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Abstract We study a Riemann problem for the unsteady transonic small disturbance (UTSD)
equation which leads to a regular reflection with subsonic flow behind the reflected shock. The
problem is written in self-similar coordinates resulting in a free boundary value problem. A
solution is found in a neighborhood of the reflection point using the Schauder fixed point theorem
and Schauder estimates for the fixed boundary value problems. The study of the fixed boundary
value problem applies to a more general class of operators satisfying certain structural conditions.

1 Introduction

We revisit and give a more detailed presentation of [3] by Cani¢, Keyfitz and Kim on a
solution to a special Riemann problem for the unsteady transonic small disturbance (UTSD)
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equation. The Riemann initial data consists of two states in the upper half plane {(z,y) :
x € R, y > 0} separated by an incident shock and results in a regular reflection where the
flow behind the reflected shock is subsonic. Written in self-similar coordinates £ = z/t and
n = y/t, this configuration leads to a system which changes type. We find a solution in the
hyperbolic part of the domain using the standard theory of one-dimensional conservation
laws and the notion of quasi-one-dimensional Riemann problems developed in [1]. Solution
in the elliptic part of the domain is described by a free boundary value problem. The
free boundary is given by the position of the reflected shock which is, through the Rankine-
Hugoniot relations, coupled to the subsonic state behind the shock. The main idea in solving
this free boundary value problem is to fix the position of the reflected shock within some
bounded set of admissible curves, solve the fixed boundary value problem and then update
the position of the reflected shock using the Rankine-Hugoniot relations.

The novelty of our paper is in the study of the fixed boundary value problem. We consider
a more general class of fixed boundary value problems for which the operators in the domain
and on the boundary satisfy certain structural conditions. The main tool is the theory
developed in Gilbarg & Hormander [7], Gilbarg & Trudinger [8], Lieberman [10]-[13], and
Lieberman & Trudinger [14].

1.1 Related work

This approach to solving Riemann problems for two-dimensional systems of hyperbolic
conservation laws was first developed by Cani¢, Keyfitz and Lieberman [2] in a study of
nonlinear stability of transonic shocks for the steady transonic small disturbance equation.
The ideas have been extended to the cases of regular reflection for the UTSD equation: with
a subsonic state behind the reflected shock in [3] and with a supersonic state immediately
behind the reflected shock in [4]. A Riemann problem for the nonlinear wave system (NLWS)
which leads to Mach reflection is studied in [5].

The main features of this method in studying two-dimensional Riemann problems for a
special class of systems of hyperbolic conservation laws (including the UTSD equation, the
NLWS, the isentropic compressible gas dynamics equations, etc.) have been presented in
Keyfitz [9]. We also mention the earlier work of Chang & Chen [6] in stating the free bound-
ary value problems modeling regular reflection for the adiabatic gas dynamics equations.

1.2 Summary of the paper

In §2 we formulate a Riemann problem for the UTSD equation leading to a transonic regular
reflection. We write the problem in self-similar coordinates (£,7) and obtain a system which
changes type. We find a solution in the hyperbolic part of the domain and the equation of
the reflected shock. The free boundary value problem is stated in Theorem 2.1 and the rest
of the paper is devoted to finding its solution.

In §3 we change coordinates to (p = & +1%/4,n). We introduce several cut-off functions
to ensure that the free boundary value problem in the elliptic part of the domain is well-
posed and suitable for applying the theory of second order elliptic equations developed by
Lieberman. This modified free boundary value problem is stated in Theorem 3.1. The main
idea in finding its solution is to fix the position of the reflected shock within some set K of
admissible curves, to solve the fixed boundary value problem, and to update the position
of the reflected shock. This gives a mapping J : K — K.

The fixed boundary value problem is studied in §4. We use the results in [7], [8], [10]-[14],
which are valid for a more general class of second order boundary value problems as long as
the operators in the domain and on the boundary have some desired properties. This ob-
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servation motivates our study in §4.4 where, instead of considering only the fixed boundary
value problem resulting from the transonic regular reflection for the UTSD equation, we
consider a class of fixed boundary value problems satisfying certain structural conditions
given in §4.3. This more general fixed boundary value problem is stated in Theorem 4.1.
This is a nonlinear problem and first we find a solution to its linearized version in §4.4.
Using the fixed point theory we solve the nonlinear problem in §4.4.

In §5 we use the Schauder fixed point theorem to show that the map J, defined on the
set IC, has a fixed point. This completes the proof of Theorem 3.1.

Finally, the conditions under which the solution to the modified problem in Theorem 3.1
solves the original free boundary value problem of Theorem 2.1 are discussed in §6. Since
not all of the cut-offs could be removed entirely, a solution to the original free boundary
value problem is found only in a neighborhood of the reflection point.
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2 The statement of the free boundary value problem

In this section we formulate for the UTSD equation a Riemann problem resulting in a
transonic regular reflection. We study this phenomenon in self-similar coordinates, which
yields a system of mixed type. Using the standard one-dimensional theory of hyperbolic
conservation laws and the results on quasi-one-dimensional Riemann problems [1], we find
a solution in the hyperbolic part of the region in §2.1. We formulate the free boundary
problem in Theorem 2.1 and give the outline of its proof in §2.2.

Consider the UTSD equation

Ut +uug +vy =0,

—vg +uy =0, (2.1)

where U := (u,v) : [0,00) x R x R — R?, The Riemann initial data (Figure la) is given in
the upper half plane {(z,y) : y > 0} and consists of two states
Up=(0,0) and U;=(1,—a), (2.2)
separated by a half line x = ay, y > 0, with a parameter
a>2 (2.3)
fixed. We impose symmetry across the z—axis, meaning
uy=v=0 along y=0. (2.4)

We note that the symmetric Riemann data (2.2), (2.4) posed in the upper half-plane is
equivalent to the initial data given in three sectors in the full plane, as depicted in Figure
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1b. In some parts of this study, it will be more convenient to consider the Riemann problem
in the full plane with states Uy = (0,0), U; = (1, —a) and U; = (1, a), instead of the original
problem (2.1), (2.2), (2.4) in the half-plane.

U =(1,a)

FIGURE 1: The Riemann initial data.

We study the initial-boundary value problem (2.1), (2.2), (2.4) in self-similar coordinates
& =ux/t and n = y/t. From (2.1) we get

(u—&)ug = nuy + vy =0,

—V¢ + Uy =0. (2'5)

It is clear that when the system (2.5) is linearized about a constant state U = (u,v), the
system is hyperbolic outside and elliptic inside the sonic parabola

e
PU : §+ Z = U. (26)
Using the Rankine-Hugoniot conditions, the initial discontinuity © = ay propagates as a
shock given, in (&, n)-coordinates, by the equation & = an+ a? + 1/2. The initial-boundary
value problem (2.1), (2.2), (2.4) can be replaced by the system (2.5) with the following
boundary conditions

U n)=Uy on {(&n):E+n*/4=C,&>an+a®+1/2,7> 0},
U,n) =U1 on {(§n):E4+n°/4=C & <an+a®+1/2,7> 0}, (2.7)
u, =v=0 on n=0,

where C' is a large positive constant. In the full plane, the equivalent boundary conditions
are

Ug,m) =Uo on{(&n) : §+n*/4=C, (> an+a®+1/2,1>0) or

(6 < —an+a®+1/2,7<0)},

U n) =Uon{(&n):£+n°/4=C, E<an+a®+1/2,n>0},

Un)=Uron{(n):{+n*/4=C, &> —an+a®+1/2,n <0}
Let us further denote by Py and Py the sonic parabolas corresponding to the states Uy and
U;, respectively. Notice that the sonic parabola for U; coincides with P;.

2.1 The solution in the hyperbolic region. The position of the reflected
shock

In this part of the paper we briefly sketch the solution to the initial-boundary value problem
(2.5), (2.7) in the hyperbolic region using the notion of quasi-one-dimensional Riemann
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problems and we derive the position of the reflected shock. More details on how to solve a
quasi-one-dimensional Riemann problem for the UTSD equation can be found in [1].
Let us denote the incident shock separating states Uy and Uy by

1
S:§:a77+a2+§,n20.

By the choice of the parameter a (see (2.3)), the shock S does not interact with the parabola
P;. Let us denote by

Zo = (£4,0) = (a2 + % 0) (2.8)

the point where the shock hits the {—axis. We solve the quasi-one-dimensional Riemann
problem at =, (for details, see [1]). The states on the left and on the right in this Riemann
problem are U; = (1,a) and U; = (1, —a), respectively. Since a > /2 there are two solutions
to this problem, known as weak and strong reqular reflection, each consisting of two shocks,
one below and one above the £-axis. The intermediate states for the two solutions are given
by

Up=(1+da*>—-ava2—-2,0) and Up=(1+a®+aVa?-2,0). (2.9)
Here, the subscripts R and F' stand for reflected and fast reflected. Let Pr and Pr denote

the sonic parabolas for the states Ur and Up, respectively. It is clear that the point =,
is inside Pp for any choice of parameter a > /2. However, Z, is inside P only if a €

v2,4/1 4 +/5/2 |. In this paper we are interested in the case when the point of interaction

of the shock S with the {—axis is inside the sonic parabola for the solution U at this
point; namely, we study a transonic regular reflection. We denote the value of U at =, by
U. = (ux,vs), and we choose

Ur or Up, V2<a<i/1+5/2
U =UE) =4 =7 °F Vi<a v5/ (2.10)

| v, a>\/1+V5/2.

