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This work establishes lower bounds on the values of the block-diagonal semidefinite program (SDP)
relaxations for the clique number of the Paley graphs of prime order. The size of the maximal clique
(clique number) of a graph is a classic NP-complete problem; a Paley graph is a deterministic graph
where two vertices are connected if their difference is a quadratic residue in a finite field with the number
of elements given by certain primes and prime powers. Improving on the current O(,/p) upper bound
for the clique number of Paley graphs of prime order is a classic open problem in number theory and
combinatorics. Kunisky and Yu (CCC 2023) provided numerical evidence that the upper bounds given
by the sum-of-squares relaxations of degree 4 (SOS-4) are growing at an order smaller than square root
of p and proved that the values of these relaxations are lower bounded as Q( pl/ 3). Gvozdenovic, Laurent
and Vallentin introduced a block-diagonal hierarchy (L") of SDPs that are weaker than the SOS SDPs.
Therefore, the values of these block-diagonal SDPs of degree 2 (L*) bound from above the values of
the corresponding SOS-4 relaxations, and the Q(pl/ 3) lower bound also applies to the L? relaxations.
Building on the above-mentioned work, using Feige-Krauthgamer pseudomoments, we show that these
L' relaxations are bounded from below by 21’t\/17, at the leading order as p gets large. Since the L'
hierarchy is stronger than the Lovasz-Schrijver hierarchy, our lower bound also applies to the latter
hierarchy. Lastly, we study the subgraphs (localizations) of the Paley graphs induced on a set of vertices
extending a clique of a given size a to a maximal clique. We prove that interchanging localization degree
a and relaxation degree ¢ are equivalent for the purpose of our lower bound, which is consistent with the
localization-relaxation trade-off conjectured by Kunisky (Exp. Math. 2024). More broadly, we make
progress towards generalizing methods available to analyze SDPs to the block-diagonal hierarchy. This
hierarchy appears to be well suited for relaxations of combinatorial optimization/graph-based problems,
yet remains relatively unexplored.

1 Introduction

We consider the problem of estimating the clique number of the Paley graphs, which is a classic open prob-
lem in number theory with connections to additive combinatorics, random matrix theory, Ramsey theory,
complexity theory and compressed sensing/sparse recovery. Semidefinite programming (SDP) and other
convex relaxations are popular tools to bound from above the clique number of various graphs of interest,
including the Paley graphs. Our work focuses on the block-diagonal SDP hierarchy of relaxations devel-
oped by Gvozdenovic, Laurent and Vallentin, which are at least as powerful as the classic Lovasz-Schrijver
relaxations and include the Lovasz theta function (which we will denote by ) as the first and weakest level
of the hierarchy. We establish lower bounds on these relaxations of the clique number for the Paley graphs
of prime order, as well as certain subgraphs thereof, referred to as localizations.

A subset of vertices K in a graph G forms a clique if every pair in K is adjacent, and the clique number
®(G) is the size of a largest clique in G. Conversely, a subset of vertices in G is an independent set if no
two vertices in it are connected, and the independence number o(G) is the size of the largest independent
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set in G (a single vertex and the empty set & are deemed to be cliques and independence sets of sizes 1 and
0 respectively.) Computing each of these numbers (the clique and independent set problems, respectively)
for a general graph is a classic NP-complete problem [Kar72]. Moreover, it is hard to approximate these
numbers within any polynomial factor n'~¢ for any &€ > 0 where n is the number of vertices [HAs99].

The clique and independence numbers are among the main quantities of interest in Ramsey theory.
For samples G of Erdds-Renyi (ER) graphs, denoted by ¢ (%,n), which are random graphs on n vertices
with edge probability 3, the classic result of Erdds provides that max(@(G), a(G)) < log,n with positive
probability [Erd47]. However, finding deterministic graphs with small independence and clique numbers
remains a significant open problem, sometimes referred to as one of finding “hay in the haystack”.

The Paley graphs are connected to the construction of deterministic matrices satisfying the restricted
isometry property (RIP), an important problem in compressed sensing and sparse recovery [[TaoO8]] (see also
[Mix15]). References [BEMW 13, I BMM16] constructed a family of deterministic matrices (equitriangluar
frames) from the rows of the discrete Fourier transform matrix indexed by the quadratic residues modulo a
prime number p (the Paley matrices), which provably achieve RIP when sparsity is on the order of ,/p but
are conjectured to achieve higher sparsity, breaking this square root bottleneck (see also [AAMI15] designing
deterministic RIP matrices using the adjacency matrix of a Paley graph). In this conditional construction,
a lower bound on ®(G),) leads to a lower bound on the distortion in the sparse recovery (Theorem 2.3 in
[BMM16l). Using a similar analysis, reference [KPB19] overcame the square root bottleneck uncondition-
ally for signals with a certain sparse structure. Finally, reference [BEMM16] constructed a matrix using the
Legendre symbol (which is closely connected to the Paley graphs) to reduce the number of random bits in a
random RIP matrix.

We focus on the Paley graphs of prime order p, denoted by G,, which are undirected graphs with
vertices identified with the elements of the finite field IF, where p =1 (mod 4). Any two vertices i and j
in G, are connected if and only if i — j is a quadratic residue in IF,. The Paley graphs are considered to be
pseudorandom, sharing certain similarities with the ER graphs [CGW &9, [KS06].

Since the Paley graphs are self-complementary, their clique and independence numbers are equal. We
focus on the former problem because it makes the connection between relaxations and localizations apparent
more readily in our results. Presently it is not known whether or not the clique number @(G,) is O( p%_g)
for some € > 0; this problem is referred to as the square root barrier. Spectral methods provide that
o(G,) < /p, and the state-of-the-art upper bound by Hanson and Petridis

V2p—1+1
HP(G,) = vep—l+l ~. /P
2 2
improves on the spectral bound by a constant prefactor [HP21, BSW21]. On the other hand, reference

[GRO0] showed that for infinitely many primes p,
o(G,) > log plogloglog p.

Accordingly, there is significant gap between the existing upper and lower bounds on the clique number
of the Paley graphs. Based on numerical experiments, this number is conjectured to be O(polylog p) (see
discussion of [[Ex023|She23] in [BMR14]).

The maximal clique problem can be formulated as an integer {0,1} program. A long line of work
established that classic convex relaxations, including the Lovasz-Schrijver and sum-of-squares (SOS), also
known as Lasserre-Parrillo SDPs, of any fixed degree, do not break the square root barrier in the context of
ER graphs. The Lovdsz-Schrijver hierarchy, however, breaks the square root barrier in that context if the
degree of hierarchy t = ¢(n) is a slowly growing function of the number of vertices n.

An open problem proposed by Mixon and Bandeira is whether the SOS-4 relaxation of the Paley graph
clique number breaks this barrier [Banl6]. This problem is premised on numerical experiments using the



block-diagonal relaxations (which are stronger then the Lovasz-Schrijver relaxations as noted previously,
but weaker than the SOS relaxations) suggesting that these block-diagonal relaxations may break the square
root barrier [GLV09] (see also [Gvo08, IKM23]]). More recent work provided numerical evidence that the
SOS-4 relaxations of the Paley graph clique number may break the square root barrier, and proved that it
can at best improve the exponent from 1/2 to 1/3 [KY23].

