
 

Thelatficeofflats
Wednesday Exercise3

Them let E be a finite set and F E 2E Then
F 5 M for some matroid M on E if and

only if
Fl Ee F
F2 If F F E F then F h F E F
1 3 If Fe F and G Gu E F are the

members of F which cover F then

FEl I El G I I ElGm

G covers F if F E G and if
F EH EG for It c F then H F or H G

Notation F C G

we'll parHallyader 5 M by inclusion

A poet is a set P with partially defined

order C which is

reflexive Ex t x EP
antisymmetric xEyandy ex x y
transitive x ay and y ez x Ez

Call this poset LCM



Visualize LCM for any poset by dooming its
Hasse

vertices flats
admin an edge from F up to flat 6
if F E G

EI The poset of subsets of 1,2 3

L Uss
123

n 23
without the labels

3
but we usually drawthe labels

A lattice is a poset L such that for all x yet

the exists xvy EL satisfying

cry z x and xvy y
if zz x and zzy

then 2 Exvy
and there exists ny c L satisfying

xry Ex and xry Ey
if z E x and 2 Ey then 2 Exry

xvy is He join or leastupperbonnet of x and

xry is the meet or greatestioner bound c



EI Not all poets are lattices

tema LCM is a lattice via

F V G D FuG and FAG Frio

Proof The only nontrivial part is showing Fn G is a flat
which is f 2

Def Lef P be a poset An element 2 EP is a tee

if 2 Ex for all xEP If it exists it is unique

and denoted Op
Similarly a one is the unique if it exists element

Ip C P such that X E Ip for all x c P

Ex In a finite lattice L OL they

1g V x
XEL



Eg In LCM the zero is

cl O loops

and the one is theground set E

In a poset a chein from x to y
is a sequence

X Xo L X L Xz L L XL y
Its length is k and it is maximal if

Xi i 2 Xi for all i

In a poset with 0 the height hlx of is

thelength of the longest drain from 0 to x An
element is an atom if it has height 1
i.e an atom covers 0

Lemire Let M be a matroid

Every flat F is a join of atoms

If FEG are flats then any
maximal chain

from F to G has length rk G rh F



Proof Exercise 2 Wednesday

EI The following is not LCM fo
ang

Mi

Cer The height function on LCM is rhm

Def A lattice L is geometric if

L is finite

L is atomic each x c L is Hejoin ofatoms

the height function of L is submodylar

h xvy th xry th x th y
L has the dondan Dedek.hr operty ifxcy
in L then eray maximal chain from x to y
has the same length



Them A lattice is geometric if and only if

it is the lattice of flats of a matroid

Proof sketch v

Trivial case I L Ugo

Else set E atoms of L andshow

rhi 2E Z

x 4 T
satisfies Rl 123 so it is the rank
function of a matroid M on E

Last stepi LCM L Oa

Gen LCM L Mz MTEMT


