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I. homotopy theories of categories



category theory

<latexit sha1_base64="pSGOjZUf3pXB4lED9yxlMTkRQ/I=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKIi5KIVOmqKKjLCvYhTSiT6aQdOnkwc6OUkH9w46+4caGIWzfu/BsnbRCtHrhwOOde7r3HjTiTYJqfWmFufmFxqbhcWlldW9/QN7daMowFoU0S8lB0XCwpZwFtAgNOO5Gg2Hc5bbujs8xv31IhWRhcwziijo8HAfMYwaCknn5wXrN9DEOCedJJbU49EGwwBCxEeCe/rZu0dtHTy2bFnMD4S6yclFGORk//sPshiX0aAOFYyq5lRuAkWAAjnKYlO5Y0wmSEB7SraIB9Kp1k8lNq7Cmlb3ihUBWAMVF/TiTYl3Lsu6ozO1LOepn4n9eNwTtxEhZEMdCATBd5MTcgNLKAjD4TlAAfK4KJYOpWgwyxwARUjCUVgjX78l/SOqxY1Ur16qhcP83jKKIdtIv2kYWOUR1dogZqIoLu0SN6Ri/ag/akvWpv09aCls9so1/Q3r8AcsqfKw==</latexit>

F : X ⌧ Y : G
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GF ⇠= 1X FG ⇠= 1Y

There exists a model structure on Cat in which ...
  

1. .... weak equivalences are the categorical equivalences
2. .... cofibrations are those functors that are injective on 

objects

[Joyal and Tierney, 1991]
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classical homotopy

There exists a model structure on Cat whose weak 
equivalences are those functors that induce classical weak 
equivalences between nerves

<latexit sha1_base64="TIRw0VetEv79ldJ/CdJMTIpKz7M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMiVVwVBXFZwT6kM5RMmmlDM8mQZJQyzAe48VfcuFDErR/gzr8x0w6irQcCh3POJfceP2JUadv+sgoLi0vLK8XV0tr6xuZWeXunpUQsMWliwYTs+EgRRjlpaqoZ6USSoNBnpO2PLjK/fUekooLf6HFEvBANOA0oRtpIvXLl8swNkR5ixJJO6ko6GGokpbj/UW9Tk7Kr9gRwnjg5qYAcjV750+0LHIeEa8yQUl3HjrSXIKkpZiQtubEiEcIjNCBdQzkKifKSyTEpPDBKHwZCmsc1nKi/JxIUKjUOfZPMVlSzXib+53VjHZx6CeVRrAnH04+CmEEtYNYM7FNJsGZjQxCW1OwK8RBJhLXpr2RKcGZPnieto6pTq9aujyv187yOItgD++AQOOAE1MEVaIAmwOABPIEX8Go9Ws/Wm/U+jRasfGYX/IH18Q0IRJxG</latexit>

F : X ! Y <latexit sha1_base64="rldIKwmlTq5INRI6eeG2qyAAZes=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQiVVyVCuKygn1IE8pkOmmHTiZxZiKUkL0bf8WNC0Xc+gPu/BsnbUBtPXDhcM693HuPFzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2R+554ISUN+oyYRcQM05NSnGCkt9c1y4/K84QRIjTBiSTd1JA3IHfyRbtO+WbGq1hRwkdg5qYAczb756QxCHAeEK8yQlD3bipSbIKEoZiQtObEkEcJjNCQ9TTkKiHST6S8pPNTKAPqh0MUVnKq/JxIUSDkJPN2ZnSjnvUz8z+vFyj9zE8qjWBGOZ4v8mEEVwiwYOKCCYMUmmiAsqL4V4hESCCsdX0mHYM+/vEjax1W7Vq1dn1TqjTyOIjgAZXAEbHAK6uAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/IHx8Q3aapr4</latexit>

BF : BX ' BY

[Thomason, 1991]
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directed homotopy