Perhaps surprisingly, our main result is that that the block-diagonal relaxations of any
constant degree do not break the square root barrier for the Paley graph clique number, in the sense that they
all have the exponent of 1/2 (they may, however, improve the constant prefactor in front of ,/p). Since, as
noted previously, the block diagonal relaxations are as strong as the Lovasz-Schrijver relaxations, our result
also applied to the latter relaxations. Accordingly, our lower bound parallels in the Paley graph setting the
lower bound in [EKO3]] on the Lovéasz-Schrijver relaxations of the clique number of the ER random graphs.

Another line of work considered whether convex relaxations [Pas13,IMMP19] and, more recently, spec-
tral bounds [Kun24] for the clique number of localizations of the Paley graphs (which are defined below)
may break the square root barrier. Our lower bounds cover block-diagonal relaxations of the clique number
of localizations of the Paley graphs. Since the first and the weakest degree of the block-diagonal hierarchy
is the Lovéasz theta function, which is equivalent to the sum of squares relaxation of degree 2 (SOS-2), our
analysis shows that this relaxation of the clique number of a localization of the Paley graph of any constant
degree does not break the square root barrier either (resolving the corresponding open question in Table 1
in [Kun24l)). Our results, however, do not rule out the possibility that SOS-2, or a block-diagonal relaxation
of higher constant degree, may break the square root bottleneck if the degree of localization a = a(p) is a
slowly growing function of p.

Our results are premised on a simplification of the positive semidefinite (PSD) constraints in the block
diagonal program (Lemmas [3.T)and [3.2)), which may be of interest independent from the Paley graph clique
problem.

2 Background and notation

Notation In this work, p denotes a prime number p = 1 mod 4, [F, denotes a finite field of order p, and
IF denotes its group of units. An element y of IF} is a quadratic residue if y = x? for some x € F7 and is
a nonresidue otherwise. We will denote the set of quadratic residues by (I, )2. We will represent IF,, by the
elements {0,1,...,p— 1} of Z,. For any graph G = (V,E) and S C V, 1 denotes the indicator function
of S being a clique in G. On the other hand, 1 denotes the vector containing 1 in each entry. We denote
the power set of V by &?(V), and the subsets of V with at most 7 and exactly  elements by % (V) :={I €
P2V) | |I| <t} and P (V) :={l € P(V) | |I| =t} respectively. We will suppress the dependence on
V in & (V) for brevity. Note that & contains the empty set @. For example, &2 = {@,{i}, i€ V}. We
denote the canonical basis vectors in R?! by ez and e; for i € V. We also denote the set of all cliques of G
by £ (G) or J# when the context is clear. Similarly, we let .%;(G) or ., denote the set of cliques of size a
in G.

Convex relaxations of the clique number Convex relaxations, including Lovasz-Schrijver and sum-of-
squares (SOS) SDP hierarchies defined below, are used to bound optimal values of integer programs. In the
context of the clique problem, linear programming and SDP relaxations have been applied to many graphs
of interest [Del72, IDL98,, |Sch79], [Lov79, Sch05, BVO0S, |[dLLV15].

For a graph G sampled from the ER graph distribution ¢ (% ,n), reference [FK03] showed that the value
of the Lovész-Schrijver relaxation of degree 7 for ®(G) is approximately /n/2' by proving matching lower
and upper bounds. To establish the lower bound, this reference introduced the so-called Feige-Krauthgamer
(FK) pseudomoments (see Deﬁnition. Reference [BHK ™ 19] established an Q(nl/ 2-o (1)) lower bound on



the SOS relaxations for @(G) at any constant degree of the hierarchy, using the so-called pseudocalibration
technique (see also [MPW15] applying the FK pseudomoments in a related setting).

In contrast, in the context of the Paley graphs, it has not been previously determined whether or not
any given convex relaxation hierarchy leads to nontrivial upper bounds on @(G),), i.e., an upper bound that
either breaks the square root barrier or reduces the prefactor in front of | /p to any constant strictly less than
1. Recent work [KY23] made progress in that direction: it provided numerical evidence that SOS4(G))
breaks that barrier and proved that the value of these relaxations is lower bounded as Q(p'/?) using the FK
pseudomoments method.

Sum-of-squares relaxations The sum-of-squares (SOS) hierarchy, also known as the Lasserre-Parrilo
hierarchy [LasO1} [Par03]], of SDP relaxations has been used to analyze the Paley graph clique number. To
define these relaxations, we first define the moment matrix M,(y) € R?1*?: given a vector y € R?, for
1,J € P, My(y)1) :=y1u ]E] The sum-of-squares relaxation of ®(G), denoted by SOS»(G), is defined as

. . G, .
where the constraint set (convex cone in R 2) 18

0:/(G)={yeR”* | yz =1, ys7 =0 VSUT ¢ ¢, M,(y) == 0}.

Lovasz-Schrijver relaxations The Lovdsz-Schrijver relaxation of the clique number [LS90, (GLVQ9],
which we denote by LS, (G) for r > 0, is defined as:

£5/(0) = max o

s.t.xg =1, xeNfF
where
NY = {Yems € R |Y €My y.,Y;;=0if (i,j)) ¢ E} and M,y :={Y € RPNy =0,V = Yo}
and the constraints of higher degree r > 1 (also convex cones in R?") are defined iteratively by

N. :={Yex|Y € My y,Ye; € N'"' Y (e —e;) €N Vi€ VY.
Note that LSy(G) = SOS>(G), and both of these relaxations are equivalent to Lovadsz ©¥(G) [GL17]. For
t > 1, the SOSy, relaxations are stronger than the corresponding LS, relaxations. This implies that in the
context of the corresponding clique number relaxations SOS»(G) < LS,_1(G). However, the SOS hierarchy
is more computationally expensive, and appears difficult to analyze, as can been seen in the SOS4(G,) case
considered in [KY23]].

I This definition implies that M;(y);; depends only on /UJ. Based on that fact, the moment matrices and the SOSy, relaxation
hierarchy can be defined without reference to y (see, e.g., [KY23]]). However, we use the definition in the text accompanying this
footnote to make the relationship between the SOS,; and the block diagonal hierarchy discussed below more apparent.



Block-diagonal hierarchy and FK pseudomoments References [[GLV09] and [Gvo08]| introduced the
block-diagonal hierarchy of SDPs, denoted by L', which are less computationally expensive that the SOS
SDPs. These references also initiated the investigation of the L' relaxations of independent sets of graphs,
including the Paley graphs.

As noted previously, analyzing the clique number instead of the independence number makes the con-
nection between relaxations and localizations more apparent (specifically, under the FK pseudomoment
assumption, principal submatrices of the adjacency matrices of localizations emerge in Appendix [E]in the
optimization constraints). Therefore, we define the L' optimization problem with respect to the complement
graph G, which constitutes a relaxation of the clique number.

Let us first define a submatrix M(7T';y) of the moment matrix M, (y), defined above: for a subset T C V
of cardinality # — 1 and vector y € R?"+! where the power set &, is defined previously, let M(T;y) €
RHDZ1x (1) 21 denote the principal submatrix of the moment matrix M, (y), whose rows and columns
are indexed by

A(T) := | As, where Ag := {S}U{SU{i} | ie V}.
scT
Here, we treat A(T') as a multiset, and therefore we keep possible repeated occurrences of the same elements,
e.g., S and SU {i} if i € S in the indexing. Furthermore, for a subset S of T, let Ag(y) € R 1)*("+1) denote
the principal submatrix of M(7T';y) indexed by the set Ag with entries given by:

As(¥)o.o =Vs: As(¥)ai=ysuqy, As(V)ij=Ysugijy (i, €V, where [V|=n).

