vp = 0 ,

where E = (u^2 + v^2)/2 + e and p = (γ − 1)ρe. The symbol is p(σ, U ) = (τ + uμ + vν)^2 ( (τ + uμ + vν)^2 − c^2(μ^2 + ν^2) ) . The degenerate characteristics are double and the quadratic factor is q = (τ + uμ + vν)^2 − c^2(μ^2 + ν^2).

Assumption 1 means we may write p(σ, U ) = (_n�_2 ∏ i=1 ℓ_i · σ ) q(σ, U ). (4)

This in turn fixes much of the characteristic structure of the system. Since q is a homogeneous quadratic polynomial function of σ, it can be written in the form q(σ, U ) = σ^T Q_N (U )σ, where Q_N is a 3 × 3 symmetric matrix. There is an orthogonal matrix O such that O�1_{QN O ≡ O}T_{QN O = Λ = diag(λ1, λ2, λ3),} where no eigenvalue is zero and Q_N is strongly indefinite. Hence, one can assume λ_1 > 0 > λ_2, λ_3.

Define the nondegenerate normal cone by C_N (U ) = {σ|σ^T Q_N (U )σ = 0}. This is a convex, quadratic cone through the origin in IR^3. The remaining conormals lie in n − 2 planes (which may coincide, as in Example 1) with normals ℓ_i.

The nondegenerate wave cone, C_W (U ) = {⃗x|⃗x^T Q_W (U )⃗x = 0}, in physical space, is dual to C_N ; if σ ∈ C_N and ⃗x ∈ C_W then σ · ⃗x = 0; and C_W is the envelope of planes with this property. A calculation shows Q_W = Q�^1_N . When Assumption 1 holds, the nondegenerate wave cone is also a convex quadratic cone. Dual to each degenerate normal plane is a degenerate wave direction, ℓ_i. For a linear system, the support cone (the support of the fundamental solution) is the convex hull of the set dual to the characteristic variety. A second property holds for all the motivating examples.

Assumption 2: The characteristics arising from the linear factors of p are linearly degenerate and their speeds are bounded by the speeds of the nondegenerate characteristics.

If this holds, the nondegenerate wave cone is the boundary of the support cone.

2. Quasi-Steady Reduction of Hyperbolic Systems

Starting with a hyperbolic system (1) or (2), let ξ = x/t and η = y/t be self-similar (quasi-steady) coordinates. A solution U = ~U (ξ, η) of P U = 0 satisfies (with Ξ = (ξ, η)) ~P (Ξ, ∂, U )U ≡ ((A − ξJ)∂_ξ + (B − ηJ)∂_η )U ≡ ( ~A(Ξ, U )∂_ξ + ~B(Ξ, U )∂_η)U = 0. (5) Writing ⃗α = (α, β), the linearized symbol of ~P is p̃(Ξ, ⃗α, U ) = det | ~P (Ξ, ⃗α, U )| = det | − (ξα + ηβ)J + Aα + Bβ| = p(σ(⃗α, Ξ), U ), where we define σ(⃗α, Ξ) = (−⃗α · Ξ, α, β). Thus, p̃ factors as p does: p̃(Ξ, ⃗α, U ) = (_n�_2 ∏ i=1 ℓ_i · (−⃗α · Ξ, α, β) ) q(σ(⃗α, Ξ), U ). The linear factors are of the form a_iα + b_iβ and correspond to real roots; in the full system, these are the degenerate waves (linear factors). The reduced system ~P is hyperbolic when q̃(Ξ, ⃗α, U ) ≡ q(σ(⃗α, Ξ), U ) has real roots ⃗α. The following basic result holds under Assumption 1 on the structure of p. This hypothesis may not be necessary. However, systems whose structure is basically different, such as the equations of magnetohydrodynamics or elasticity, will have quite different properties; such systems permit wave propagation in several different nondegenerate modes. As a result, one may obtain situations such as the paradox described in Example 2 in Section 4. Systems where all modes of wave propagation correspond to linear factors (there are no nondegenerate cones at all), such as those in [7], [8] or [9], are different in another way.

T h e o r e m 1. For a fixed U ∈ IR^n, ~P (Ξ, ∂, U ) is hyperbolic if and only if Ξ is a point such that (1, ξ, η) is outside the nondegenerate wave cone C_W of P .