<latexit sha1_base64="pSGOjZUf3pXB4lED9yxlMTkRQ/I=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKIi5KIVOmqKKjLCvYhTSiT6aQdOnkwc6OUkH9w46+4caGIWzfu/BsnbRCtHrhwOOde7r3HjTiTYJqfWmFufmFxqbhcWlldW9/QN7daMowFoU0S8lB0XCwpZwFtAgNOO5Gg2Hc5bbujs8xv31IhWRhcwziijo8HAfMYwaCknn5wXrN9DEOCedJJbU49EGwwBCxEeCe/rZu0dtHTy2bFnMD4S6yclFGORk//sPshiX0aAOFYyq5lRuAkWAAjnKYlO5Y0wmSEB7SraIB9Kp1k8lNq7Cmlb3ihUBWAMVF/TiTYl3Lsu6ozO1LOepn4n9eNwTtxEhZEMdCATBd5MTcgNLKAjD4TlAAfK4KJYOpWgwyxwARUjCUVgjX78l/SOqxY1Ur16qhcP83jKKIdtIv2kYWOUR1dogZqIoLu0SN6Ri/ag/akvWpv09aCls9so1/Q3r8AcsqfKw==</latexit>

F : X ⌧ Y : G
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FG! · · · 1X
<latexit sha1_base64="u1t60xfjTn7cz5G7qed0kY78kV4=">AAACFnicbVDLSgMxFM3UV62vUZdugkVwY5kRqS6LgrqsYB/SGUomzbShmcmQ3FHK0K9w46+4caGIW3Hn35g+Ftp6IHByzr3ce0+QCK7Bcb6t3MLi0vJKfrWwtr6xuWVv79S1TBVlNSqFVM2AaCZ4zGrAQbBmohiJAsEaQf9i5DfumdJcxrcwSJgfkW7MQ04JGKltH11deop3e0CUkg8e7UjQnmDh5I/dduZFBHqUiOxuOGzbRafkjIHniTslRTRFtW1/eR1J04jFQAXRuuU6CfgZUcCpYMOCl2qWENonXdYyNCYR0342PmuID4zSwaFU5sWAx+rvjoxEWg+iwFSOdtSz3kj8z2ulEJ75GY+TFFhMJ4PCVGCQeJQR7nDFKIiBIYQqbnbFtEcUoWCSLJgQ3NmT50n9uOSWS+Wbk2LlfBpHHu2hfXSIXHSKKugaVVENUfSIntErerOerBfr3fqYlOasac8u+gPr8wfydKCE</latexit>

GF ! · · · 1Y

A directed equivalence between small categories is a functor 
which is an isomorphism up to zig-zags of natural 
transformations.

DEF

PROP Cat is a Λ-cofibration category.

[Minian, 2002]



comparison of homotopy theories

groupoid/Thomason type

directed types

categorical types



an island of technical difficulties

classical

categorical
Goubault, et al.

2007 

Grandis
2007

Minian
2002

Hoff
1974



II. directed topology



subdivision invariant state spaces

Pa.Va || Pa.Va

hexpri :: = P.hvari
= V.hvari
| hexprihexpri
| hexpri k hexpri

Pa.Va

Pa
.V

a

.



 
 START 

 LET X=4

 LET X=X+4

 PRINT X

 START 

 LET X=1

 LET X=5X

 PRINT X

unpredictable behavior 



directed paths as executions
stream maps from [0,1] 



behavior up to homotopy

Paths homotopic through paths in time relative 
endpoints represent qualitatively equivalent 
behavior.

homotopies through paths in time



more state spaces

some state spaces of 3 concurrent processes



streams
<latexit sha1_base64="AKCAHHAqfucDP887+QdyQqVXmAo="></latexit>

A stream is a space X equipped with a function

U 7!6U

assigning to each open subset U a preorder 6U on U such that the assignment
sends unions to transitive closures of unions.

[Krishnan, 2015]



streams in nature

spacetime: open normal U gets assigned the causal order



streams in nature

Every compact Hausdorff connected topological lattice X has 
the unique structure of a stream in which the preorder on X is 
the lattice order on X.