Further, we denote the reflected shock by S’ and the sonic parabola for the state U, by P,.
Since the point Z, is within the subsonic region determined by Pk, the shock S’ is transonic
(Figure 2). By causality, S’ cannot cross P,. The asymptotic analysis in [3] shows that S’
approaches the sonic parabola P; as £ — —oc.

B

ov N V)

=3

0 1 =Za U

FIGURE 2: The position of the incident shock S and the reflected shock S’ in
(¢, n)-coordinates.
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REMARK If the reflected shock S’ were rectilinear, its equation would be given by
€ = k. + a® + 1/2. Here, k, = kg in the case of the solution with the intermediate state
Ug, and k, = kg when the intermediate state is Ugr, with

1 1
kp =———=—= and kr=

a—+va?—2 _a+\/a2—2'
Let us assume that the reflected transonic shock S’ is given by equation

£=¢&Mm), n=0. (2.12)

We denote a solution of the system (2.5) behind the shock S’ by U = (u,v). Hence, the
curve (2.12) satisfies the Rankine-Hugoniot condition with states U and Uy:

g R " % B [%UQ — &ul

(2.11)

N L 27— 2.13
TR TR 21
where [-] denotes the jumps across the shock. We eliminate v in (2.13) and obtain
d¢ n n?  u+1l
= 4 L . 2.14
dn 2 &+ 4 2 ( )

The negative sign is appropriate here. Furthermore, by eliminating d¢/dn in (2.13), we
obtain the following relation between u and v along the shock S’

v——a—|—(u—1)<g+\/§+%2—u;—1>. (2.15)

2.2 The statement of the main result and the outline of its proof

In this section we give the formulation of the free boundary value problem arising in the
transonic regular reflection for the UTSD equation presented above.

First, we restrict the unbounded domain behind the reflected shock S’. More precisely,
we introduce a cut-off parameter n* > 0, which is fixed throughout the paper. We define
V= (&Mm*),n*) and W := (£(n*),0), the closed vertical line segment o := [V, W], the open
horizontal line segment ¥ := (W, Z,) and the set ¥ := {(&£(n),n) : n € (0,n*)}, where £(n),
1 > 0, is the unknown curve describing the position of the reflected shock S’ (recall (2.12)).
Further, we denote by ) the domain whose boundary is 9Q = 2, UX Uco UX, (Figure 3a).

a) b)

=3 & w
FIGURE 3: The domain {2 and its boundary.

Next, we impose a Dirichlet condition v = f along the vertical boundary o. We assume
that f : R — R is in the Holder space H,, for a parameter v € (0, 1) to be determined later
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(for the definitions of Holder spaces see §4.1), where R is an open set containing o, defined
in §4.2. Moreover, we impose the following two conditions

1+€* S f(faﬁ) SU*, ) (5377) ERa
FEm*),m) > EMm*) + I, n € (0,77,

for an arbitrary parameter e, € (0, us — 1), which is fixed throughout the paper.

(2.16)

REMARK Note that 3, X, o, the domain €2, the size of the angles at the corners V'
and Z,, and the boundary data f along ¢ depend on the unknown position of the reflected
shock 8" : ¢ = &(n). However, we will find £(n) within a certain bounded set K (whose
bounds depend only on a > /2, n* > 0 and €, € (0,u, — 1)) giving a priori bounds on
3., and therefore also on o, ¥, €2 and the angles at V and =,. In particular, the second
condition in (2.16) will make sense. For the definition of the set /I, see §4.2.

With this notation we prove

Theorem 2.1 (Free boundary value problem)

Let a > /2, n* > 0 and e, € (0,u, — 1), with u. specified by (2.10), be given. Let f be
any function in H, such that the inequalities (2.16) hold. There exists o > 0 depending
on the parameters a, n. and €., such that for any v € (0,min{vp,1}) and ax = /2, the
problem

(_uvg—f)gj g = 8} in Q. (2.17)
2
%i:i 5+UT_UT+1} on 3, (2.18)
dn — " u—1
£(0) = & (2.19)
v=u,=0 on X, (2.20)
u=f on o, (2.21)
w(Eq) = Us, (2.22)

has a solution u,v € Hl(;;g in a finite neighborhood of 2, for all a, € (0, ax]. Moreover, the

curve £ = £(n), n € (0,n*), giving the location of the free boundary ¥, satisfies & € Hiqoy -

The Holder spaces are defined in §4.1. The outline of the proof of this theorem and the
rest of the paper is as follows.

First, we change coordinates and consider the problem (2.17)-(2.22) in the more con-
venient (p,n)-coordinate system in §3.1. In order to use the elliptic theory by Gilbarg,
Lieberman and Trudinger, we reformulate the problem using a second-order free boundary
value problem for u and an equation for v in terms of u. We modify the problem so that it
is strictly elliptic and well-defined by introducing several cut-off functions in §3.3.

The main idea in solving this modified second-order free boundary value problem for
u(p,n) is: (1) fix the position of the reflected shock within a certain bounded set K of
admissible curves, (2) find a solution of the fixed modified boundary value problem, and (3)
update the position of the shock curve. This defines a mapping J : K — K for which we
show there is a fixed point in §5.

Given a shock curve within the set IC, finding a solution to the fixed modified boundary
value problem for u(p,n) is a challenging task completed in §4. As already mentioned in
the introduction, this part of our paper does not depend on the specific form of the fixed
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boundary value problem arising from the study of the UTSD equation, i.e., the results in
84 apply to a more general class of operators satisfying certain structural conditions.

In §6 we discuss whether and how we could remove the cut-off functions introduced in
§3.3 and we complete the proof of Theorem 2.1.

3 The modified problem

In this section we reformulate the free boundary value problem stated in Theorem 2.1 so
that we can solve it using the techniques developed by Gilbarg, Lieberman and Trudinger.
We write the problem (2.17)-(2.22) as a second order problem for v and an equation for v.
Instead of imposing the Rankine-Hugoniot conditions along the free boundary, we derive
an oblique derivative boundary condition for u along ¥ and a shock evolution equation. To
make sure that the second order problem for w is strictly elliptic, that the operator describing
the boundary condition along ¥ is strictly oblique and that the shock evolution equation
is well-defined, we introduce several auxiliary cut-off functions. This modified problem is
stated in Theorem 3.1.

3.1 The (p,n)-coordinate system

We define a new variable p = £ + % and in the rest of the paper we work in the (p,n)-
coordinate system. For simplicity, we use the same notation for the domain ) and its
boundary in the (p,n)-coordinates as we do in §2.2 in the (£, n)-coordinates (Figure 3b).
Under this change of variables, the system (2.5) becomes

(u— p)up — Fuy + vy =0,

guP _Up+u77 = O’ (3]‘)
the equation (2.14) implies
dp u+1
- _ - 3.2
an P (3:2)

and from (2.15) we have

v——a—|—(u—1)<g+ p—“;1>. (3.3)

On the other hand, by eliminating v in (3.1) we obtain the second order equation for u
u
(= ppup+5) +um=0, (3.4)

and, from the first equation in (3.1), we can recover v in terms of u as
"y
oo = [ {Su, ~ (w=phu (3.5)
0

3.2 The oblique derivative boundary condition along the reflected shock

A condition of the form
B-Vu=0 (3.6)
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holds along the reflected shock S’. Here, Vu = (u,, uy), 8 = B(u, p,p’) € R? and p' = dp/dn.

To obtain this, we differentiate the equation (3.3) along the shock S’ and use equations (3.1)
to express the derivatives v, and v, in terms of u, and u, (for details of this calculation,

see [3]). We obtain
Tu+ 1 5u+ 3
6—<p’{ L —p}, “8* —p>. (3.7)

3.3 Formulation of the modified free boundary value problem

In this section we reformulate the free boundary value problem (2.17)-(2.22) in (p, n) coordi-
nates as a second-order elliptic free boundary value problem for u(p, n) (using the equation
(3.4)).

In §2.1, §3.1 and §3.2 we have shown that if U = (u,v) is a solution to (3.1) in €, then
the Rankine-Hugoniot condition (2.13) along the reflected shock S’ implies the equation
(3.2) for the position of S’ and the oblique derivative relation (3.6) with 3 given by (3.7).
The operations under which we derived (3.2) and (3.6) from (2.13) can be reversed up to a
constant and, hence, if U = (u, v) satisfies (3.2) and (3.6), and if (2.13) holds at one point on
the reflected shock S, then the Rankine-Hugoniot condition (2.13) holds at each point along
S’. Our idea here is that instead of imposing the condition (2.13) along the reflected shock,
we require that the shock curve p(n), n > 0, satisfies the differential equation (3.2) with
an initial condition p(0) = &,, and that the solution u(p,n) satisfies the oblique derivative
boundary condition (3.6) along the free boundary ¥ = {(p(n),n) : n € (0,7%)}.

To study the second-order equation (3.4) in the domain 2, we introduce three cut-off
functions: a function ¢ to ensure that (3.4) is strictly elliptic, ¢ to ensure that the shock
evolution equation (3.2) is well-defined, and a function x to ensure that the vector § in
(3.6) is nowhere tangential to X.