Proof. Suppose ~P is hyperbolic; then for some ⃗α, p̃(⃗α) ≡ q(σ(⃗α, Ξ), U ) = 0. This means that σ = (−⃗α · Ξ, α, β) ∈ C_N , and the plane {⃗x|σ · ⃗x = 0} in IR^3 is tangent to C_W . Since C_W is convex, this plane lies outside C_W (or at worst on the boundary for some ⃗x). Now note that σ · (1, ξ, η) = −⃗α · Ξ + ⃗α · Ξ = 0; this proves that (1, ξ, η) lies outside C_W (or on the boundary).

Conversely, suppose ⃗x = (1, ξ, η) is outside C_W , and draw a tangent plane to C_W through ⃗x: because of the convexity of C_W there are generally two such planes. This plane has the equation σ · ⃗x = 0 for some σ ∈ C_N ; since (τ, μ, ν) · (1, ξ, η) = 0, we see that τ = −ξμ − ην, so σ = (−(ξμ + ην), μ, ν) ∈ C_N , so q(σ) = 0 = q̃((μ, ν), Ξ, U ), and hence p̃(⃗α) = 0 has ⃗α = (μ, ν) as a nondegenerate solution; hence ~P is hyperbolic.

C o r o l l a r y 1. If all factors of p are linear, then the reduced system is hyperbolic, possibly non-strictly hyperbolic, at every point.

For each U , ~P is hyperbolic outside B_U ≡ C_W ∩ {t = 1} = {Ξ|⃗x^T Q_W (U )⃗x = 0 with ⃗x = (1, ξ, η)}. This curve is a conic. It is the sonic line in physical space; in the interior, the reduced equation is of mixed type (if n > 2) or elliptic (n = 2).

An interpretation of hyperbolicity and of change of type in the context of self-similar reduction is as follows. Self-similar solutions arise when Riemann data are given: U (x, y, 0) = U_0(x, y) is constant on rays y/x = tan(θ) through the origin. The time evolution of U is equivalent to the development of the reduced solution ~U from data given at infinity, or on a curve sufficiently far from the origin. In the hyperbolic region the solution develops in a quasi-one-dimensional manner, analogous to the supersonic region in steady transonic flow. By contrast, in the region where the system is nonhyperbolic there is a genuinely two-dimensional interaction of waves. Some features of the solution in this region, which is analogous to the subsonic region in steady transonic flow, are discussed for a model equation in our papers [2] and [3]. In the model problem, the system is of order two, and hence the subsonic flow is elliptic rather than of mixed type; the addition of real characteristics will undoubtedly complicate the analysis. The analogy with steady flow is not completely valid; for example, the boundary conditions are different. Furthermore, the reduced equation (5), which contains ξ and η explicitly, is not of what Courant and Friedrichs [5] call ‘reducible’ type. On the one hand, this means that the hodograph transformation does not linearize the solution. On the other hand, the sonic line B_U depends on both the state and the physical variables, which simplifies the analysis. Finally, both linear and nonlinear effects play a role in the subsonic zone: it owes its existence to the characteristic structure of the equation, which is linear; but the degenerate elliptic (or mixed type) equation which governs the subsonic flow is nonlinear and its solutions appear to have different properties from those of linear equations, see [2, 3].

3. A Strategy for Solving the Reduced Equation

Solving a Riemann problem for a system satisfying Assumption 1 falls into two parts. The first is a study of the quasi-one-dimensional evolution of data at infinity in reduced coordinates. For simple data, the initial evolution is one dimensional near infinity. In the case of the compressible gas dynamics equations, interactions of shock waves in the hyperbolic region are further handled by shock polar analysis, [5], adapted to the quasi-steady case as in the monograph of Ben-Dor [1], where analysis for the gas dynamics equations is given for a number of problems involving shock reflection from a wedge. Similar analysis can be carried out, at least locally, for any system which satisfies Assumption 1, [4].

