THE GEOMETRY OF MATROIDS
LECTURE 20 EXERCISES

. The characteristic polynomial doesn’t detect parallel elements
Let M be a loopless matroid, and suppose that e and f are parallel in M. Show that
xm(q) = xam\e(q). Conclude that x(q) = x77(¢) for any loopless matroid M.

. Higgs lift
Let M be a matroid on ground set E. The Higgs lift of M is the matroid
lift(M) = (trunc(M™))".
(a) Let X C E. Show that
) rka (X) if X e Z(M),
ki X) = ky(X)+1,|X|} =

(b) Show that
Z(ift(M)) ={X C F | nully,(X) < 1}.
(c) Show that the bases of lift(A) are the nullity-1 spanning sets in M, i.e.,
B(lift(M)) = {X C E | tky(X) = rk(M) and nully, (X) = 1}.
(d) Show that lift(U,.,,) = Ups1, if 0 <r <mn—1.

. xFree extension

Let M be a matroid on E, and let e ¢ E. The free extension of M by e is the
matroid

M + e = trunc(M & Uy ;).

Geometrically, M + e is obtained from M by “adding a point in general position.”
(a) Show that

B(M+e)=BM)U{IUe|Ie€Z(M)and |I| =rk(M)—1}.
(b) Let X C E. Show that rkps;.(X) = rky(X) and
)tk (X) + 1 if k(X)) < rk(M),
thare(X U€) = {rk(M) if T (X) = rk(M).

(c) Show that (M +e)\e = M.
(d) Show that (M + e)/e = trunc(M).