Let us introduce the operator @) by

u U
Qu) == ((U — p)up + §)p + Uy = (U= p)tpp + Uy — 7;) + ui.
To ensure strict ellipticity, we replace @ by the operator

Qw) = (6(u = phup+ 5) +uy

1
ol o+ (300w Sl (58)
Here, ¢ is a function given by
d, <4
o = {0 5 (39)

for some positive § to be specified in §6. Since we will need ¢’ to be continuous in our study,
we modify ¢ in a neighborhood of = ¢ to be smooth and such that ¢'(x) € [0, 1], for all

z € R. Note that the operator @ is strictly elliptic since
A :=min{¢(u — p),1} > min{d, 1} > 0. (3.10)

After we derive a priori bounds on a solution u to the problem Q(u) =0in 2 (see Lemma
4.2), we will show that the operator Q is also uniformly elliptic, i.e., that the ellipticity ratio
of Q is bounded from above uniformly in u and (p,n) € Q (see Proposition 1).

To ensure that the nonlinear shock evolution equation (3.2) is well-defined we replace it

by
dp u+1
- _ _ 11
) w(p 5 > (3.11)
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with a function ¢ given by
O, T <0y

Y(x) = {x x> 4,

Here, 6, > 0 is a parameter to be chosen in §5. We will need 1’ to be continuous, and for
that we modify 1 to be smooth in a neighborhood of x = J..
Finally, we define the operator N by

N(u) =+ Vu, (3.13)
where 8 = ((u, p, p') is given by (3.7). Let v := (—1,p")/+/1 + (p’)? denote the unit inner

normal to the boundary ¥. We compute
1)
41+ (p)?
The definition of v implies p’(n) < —v/3. < 0, for all n € [0,7,], and therefore 3-v = 0
holds only if u = 1. Let us introduce a function x : R® — R? by

n {14+ Te/8—p},1+5e./8—p), u<l+e,
X(u’p’p)_{ﬁ(u7p7p/)u u21+6*7

where ¢, is the same positive parameter as in (2.16). As mentioned in Remark 2.2, we
will assume that the reflected shock curve belongs to a certain admissible set of curves K
(see §4.2), imposing a priori bounds on both p(n) and p’(n), n € (0,7*), in terms of fixed
parameters a, n* and €,. This implies

(3.12)

(3.14)

1 * x €x
X~V2min{+7\/5_,\i§€i}>0, for all u € R and p € K. (3.15)
We define the modified operator ~
N(u) :=x - Vu, (3.16)

which is by (3.15) strictly oblique. After we show uniform a priori bounds on a solution u to
the problem Q(u) = 0 in the domain © (see Lemma 4.2), we will show that in fact x = £,
i.e., that the cut-off function x can be removed and that we have N = N. Moreover, we
will find a uniform lower bound on the obliqueness constant for the operator N, which will
imply that the operator N is uniformly oblique (see Proposition 1).

We prove the following theorem for the modified free boundary problem and in §6 we
discuss the removal of the remaining cut-off functions ¢ and 1 and we deduce Theorem 2.1.

Theorem 3.1 (Modified free boundary value problem)

Let a > /2, n* >0 and e, € (0,u, — 1) be given, and let § > 0 be arbitrary. Let f be any
function in H, such that inequalities (2.16) hold. There exists o > 0, depending on a, 1.,
€« and 0, such that for any v € (0,min{vo,1}) and ax = /2, the problem

Qu) = (9(u— p)u, + g) gy =0 i Q (3.17)
P
d 1
= w(p—“; ) on %, (3.18)
p(0) = &, 3.19

(3.19)
Nu)=p-Vu=0 on %, ( )
up, =0 on X, (3.21)

(3.22)
(3.23)

u=f on o
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has a solution u € Hl(;li: for all a, € (0,ax]. The function p(n), n € (0,1*), describing

the position of the reflected shock satisfies p € Hitq, -

4 The fixed boundary value problem

The goal of this section is to fix the function p = p(n), n € (0,7*), describing the free
boundary ¥, within a certain set of admissible functions and to solve the nonlinear fixed
boundary problem (3.17), (3.20)-(3.23).

In §4.1 we recall the definitions of Holder norms and spaces that we use in this paper.
More details can be found in [7] and in §4 of [8]. We define the set K of admissible curves in
§4.2, and in §4.4 we fix p € K and consider the fixed boundary value problem. We remark
that the results in section §4.4 rely heavily on the study of the second order elliptic mixed
boundary value problems ( “mized” meaning that we impose different types of boundary
conditions - Dirichlet and oblique derivative) in Gilbarg & Trudinger [8], Lieberman [10]-
[13] and Lieberman & Trudinger [14]. However, their results do not depend on the particular
form of the elliptic operator Q and the oblique derivative boundary operator N, defined
in equations (3.8) and (3.16), as long as these operators are strictly elliptic and strictly
oblique, respectively. With this in mind, we consider a more general class of boundary value
problems satisfying certain structural conditions. These conditions are given in §4.3. We
solve the linearized version of the problem in §4.4 and then we use a fixed point theorem to
solve the nonlinear problem in §4.4.

4.1 Holder norms and Holder spaces

Let S C R? be an open set and let u : S — R. We define the supremum norm for u on the
set S to be

|ulo;s := sup |u(x)|.
z€S
For ae € (0,1) we define the Holder seminorm with exponent o as

s = sup B Zuw)]
;S - — )
z,YyES, r#y |aj - y|a

and the Holder norm with exponent o as
ulass = [ulo;s + [tass-

Let k be a positive integer and « € (0, 1). We define the (k + «)-Holder norm to be

k
|u|k+o¢;5' = Z |DjU|0;5’ + [Dku]a;s,

Jj=0

where D’ denotes the j—th order derivatives

{m D) =01t 2, g1, J2 20}.

The space of functions for which the (k + «)-Holder norm on the set S is finite is denoted
by Hk-l—a;s"
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REMARK For the boundary condition on o, we assume v = f € H,,g, where y € (0,1).
To simplify our notation, we write H.,. Further, we show in Theorem 2.1 (also in Theorem
3.1) that the function £(n) (or, equivalently, p(7)) is in the Holder space Hyq,;(0,y+), Wwhere
ax € (0,1). For simplicity, we write Hiqq.

Further, let 7' C 9S. For a fixed § > 0 we define the set
Ss.ri={x €S : dist(z,T) > 6},

and for @ > 0 and b such that a — b > 0, we define the weighted interior norm by

(=0 .

|u|a;§\T ’

= sup 6“_b|u|a;sé;T. (4.1)
6>0

The space of functions on the set S for which the weighted interior norm (4.1) is finite is

(=b)
denoted by Ha;?\T'

REMARK In our study, the domain of interest is €2 and the distinguished part of the
boundary is V := {V,W,Z,}, where V,W and Z, are the corners introduced in §2.2. To

=) we write H(7?

simplify our notation instead of H e \V Tta -

REMARK

o If 0 < d < a,itis easy to show that [u], < C[u],, for a constant C' depending on a’,
a and the diameter of the domain S.

e If0<d <a,0<b <b,a—b>0anda —b >0, we have ([7]): a bounded sequence

)

in Héfb) is precompact in H éfb , and there exists a constant C, independent of u,

such that |u|((17b/) <C |U|z(17b)-

4.2 Definition of the set I of admissible curves

We consider the Banach space Hi4a,, as in Remark 4.1, where ax € (0,1) is a parameter
which will be specified in §5. The admissible set K is defined so that the curve p(n), n €
[0,7*], is in K if and only if the following four conditions hold

o smoothness: p € Hyyay,

o initial conditions:

p0) =€ and  ((0) =k, (1)
where £, and k. are given by (2.8) and (2.11), respectively,
e monotonicity:
V& —1<p(n) < =/6,, forallye (0,77, (4.3)
with J, (see also (3.12)) to be specified in §5,

e boundedness:
pr(n) < p(n) < pr(n), for all n € [0,7], (4.4)

where the functions p;, and pg will be also given in §5.
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REMARK The parameter d, and the curves pz, and pr will be given in terms of a > v/2,
n* > 0 and €, € (0,u, — 1). By the definition (5.3) of 4., we have /5, < 1 < /&, — 1, for
a > +/2, and so the condition (4.3) makes sense.

REMARK Note that €2, o and ¥y depend on the choice of the curve p € K describing
the boundary ¥. Hence, the Holder estimates we derive in §4.4, which depend on the size
of the domain € and its boundary, also depend on p. However, the set K is bounded in
terms of the fixed parameters a, n* and e, implying a priori bounds on ¥, Q, o and Xj.
Therefore, our estimates which depend on the size of Q or the parts of 92 will be uniform
in p € K. Furthermore, the monotonicity property (4.3) implies that the domain  satisfies
the exterior cone condition defined in [8], page 203, and that the angles of £ at the corners
V and E, are bounded both from below and from above uniformly in p € K.

REMARK We may also define the set R in terms of the bounds on py, and pg.

4.3 Structural conditions

As already remarked, once the curve p € K describing the boundary ¥ is fixed, the tech-
niques for solving the nonlinear fixed boundary problem (3.17), (3.20)-(3.23) do not depend
on the specific definition of the operator @ in € nor on the specific definition of the bound-
ary conditions along 0. In this section we define a more general class of fixed boundary
value problems which we will solve in §4.4.

Let Q C R? be a bounded, open and connected set as in Figure 3b, so that 9 =
Y UZ, UXpU o, where Y is an open line segment aligned with the £-axis, X is given by
an arbitrary curve p € K, where IC is defined as in §4.2, =, is a corner and o is a closed
set. We assume that > := ¥ U X, has an inner normal v at each point and that ¥ and
ON\ ¥ = 0 UE, meet at the set of corners V.