By Lemma 2.2 in [GvoO8]], M(T';y) is PSD if and only if for all subsets S of 7' the matrix

A(S,T)(y) = ) SZ (—1)5\Ag(y) (1)
".SCS'CT

is PSD. These matrices arise as a result of block-diagonalization of M(T;y) by zeta matrices of the &7,
lattice. The L' relaxation of the clique number problem is given by

many{i} (221)
icV
LG = stye Ry, =1 (2b)
(G) = LYy y Yo
Yijy=0V{i,jt¢E (20)
A(S,T)(y) =0forall SCT and T € P—,_, (2d)

where the set of edges E refers to the edges of the original graph G.

According to Lemma 3.1 in [GLVQ9], constraints y;; jy = 0,¥{i, j} ¢ E imply that ys = 0 for any subset
S CV with |S| <7+ 1 containing nonedge in G, and therefore have (Ay); j = 0if S’ U{i, j} ¢ 2 (G). This
confirms that the following Feige-Krauthgamer (FK) pseudomoment assumption satisfies the condition that
all optimization variables indexed by non-cliques are identically 0.

Definition 2.1. Given a graph G = (V,E), y € R?+! satisfies the FK pseudomoment assumption if there
exists a sequence 1 = 0y, 0t1, 0, ..., O, 041 € R such that:

Qg|, ifK€ Pryyisacliquein G
YK = .
0, otherwise.

For ¢ = 1, the SOS>(G) and LSy(G) constraint matrix M (y) matches the L' constraint matrix M(2,y),
and therefore all three relaxations coincide: L!(G) = SOS,(G) = LS;(G). When t > 2, for each T C V of



cardinality t — 1, M(2,y) is a principal submatrix of M, (y). If a moment matrix M, (y) is PSD, then all of its
principal submatrices, such as M(T;y), are also PSD. Therefore, L' is a relaxation of SOSy;, and the optimal
L'(G) value bounds from above the optimal SOS,(G) value. In the context of the Paley graph clique number
®(G,), this relationship implies that the above-mentioned Q(p'/3) lower bound on SOS4(G,) in [KY23]
also applies to L? (G). Finally, the block-diagonal hierarchy is stronger than the Lovész-Schrijver hierarchy

(see also Remark[3.4).

Remark 2.1. As noted in [[GLV09), the feasible region of L' (G) is contained in the feasible region of Lovdsz-
Schrijver relaxation N jfl forallt > 1. Therefore, any lower bound on L' (G) also lower bounds on LS, (G).

Recent experiments in [KM23] numerically showed that L?(G,) grows as approximately O(p%4%) for
p < 1000. Since the exponent in this scaling estimate is fairly close to 1/2 and the range of values of p
is relatively small, these experiments does not make it clear, even empirically, whether L? breaks the VP
barrier.

Localizations and relaxation-localization tradeoff Localization is another technique used to strengthen
convex relaxations [Pas13, MMP19] and, more recently, spectral bounds on the clique number of the Paley
graphs [Kun24]. We shall use the following definition compatible with the clique number problem.

Definition 2.2. Given a set of vertices X C V(G), the localization Gy of degree |X| is a subgraph of G
induced on the vertices adjacent to all vertices of X (excluding the vertices in X).

The clique numbers of a graph and its localization have following basic relationship.

Proposition 2.1. For any a < o(G),

0(G)=a+ max o(Gg). 3)
Ke,(G)

If a function f(Gg) bounds @(Gg) from above, this leads to the following upper bound:

G) < Gk).
o )_a+thi%)((G)f( 9]

In the context of the Paley graph clique number, when a = 1, it is sufficient to consider K = {0} for purposes
of this maximization since G, is vertex transitive. Reference [Pas13] observed that Gp.(0} is a circulant
graph, and therefore ¥(G), o) reduces to a linear program. This approach facilitated the computation of the

value of this relaxation for up to p < 20000 and led to the observation that this value is around /(p —1)/2,
which matches the leading order term of the subsequently established HP(G,) upper bound. Similarly,
reference [MMP19] computed ©¥(G), ;o). strengthened by Schrijver’s entrywise non-negativity condition
[Sch79], numerically for p < 3000 and observed that the optimal values of this problem usually coincided,
and sometimes improve upon, the HP(G,) upper bound.

Reference [Kun24|] proposed a program towards improving the upper bound on @(G,) by combining
localization with spectral methods. One of the main conjectures (Conjecture 1.9 in that reference) is that
minimum eigenvalue of the adjacency matrix of each Paley graph localization converges to the left edge of
support of the the Kesten-MacKay measure (KM) as p — co. We restate that conjecture in terms of subgraphs
induced on a set of vertices adjacent to a clique of a size a (rather than the equivalent original formulation
involving subgraphs induced on a set of vertices nonadjacent to an independent set):

Conjecture 2.1. For the adjacency matrix Ag, x of Gp k,

2a+l
liminf min
p—reo Ke %, \/ﬁ

)l'min(AG],AK) = —2v2¢—1.



Assuming this conjecture holds, reference [Kun24] proved that

0(Gy) < 2 oY) *)

This reference also conjectured that higher degree of localization can be ‘traded’ for weaker convex relax-
ations while obtaining comparable bounds on the clique number (relaxation-localization tradeoff). Based
on numerical evidence, this reference also conjectured that ﬁ(Gp,{O,l}) of Paley graph degree 2 localization
leads to (1/v/2— €),/p upper bound, improving on the upper bound of Hanson and Petridis.

We will use the following proposition to estimate the size of Paley graph localizations.

Proposition 2.2. For any clique K of G, of size a,

‘|v LK) ‘< a—1f+f (5)

and

41
‘degl Gpx) — ayp+2 —, W e V(Gyk). (6)

Equation (3)) is a restatement of Proposition 4.3 in [Kun24], adjusted for the fact that our localization G, g
is induced on vertices of G, adjacent to a clique K rather than an equivalent localization induced on vertices
not adjacent to an independent set. Equation (@) follows from the fact that, for any x € V(G, x) with K € %,
we have {x} UK € %1, and deg, (G, k) = |V (G, k)| satisfies the estimate (3) with [K U {x}| =a+ 1.

2a+1 ‘

3 Main results

Our main lower bound is based on two preliminary results: first, we simplify each PSD constraint (2d) of
the L' program. This result generalizes the previous simplifications of L> and L3 programs, which made it
possible to use matrices of size smaller than (p + 1) x (p+ 1) in the optimization constraints (see dimensions
of the constraints in Section 4 in [GLV09], see also Section IV in [KM23]] for additional details about the
L? constraint simplifications). Second, we set forth further simplified constraints which define a feasible set
that satisfies (2d)); a point in that set leads to our main lower bound. These simplifications are not specific to
the Paley graph clique number relaxation or the FK pseudomoments. As such, our simplifications could be
of interest in other contexts where the block-diagonal hierarchy may be used.

Simplification of the block-diagonal constraints We can remove the rows and columns of each A(S,T)(y)
corresponding to the vertices in 7', as well as to each vertex i € V(G) \ T such that SU{i} ¢ #(G). Let
A(S,T)(y) denote the submatrix of A(S,T)(y) after removing the rows and columns corresponding to all
such vertices. Similarly, we let Ay (y) denote the submatrix of Ag(y) in (I) with the rows and columns
corresponding to the above-mentioned vertices removed:

AS’ (y)@,@ =S, As' (y)@,i = Ys'u{i}s AS’ (y)i,j = Ys'uli,j}
where the rows and columns of Ay are indexed by vertices i € V \ T, such that ' U {i} € % (G).
Lemma 3.1. For any undirected graph G, the constraint (2d) is equivalent to

A(S,T)(y) = Oforall S CT where T € P—; 1 and S € % (G) (7)
where
ASTI0):= Y (DA (). ®)
§':SCS'CT

S'e (G)



Additional simplifications for lower bound purposes When ¢ > 3, the following lemma shows that
further simplified constraints define a feasible region of the original block-diagonal program.