THM

[Krishnan, 2015]

EG topological simplices with lattice operations 
<latexit sha1_base64="7od8HiadefZCmxk4ck5wQeP3PmI="></latexit>

|ner(min : [n]2 ! [n])|, |ner(max : [n]2 ! [n])| : |�[n]|2 ! |�[n]|

EG topological cubes with product orders



stream realizations

[Krishnan, 2015]

<latexit sha1_base64="ruSGVEJ7Aosevr9O+lylJMDSRQ4="></latexit>

� //

Yoneda
✏✏

Streams

sSet

|�|

99

stream realization functor: left Kan extension



stream realizations

[Krishnan, 2015]

stream realization extends to presheaves over a small subcategory 
<latexit sha1_base64="Edwu72caceZDFRGBuyZDjfdhm3E=">AAACF3icbVC7TsNAEDzzDOFloAxCFhESVWRTBMqINJSJRB5SHEXnyzk55fzQ3RphWS4o+Ai+gBa6dHSIlpIPoOInOCcpSMJIK41mdrW744ScSTDNL21ldW19YzO3ld/e2d3b1w8OmzKIBKENEvBAtB0sKWc+bQADTtuhoNhzOG05o2rmt+6okCzwbyEOadfDA5+5jGBQUk8v2A4bECaILSNHUrA9DEPhJVUMaU8vmiVzAmOZWDNSrByP6z+PJ+NaT/+2+wGJPOoD4VjKjmWG0E2wAEY4TfN2JGmIyQgPaEdRH3tUdpPJE6lxppS+4QZClQ/GRP07kWBPythzVGd2o1z0MvE/rxOBe9VNmB9GQH0yXeRG3IDAyBIx+kxQAjxWBBPB1K0GGWKBCajc5rbcxyEjaV7lYi2msEyaFyWrXCrXVUDXaIocKqBTdI4sdIkq6AbVUAMR9ICe0Qt61Z60N+1d+5i2rmizmSM0B+3zFzhGpJc=</latexit>

� ⇢ Cat

<latexit sha1_base64="z0hFiVp+H9fvACosri/9KUlNoEY="></latexit>

� //

Yoneda
✏✏

Cat
nerve // sSet

|�|
✏✏

�̂

tri

>>

|�| // Streams



streams in nature

EG stream realizations of nerves of small categories

EG more general homotopy colimits of dynamical systems 

X

Y
XxI where I is 

directed Y



directed homotopy equivalence
dihomotopy equivalence = stream map with inverse up to directed homotopy

'

state spaces of systems with similar qualitative features



directed homotopy types

6'

homeomorphic but not dihomotopy equivalent



directed homotopy types

6''

contractible but not dicontractible

[L. Fajstrup, 2009]



indecomposability of directed homotopy types

inclusion of cubes in an 
iterated subdivision of 

cubes almost never has the 
homotopy extension 

property

directed spaces do not decompose into directed homotopy colimits of simple cells



no known Whitehead Theorem
There is no known directed homotopy invariant π* such that 

<latexit sha1_base64="JE5wiE5liSjUvXB85BxFVku0SFg="></latexit>

⇡⇤(f) : ⇡⇤(X) ! ⇡⇤(Y )
is an isomorphism if and only if f is a directed homotopy equivalence and π* is compactly 
supported, for all stream maps f between streams in nature.



fundamental questions

<latexit sha1_base64="c9tVzRdY07BtcXwBtwOEgS7+wRQ="></latexit>

�̂
|�| //

✏✏

Streams

✏✏
d(�̂) // d(Streams)

When do localizations exist?  When is there a bottom equivalence?

localization by stream maps 
whose images under right adjoint 
to |-| are naïve combinatorial 
homotopy equivalences

localization by cubical functions 
whose images under sing|-| are 
naïve combinatorial homotopy 
equivalences



III. cubical sets



working category of cubes 
minimal symmetric monoidal variant: cofaces, codegeneracies, coordinate permutations 

TFAE for a monotone function φ:[1]m→[1]n:

   1. φ is a morphism in
      2. φ is an interval-preserving lattice homomorphism
         (between finite Boolean lattices)   

THM

[Krishnan, 2015]