We consider the boundary value problem

Qu)=0 in Q,
N(u)=0 on X =3UZXy, (4.5)
u=f on IN\X=0UZE,.
The operators Q and N are given by
Qu) = aij(u, p,n)D7u+ Y bi(u, p,n)D'u+ Y cij(u, p,n) D'uD’u, (4.6)
.5 i 4]
and R
N(u) = x(u,p', pyn) - Vu. (4.7)

The function f is defined on R U =, , where R is an open set containing o. We assume that
f is in the Holder space H..z, for a parameter v € (0,1) to be determined later, and that

m<f<mg and f>ponc (4.8)

hold for constants my,me > 0, independent of p € K, f and u. Further, we impose the
following structural conditions.

e The coefficients a;5, b; and c¢;; are in C", and for a fixed curve p € K we have y; € C2.
e The operator Q is strictly elliptic, meaning

A>Cy >0, foralluandpek, (4.9)
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where A denotes the smallest eigenvalue of the operator Q. Moreover, we assume a
bound on the ellipticity ratio of the form

% < Cy(|ulp), foralluand pe K, (4.10)

where Cs(|u|o) is a continuous function on R*. Here, A denotes the maximum eigen-

value of Q.
e The operator N is strictly oblique, i.e.,
X-v>Cs>0, foralluandpelk. (4.11)

Also,
Ix| < Cy(Julp), forallu and p e K, (4.12)

holds, where Cy(|u|o) is a continuous function on RT.
e For any solution u to the equation Q(u) =0 in Q we have
0< Z cij(u, py,n)D'uDlu, (4.13)
4,J
and there exist pg, ® € R, independent of u, such that

|Zaij(uvpv U)Diju| <A (qu|Diu|2+q)> . (414)

2%
REMARK Suppose that there is uniform bound on the supremum norm |ulo, where u
is any solution to the equation Q(u) = 0 in Q. Then

o the sup-norms |a;;|o, |bilo, |cijlo and |x;|o are uniformly bounded in u and p € K, and
a uniform bound on the a-Holder seminorm [u], implies that [a;;]a, [Dila, [¢ij]a and
[Xi]a are uniformly bounded in w and p € K (here, a € (0, 1) is arbitrary),

e the operator Q is uniformly elliptic, by (4.10),
e the inequality (4.12) implies a uniform upper bound on |x|, and using (4.11) we have

XV Cs
AT 3
IxI — Ca(lulo)

so that the operator N is uniformly oblique with an obliqueness constant C/Cy(|ulo),
and

>0, uniformly in u and p € K,

e since the matrix [a;; (u, p, n)] is uniformly positive definite and the coefficients c¢;; (u, p, 1)
are uniformly bounded, there exists k > 0, independent of u and p € K, such that

Z cij(u, p,n)D'uDiu < k Z ai;(u, p,n)D'uDlu. (4.15)

(2] 4,J

Before stating the general boundary value we will solve, Theorem 4.1, we verify that the
problem for the UTSD equation satisfies these conditions.

PROPOSITION 1 For any p € K fized, the boundary value problem (3.17), (3.20)-(3.23)
for the UTSD equation, satisfies the structural conditions (4.8)-(4.13). Moreover, for any
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k > 1/6, where § is a positive parameter in the definition (3.9) of the cut-off function ¢,
the inequality (4.15) holds.

PROOF The condition (4.8) holds with mq := 1 4 €, and mg := u,.

Recall the inequalities (3.10) and (3.15), and note that the operators Q and N, defined by
the equations (3.8) and (3.16), satisfy (4.9) and (4.11) with constants C; and C3 depending
on the parameters a > v/2, n* > 0 and €, € (0, ux — 1) which are fixed throughout the
paper, and on d, and § which will be specified in §5 and §6, respectively, also in terms of
a, n* and €,. The Neumann condition (0,1) - Vu = 0 on Xg is obviously both strictly and
uniformly oblique. Therefore, if u is a solution to (3.17), (3.20)-(3.23), Lemma 4.2 implies
the uniform bounds 1+ €¢* < u < u,. Hence, the definition (3.14) gives that x = 3, for all u,
and the operators N and N are identical. Moreover, we have the following uniform bound
on the ellipticity ratio for the operator Q

A max{g(u —p), 1} _ max{d, |ulo +[plo, 1}
A min{é(u—p),1} ~ min{4, 1}
max{d, us + &, 1}
min{J, 1}

: (4.16)

using a priori bounds on both u and p € K (the left bound py, in (4.4) will be chosen so that
pr > 1). Hence, the operator Q is uniformly elliptic. Note that |3(u)| < Cv/1+ (p)2 <
CV/&,, for a constant C' independent of u and p € K, using the definition (3.7) of 3 and a
priori L bounds on u, p and p’. Therefore,

pv, Ve
B~ icvE

giving a lower bound for the obliqueness constant of the operator N uniformly in v and
pEeK.

Clearly, the coefficients a;;, b; and c¢;; of the operator Q and the coefficients f; of the
operator N have the desired smoothness and their sup- norms (or a-seminorms) are bounded
using the uniform bounds on |u|g (or [u]s), |plo and |p'|o.

From (3.8) we have ¢11(u) = ¢(u — p) and ¢12 = ¢21 = cop = 0. Hence, ¢'(u — p)uZ > 0,
and, therefore, (4.13) holds.

Further, for a solution u to the equation (3.17) we have

(4.17)

= )| lwl

1
60— Pty + ] < 16 u = Pl + |5 -

1 3
< |up|2 + §|“p| < §|“p|2 +
3 , 1
< R — - -
SA (2min{1,5}|up| + 2min{1,5}) ’
implying that (4.14) holds.

Finally, for k& > 1/6, where § is a positive parameter in the definition of the cut-off
function ¢ (see (3.9)) to be determined in §6, we have k > ¢'/¢, and therefore

¢ (u— pyu2 < k(u— phu < k {$(u— p)ul +u2}.

Hence, (4.15) holds. I
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4.4 Solution to the fixed boundary value problem

In this section we prove

Theorem 4.1 (Fized boundary value problem)

Suppose that the domain Q0 and the operators Q and N satisfy the structural conditions
of 84.3. There exists vo > 0, depending on the size of the opening angles of the domain 2 at
the set of corners V and on the ellipticity ratio of Q, such that for every v € (0, min{~p, 1}),
ax € (0,min{1,27}), p € K and any function f which is in H., on an open set containing o
and satisfies inequalities (4.8), there exists a solution u to the fized boundary value problem

(4.5). Moreover, u € Hl(;zl, for all a,, € (0, ax].

The proof of Theorem 4.1 is organized as follows. In Lemma 4.2 we assume that a solution
to (4.5) exists in C1(Q2) and we find its lower and upper bounds using the Maximum Principle
and Hopf’s Lemma. We solve the linearized problem in §4.4 and we use a fixed point theorem
to solve the nonlinear problem (4.5) in §4.4.

Lemma 4.2 Suppose that u € C*(§)) solves the fized boundary value problem

Qu)=0 in  Q,
N(u):: x-Vu=0 on %, )
u=f on 00N\,

where Q C R? is a bounded, open and connected set, Yisa finite disjoint union of relatively
open sets with an inner normal at every point, and the operators @Q and N are strictly
elliptic and oblique, respectively. Then

min f < u(p,n) < max f (4.18)
9O\S 90\

holds for all (p,n) € Q2.

PROOF Since the operator Q is strictly elliptic, by the Maximum Principle, if u has an
extremum at the point X, then X € d9. To show (4.18), it suffices to show X ¢ 3.
Suppose X € 3. Then the tangential derivative of u along this part of the boundary
must be zero, since X is also an extremum of the function restricted to the boundary. On
the other hand, the derivative y - Vu is zero along . Since the operator N is oblique, the
vector x is not tangential to . Therefore, if X € %, the derivative of u at X is zero at two
different directions. This yields Vu(X) = 0 and, finally, contradicts Hopf’s Lemma (Lemma

3.4 in [8]). Hence, X € 90\ X. I

The linear problem

In this part of our study we solve the linearized version of the fixed boundary value
problem (4.5), under conditions (4.8)-(4.14), using Theorem 1 in [11] and we further derive
estimates on its solution using Theorem 1 in [12].

Let ax € (0,1) and p € K be fixed. Let f be in H, on an open set containing o, for an
arbitrary v € (0,1), and suppose that inequalities (4.8) hold. Let 71 € (0,1) and € € (0, ax]
be also arbitrary, and let z € H 1(;;“) be any function such that m; < z < msg. The role
of parameters v; and € is to establish compactness needed in the study of the nonlinear
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problem in the next section (see Lemma 4.4). We define the linear operators

Lu = Z aij(z,p,n)DYu + Z bi(z,p,m)D'u + Z cij(z, p,m)D 2 D7u

i,j .3
:Zaij(z,p, n)Diju—FZ bi(z, p,m) +chi(z,p, n) D’z 3 D'u (4.19)
i i j
in Q, (4.20)
and 3
Mu:=x(z,p',p,n)-Vu on X. (4.21)

For convenience, we introduce a new function

i(p,n) =ulp,n) — f(Ea), (p.n) €9, (4.22)

and consider the linear fixed boundary value problem

Li=0 n 0,
Mi=0 on £=3UL, (4.23)
t=f—f(E,) on IN\EL=0cUZ,.