Lemma 3.2. For any undirected graph G, the constraint (7) is satisfied if
A(S,T)(y) = O forall S C T such that S € # (G) and for all T € P—, |, )
where

) As() =L kervs  Asupy(v) i Sisaproper subset SC T,
A(S,T)(y) := Su{k}ex (G) (10)

Ar(y) ifS=T.

FK pseudomoments Form = |S|, and any i,j € {&,V(G)\T} and k € T\ S we have

3 ifit i
SUtk il =mt1 and [SUfkij)= "2 BI7
m+2 ifi=j.
Hence, according to the FK pseudomoment assumption, we denote by A(S,T)(«), As(), Agupry (@) the
matrices A(S,T)(y) and As(y), Ag,qa; (v) With ys = O, Ysugey = Gmrts Ysugri) = Om2 if SU{k,i} € ' (G)
and 0 otherwise, and similarly yg k. ; jy = Om3 if SU{k,i, j} € 2 (G) and 0 otherwise. Since SU{k} C T,
the set of indices i, j does not include any elements of SU {k}. Accordingly,

o ‘ o 1 Ont1 ‘ Qn+2Vsu{k}
- 1 -
As(a) = ~ s ;and  Agupy () = | aigovy, O 2diag(vsugry)
Q117 ‘ Ot 11 + Q2 Ms B :l—OC M Y
m~+3MSU{k}

where we denote the vector of all ones by 1, (vsu{k}) i = Lgur,iy for and the indicator function of a clique
by 1g, (MS~),-7J- =1Ly y ifi# jand 0if i = jforany i, j € V(G)\T, and Mg is defined similarly. The
definition Ag(cr) and M can be extended to A7 () and My accordingly. Notice that Ag(a) and Agyy ()
have the same dimension of |V(G)\T|+ 1= |V(G)| —t+2. In particular, the length (denoted n) of the
{0, 1}-vector vg g is given by

n=|V(G)|—t+1. (11)

In other words, Mg and M sufk} are the pr~incipal submatrices constructed by removing the rows and columns
corresponding to & from Ag(a) and Ag(a), respectively. Note also that Ms and Mgy are principal
submatrices of the {0,1} adjacency matrices Ag of G and AGg,y, of degree 1 localization of G respec-
tively (the latter matrix is padded with rows and columns of all zeros in the positions of each i such that
SU{k,i} ¢ 2¢(G)). This observation facilitates our subsequent analysis of the FK pseudomoments using
Schur complements, and also makes transparent the connection between the constraints in the block diagonal
program and adjacency matrices of the graph and its localizations.

Lower bounds on the block-diagonal relaxations of the Paley graph clique problem Analysis of the
FK pseudomoments now leads to our main result: the block-diagonal relaxation of the clique number of
a localization of the Paley graph of any constant degree does not break the ,/p barrier, resolving the
corresponding open question in Table 1 in [Kun24|, which was also raised by the numerical results in
[Gvo08| IGLV09, KM23]].



Theorem 3.3. For any level of hierarchy t > 1, the value L' (G ») of the block-diagonal relaxation for the
cliqgue number of Paley graph G, with p = 1 (mod 4) satisfies

L'(G,) > \f+0<1>. (12)

= -1

Moreover, for any K € #,(G,) clique of size a of G,, the value L' (G, ) of this relaxation for the clique
number of the localization G k satisfies

_ \f
L'(Gp) = 525 1+0(2[) (13)
Remark 3.4. By Remark the lower bounds (12) and (13) apply respectively to the values of LS;—1(G))
and LS;_ (G k) of the Lovdsz-Shrijver hierarchy.

Accordingly, any fixed level of the Lovész-Shrijver hierarchy does not break the ,/p barrier for the Paley
graph clique number. Since L! = SOS, = 9, shows that SOS, does not break the ,/p barrier for
any constant degree of localization of G,,. For t = 1,a = 0, the classical result #(G,) = ,/p demonstrates
the optimality of our lower bound. Finally, since the lower bound is a function of a + ¢, it is consistent with
the relaxation-localization trade-off conjectured in [Kun24].

Numerical experiments Let L}, (G) denote the variant of (Z) where the optimization variable y is re-
stricted according to the FK pseudomoment assumption. We replicated the L%(G ) computatlons reported
in [GLV09, IGvo08]] using Matlab/CVX for primes p < 809 and extended them for all p < 1000
plots the L*(G ) and LG ) values for p < 809 determined in [GLV09, [Gvo0S], the L2(G ) Values for
809 < p < 1000 reported in [KM23]], L3(Gp) values for 809 < p < 1000 computed in this work, along with
the L24(G,) and L} (G,) values, relative to the corresponding lower bounds in This figure
also includes the values of ®(G,) obtained from [[She23|] and the Hanson, Petridis upper bound on w(G,)
established in [HP21]].

4 Conclusion and future directions

We have established that the block-diagonal L' relaxations, and therefore the Lovész-Schrijver relaxations,
of fixed level of hierarchy do not break the ,/p barrier with respect to the clique number of the Paley graphs
and their localizations. Our results, however, leave open the possibility that L!/SOS-2, or a block-diagonal
relaxation of some higher constant degree, may break the ,/p bottleneck if the degree of localization a is
a slowly growing function of p. It might also be possible to improve the constant prefactor in our lower
bounds, especially if Conjecture 2.1 holds. We leave these interesting questions to further work.

Our results also leave open the possibility that the block-diagonal relaxations may improve the constant
prefactor of the Hanson-Petridis upper bound. In particular, since the adjacency matrices Ag, and Ag,,,, , as
well as the matrices of the indicators of orbits of triangles of the form {0, ¢, 8} in G, are circulant, Fourier-
based methods may facilitate the analysis of Lz(Gp) upper bounds; a possible next step in this direction
would be to consider the corresponding dual programs.

Our broad contribution is a methodological advance: we make progress towards extending methods
available to analyze convex relaxations of combinatorial optimization problems to the block-diagonal re-
laxations, an SDP hierarchy that remains relatively unexplored. Accordingly, we hope that block-diagonal
relaxations will lead to new results in the context of other combinatorial problems/problems over graphs.

2The corresponding code is available on the last author’s website.
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Figure 1: The L*(G,) and L*(G,) values for p < 809 computed in [GLV09,/Gvo08], L?(G,) values for 809 <
p < 1000 computed in [KM23]], L3(Gp) values for 809 < p < 1000 computed in this work, along with the
L3¢ (G,) and L} (G,) values, are plotted relative to the corresponding lower bounds in The
values of ®(G),) were obtained from [She23|| and the Hanson, Petridis upper bound on 0(G,) is (v/2p — I+
1)/2 established in [HP21].
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A Proof of Lemma 3.1

Consider any vertex x € S. Then for all S satisfying
scscr, (14)

and for all i € V, we have
As (¥)ix = Ysufixy = Ysugiy = As (V) a.i-

This implies that each row and column of Ag corresponding to S’ U{i,x} is the same as the one corresponding
to S'U{i}. Therefore, the rows and columns of A(S,T)(y) corresponding to x are the same as the rows
corresponding to @. The duplicated rows and columns A(S,T)(y).. and A(S,T)(y). . can be removed for
purposes of the PSD constraint according to Lemma [D.1]

Now consider any x € T, such that x ¢ S. We also consider each pair of S’ satisfying containing x,
and § = 8"\ x. Given any such pair, since x ¢ S, § also satisfies (T4). Also (—1)1¥"\SI and (—1)5\S! have the
opposite signs. For all i € V and i = &, we have

As(V)ix = Ysugiz = Ysufiay = As (V)i

Since this result holds for every pair of Ag and Ay, the resulting pairwise cancellations in (I)) lead A(S, T) (y)x.:
and A(S,T)(y). x to be equal to zero. Therefore these rows and columns can be removed for purposes of the
PSD constraint. This result, and the result in the previous paragraph, lead to the desired simplification of
A(S,T)(y).