<latexit sha1_base64="Hg/zB271vAYlzBlPnw0uRT7yQU0=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrIpgAYRQUMZJPKQEis6X9bJKeezuTsjLCsVX0ALJRUdouUD+ATEB/AfXB4FSRhppdHMrnZ3/JgzpR3n28otLC4tr+RX7bX1jc2twvZOTUWJpFClEY9kwycKOBNQ1UxzaMQSSOhzqPv9y6FfvwOpWCRudBqDF5KuYAGjRBup3lK3CZHQLhSdkjMCnifuhBTPP+2z+OXLrrQLP61ORJMQhKacKNV0nVh7GZGaUQ4Du5UoiAntky40DRUkBOVlo3MH+MAoHRxE0pTQeKT+nchIqFQa+qYzJLqnZr2h+J/XTHRw6mVMxIkGQceLgoRjHeHh77jDJFDNU0MIlczcimmPSEK1SWhqy30aMzqwTS7ubArzpHZUco9Lx9dOsXyBxsijPbSPDpGLTlAZXaEKqiKK+ugRPaFn68F6td6s93FrzprM7KIpWB+/whybCw==</latexit>⇤

<latexit sha1_base64="Hg/zB271vAYlzBlPnw0uRT7yQU0=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrIpgAYRQUMZJPKQEis6X9bJKeezuTsjLCsVX0ALJRUdouUD+ATEB/AfXB4FSRhppdHMrnZ3/JgzpR3n28otLC4tr+RX7bX1jc2twvZOTUWJpFClEY9kwycKOBNQ1UxzaMQSSOhzqPv9y6FfvwOpWCRudBqDF5KuYAGjRBup3lK3CZHQLhSdkjMCnifuhBTPP+2z+OXLrrQLP61ORJMQhKacKNV0nVh7GZGaUQ4Du5UoiAntky40DRUkBOVlo3MH+MAoHRxE0pTQeKT+nchIqFQa+qYzJLqnZr2h+J/XTHRw6mVMxIkGQceLgoRjHeHh77jDJFDNU0MIlczcimmPSEK1SWhqy30aMzqwTS7ubArzpHZUco9Lx9dOsXyBxsijPbSPDpGLTlAZXaEKqiKK+ugRPaFn68F6td6s93FrzprM7KIpWB+/whybCw==</latexit>⇤

cubical sets = cubical sets with symmetries = presheaves over 
<latexit sha1_base64="Hg/zB271vAYlzBlPnw0uRT7yQU0=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrIpgAYRQUMZJPKQEis6X9bJKeezuTsjLCsVX0ALJRUdouUD+ATEB/AfXB4FSRhppdHMrnZ3/JgzpR3n28otLC4tr+RX7bX1jc2twvZOTUWJpFClEY9kwycKOBNQ1UxzaMQSSOhzqPv9y6FfvwOpWCRudBqDF5KuYAGjRBup3lK3CZHQLhSdkjMCnifuhBTPP+2z+OXLrrQLP61ORJMQhKacKNV0nVh7GZGaUQ4Du5UoiAntky40DRUkBOVlo3MH+MAoHRxE0pTQeKT+nchIqFQa+qYzJLqnZr2h+J/XTHRw6mVMxIkGQceLgoRjHeHh77jDJFDNU0MIlczcimmPSEK1SWhqy30aMzqwTS7ubArzpHZUco9Lx9dOsXyBxsijPbSPDpGLTlAZXaEKqiKK+ugRPaFn68F6td6s93FrzprM7KIpWB+/whybCw==</latexit>⇤



examples

[Krishnan, 2015]

cubical nerves of small categories

singular cubical sets of streams

edge-oriented cubical complexes

1

2

3



example: Boolean intervals

[Ardila, Owen, Sullivant, 2012]

THM
isomorphism 
classes of finite 
rooted CAT(0) 
cubical complexes 
up to isometry