Theorem 4.3 (Linear problem)

Suppose that the domain Q and the operators Q and N satisfy the conditions of §4.3.
Let ax € (0,1) and p € K be fized, and let f be any function which is in H, on an open
set containing o and satisfies (4.8). Suppose that z € Hl(jrzl), for arbitrary parameters
v € (0,1) and € € (0, ax], is any function such that

my < Z(p7 77) < ma, (p7 77) € Qu (424)

where my and mg are as in (4.8), and there exists a constant m so that

bi(z,p.0) + > ¢ji(z, p,m)D72] < md " (p,m). (4.25)
5

Here V := {V1, V5, V3} denotes the set of corners of Q, dy,(X) :=|X — V;| and dv(X) :=
min; dy, (X).

Then there exists vo > 0, depending on the geometry of Q and the supremum norm |z|o,
so that for any v € (0, min{~o,1}), there exists a unique solution 4 € Hl(;lzc of the linear
problem (4.23).

Moreover, the following two estimates hold

Iﬁlgll)K <C {If— fEa)ly+ sup dy(p,n)lalp,n) — a(v;)|} (4.26)
MPW)EQ
and o
@l < e if = FEa)lhs (4.27)

where C' and Cy depend on ax, [Z]ax, [Xi(2, 00 )]axs |Pl1+ax, M, |20 and the size of the
domain €.

REMARK
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e We are assuming that the function p describing the boundary ¥ C % is such that
p € Hiya,, where ax € (0,1). To show existence of a solution, we will use Theorem
1 of [11] which assumes more smoothness on p. More precisely, this theorem requires
that the boundary 3, along which we pose the oblique derivative boundary condition,
is described by a curve in Hay,, with a € (0,1). This is satisfied for ¥y C %, and
our idea is to approximate ¥ with a sequence of boundaries ¥ described by smooth
curves {pr} C K and to solve the linear problem (4.23) as a limit of problems on
regularized domains .

e The parameter -y (and therefore v) in the statement of the theorem depends on the
size of angles of the domain 2 at the set of corners V and on the ellipticity ratio of
the linear operator L. By the choice of set K, these angles are bounded uniformly in
p € K (recall Remark 4.2). Also, the ellipticity ratio for L is uniformly bounded, with
respect to z, using the assumption (4.10) for Q and condition (4.24) for the choice of
z. Hence, 7o (and also 7y) can be taken independent of both the domain 2 and the
function z.

e To find the parameter vy we will use Theorem 1 in [12]. This theorem assumes that
the operator M is uniformly oblique. By the assumptions (4.11) and (4.12) on the
operator N, the lower bound on the obliqueness constant for M depends on |z,
which is uniformly bounded by the condition (4.24).

PROOF (of Theorem 4.3)

We divide the proof into four steps.

Step 1. Let u € Hl(;gzc be a solution to (4.23). Using the standard elliptic theory (for
example, Theorem 6.2 in [8]) we have u € C?(2), and by Lemma 4.2 we obtain the L™
estimate

o < |f = F(Ea)lo- (4.28)

Step 2. In this step we prove that if @ € Hl(llzc, for an arbitrary v € (0,1) and an
arbitrary f € H, on an open set containing o satisfying (4.8), is a solution to the linear
problem (4.23) with boundary X described by a smooth curve p € K, then the estimate
(4.26) holds. First, we derive weighted local estimates on a particular seminorm of the first
derivatives of @ inside the domain  and on the boundary 99\ V, where we pose different
types of boundary conditions (the oblique derivative boundary condition on ¥ = XU, and
the Dirichlet condition on ). These local estimates follow from Gilbarg & Trudinger [8],
and together with interpolation inequalities establish (4.26). The estimate (4.27) is deduced
from (4.26) for the parameter v sufficiently small using Theorem 1 of [12].

We claim that there exists a constant C, independent of @ and the choice of p € K, such
that the auxiliary inequality

R'tox [Da]Q)C;BR(I[))mQ <C R'y|f - f(Ea)|7 + sup |ﬂ - a(Vi)lo;Bm(ro)ﬂQ (4~29)
i,(p,m)EQ
holds in the following three cases
1. g € 0 and BQR(CL'Q) n

=0,
2. 7o € 3 and Bag(zg) No =0, and

3. BQR(LL'Q) g Q.
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To show (4.29) in case (1) we use the discussion on page 139 in [8] for elliptic problems with
Dirichlet boundary conditions. It implies the estimate

RHO"CJY[Dﬂ]a,C;BR(zU)mQ < O{|f - JE(Ea”'y + |lo;Br(@o)nel}s (4.30)

with a constant C' depending on ax, the domain €2 and the norms of the coefficients of the
operator L defined in (4.19). Using the a priori bounds on the set K and conditions (4.24)
and (4.25), we have that the constant C in (4.30) does not depend on the solution % nor on
the choice of p € K describing the boundary ¥. The estimate (4.30) together with the L*°
bound (4.28) gives o

Rl+a}c_’y[Da]a;c;BR(mg)ﬁQ <C |f - f(Ea)|’Ya

and, clearly, (4.29) follows.

In case (2) we use Theorem 6.26 in [8] for the oblique derivative boundary value problems.
For convenience we consider this theorem for the functions @ — @(V;), i € {1,2,3}, also
satisfying the linear differential equation in 2 and the linear oblique derivative boundary
condition on 3. For each i we obtain the estimate

Rl+a}c [Dﬁ]a;c;BR(mo)ﬂQ = Rl+a}€ [D(ﬁ - ﬂ(vi))]ouc;BR(mo)ﬂQ

< Cli—u(Vi)lo; Bog (wo)ne2s

with a constant C' depending on ayx and the bound on the obliqueness constant of the linear
oblique derivative operator M. Therefore, (4.29) holds with C' depending on the parameter
ax and the supremum norm |zo.

In case (3) we use Theorem 8.32 in [8]. Again we use this theorem for functions @ — @ (V;),
1 € {1,2, 3}, also solutions to the differential equation Lz = 0 in Q. For each i, we obtain

[Dﬁ]a)c;BR(Io)ﬂQ = [D(a — a(Vi))]am;BR(mo)mQ
< C |’L~L - 'EL(W)|O;32R($0)7

and (4.29) follows for R € (0, 1]. Here, the constant C' depends on supremum norms of the
coefficients of L, ax-seminorms of the coefficients of L and M and the size of the domain
Q.

Note that cases (1)-(3) cover all points 2o € Q\ V. Let R := tan (¢) %, where 6 stands
for the corner angle. We multiply the estimate (4.29) by R™7 and use the interpolation
inequalities (6.8)-(6.9) in [8] to obtain (4.26).

Next, we derive the estimate (4.27) from (4.26). Note that for each ¢ € {1,2,3} we have

(Sup) dv, (p,n) " "a(p,n) — a(Vi)| < |i]yo\v- (4.31)
i

On the other hand, Theorem 1 of [12] gives that there exist positive constants v and ag,
depending on the size of angles of the domain 2 at the set of corners V and on the ellipticity
ratio for the operator L, such that for all v € (0,v0) and all @ € (1,1 + ag) we have

@l < C{If = F(Ea)ly + lilo}-
We fix v € (0, min{~o, 1}). Since
lilsonv = [l < Ca, v, diam(2))]alS7,
holds for any a > v, we obtain

[y < CLUS = f(Ea)ly + lalo} < OIf = f(Za)ls,
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using the L* bound (4.28). Together with (4.26) and (4.31), this establishes the estimate
(4.27).

Step 3. We approximate the boundary 3, specified by p € K, by a sequence of boundaries
{Zk} given by smooth curves p; € K. This leads to a sequence {1} of the domains
approximating the domain 2, and the sequences {0} and {2¢ 1} approximating boundaries
o and X, respectively. Let f be in H, on an open set R containing o, for v € (0, 1) arbitrary,
such that the inequalities (4.8) hold. Since f satisfies the second inequality in (4.8) for p
and o, by continuity we have that f satisfies the second condition in (4.8) for pi and oy,
where k > ko. We use Theorem 1 of [11] for the linear problem (4.23) in Q; and get a
unique solution i, € C?(y, U k) N C(Q4). By step 2 we have that iy € Hl(llzc and that
the sequence {@y} satisfies the estimates (4.26) and (4.27) uniformly in k. (Recall Remark
4.4 and that since we have uniform bounds on the geometry of the domains €2, we can take
both parameters 7o and 7 independent of k.)

Step 4. In this step we show that the sequence {u} has a convergent subsequence and
that its limit is a unique solution to the linear boundary value problem (4.23) in the domain
Q.

As k — oo, we have X, — X, Qp — Q and o — o. Since the estimate (4.27) holds
uniformly in k, the sequence {uy} is uniformly bounded in Hl(frl?c and by the Arzela-
Ascoli Theorem, it contains a subsequence {,, } which converges uniformly to a function
U € Hl(jrlzc It is clear that the estimates (4.26) and (4.27) also hold for @ with the same
constants C and Cj.

Next, we show that @ is a solution to the linear boundary value problem (4.23). Since
|11;€|§:Z¥)K is uniformly bounded, @ and Duy are equicontinuous on compact subsets of
Q, implying that u satisfies the differential equation Lu = 0 weakly in the domain 2.
Further, let 2y € ¥ and let x € X be such that xy — x¢. By the uniform convergence of
equicontinuous sequences in Hl(;lzc we obtain that x(z, pj,, 0}, ) - Vi, (25,) — x(z,p,0) -
Vi(xo). Hence, the oblique derivative boundary condition M4 = 0 holds on X. Similarly,
the oblique derivative boundary condition on 3y holds. The Dirichlet condition at the corner
point =, is clearly satisfied, and to show the Dirichlet condition on o we also use continuity
of f in an open set containing o and oy, for k > ko and ko is sufficiently large. Therefore,
the function @ solves the linear problem (4.23) in the domain .