For strong shocks and simple geometries, analysis in the hyperbolic region suffices to give a qualitative picture of the solution, and it can be assumed that the subsonic flow is smooth and nearly constant. However, even in the wedge reflection problem, the flow in the subsonic region may dominate the solution in some cases, such as those involving weak shocks or small wedge angles, where shock polar analysis does not give an adequate answer. (This is sometimes called the ‘von Neumann paradox’.) In this case, one must consider the second part of the analysis, behavior of the solution in the subsonic region. Even though this is an important problem, it is far from being completely understood. Our initial results, [2, 3], show that for a typical case in which the subsonic flow is elliptic (so no degenerate characteristics are present), the subsonic flow need not be smooth up to the boundary, but may have a square root singularity at the sonic line. The subsonic solution must be matched to the hyperbolic flow in order to complete the description of the self-similar solution. If a square root singularity is present at the sonic line, the subsonic flow does not match a constant supersonic state, and some sort of weak shock, whose structure is at present not clear, must be present. In either case, one boundary of the subsonic region is typically a transonic shock. To complete the solution, then, it remains to solve a free boundary problem for this shock position, which is coupled to the elliptic or mixed type equation. Analysis of these problems is in progress.

4. Comments and Conclusions

The class of hyperbolic systems introduced in this paper is useful for several reasons. First, it is likely to be the most general class for which the program of solving Riemann problems by the strategy described in Section 3 can be carried out. If the characteristic structure is more complicated, then self-similar reduction leads to new difficulties, as the following example illustrates.

Figure 1: A Paradoxical Change of Type Locus

E x a m p l e 2. The fourth order linear operator

P (∂) ≡ (∂^2_t − 2∂^2_x − ∂^2_y )(∂^2_t − ∂^2_x − 2∂^2_y )

is suggested by the equations of crystal optics, [6, page 602ff]. The support cone is the convex hull of two elliptical cones. The reduced equation loses or gains two real roots whenever (ξ, η) crosses one of the ellipses. The direction of forward time is toward the origin and the characteristics are tangent to the ellipses. In the region in ξ-η space inside the convex hull but outside both ellipses, one has the paradoxical situation of Figure 1: the reduced equation is formally hyperbolic but there are no genuine timelike directions or spacelike curves since the support cone is not convex.

Finally, this class of equations serves to illustrate the features which the compressible gas dynamics equations and numerous simplified models have in common. Linearity and degeneracy are closely coupled in gas dynamics: in Example 1, the wave families whose characteristic structure is degenerate are also linearly degenerate in the sense of conservation law theory, while the family with a nondegenerate normal cone is genuinely nonlinear. This property holds for model systems such as the unsteady transonic small disturbance equation and nonlinear wave equation, [4]. One expects that such systems will mimic the gas dynamics equations; by contrast, the systems examined in [7], [8] and [9] will show interesting differences.

Acknowledgements

The research of the first author was partly supported by the Department of Energy under grant DE-FG02-94ER25220 and the National Science Foundation, grant DMS-9403598. Research of the second author was supported by the Texas Advanced Research Program under Grant 00365-2102-ARP and the Department of Energy, grant DE-FG03-94ER25222.

5. References

1 Ben-Dor, G.: Shock Wave Reflection Phenomena; Springer-Verlag, New York, 1992.

2 Čanić, S. and Keyfitz, B. L.: An elliptic problem arising from the unsteady transonic small disturbance equation; Jour.

Diff. Eqns., to appear.

3 Čanić, S. and Keyfitz, B. L.: A smooth solution for a Keldysh type equation; Comm. PDE, submitted. 4 Čanić, S. and Keyfitz, B. L.: Quasi-one-dimensional Riemann Problems and their role in self-similar two-dimensional problems; in preparation.

5 Courant, R. and Friedrichs, K. O.: Supersonic Flow and Shock Waves; Wiley-Interscience, New York, 1948. 6 Courant, R. and Hilbert, D.: Methods of Mathematical Physics, Volume II; Wiley-Interscience, New York, 1962. 7 Dafermos, C. M.: Entropy for hyperbolic systems of conservation laws in several space dimensions; Technical Report LCDS #93-15, Brown University, 1993.

8 Lopes-Filho, M. C. and Nussenzveig Lopes, H. J.: Multidimensional hyperbolic systems with degenerate characteristic structure; Matemática Contemporânea, to appear.

9 Tan, D. and Zhang, T.: Two-dimensional Riemann problem for a hyperbolic system of nonlinear conservation laws; Jour.

Diff. Eqns., in press.

Addresses: Prof. Sunčica Čanić, Department of Mathematics, Iowa State University, Ames, Iowa 50011. Prof. Barbara Lee Keyfitz, Department of Mathematics, University of Houston, Houston, Texas 77204-3476.