isomorphism 
classes of finite 

distributive 
meet-

semilattices

<latexit sha1_base64="3G958KCL8w9l8Whukdw1Xwe+HEg=">AAAB/3icbVC7TgJBFL2LL8QXPjqbjcTEiuxaoJ1ECy0xcYEENmR2GGDC7MxmZta4bij8Alv9Ajti66dYWvgdOjwKAU9yk5Nz7s299wQRo0o7zqeVWVpeWV3Lruc2Nre2d/K7e1UlYomJhwUTsh4gRRjlxNNUM1KPJEFhwEgt6F+N/No9kYoKfqeTiPgh6nLaoRhpI3lNLHi3lS84RWcMe5G4U1K4+BkePH5dDyut/HezLXAcEq4xQ0o1XCfSfoqkppiRQa4ZKxIh3Edd0jCUo5AoPx0fO7CPjdK2O0Ka4toeq38nUhQqlYSB6QyR7ql5byT+5zVi3Tn3U8qjWBOOJ4s6MbO1sEef220qCdYsMQRhSc2tNu4hibA2+cxseUgiigc5k4s7n8IiqZ4W3VKxdOsUypcwQRYO4QhOwIUzKMMNVMADDBSe4QVerSfrzRpa75PWjDWd2YcZWB+/gD+bHA==</latexit>⇠=
<latexit sha1_base64="1Ur++kD0OVtBbHwND7rEEYwOFvw=">AAACBHicbVDLSsNAFL2pr1pfVZduQosgiCVxUV0W3bisYB+YhDKZTtqhk0mcmYghdOsXdKtf4E7c+h/9AP/D6WNhWw9cOJxzL/fe48eMSmVZYyO3tr6xuZXfLuzs7u0fFA+PmjJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB7cTv/VMhKQRf1BpTLwQ9TgNKEZKS4+ufEqQIM6F1ymWrYo1hblK7Dkp10ru+WhcS+ud4o/bjXASEq4wQ1I6thUrL0NCUczIsOAmksQID1CPOJpyFBLpZdOLh+apVrpmEAldXJlT9e9EhkIp09DXnSFSfbnsTcT/PCdRwbWXUR4ninA8WxQkzFSROXnf7FJBsGKpJggLqm81cR8JhJUOaWHLSxpTPCzoXOzlFFZJ87JiVyvVex3QDcyQhxMowRnYcAU1uIM6NAADhxG8wbvxanwYn8bXrDVnzGeOYQHG9y9ecpvc</latexit>

⇤[�]

[P] = cubical set of interval-preserving monotone functions [1]n→P
<latexit sha1_base64="Hg/zB271vAYlzBlPnw0uRT7yQU0=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrIpgAYRQUMZJPKQEis6X9bJKeezuTsjLCsVX0ALJRUdouUD+ATEB/AfXB4FSRhppdHMrnZ3/JgzpR3n28otLC4tr+RX7bX1jc2twvZOTUWJpFClEY9kwycKOBNQ1UxzaMQSSOhzqPv9y6FfvwOpWCRudBqDF5KuYAGjRBup3lK3CZHQLhSdkjMCnifuhBTPP+2z+OXLrrQLP61ORJMQhKacKNV0nVh7GZGaUQ4Du5UoiAntky40DRUkBOVlo3MH+MAoHRxE0pTQeKT+nchIqFQa+qYzJLqnZr2h+J/XTHRw6mVMxIkGQceLgoRjHeHh77jDJFDNU0MIlczcimmPSEK1SWhqy30aMzqwTS7ubArzpHZUco9Lx9dOsXyBxsijPbSPDpGLTlAZXaEKqiKK+ugRPaFn68F6td6s93FrzprM7KIpWB+/whybCw==</latexit>⇤



cubical homotopy theories

test model 
structure

higher 
categorical

Doherty et. al
2020

directed

ψ is a weak equivalence iff |ψ| is a 
directed homotopy equivalence

Lucas
2016

Grandis
2008



subdivisions
cocontinuous endofunctor sd on cSet with

<latexit sha1_base64="yWyiP7B9lWW4JbLwciw/YLNJ368="></latexit>

sd⇤[1]n = ⇤[2]n = ⇤([1]n)[1]