Since @ € C?(12), we use Lemma 4.2 and linearity of the operators L and M to conclude
that @ is the unique solution of the linear problem (4.23).

We note that uniqueness of the solution @ implies that the whole sequence {uy} in the
previous proof converges.

The nonlinear problem

Let ax € (0,1) and p € K be given. Let v; € (0,1) and € € (0, ax] be arbitrary. By
Theorem 4.3 and Remark 4.4, there exists a parameter 79 > 0 such that for any fixed
v € (0,min{vp,1}), any function z € Hl(jrzl) satisfying conditions (4.24) and (4.25) and
any function f € H, on an open set containing ¢ and satisfying (4.8), there exists a unique

solution u € Hl(llzc to the linear problem (4.23). Let us define a mapping T so that

Tz:=a+ f(Za) (4.32)

In this section we show that we can choose the parameter ax € (0, 1), depending on ~, so
that the mapping 7" has a fixed point. This will complete the proof of Theorem 4.1.

The fixed point result we use is the following

Theorem. (Theorem 11.3 in [8]) Let T be a compact mapping of a Banach space B into
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itself and suppose that there exists a constant M such that
llul|ls < M, for all w € B and 7 € [0,1] satisfying u = 7T u. (4.33)

Then T has a fixed point.

The verification of the conditions of this fixed point theorem consists of two parts. In
Lemma 4.4 we select an appropriate Banach space B so that T(B) C B and that the
mapping T is compact. Using Lemma 4.5 we choose the parameter ax € (0,1), in terms of
7, so that there exists M, independent of @, for which the inequality (4.33) holds.

Lemma 4.4 Let~y € (0, min{vo,1}), where yo > 0 is as in Theorem 4.3, and let axc € (0,1)

be arbitrary. If o
€= 7/C and vy = %, (4.34)

then for B := H&Z”, the mapping T given by (4.32) is precompact and T(B) C B.

PROOF Theorem 4.3 implies T(Hl(jrzl)) - Hflll To ensure T(B) C B, we choose 71

and €, so that 0 < e < ax and 0 < ;3 <. In order for the map T to be compact we need
these inequalities to be strict (see Remark 4.1), and in particular the choices (4.34) suffice.

Lemma 4.5 Let € (0, min{vo,1}), where v9 > 0 is as in Theorem 4.3, and let ax € (0,1)
be arbitrary. Let ¢ and 1 be as in (4.34). There exists M > 0 such that if @ € Hl(;zl) and
i+ f(Za) = 7T (0 + f(2a)), (4.35)

for some T € [0, 1], then
o+ f(2a)10 < M, (4.36)

where o, ;= min{ay,v}. The constant M depends on the geometry of 2, the bounds on the
ellipticity ratio and the minimal eigenvalue of the operator Q, the bound on the obliqueness
constant for N, the sup-norm |t|o and the Holder norm |f|y.%.

PROOF We divide the proof into four steps.

Step 1. In this step we obtain an L*° bound on @ € H1(;Zl) satisfying (4.35).

Using the definition (4.32) of the map T, the assumption (4.35) implies that @ solves the
following nonlinear fixed boundary problem

Z aij (@ + f(Z.)) DV + Z bi(@ + f(E.))D'a

+ Y e+ f(Za))Di (it + f(Ea)) D=0 in 9,
2%
x(@+ f(E,)-Vi=0 on 3, (4.37)
i=7(f—f(Ea) on 092\
Since we have @ € C?(12), by Lemma 4.2 we obtain the L> bound
[alo < 71f = F(Ea)lo < |f = f(Ea)lo- (4.38)
Step 2. In this part of the proof we find an estimate for the term

sup  dy. (p,m)|a(p,n) —u(V;)|
i\(pm) €Q
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which is independent of u. The idea is to construct two linear problems independent of
@ (with the same linear elliptic and linear oblique derivative boundary operators) and to
show that we can bound @ both from below and from above using the solutions of these
linear problems. Once these bounds are established, we use Lemma 4.1 in [12] giving corner
barriers for the linear elliptic and linear oblique derivative boundary operators.

Let us define the linear operators L and M by

Lv:=Y ai(i+ f(Ea))D7v+ > b+ f(Za))D'v (4.39)
i.j i
and . R
Mv = (i + f(E.)) - Vo. (4.40)
First, we consider the linear problem
Lv=0 in (},
Mv =0 on 3, (4.41)
v="1(f — f(Ey)) on 00\ X.
Note that

Lu = Q ZCU + f W) DaDIa <0,

since @ is a solution to the nonlinear problem (4.37) and the left inequality in (4.15) holds.
Therefore, @ is a supersolution for (4.41), meaning, v < 4. Further, consider the linear
problem

Lw=0 in ,
Mw=0 on X, (4.42)
w=1 (ekﬂf—f@a» - 1) on 90\ %,
where k& > 0 is such that (4.15) holds. Note that for wsy, := + (e** — 1) we have
Twaw = ¢ | O(a ) + Z (kaw (@+ f(Ea)) — cij(a+ f“(aa))) DiaDig

=0,

since Q(@ + f(Z,)) = 0 and the right hand inequality in (4.15) holds. This implies that
Wsyp 18 @ subsolution for the problem (4.42), meaning, wsyp < w. On the other hand, from
the definition of wgyp, clearly wgyy > 4. Therefore, if @ solves the problem (4.37), then the
inequalities

v<u<w (4.43)

hold, where v and w denote arbitrary solutions of the linear problems (4.41) and (4.42),
respectively.

Next we use Lemma 4.1 of [12] which gives a corner barrier function for the linear opera-
tors L and M, defined in (4.39) and (4.40), respectively. By this lemma, there exist positive
constants hg and 79 (depending on the size of the opening angles of the domain € at the
set of corners V, on the ellipticity ratio of the linear operator L and on the bounds on X
and @) such that for every fixed parameter v € (0,79) there exist a constant ¢; € (0,1] and
a function g € C?(U;Q;(ho) \ V) N C(U;Q:(ho)) (depending on the same parameters as 7o
and also on ) with property that for each 7 € {1,2,3} we have

Lg<0 in Q;(ho),
ady, <g<dj, in Qho), (4.44)
Mg <0 on ¥;(ho).
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Here, Q;(ho) and %;(ho) denote the subsets of Q and %, respectively, on which dy, < ho. We
remark that the parameter vo provided by Lemma 4.1 of [12] is the same vy as in Theorem
4.3, step 2, and, as before, we take v € (0, min{vo, 1}). Further, (4.44) also implies

B—g) 20 in Ql(ho),
M(—g) >0 on %;(ho).

We multiply g by a positive constant C* so that
Crg+u(V;) = % (GT(fff(E“)) - 1) on  Qi(ho) \ Ti(ho),
for each i € {1,2,3}. Note that the constant C* does not depend on @. This gives
Cg+a(V;))>w in  Qho),

where w is a solution to the linear problem (4.42). With the right hand inequality in (4.43)
and (4.44), we get

a—ua(V;) <w-—a(V;) <C'g<Cd),  in Qi(ho),
and, hence, for each i we have
dy(a—a(V;) <C* in - Q(ho). (4.45)
Similarly, we multiply —g by a positive constant C so that
~Cog+a(Ve) S7(f = f(Ea))  on Qi(ho) \ Zi(ho),
for each i € {1,2,3}. Again, the constant C, is independent of @. This yields
=Cig+u(V;) <v in Qi(ho),
for a solution v of (4.41). Recalling the left-hand inequality in (4.43) and (4.44) we obtain
—C.dj, < -Cig<v—u(Vi) <a—u(V;) in Qho),
and, therefore, for each ¢ we have
dy (w—a(V;)) > =Cx in Q(ho). (4.46)
Note that on \ (U;Q;(ho)), we have that for each ¢
a5 — a(Vi)l < by @ — @(Vi)lo < 2hg | = F(Ea)lo,
using the L bound (4.38) for 4. Together with inequalities (4.45) and (4.46), this gives

sup dy" (p,m)la(p,n) —a(Vi)| < C, (4.47)
i,(p,n)EQ

for a constant C' independent of 4, as desired.

Step 3. In this step we show that there exist positive constants 6* and C, depending on
the geometry of 2, the bounds on the minimal eigenvalue and the ellipticity ratio of the
operator Q, on the obliqueness constant for the operator N, and the bounds on @ and f
such that

|

5- < C. (4.48)
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(By assumptions (4.8)-(4.12) and the inequality (4.38), all of these bounds are uniform in
%and p € K.)

First we quote several results from Gilbarg & Trudinger [8] and Lieberman & Trudinger
[14] which give local Holder estimates on the parts of the boundary 9Q\ 'V where we impose
different types of boundary conditions. More precisely, we derive local Holder estimates on
%, where we assume the oblique derivative condition, and on 9Q \ (V U X)), where we have
Dlrlchlet condition. For the Holder estimate at the set of corners V, we use the inequality
(4.47) established in step 2.

