
 

Connectivity
How can we tell when a matroid has a nontrivial

direct sum decomposition

Le 4 E 3

M a matroid on E

Ca EE M CEE is a minimal non empty set satisfying
e ed Cle for every e c C

b If X EE then 4 X X U ee E I I see with ec CE Xue

An application

Thai Let M be a matroid and e ECM its set

of circuits Then E satisfies

63 If G Cz ee ith e cGnCz andf
strongcircuit then there is C e E with
elimination

f e CE CC UG ie

Cer CEZE satisfies the circuit axioms Ccl 43

if and only if it satisfies Cl Ca and 43



Proof By a e e al Cale So

Cale E C Uca l e f

implies e Ecl Cc.ua l e f by uz

Thus

c Ciuc l e f cl K UG lf

why eeckx d X cl Xue by 2 43

Now

f Ecl Gif Ect c uh lf cl uczVef3
T T
a U2

so by b there is a circuit CEE such

that
f c E C U le

Let M be a matroid on E

Define an equivalence relation on E 6g

e f e f or e f EC for some
cECM



Pwofof hwy

suppose e f g are distinct with e f and f g

The exist C Czc ECM with

C 2 e f
3 fig

If gec or e cCz then we're done

Otherwise C 4G Strong circuit elimination
gives

a circuit C with

e e C Ciuc If

If gecz we're done

Otherwise Since C there is some

xe zhCz lC

Cy



By strong circuit
elimination the is a circuit C

with

g
e Cy E zU x

If ee Cy uh done

Otherwise

C n Cy 2 GIG n Cy f 0
elseCy fCz

C UCy E C U 4 l x

14041 LI Guhl

Now repeat this process starting with C and Cy

At some point ve produce a circuit C with e gec
because I C U 4h1 can't decrease to 0 So e g

Os

Def The equivalence classes are called connected

components of M M is connected if it

has only one component Otherwise it is
disconnected



Ex Every loop is a connected component

So is every coloop

Ex Unm is connected if 0L ran

circuits are the rtl element subsets