As noted previously, according to Lemma 3.1 in [GLVQ9], constraints y; ;; = 0,V{i, j} ¢ E imply that
ys = 0 for any subset S C V with |S| <7+ 1 containing nonedge in G. Therefore, (Ay); ; =0 for all j € V if
S'"U{i} ¢ 2 (G). This implies that if SU{i} ¢ .2 (G), then the i-th row and column in A(S,T)(y) contain
zero entries only, and can be removed for purposes of the corresponding PSD constraints. Also (Ag);; =0
if S'U{i,j} ¢ #(G). Accordingly if S" ¢ #(G), then the corresponding Ay will be identically zero.
Therefore, in (8)) we can sum only over those subsets S’ of vertices that are cliques. Similarly, for purposes
of the constraint it is sufficient to consider only A(S,7T')(y) where S € # (G).

B Proof of Lemma 3.2

To lighten the notation, in this proof, we omit the tilde ~accent, as well as the dependence of A(S, T)(y) and
Ag(y) on y. To simplify the PSD constraints further, we need to split the sums over the subsets of 7. For
i < T — |n|, let us denote the partial sums of A(S,T) by

E(S,T):= Y (-1)Ayg (15)
S s.t.
IS'|=|S|+i
SCS'CT
Note that
|T|—n
A(S,T) =Y E(S,T) (16)
i=0
Lemma B.1. For S C T, n =S|, and pair of natural numbers m and i such that n+m+i < |T|, we have
m+i
Y E(SUB.T)= <—1)’"< ) Epsi(S,T) (17)
m

BCT\S
s.t. |Bl=m
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Proof. From the definition of E,, in (13)), can be written as:

m+i
rox oa=("") E a
BCT\S S st L
st [Bl=m |S'|=ntmA, |S' |=n+m-+i,
SUBCS'CT SCS'CT

after canceling (—1)' on both sides. Since SUB C §',B C §'\ S. Given |S'| = n+m+i and |S| = n, we have
|S'\ S| = (n-+m+i) —n=m++i, so the number of m-element subsets B of §'\ Sis ("), i.e., for each such
S',Ag appears (m+’) times on the left hand side. Therefore,

oL 4= X | Eofs= X (N)u=(") Lo

BCT\S S st BCT\S ' st m
st |Bl=m |S'|= n+m+z S'|=n+m+i, \s.t. |B|=m IS'[=n+m-+i, \S’\*n+m+z
SUBCS'CT Scs'cr Scs'cT scs'cr
This confirms that (T7) indeed holds. O

We will use two nested inductions to prove our main result. We first induct on decreasing n = |S| for all
S C T (Outer Induction). We assume that the lemma holds for all S C T such that

S| >n41 (18)

(Outer Hypothesis). This induction is initialized when n = |T| and n = |T| — 1 by definition of A(S,T)
(Outer Base Case). Then we show that the lemma holds for all § C T satisfying |S| = n (Outer Step) as
follows. By equation (IJ), for all n < |T| —

A(S,T)=As— Y, Asupy +F(S.T),

keT\S
where
|T| n—2
F(S$,T):= ), EixafS.T) (19)
i=0
For j <|T|—n, let us denote
IT|—n—j-1
= Y BAGSUBT)+ Y (ﬁlgA (SuB,T)— Y ) oci]Ei(SUBU{r},T)> (20)
BCT\S BCT\S reT\B i=1
2<[B|<j |B|=J

We will induct by increasing j from 3 to |T| — n (Inner Inducnon) The hypothesis of the Inner Induction
is that (20) holds for j where F;(S,T) = F(S,T) given by (I9) and all B} > 0 and OCJ is a monotone
nonnegative decreasing function of i (Inner Hypothesis). This 1nduct10n will show that

F(S,T)=Fr_.(ST)= Y By ™"A(SUB,T) Q1)
BCT\S
2<|BI<|T|~n

Therefore, by the Outer Hypothesis F(S,T) = 0, and the Outer Step is established. In the following sections
we initialize the Inner Induction (Inner Base Case) and prove the inductive step (Inner Step).
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B.1 Inner Base Case
By Lemma setting ¥; := (";2), we have

\T\7n721
i=0 yi{k,m} s.t.
k,meT\S
IT|—n-2 T2 /4
- ¥ [ ¥ Bsvwmn+ ¥ (—1)E,~<su{k,m},r>
{km} st \ i=0 =1 \¥
k,meT\S
|T|—n-2 1
= Y (ASu{km},T)+ ) <—1>Ei(SU{k,m},T)
(k) s.t. i=1 \Vi
k,meT\S

Since y%; >3 foralli > 1, then B; :=1— % > % Then, the inner sum above can be rearranged as

|T\—i—2 (; B 1) Ei(SU{k,m},T)

i=1 g

1 |T|—n—-2
:<1—> Z Z Eifl(SU{k7m7r}>T)
N/ rer\(sOfkm)y  i=1
|T|—n—2

1
_<1_> Z Z Ei_l(SU{k7m7r}7T)
N/ rer\(sO{km)} =2

|T|—n—2
+ ¥ <; - 1> Ei(SU{k,m},T)

1

|T|—n—3

:(1_1> ) Y, Ei(Su{k,m,r},T)
N/ rer\(sOlkm)} =0
1 |T|—n-3
- (1 —) ) Y, Ei(Su{k,m,r},T)
N/ rer\(SOlkm)} =1

T|—n-2 1
S S A (RS PR
reT\{Su{km}} =2 1

l i

where we used Lemma [B.T|again in the last equality. Rearranging the preceding expression further, we have

1
(1—) Y  AGSU{km,r}T)
N/ rer\(SOtkm)}

+ Y Té3<ii1<1_%1+1>_(1_;1>>Ei(su{k’m’r}’n)

reT\{SU{k,m}}
1 (1 1 > 1 <1 2 )
it Y1) i+l (i+3)(i+2)

Since for alli > 1,
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is a bounded from above by .42, we can define ¢; > 0 by

—oc,-Z::_1<1— : >—<1—1> <0.
i+1 Yit1 "
o?

Note that = is a monotone increasing positive function of i. Also we showed that F(S,T) has the form
of F»(S,T) in (20) satisfying the requirements of the Inner Hypothesis. Therefore, we have established the
Inner Base Case.

B.2 Inner Step
We now establish the Inner Step. We fix r € 7\ B in (20) and let B’ = BU{r}. By Lemma [B.1]

IT|-n—j-1 |T|—n—j—1 .
- Y ®EESUBT)= ) )} coE(SUBU{KLT) (22)
i=1 keT\B =1 !