For the estimate on ¥ we use Theorem 2.3 in [14]. This theorem is proved when the
considered part of the boundary has smoothness C2. However, the authors of [14] remark
that it suffices that the boundary is Hy ., for o € (0,1), which is the case for ¥ = X U Xy.
The assumptions of Theorem 2.3 in [14] are that the operator Q satisfies the structure
condition (4.14), that the operators Q and N are uniformly elliptic and uniformly oblique,
respectively, and that the supremum norm of @ is uniformly bounded. This theorem implies
that there exist ag and C' such that

[@]ay < C, (4.49)

in a neighborhood of Y. Here, g depends on the bounds for the ellipticity ratio of Q and
the obliqueness constant for N, and to|t|o, where g is the constant from the structure
condition (4.14). The constant C' depends also on €.

The estimate on the Dirichlet part of the boundary 9\ (XUV) =0\ V follows from
the assumption that u = T(f f(ua)) on o and that f € H,, on an open set R containing
o. Hence, [i], < [flyr on o\ V.

For the local estimate at the set of corners V we use the inequality (4.47) which implies
al, < C.

Next, we take @ := min{ag, v} and note that we have shown that

0SCHON B (z0) (1) < KR®,  for every zo € 9Q and R > 0, (4.50)

where osc stands for the oscillation and K = [i]gz. Again, the parameter @ in (4.50) does
not depend on 4. More precisely, @ depends on the size of 2 (which can be estimated in
terms of a priori bounds on p € K), the bounds on the ellipticity ratio for the operator
Q and the obliqueness constant of the operator N, and on the bounds on |i]o (and these
bounds can be estimated uniformly in @ and p € IC)

Finally, with the inequality (4.50) being satisfied we have that the assumptions of The-
orem 8.29 in [8] hold. This theorem implies that there exist positive §* and C such that
the desired estimate (4.48) holds. Here, the parameter ¢* depends on the ellipticity ratio
for Q, the minimal eigenvalue of Q and the parameter @ in the inequality (4.50), while the
constant C' also depends on |u|g. Notice that (4.48) also implies @ € Hg.

Step 4. Having & € Hs« and the uniform estimate (4.48), we use Theorem 4.3 with
z replaced by @ and ax replaced by min{d*, ax,v}. (Recall again that since we are not
concerned with the existence of a solution to the problem (4.37), we can treat (4.37) as a
linear problem with z := @ + f(Z,).) The estimate (4.26) of Theorem 4.3 gives

<C. (4.51)

|u|1+m1n{6* ak,y} —

Note that the seminorms [@]min{s+,ax,~} and [Xi(%, p, p')]lmin{s*,ax,+} are bounded indepen-
dently of @ by (4.48), as well as the term

sup  dy. (p,m)|a(p,n) —u(V;)|
i\(pm) €Q
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by (4.47). Therefore, we have that the constant C' in the estimate (4.51) does not depend
on u. We use the inequality

il = a7 < 0(5*7a/c,%diam(m)|ﬂ|§1¥31n{5*,%,7}7

and the estimate (4.51) to get u € H,.
To eliminate ¢* in (4.51), we repeat step 4 with 0* replaced by v and obtain the estimate
analogous to (4.51); that is, we get

<C.

| |1+m1n{a;c,v}

Therefore, (4.36) follows. I
Finally, for 79 > 0 from Theorem 4.3, we take
€ (0,min{yo,1}) and ax € (0,min{1,2+}),
and recall the choices (from Lemma 4.4):

€= %C and 7 = %
With the notation u := @+ f(Z,) and using Remark 4.1 and the estimate (4.36), we obtain
2

a2 = [l < Ol Dy < O M. (452
for a constant C' depending on ax, v and the diameter of Q2 and the constant M is as in
(4.36). Hence, the hypotheses of the quoted fixed point theorem at the beginning of §4.4
(Theorem 11.3 in [8]) are satisfied. Therefore, the map T defined in (4.32) has a fixed point
ue H This fixed point u solves the fixed boundary value problem (4.5) and since

1+a
Hﬁ;& - Hl(Jrli, for any a. € (0, ax], the proof of Theorem 4.1 is completed.

REMARK Note that by (4.52) we also have a uniform estimate of the v-Holder norm of
u, a solution to the fixed boundary value problem (4.5), on Q U 3. Namely, since

|u|V |u|( ") <C(7,d1am( ))|’u"1-5—10{111(1{&;c v}

we have
uwe Hyous and |uly <C, (4.53)

for a constant C depending on <y, the size of the domain 2, bounds on the ellipticity ratio
and on the minimal eigenvalue of the operator Q, the bounds on the obliqueness constant
of the operator N and on the supremum norm |u|o, and the Holder seminorm [f].%.

5 Solution to the modified free boundary value problem

In this section we prove Theorem 3.1. The main idea is to fix the function p(n), n € [0,7*],
specifying the boundary ¥ = {p(n),n) : n € (0,17*)}, find a solution u(p,n) of the fixed
boundary value problem (3.17), (3.20)-(3.23) using Theorem 4.1, and then, update the
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boundary ¥ to {p(n),n) : n € (0,n*)}, using the shock evolution equation (3.11). More
precisely, we find p as a solution of the following initial value problem

z- —\/w (0 - DL, (5.1
p(0) = &a- (5.2)

We define a map J so that J(p) = p. To prove Theorem 3.1, we show that the map J has
a fixed point. We use the following

Theorem. (Corollary 11.2 in [8]) Let K be a closed and convex subset of a Banach space
B and let J : K — K be a continuous mapping so that J(K) is precompact. Then J has a
fixed point.

We choose the space B = Hiiq,, and we take the set I C B as in §4.2. In this section
we further specify the parameters v and ax, and 0., pr and pr in the definition (4.3)-(4.4)
of the set K so that the hypothesis of this fixed point theorem are satisfied.

Let a > V2, 7* > 0, ¢, € (0,u, — 1) and § > 0 be arbitrary. We make the following
choices for 0., pr and pg:

e J, depends on the particular value u, we consider so that

2
- if U, = Ug, then 0 < §, < min a’—1+ava?-32 V"LQ,(E’;) ,

2 2n
) s 2 (5.3)
-if U, = Up, then 0 < 8, < min { ©-=1=av/a?=2 (2n) :
e the definition of p; depends on n*, and
-ifn* e (0, Vi — 1} , then pr(n) := & —nv& — 1,1 € [0,77],
T _ (5.4)
_1f7’]* >\/§a—1, then pL(T]) = {é—a n ga 1u77€ [07 Vga 1]jz
1’ 776( 50_1777]7
e pp is defined by
pr(N) ==& — N6, m€[0,77]. (5.5)

Clearly, the set IC defined in §4.2 with the above specifications of the parameter ¢, and
the curves pr(n) and pr(n), n € [0,7*], is a well-defined, closed and convex subset of the
Banach space B.

Lemma 5.1 Let a > /2, n* > 0 and e, € (0,u, — 1) be given. If 6, is chosen as in (5.3),
then the curve p given by (5.1) and (5.2) is decreasing and satisfies the following lower
bound

p(n) > 1, for all n € [0,n"]. (5.6)

PROOF By the definition (3.12) of the function ¢ and the equation (5.1) for p’, we have

7 (n) <=6, <0, forallne (0,7, (5.7)

implying the desired monotonicity of the curve p.
Next we show (5.6). If o € [0,1*] is such that

~ ) _ U(P(ﬁo)aﬁo) +1

(1o > 0., (5.8)

D) =
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u(p(n0),m0)+1
2

then certainly p(no) — > 0, implying

u(p(mo),mo) — 1

: > (5.9)

p(no) — 1>

|

by Lemma 4.2. Tt is easy to check that (5.8) holds for g = 0, using the expression (2.9) for
Uy = u(&y,0) and the bounds (5.3) on §.. Further, note that the change of 5 over the values
of ng for which (5.8) does not hold is v/J, per unit interval in 7. This implies that the total
change of p over the interval [0,7*] is bounded above by v/d,1*. However, our choice (5.3)
of §, implies

€x €x
041" = 5.10

Vo < g on” =5 (5.10)

From (5.9) and (5.10) we get that p(n) — 1 > 0, for all n € [0,n*]. I

REMARK Note that for every n € [0,7*] we have the following lower bound

€4 N
P(U)_1>5—v5*77 >0,

which can be estimated in terms of only a, n* and e, using (5.3).

Lemma 5.2 Leta > 2, n* >0, ¢, € (0,us — 1) and 6 > 0 be given and suppose that d.,
pr and pgr are chosen as in (5.3)-(5.5).

There exists a parameter g > 0, depending on a, n*, €. and §, such that for any v €
(0,min{~o,1}) and ax = 3 we have

(a) J(K) C K, and

(b) the set J(K) is precompact in Hi 4oy -

PROOF Let the boundary ¥ be given by a curve p € K and let u(p,n) € Hl(IZL be
a solution of the fixed boundary value problem found by Theorem 4.1. Recall that v €
(0, min{~g, 1}) is arbitrarily chosen, where vy is a parameter depending on the size of opening
angles of the domain €2 at the corners, and on the bound on the ellipticity ratio for Q
By Remark 4.4, 79 depends only on the fixed parameters a, n*, €, and §. Recall also that
ax € (0,min{1,2v}) is arbitrary. To prove this lemma we will take vy smaller, still depending
only on the a priori fixed parameters a, n*, €, and ¢, and we will specify ax = v/2.

Let p(n), n € [0,7*], be a solution of the initial-value problem (5.1), (5.2). To show part
(a) we need to show that p € K.