<latexit sha1_base64="GI99zFsqLrKfX7WSXgLGCRi4A3o=">AAACE3icbVDLSsNAFJ34rPUVdeHCTWgRBKEkXVSXRTcuK9gHJLFMJpN26GQSZyZiCPkL/QK3+gXuxK0f0A/wP5y0XdjWAxcO59zLvfd4MSVCmuZYW1ldW9/YLG2Vt3d29/b1g8OOiBKOcBtFNOI9DwpMCcNtSSTFvZhjGHoUd73RdeF3HzEXJGJ3Mo2xG8IBIwFBUCqprx87IZRDHmbCzx3xkECObcu9r/f1qlkzJzCWiTUj1WbFOX8eN9NWX/9x/AglIWYSUSiEbZmxdDPIJUEU52UnETiGaAQH2FaUwRALN5s8kBunSvGNIOKqmDQm6t+JDIZCpKGnOotzxaJXiP95diKDSzcjLE4kZmi6KEioISOjSMPwCcdI0lQRiDhRtxpoCDlEUmU2t+UpjQnKyyoXazGFZdKp16xGrXGrAroCU5TACaiAM2CBC9AEN6AF2gCBHLyCN/CuvWgf2qf2NW1d0WYzR2AO2vcveNKh1w==</latexit>

sd⇤[1]2



convenient properties of subdivision
LEM Fix a cubical set C. There exist dotted cubical functions making

<latexit sha1_base64="nFDOwAE3Fx7OZrYIid9FfX1BIMk="></latexit>

S� _

✏✏

// ⇤[1]n

✏✏
sd4C // C

commute and natural in subcubical sets S of sd4C that lie in the 
closed Star of a vertex.  

LEM There exist natural stream isomorphisms 
<latexit sha1_base64="4Kow+be0hSnzPJwZUkFkJeko41Q=">AAACFHicbVDLSsNAFJ3UV62vqBvBTWgRBKUkLqrLYjcuK9gHNKFMJpN26GQSZiZiSOJXiF/gVr/Anbh13w/wP5w+FrZ64MLhnHu59x43okRI0xxrhZXVtfWN4mZpa3tnd0/fP2iLMOYIt1BIQ951ocCUMNySRFLcjTiGgUtxxx01Jn7nHnNBQnYnkwg7ARww4hMEpZL6+lFmB1AOeZAKL7fPG5mNQjbIGllfr5hVcwrjL7HmpFIv22dP43rS7OvftheiOMBMIgqF6FlmJJ0UckkQxXnJjgWOIBrBAe4pymCAhZNOP8iNE6V4hh9yVUwaU/X3RAoDIZLAVZ2Tc8WyNxH/83qx9K+clLAolpih2SI/poYMjUkchkc4RpImikDEibrVQEPIIZIqtIUtD0lEUF5SuVjLKfwl7YuqVavWblVA12CGIjgGZXAKLHAJ6uAGNEELIPAIXsAreNOetXftQ/uctRa0+cwhWID29QOcTqJ8</latexit>

|sdC| ⇠= |C|

[Krishnan, 2015]



cubical approximation
THM Fix cubical sets A,B with A finite.  For each stream map 

f:|A|→|B|

f is directed homotopic to a stream map |A →B| after replacing A 
with sdkA for k sufficiently large.

[Krishnan, 2015]

PROOF After sufficiently many subdivisions, f maps cubes into stars.
Then f locally lifts to a directed cube.
Convex structure gives requisite homotopies.  

1

2

3



IV. cubcats



definition

cubcat = cubical set C admitting structure maps

[Krishnan, 2023]

<latexit sha1_base64="SKPiy9gxV7uCazOLwEewlV/y0K4="></latexit>

exC
µC��! C

where ex is right adjoint to sd

satisfying a compatibility condition
<latexit sha1_base64="DlU0h54vvC3XNt/rOKzQoXLxu2U="></latexit>

C
1C

//

✏✏

C

ex colim⇤[1]n!Csing |⇤[1]n| ex ⌫C

// exC

µC

OO

<latexit sha1_base64="o3BX1n0PEnXEDyWS9JaPA7eyn04="></latexit>

colim⇤[1]n!Csing |⇤[1]n| ⌫C��! C



examples

[Krishnan, 2023]