Next, foreach k € T\ B/,

Tl-n—j=1¢ , Tl-n—j=1q
) ?aiJE,-_](SUB’U{k},T):(x{Eo(SUB'U{k},T)+ ) ?a{Ei_l(SUB’U{k},T)
i=1 i=2
AT|—n—j-2 AT|—n—j-2 |T|—n—j—1 )
=af Y E@BUBU{kNLT)—-a Y ESUBU{kLT)+ Y ?ocl.’E,-_l(SUB'U{k},T)
i=0 i=1 i=2

. T|=n—j-2 . .
:(X{A(SUB,U{/C},T)+ <+1al]+1a{> E,(SUB,U{]C},T)
l

i=1

Accordingly, we have
it L

i maiﬂ o O‘{'
Since _aij+1 /(i+1) is a increasing function of i, we have
Vi
H_—loci+1 —a; <0 23)
Based on this fact, %aij g decreasing
ii i %a"jﬂ R 1)1(i+2) ot ii T+ i(iJlr 1) o~ %O‘lj =0 @4

This completes the proof of Lemma [3.2]

C Examples illustrating Lemma [3.2]

The following two examples illustrate (21)), i.e., that the “error” terms F(S,T) forn <T —2 and S = {w}
can be expressed as a linear combination of A(S,T) for |S| > 2
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Example C.1. If |T| = 3, it is sufficient to consider S = & and {w}. In the first case,

A0, T)=Ap— ) Ay +F(0.T).
keT

where

F((Z),T):Ez((D,T)+E3((D,T):< ) A{km}) —Ar

{k.m}CT

= < ) (A{k,m}—AT)> +2Ar = ( ) A({k,m},T)) +2A(T,T)

{k.m}CT {k,m}cT

where we used the fact that there are 3 ways of choosing two elements k,m from T. In the second case,

A({W}vT) :A{w}_ z\:{ }A{k,w}+F({W}7T)
keT\{w

where
F({w},T) = Ex({w},T) = Ar
Example C.2. We next consider |T| = 4:

A(@,T)=Ays— ) Ayy+F(2,T)
keT

where

F(@,T) ::EZ(Q,T)+E3(®,T)+E4(®,T):< ) A{km}) —( )y A{m,k,n}> +Ar

{mk}cT {mk,n}CT

Since there are 3 possible ways to order n relative to fixed m and k, and that there are 6 ways to choose k,m
from T, expression defining E(&,T) can be re-arranged as:

Y Y Aum |- [ X | X Apmnt X Apmnt Y Almn +2<ZAT\n> +Ar

keT m<k keT m<k \ m<k<n n<m<k m<n<k neT
meT meT neTl neTl neTl

= Z Z A{k7m} - Z A{k,m,n} +Ar +2 (Z AT\n) —5Ar
keT m<k n#m.k neTl
meT neT
=X Y [Aum— X Apmny +A7 [ | +2 <Z(AT\n_AT)> +3Ar
keT m<k n#m.k neT
meT neT

=Y )Y Ak,m},T) [ +2 (ZA(T\n,T)) +3A(T,T).

keT m<k neT
meT

The cases

A({W}vT) :A{w}_ % }A{k,w}"i'F({W}aT)
keT\{w
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where

F({w},T):=Ex({w},T) + E3({w},T) = < Y A{k,m}> — A\ () (25)

{mk}cT\{w}
and
A({Wvu}v T) = A{w,u} - Z A{k,w,u} +F({W7 u}a T)
keT\ {w,u}
where
F({W7 u}7 T) = Ez({W, u}v T) = AT\{W,u} (26)

are handled by the previous example.
D LemmalD.]
Lemma D.1. Given any n x n symmetric matrix M and some ¢ C [n], so that M o =Mj, = M,Tj = M.Tj,

forany j,j' € #. Then M = 0 if and only if M = 0, where M is the m x m (m =n+1—|_#|) principal
submatrix of M with M ;o and M, ; removed for all but one j € 7.

Proof. The “only if” direction is trivial as M is a principal submatrix of M. Suppose M > 0, then it’s enough
to consider the case of |_# | = 2 as it can be easily extended to general _# by an induction statement on its
cardinality. Without loss of generality, it’s enough to consider ¢ = {1,2} as the spectrum of M is invariant
under change of basis by permutation matrix.

Write
c ¢ v
- c vl
M=1¢ ¢ T and M = =0
v A
v v A

For any vector x' = (x1,X2,...,%,) = (x1,%2,y") € R", we see that x' Mx = c(x; +x2)% +2(x1 +x2) (v,y) +
yTAy. Because M > 0, then for any (z,y') € R", (z,y") "M(z,y") = cz® + 2z(v,y) +y Ay > 0, so we can
simply take z = x| + X2, so that x"Mx = (z,y ") "M(z,y") > 0, therefore, M = 0. O

E Proof of

Our overall approach is to look for a feasible point for (9) of the following form:

D~

a=cip 2>0 27

and find the constant ¢; > 0 for each i > 0 (with ¢) = 0 = 1 given by Definition [2.1)). Then, we obtain our
lower bound by lower bounding the objective function at that feasible point.
E.1 Schur complements
To simplify the notation, for any proper subset S C T where T C V(G), we let
T
NMsopg = Y My (28)
S

keT\S
SU{k}eH (G)
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for a set of matrices Mg, Letting m := |S|, this sum has s := |T| —m terms, corresponding to the number
of vertices in T\ S, i.e. s € [1,...,|T|] and by construction |T'| = — 1. When the sets S and/or T are clear
from the context, we may omit the subscript S and/or superscript 7 from A. Also in this proof we omit the
dependence of A(S,T)(ax) and Asu{k}(a) on o. For A(S,T) defined in (T0), we have

. s s 1. .
A(S,T) =As— NAsupy = N\ <SAS _ASu{k}) = \A(S,T) (29)
where
Oy — Oty O 1T — Qpinve
Ak(S, T) _ (_ +1 ) ) +1 . +2VSU{k} ) , (30)
Oy 11— Oy 2vsupey O 1]+ Oy 2Ms — O yadiag(veugy) — Ok 3Mugay )

vsu(xy» Ms and Mgy are defined in Section@, and
Oy 2= Oy /5.

According to equation of each oy, for all p sufficiently large, 0, — Ot > Qp/(t — 1) — Q1 >0
uniformly in s. Therefore, for each k € T'\ S, it is sufficient to consider the positive semidefiniteness of the
Schur complement of Ag(S,T):

. _ 1
Dy := diag(w) + Qum2Ms — G 3Msy ) — ﬁWWT (3D
m~— Ym+

where
W= Ot 11 — Cni2vsugay- (32)

The {0, 1} adjacency matrix A has the following relationship to the {#1} adjacency matrix U (also called
the Seidel matrix) -

1
Ag,x = E(UGP«,K +J-1)

where J = 117 is a matrix containing entries of all 1’s. Similarly we can decompose each Mg and M SU{k}
into submatrices Us and Ugygxy of the Seidel matrices Ug, s and Ug, 5,4y Of Gpxus and G, kusu{ky
respectively (or more precisely, in the latter case Ugyxy is a submatrix of Ug . 1y Padded with rows and
columns of all zeros in the positions i € V(G kus) corresponding to SU {k,i} & # (G kus)):

1 1 .
Mg = E(US +11°7 —1) and Mgy = 3 (USU{k} —i—vsu{k}vSTU{k} — dlag(vsu{k})) (33)

Moreover, the definition for Ug can be extended to the case where S = T, so that My = %(UT +117 -1 ).
The adjacency matrix Ag, and the Seidel matrix Ug, of the Paley graph G, have the following spectra, e.g.,
Prop. 2.5 in [KY23].