Clearly, p(0) = &, and
I ue+1
5 = — 2 - — =
p'(0) = \/d)(a t3 5 ) Ky,

by taking w. and k. as in (2.9) and (2.11), with respect to the particular value of the
parameter a as in (2.10). This shows (4.2).

That the curve p satisfies the right inequality of (4.3) has been shown in (5.7). To show
the left side of (4.3) note that

_ u(p(n),n) + 1} _ - u(p(n),n) +1
max — 02— < max — min 4~~~
n€l0,n*] {P(n) 2 " nelo,n] Pl n€l0,n*] 2
2+,
S ga - _;e < ga - 1,
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by Lemma 4.2 and the choice of f (see (2.16)). Therefore, p'(n) > —v/& — 1, for all n €
(0, 77).

Next we check that p satisfies (4.4). Note that the left side of (4.3) implies p(n) >
o — V& — 1, n € [0,n*]. Since (5.6) also holds, we get p(n) > pr(n), n € [0,n*], where pr,
is given by (5.4). On the other hand, the inequality (5.7) implies (1) < &, — 1V« = pr(n),
for all n € [0,7%].

To complete the proof of (a), it is left to show

pEHifop. (5.11)

We recall the estimate (4.49) which is independent of u, and we replace the parameter
~o by min{vp, ap}. Again we note that both 79 and oy depend only on the a priori fixed
parameters a, n*, €, and . Let

0 <7 < min{vo, 1}, (5.12)
Using the differential equation (5.1), it follows that |5’|, < C and, hence,
Pliey < O (5.13)

Therefore, p € Hi4~ and to ensure (5.11), we need to take ax € (0,7].
Moreover, since (5.13) holds uniformly in g, we have that J(K) is contained in a bounded
set in Hiy.. To show (b) it suffices to choose axc € (0,7). We take axc := /2. I

We note that the map J : K — K given by (5.1)-(5.2) is also continuous. Therefore, by
taking the parameter v as in (5.12) and choosing ax = /2, we have that the hypotheses
of the fixed point theorem from the beginning of this section (Corollary 11.2 in [8]) are
satisfied. Hence, the map J has a fixed point p € K. We use this curve p(n), n € [0,7*], to
specify the boundary ¥ in Theorem 4.1 and we get a solution u € Hl(jrl), for all i, € (0, ax].
This completes the proof of Theorem 3.1.

6 The proof of Theorem 2.1

In order to derive Theorem 2.1 from Theorem 3.1, we need to see whether we can remove the
cut-off functions we have introduced in Theorem 3.1. More precisely, we need to investigate
under which conditions it is possible to replace the functions ¢ and ¥ by the identity function
and to replace x by (.

Let u € Hlll*, for a, € (0,ax], be a solution to the modified free boundary value
problem (4.5) in Theorem 3.1, and suppose that v € H 1(121 is recovered using the equation
(3.5).

First, we recall from Proposition 1 that a priori bounds on u imply y = 3, meaning that
the operators N and N are the same.

To remove the cut-off ¢ we prove the following

Lemma 6.1 Suppose that u € C1(Q) is a solution to the fived boundary value problem (4.5)
and define a function
wlp,n) = ulp,n) = p,  (pn) €. (6.1)
Then
(a) w attains its minimum on o UX UZ,, and
(b) w cannot attain a non-positive minimum on X.
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PROOF First we show (a). Using the equation Q(u) = 0 in (4.5) and the definition (6.1),
we obtain the following second order uniformly elliptic equation for w

ol + gy + () + 5 )y + 5 + 6w, =0,
Using the Minimum Principle (Theorem 3.5 in [8]), we have that w must attain its minimum
on O0f). Suppose there is a minimum X, € . By (4.5) we have w,(Xo) = 0, which
contradicts Hopf’s Lemma (Lemma 3.4 in [8]). Hence, the minimum must occur on 9Q\ Xy =
ocUXUZ,.
Next we show (b). Assume there is X¢ € ¥ so that w(Xy) = mingw. Since X is the
minimum of w, the tangential derivative of w along ¥ at Xy must be zero, i.e.,

0 = (w,(Xo), wy(Xo)) - (p'(X0), 1) = p'(Xo)(up(Xo) — 1) + uy(Xo),

yielding
1y (Xo) = =/ (Xo)(up(Xo) = 1). (6.2)

On the other hand, Hopf’s Lemma (Lemma 3.4 in [8]) implies that the derivative of w in
the direction of an outward normal to ¥ at Xy must be negative, meaning

0> (wp(Xo), wy(Xo)) - (1, =p"(Xo0)) = up(Xo) — 1 — p'(Xo)uy(Xo). (6.3)
We substitute (6.2) in (6.3) to find
up(Xo) < 1. (6.4)

Next we use the oblique derivative boundary condition in (4.5) with S given by (3.7) and
substitute (6.2) to obtain

U(Xo) -1

+ p'(Xo)

up(X0)o! (o) (2

- p(X0)> = 0.

Since u > 1 on § (see Proposition 1), p’ < 0 on X (see the definition of set K at the
beginning of §4.2) and (6.4) holds, we have

u(Xo) — 1 Su(Xo) +3
p 060 M= ) (PR ) <o
and using that w(Xo) = p(Xo) + w(Xp), this yields
—p(Xo) + Tw(Xp) + 1
(Xo) p(Xo) ‘ (Xo)+1 _
Since p'(Xo) < 0, we obtain
p(Xo) —1

w(Xo) > (6.5)

7
We recall that p > 1 on X (see (5.6)), and, hence, (6.5) implies w(Xo) > 0, as desired.  []

Note that the cut-off function ¢ differs from the identity function only if u(p,n) — p < 4. In
the previous lemma we showed that the function u(p,n) — p, (p,n) € Q attains its minimum
on 0 UXUZ,. It is easy to calculate that at =, we have

1

w(Z,) — &4 = Uy — (a2 + 5) =:mq(a) >0,
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for both choices of u, in (2.10). Further, on o we have

2
* Ui *
o) = =100 = (&) + 5 ) = mata, e >0
by the definition (2.16) of f and the bounds on the closed set K (see Remark 2.2). Next, in
the previous lemma we showed that if u(p,n) — p attains its minimum at X, € %, then this
minimum must be positive. More precisely, using (6.5) and Remark 5 we have

p(Xo) —1

u(Xo) — p(Xo) > 2

=:ms(a,n", €e) > 0.
We choose ¢ in the definition of ¢ so that
0 < 6 < min{my, ma, ms},

with m1, mg and m3 as above and depending only on a,n* and €. Therefore, the function
¢ is the identity and the operators () and @) are the same.
Finally, we note that the cut-off function ¢ is identity as long as
o> Uye + 1

+ 0. (6.6)

Using the values (2.9) for u, and (5.3) for 6, we obtain %=t +6, < &, = p(Z,). Since it
is possible that for some choices of a and d, we have “*;1 + 6, > 1, the cut-off ¥ can be
removed only in a neighborhood of the reflection point =,.

This completes the proof of Theorem 2.1.




References

S. Canié¢, B. L. Keyfitz, Riemann problems for the two-dimensional unsteady
transonic small disturbance equation, SIAM Journal on Applied Mathematics, 58
(1998), 636-665.

S. Cani¢, B. L. Keyfitz, G. M. Lieberman, A proof of existence of perturbed steady
transonic shocks via a free boundary problem, Communications on Pure and Applied
Mathematics, LIIT (2000), 484-511.

S. Canié, B. L. Keyfitz, E. H. Kim, Free boundary problems for the unsteady tran-
sonic small disturbance equation: transonic regular reflection, Methods and Appli-
cations of Analysis, 7 (2000), 313-336.

S. Canié¢, B. L. Keyfitz, E. H. Kim, A free boundary problem for a quasi-linear
degenerate elliptic equation: reqular reflection of weak shocks, Communications on

Pure and Applied Mathematics, LV (2002), 71-92.

S. Cani¢, B. L. Keyfitz, E. H. Kim, Free boundary problems for nonlinear wave
systems: Mach stems for interacting shocks, submitted.

T. Chang, G. Q. Chen, Diffraction of planar shocks along compressive corner, Acta
Mathematica Scientia, 3 (1986), 241-257.

D. Gilbarg, L. Hormander, Intermediate Schauder estimates, Arch. Rational Mech.
Anal., 74 (1980), no.4 297-318.

D. Gilbarg, N. S. Trudinger, Elliptic Partial Differential Equations of Second Order,
Springer - Verlag, New York, 2nd edition, 1983.

B. L. Keyfitz, Self-Similar Solutions of Two-Dimensional Conservation Laws, Jour-
nal of Hyperbolic Differential Equations, 1 (2004), 445-492.

G. M. Lieberman, The Perron process applied to oblique derivative problems, Ad-
vances in Mathematics, 55 (1985), 161-172.

G. M. Lieberman, Mized boundary value problems for elliptic and parabolic differen-
tial equations of second order, Journal of Mathematical Analysis and Applications,
113 (1986), 422-440.

G. M. Lieberman, Optimal Holder reqularity for mized boundary value problems,
Journal of Mathematical Analysis and Applications, 143 (1989), 572-586.

G. M. Lieberman, Local estimates for subsolutions and supersolutions of oblique
derivative problems for general second order elliptic equations, Transactions of the
American Mathematical Society, 304 (1987), no.1 343-353.



References

[14] G. M. Lieberman, N. S. Trudinger, Nonlinear oblique boundary value problems for
nonlinear elliptic equations, Transactions of the American Mathematical Society,
295 (1986), no.2 509-546.



