THE GEOMETRY OF MATROIDS
LECTURE 11 EXERCISES

1. The dual closure operator
Let M be a matroid on E. Let cl = clp;: 2% — 2F denote the closure operator of M
and let cl* = cly+: 2F — 2% denote the closure operator of M*.
Given X CEande ¢ X, let Y = E\ (X Ue). Prove that

e € cl"(X) if and only if e ¢ cl(Y).

2. Some properties of flats
Let M be a matroid on E. Recall that I’ C F is a flat of M if cly(F) = F. Let
F(M) C 2F denote the collection of all flats of M.
(a) Prove that M has a unique flat of rank 0, and that it is equal to

cld) ={ee E|eisaloopin M} = ﬂ F.

FeF(M)
(b) Let F'={ey,es...,e} be a flat of M. Prove that
F=cl(cl(er) Ucl(ea) U---Ucl(ey)).

(c) Let F' and G be flats of M. We say that G covers F' if G is a minimal flat
properly containing F’; that is, F' C G and if F* C H C G for some flat H, then
H=For H=aG.

Prove that if G covers F', then rky (G) = rky (F) + 1.
(d) Suppose
F=hRhChChe - CF=G
is a chain of flats (F; € F(M) for all i). Prove that k < rk(G) — rk(F') with
equality if and only if F; covers F;_; foralli =1,... k.

3. ¥The flat axioms
Let E be a finite set. Let F C 2F be a collection of subsets. Prove that F is the
collection of flats of a matroid M on F if and only if F satisfies the following conditions:
(F1) Ec F.
(F2) IfFl,FQ S F, then Fl ﬂFg e F.
(F3) If F € Fand {Gy,...,Gg} is the set of minimal members of F properly containing
F' (that is, the G; are all members of F which cover F, in the sense of Exercise
2 above), then {G1 \ F,Go \ F,..., G\ F} is a partition of E \ F.
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