Proposition E.1. For any prime p =1 mod 4, the spectra of the {0, 1} adjacency and the Seidel matrices
Ag, and and Ug, of the Paley graph G, are

p—1 p—1 p—1 1—-/p 1—/p
spec(Ag,) = { 5 ,fz ,...,fz , 2\F,..., 2\F} (34)
PT_I times %?mes
SPEC(UGP) = {07\/;7)"‘7@7_\/?7"’7_\/5}' (35)
%1 times % times

—1

and 1 is the eigenvector corresponding to the pT and 0 eigenvalues of Ag, and Ug,,, respectively.

P’
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Remark E.1. Since G, is a strongly regular graph and every two adjacent vertices have i( p—15) common
neighbors, 1 is the eigenvector corresponding to the eigenvalues pr4 and 0 of AGp,{O} and Ug, (o) Tespec-
tively.

By the eigenvalue interlacing theorem, we have the following relationship between the Seidel matrices of
the Paley graph localizations and their submatrices:

—/P < miinQL[(US) < miinl[(U(;p’KUS) and m?X/l,-(USU{k}) < m;ax?t,- (UGP"KUSU{,C}) <p. (36)

E.1.1 Positive semidefiniteness of the Schur complement of A(7,T)

For S = T, the Schur complement of A(T,T) is

o

Dr = oyl + oy | My — 11" (37)

01

Let us first consider the L' case where T = @, and M7 equals to the {0, 1} adjacency matrix A matrix of
the relevant graph.

The L!(G,) case WEe first consider the case when the L!(G,), which is equivalent to the well known the
Lovasz ©¥/SOS-2. In this case, Mr = Ag,, which has an eigenvector 1 € R” corresponding to the ”2;1

eigenvalue, and the smallest eigenvalue equal to 1_2\/77 . Therefore, Dr is PSD if

2
_ o 1—
a + o ——Lp>0, and o+ VP > 0.
2 (07} 2
Based on equation (27)), for sufficiently large p such that
1
o — 5062 > 0.
or equivalently
2\/pc1 > c. (38)
Therefore, it is sufficient to consider
2
P o VP
w=——p>0 d og—om~—>0.
25 % p=Y, an 1 275 =
Substituting the expression for ¢; from equation (27), these two inequalities are equivalent to
2
2_950 and ;-2 >0 (39)
2 ¢ 2

The L'(G, (1)) case We now consider the consider the case when the L'(G, (1) where G, () is the
degree one localization of the Paley graph. Since the Paley graph is vertex transitive, it is sufficient to

consider L' (Gp.10y)- In this case, My = Ag, ;> Which also an eigenvector 1 € R corresponding to the

prs eigenvalue, and the smallest eigenvalue is bounded by 1_2‘/ﬁ from below by the eigenvalue interlacing

theorem. Therefore, D7 is PSD if

-5 a’p-—1
P ——ILZO, and a;+ o
4 o 2

1—
o+ 0 T\/ﬁZO
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Based on equation (27)), for sufficiently large p,
o —op >0,
or equivalently

Vper > . (40)

Therefore, it is sufficient to consider

(05

-1 a?p-—1
P _Ap >0, and al—OQ@ > 0.
4w 2 2

Again, substituting the expression of ¢; from equation (27)), the preceding two inequalities are equivalent to

2
2_9>0 and ¢—-2>0. (41)
2 ¢ 2

L' relaxations of localizations of degree 2 and higher, and L’ for t > 2 for G, and its localizations We
do not expect localizations G, x to be regular graphs when |K| > 2. Therefore, 1 is no longer an eigenvector
of Ag, . Also for L' for t > 2, we do not expect the submatrix Mr of A(T,T), to have an eigenvector equal
to 1. In all these cases, it is more convenient to decompose My into a principal submatrix Ur of the Seidel
matrix Ug, ., according to equation (33). We can control the eigenvalues of Ug, ., and therefore Ur, by
the eigenvalue interlacing theorem. Then, equation becomes
o
Dr = oyl + 041 Mr —
01

117

2
Oi+1 ) 04+1 1 O -
=(og———)1 U —— )11 .
(@50 1+ 25 ur + (55— o)
Since the only non-zero eigenvalue of 11" is the norm of 1 which is positive and asymptotically O(p), we
require the constant before 11" be non-negative:

2
Gre1 K

>0 42
20 (42)

so that this term does not decrease Ay (D7 ). Based on that to guarantee D7 = 0, it suffices to require

| Gy, Oy (G ® g
)me(DT)Z <at ) >+ lmln(UT)'i‘lmln(( ) )]l]l )

2 01
O4+1
Zat—T\/f’—i-El >0, (43)
where the leading order term of (@3) is O(p~2) and the lower term error is Ey 1= — % = O(p~'7). Com-

bining the foregoing results, the inequalities for relaxation degree ¢ = 1 and localization degree a = 0,
the inequalities (41)) for relaxation degree t = 1 localization degree a = 1, and the inequalties(@2)) and (3]
in all other cases hold for sufficiently large p if

2
Cr+1 ¢
_ S 5 44
2 o= (44)
e =L+ Ea(p) 2 0. (45)
where
N . 0 ift=1,anda=0or1
Eilp) = — <l otherwise (46)
2/p :
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E.1.2 Positive semidefiniteness of the Schur complement of A(S,T) for S C T

When ¢ > 1, for each proper subset S of 7' (0 < |S| = m <t —2), we also establish the positive semindefi-
niteness of the Schur complement of A, (S, T) for each k € T'\ S. This leads to the positive semidefiniteness
of the corresponding A(S ,T). We simplify the notation by writing vg,z, as v, denoting v, := 1 —v. Hence
we can write w defined in (32)) as

W= 011 — Ohpy2v = (Ohns1 — Cpi2)V + Oy 1 L.

Using equation (33)), the Schur complement Dy of A¢(S,T) given by can be decomposed as

_ 0, o : o/ Q
Ds = <Otm+1 - ’r;z) I+ (—O‘m+2 + mTH> diag(v) + s Us — e Usugry +C

2 2
where
1:= (_Xerz _ (_xm+1
T T T T L St 2
C:=1tw +1wvev, +n(vw, +vev'), suchthat § ¢:= %2 Onss 7(0‘%;1__0‘::;2) =1+E, 47)
e Oy O 1 (O 1 = Q)
n=- O — Oy 1 =1+E3.
and
am+3 am+2 (26‘1n+1 - am+2) _mt3
Byim = SR S~ 0(p ) (48)
m ~— Ym+
am+lam+2 _m+3
Ey:=—"——""==0(p ) 49)
Oy — O+

where the asymptotic estimates are given by the order assumption (27). Since Dg = 0 if and only if
Amin(Ds) > 0, we need to estimate Ay, (C), which is given by Lemma It suffices to consider —§ <
Amin(C) and minimize { > 0. As the leading order terms of 1, i) and 7 are equal, we set this leading order to
zero, which is achieved by:

Omio  Omiy . o Cmt2  Cmyl
—— = ——— which holds if and only if =—. (50)
2 Oy Cm+1 Cm
Therefore,
Oy Ol 1 —0 Ot 1 — Ol 2Oy 1
1= — = = = by (530) B

