THE GEOMETRY OF MATROIDS
LECTURE 15 EXERCISES

1. xFlats of the restriction
Let M be a matroid on F, and let X C E.
(a) Show that for any S C X, the closure of S in M|X is

C1M|X(S) = ClM(S) NnX.
(b) Show that the flats of M|X are precisely
FM|X)={FNX|FeFM)}.

(c) Suppose now that X is a flat of M. Show that the lattice of flats £L(M|X) is
isomorphic to the lattice

L(M)<x ={FeL(M)|FCX}.
(d) Show that L£(M|X) need not be isomorphic to L(M)<x if X ¢ F(M).

2. ¥The rank function of the contraction
Let M be a matroid on E and let 7" C E.
(a) Show that the following equalities hold for any S C E'\ T.
(i) crkanr(S) = crkp(S) — ek (E N\ T)
(i) nullpp7(S) = nully(S)
(iii) crkar/r(S) = crky (SUT)
(iv) nullp/7(S) = nully (S UT) — nully (7))
(b) Use equation (iii) or equation (iv) to derive the formula for the rank function of
M/T: For any S C E\T,

tkaryr(S) = rky (SUT) — rka (7).

3. xFlats of the contraction
Let M be a matroid on E and let T' C E.
(a) Show that for any S C E'\ T, the closure of S in M/T is

clyyr(S) = cly(SUT)\T.
(b) Show that the flats of M /T are precisely
F(M)T)={FCE\T|FUT e F(M)}.
(c¢) Show that the lattice of flats £(M/T') is isomorphic to the lattice
L(M)sar) = {F € LOM) | F 2 cly(T)}.
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