THM cubical nerves are cubcats

THM singular cubical sets of streams are cubcats

THM test fibrant cubical sets are cubically homotopy equivalent 
to cubcats



dictionary

[Krishnan, 2023]

cubcatstest fibrant cubical sets

eg: nerves of small groupoids eg: nerves of small categories

every cubical set is test 
fibrant up to classical weak 

equivalence

every cubical set is a cubcat 
up to directed weak 
equivalence

<latexit sha1_base64="2Z/CQlXqa2PUT4GEUvf9WU0PEDA="></latexit>

h(cSet)(A,B) = h(Top)(|A|, |B|) = ⇡0B
A

for test fibrant B

<latexit sha1_base64="d7y7Oj/CCbju6dt5HaJAey5O7XI="></latexit>

d(cSet)(A,B) = d(Streams)(|A|, |B|) = ⇡0B
A

for cubcats B



dictionary

[Krishnan, 2023]

cubcatstest fibrant cubical sets

eg: nerves of small groupoids eg: nerves of small categories

every cubical set is test 
fibrant up to classical weak 

equivalence

every cubical set is a cubcat 
up to directed weak 
equivalence

<latexit sha1_base64="2Z/CQlXqa2PUT4GEUvf9WU0PEDA="></latexit>

h(cSet)(A,B) = h(Top)(|A|, |B|) = ⇡0B
A

for test fibrant B

<latexit sha1_base64="d7y7Oj/CCbju6dt5HaJAey5O7XI="></latexit>

d(cSet)(A,B) = d(Streams)(|A|, |B|) = ⇡0B
A

for cubcats B

requires an analogue 
of Reedy cofibrant 
replacement



1-cohomology H1(-;M)=[-,|BM|]

[Krishnan, 2023]

<latexit sha1_base64="vQfYUdp5TlJHzVZnwtQt/OZa3cQ=">AAACA3icbVDLSgMxFM3UV1tfVZdugkVwVWZcVJdFN24KFexD26Fk0kwbmklCkpGWoUu/wJWgX+BCELd+iB/gd2j6WNjWAxcO59zLvfcEklFtXPfLSa2srq1vpDPZza3tnd3c3n5Ni1hhUsWCCdUIkCaMclI11DDSkIqgKGCkHvQvx379nihNBb8xQ0n8CHU5DSlGxkq35ZaQLNaw3M7l3YI7AVwm3ozkSxn5dPc2+Km0c9+tjsBxRLjBDGnd9Fxp/AQpQzEjo2wr1kQi3Edd0rSUo4hoP5kcPILHVunAUChb3MCJ+nciQZHWwyiwnREyPb3ojcX/vGZswnM/oVzGhnA8XRTGDBoBx9/DDlUEGza0BGFF7a0Q95BC2NiM5rYMhpLiUdbm4i2msExqpwWvWChe24AuwBRpcAiOwAnwwBkogStQAVWAQQQewTN4cR6cV+fd+Zi2ppzZzAGYg/P5C23znAw=</latexit>

M �M
<latexit sha1_base64="8iJ9qG1RQeeBNRbZb59JhjEE2uA=">AAACB3icbVDLSsNAFL3xWeurKrhxEyyCq5J0UV2WunFTaME+oA1lMp20QyeTODMRQ8gH+AVu9QPEnbgV/Ak37vwPp4+FbT1w4XDOvZzLcUNGpbKsL2NldW19YzOzld3e2d3bzx0cNmUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljq7GfuuOCEkDfqPikDg+GnDqUYyUlpxqV1GfyF5SrKbVXi5vFawJzGViz0i+fFz/pi+Vz1ov99PtBzjyCVeYISk7thUqJ0FCUcxImu1GkoQIj9CAdDTlSEc5yeTp1DzTSt/0AqGHK3Oi/r1IkC9l7Lt600dqKBe9sfif14mUd+kklIeRIhxPg7yImSowxw2YfSoIVizWBGFB9a8mHiKBsNI9zaXcxyHFaVb3Yi+2sEyaxYJdKpTquqAKTJGBEziFc7DhAspwDTVoAIZbeIQneDYejFfjzXifrq4Ys5sjmIPx8QtrvJ2o</latexit>

M ⇥2M M

for cancellative commutative monoid coefficients M

spacetime Klein bottle spacetime torus



V. big picture



equivalences

Directed homotopy theory both refines and extends classical homotopy theory.

test fibrant cubical sets

[Krishnan, 2023]