Oy O — Ot d‘m((_xm_acm-i-l) Z(O_‘m_am+l),

where Eg(p) = O(p*mTM) is a positive for all p. Moreover, this { can be further minimized by setting the
leading order term of T —1 = E, = 0. By equation (48), it is enough to require:

o, 20,410
m+3 _ Zomi1%mt2 Chich holds if and only if "3 — Sl (52)
2 (07 Cm+2 Cm

This further enforces equality between T = 1 because

T—1=

2041 Opi? 20, +10 -|—2_052 204110t 1 — Oy Oi
o m—+1YWm+ + m m m-i-ZZOCm+2 m-+1WYWm—+ mUWm+ (53)

am am — Ohp+1 (_Xm((_xm - am+1)
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where the numerator of the fraction on the right-hand side above is 0 by equation (50). Moreover, N = —1
because:

_Zam+2 On+1 &WH»I Oni2
+1=214+E3= —— + = =0. by (@9) and (51) (54)
1 7 20— 1) O — Ot Y

Let ||v||5 = ny, |[v|5 = ne, so that n = n, + n., where n is given by (TT)). By our previous computation, we
have
1=7=-1<0,

Therefore, by Lemma [F 1] the nonzero eigenvalues of the matrix C are

1 1
— 2 2 2 —
M= 2 <ln+ \/l (ny—ne)>+41 nv”c) 5 (tn+[t|(ny+nc)) =0

1 Q, o,
o= (tn—|t(ny+n)) = in = ——HEmE2_ 1y @5

2 z(am - aerl)
Ot 104 o,

_ MGy g s
200, 8

2 m o, . . .
where Ej = —% =0( p*%z). Therefore it is sufficient to prove that for sufficiently large p :
noy,+3 _ Opan
Aain (D) > === + 81 = —5= /P~ Ea(p) 20, (55)

and we write E4(p) as the collection of lower order terms in Ap;n(Ds)

1 nOtz _ m+4 m+2

013 m+2 m2
E =q 1+ — =0 2 2 ) >0 56
() =t (143 ) 4 2552 o B0 ) (56)

We write E4(p) = p"T Ey (p) = O(np~3/?> 4 p~'/2). To ensure the feasibility condition (J) under the o; of
form give by (27), we need to make sure that there exists some c¢;, such that for all 0 <m <r—2,

Cm+3 Cm+2 Cm+1
= = =0, by (30) and (52) (57)
ey 2011 Cm Y
Cm+1 Cm+3 Cm+2 A
o a3~ oy~ Ea(p)20.by GBI (58)

holds for sufficiently large p.

E.2 Lower bound for: =1

When t = 1, since |T| =t —1=0, T = &, and it has no proper subsets. Therefore, it sufficient to ensure
that the inequalities (44) and ({@3) are satisfied. Theses inequalities can be collected into:
¢ 2c

2+E(p)>—>"— =2 (59)
C1 co

G, and its degree 1 localization When a =0 and a =1, E; (p) =0, and the maximal choices for this
constraint is ¢; = 1 and ¢, = 2. For these values, (38) and (40) are satisfied for all p > 5. With Proposition
[2.2] we are able to establish the following lower bound:

_ V(G — 1
L'(G,) > Cl‘\(fp")’ <yp and L'(G, () > @ N (60)
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Localizations of degree 1 and higher When a > 2, the maximal choice of ¢; for this constraint is ¢; =

1+ %El =1— €& where € = 2% > 0. We can now solve,

2
1—¢

0222_0<¢‘ﬁ> and e:\/lﬁ—0<;>

With Proposition [2.2] we establish the following lower bound for sufficiently large p:

=2(l—¢)

leading to

— V(G 1 1
L' (Gpx) > VGl (1 ——+0 ()) <ﬁ’ —(a—1) -2 > (61)
VP VP p 2¢ 2\/p
w-teno()
>Y2 _(a—-1)+0(— (62)
Combining the preceding equation with (60), we get
0 ifa=0
L'(Gpk) > g SN ifa=1, (63)
a=1+0(%) ifa>2

which proves [Theorem 3.3|for # = 1. In particular, since L! = SOS, = 10, this recovers the classical result
9(G) > |V(G)| for arbitrary graph G when applied to G = G, k.

E.3 Lower bound for > 2

For any fixed t > 2, to satisfy constraints (9) for sufficiently large p, we need to find a feasible set {c,}iif of
positive numbers so that the inequalities (44)), @3)), (57), and (58] hold, in the case of the last two inequalities,

for each 0 < m <t — 2. These inequalities can be collected into the following system:

2 t—1 t
25 VP S om 20 _dao 2 o _Za_ oy, (64)
NZE ¢ G-l G2 c1 Co
A pa+m+3 1
i3 4 Bu(p) < ol ) for0<m<r—2 (65)
Cm+2 t—m—1\cmi2 2

where (64)) is obtained by reorganizing and combining (57), (@4), and (@3]), whereas (63)) is obtained by
shifting terms in for all m and substituting s =7 —m — 1.

Now define for0 <i<t¢, r, = tzii; and ¢; = C'C—t] In particular, gy = c; as ¢g = 1 by definition. We can
reorganize the above inequalities as:
2/p 2 —i -1
2> >q=2q1=2"qp2=--=2""g;=---=2""q1 = 2qp, (66)
Vp+1

. 1 1
qgi+Es(p) <ri —— ), for2<i<t. (67)

gi-1 2

For sufficiently large p, E4(p) = O(p~'/?) < g;, and we have ¢; + E4(p) < 2g;. Since (a+1) > 2, we have
20+1=1 > 2 and 2=+ —1 >¢—i+1 forany 0 < i < t. Therefore,

t—i—1 —i 1 2012 1) . - . —i 1 i+2—1
2 |27 —= | = - > 2, whichholds ifand only if ; { 277" — = | > 2 .
2 t—i+1 2
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Moreover, equation (66) implies 2¢; < 22~ for any i > 0 and q,—: > 2/~ for any i > 1. Hence

R o1 1 1
61i+E4(P)§261iSFi<2“—)Sh‘( —>,f0T2§i§l
2 gi-1 2
for sufficiently large p. Hence, equation (67) is redundant. Therefore, we can take gy = ¢; = W\/\/ﬁﬂl) by
(66), Using Proposition we establish the following lower bound for sufficiently large p:
— c1|Gp k| 1 p a
L'(G,x) > 22Kl > (& - (a=1)p-5—r+1) 68
S p B (a—1)\/p _at+2t+2 69)
T2l (yp+) 27 yp+l) 2P HT)
VP a2*=24+1  Jp a+2t+2 70)

T oati—1 " pati—1 '\/[3_1_1 - 2’(\/]74— 1)

This completes the proof of

F LemmalE]

Lemma F.1. Let C be a matrix of the form tw! +wvv! +n(w! +vvT), where each of v and v, is a vector
in R" containing 0 and 1’s in each entry such thatv+v, = 1. Let |[v||3 = ny, ||v¢||5 = ne, so that n = n, +n,.
Then the eigenvalues of C are either O or given by

Ty +1n. £/ (tn, — tne)? +4n2n,n,

Mo = 3

Proof. We can represent C in block form as:
C— <T-Inv.,nv anv,nC>
n Jnc Sy l‘]nc e
where J,, , is an m X n all-ones matrix. The range of C is in the span of v and v., and therefore eigenvectors
corresponding to non-zero eigenvalues have the prescribed form x, i.e., a linear combination of v and v,:

ol
XxX=
Bl
where o and f3 are scalars. Substituting x into the equation det(C — AI)x = 0 leads to the following equivalent
characteristic equation:

=0.

™m,—A  Mne
nn, n.—A

Therefore, the eigenvalues are given by:

Ty, +in. £/ (tn, — 1n.)2 +4n2n,n,

Mo = 5
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