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NYU Vector Analysis, MATH-UA.224.001

Quiz Sheet 5

Instructions: Turn in responses to TWO questions of your choice. This quiz
will be timed for 15 minutes.

Question 1. Referring to the figure below, for y € B(b,r), we define the map
®,: U — Rby

®,(x) := llp(x) =y, x€ U

where U C R is open, ¢ : U — R" is of class C'(U) and one-to-one on U, ¢’(x)
is nonsingular for all x € U, and a ¢ dB(a, p). Explain why ®y(a) := [|¢(a) —y|I? =
lb —y|| < r* (and not < r?).

¢(38(a p))

Question 2. Refering to the hypothesis of Question 1, do all of the following.

(a) Define a function ¢ such that ®, = s o ¢, and specify the domain and the
range of .

(b) Using the chain rule, confirm that @, is of class C ).

(c) Deduce that DDy (X, e;) = 0 fori = 1,...,n, where x,;,, € B(a,p) and
D®,(-, ;) is a directional derivative in the direction of the i-th canonical
basis vector of R”, if and only if

D 2064 Conin) = YODigKin) = 0
k=1

fori=1,...,n.
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Question 3. Do all of the following:

(a) State what it means for a nonempty set V, + : V2 > Vand - : RxV — V to
be a real vector space.

(b) Let

Vi={p:R>R|pk) = Zakx", x € R, for some aq; € R}
k=0

Show that V is real vector space and show that the dimension of Visn+1 €
N

Hint: Define + : V> — Vand - : RxV — V first.

Question 4. Let V := R™”. Show that V is a real vector space. Show that the
dimension of V is n* € N.

Question 5. Let V := C(R,R) be the set of all continuous functions on R with
range in R. Show that V is a real vector space. What can you say about the
dimension of V?

Question 6. Do all of the following:

(a) If V is a real vector space, state what it means for a subset W C V to be a
subspace of V.

(b) Let W := C'(R,R). Show that W is a subspace of V := C(R,R). (C(R,R) is
defined in Question 5.)



