NYU

Vector Analysis, MATH-UA.224.001

Quiz Sheet 9

Instructions: Turn in responses to TWO questions of your choice. This quiz
will be timed for 15 minutes.

Question 1. Let A be open in R3. Let f : A — R be a scalar field (a/k/a the dif-
ferential O-form). We define a corresponding vector field in A, called the gradient
of f, by

Of - 0f) - 0f(X),
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Let «; be a map from the set of all C* vector fields on A (a/k/a Q°(A)) to
Q'(A) given by

(grad f)(x) = Vf(x) = (x )
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a F = fldxl + fzd.xZ + fdez
where the vector field F is given by

F(x) = (x; filx)e; + fr(x)ex + f3(x)e3)
Show that d = a; o grad.

Hint: To evaluate the LHS, apply the definition of the exterior derivative of a
0-form and to evaluate the RHS apply the definitions given above.

Question 2. Let A be open in R?, and F be a vector field in A given by F(x) =
(x; fi(x)e1 + fo(x)ex + f3(x)e3) for x € A. We define another vector field in A, called
the curl of f, by

0 0 0 0 0 0
(curl F)(x) =V X F(x) =(x; (8_)]:2 - 6_2)81 + ((9_)]2 - a—fl)ez + (a—){? - 6_2)63)
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where each partial derivative is evaluated at x € A. Let 8, be a map from the set
of all C* vector fields on A to Q*(A) given by

,BQF = f]d)Cz A d)C3 — fzdxl A d)C3 + f3d)C] A dx,

Show that d o @; = 8, o curl where «; is as defined in Question 1.

Hint: To evaluate the LHS, apply the definition of the exterior derivative of a
I-form to a\ F. To evaluate the RHS expand o curl F using the definitions given
above.
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Question 3. Let A be open in R*. Let G(x) = (x;g(x)) be a vector field in A,
where g : A — R? is given by

8(x) = gi1(x)e; + ga(x)ex + g3(x)es
we define a corresponding scalar field in A, called the divergence of f, by

0g1(x)  0g2(x) | 983(x)
Bxl 8)62 (9x3

divG)(x) =V -Gx) =
Let 83 be a map from the set of all C* scalar fields on A to Q*(A) given by
ﬁ3]’l = hdx1 A de A dX3

where 4 is a scalar field. Show that d o 8, = B3 o div.



