
 

TheBergmanfanofamatroid
Let M be a loopless matroid on ground set E

Let ZE be the free abelian group with
standard basis ei L ie E

For each subset SEE define

es E ei
IES

We let
µ zeke 217am ms

Requires choice
of basis

and
NIR N IR 11276,1 n7 R

Def If F 0 E F E E Fn GE is a kstep

flag of non empty proper flats we let

of E ai ee I ai cIRzo E NR

be the convex cone generated by ee seen

Note op is unimodelar In particular dim of insteps



Def The Bergmanfun_ of M is

µ of l F is a flagof flats inMIn
proper

Note The name fan is appropriate

Every face of Op is Oji where

F is obtained by removing flats from F

of n og is og where F is the

flag made up of flats in both F and G

So Em is a rational polyhedral fan
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Observations

Maximal cones correspond to complete flags
In particular each maximal cone has dimension

rkCM l Therefore Ear is pure
The only matroid for which Ear is complete
is M Un n

Maximal cones in Eun correspond to permutations

of n Thus Eu is the normal fan to the
Cn l dimensional permutohedrone

If M is
any

matroid on n then Em is a

subfan of Eunn



connectivityincodimensionl

De fi A pure dimensional fun E is connected

incodimensiont if for any maximal
cones o and o there exists a

sequence

o

Oi Oe 1 are maximal cones

IT Te are codimension 1 cones

Abbreviate this as no Clearly it's an
equivalence relation

Conn in codin only one equivalence class
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Thin Let M be a loopless matroid of rank r
Then EM is connected in codimension l

Pref We prove this by induction on r

If rum 2 then Em has dimension 1 and

every 1
dimensional fan is connected in codimension 1

In general let

F OEF E E Fr EE

G OEG E EGmE E

be maximal flags We wish to show
of of

Casey F G

Apply the inductive hypothesis to MIF to

see of Og via a sequence of cones
corresponding to flags all starting with F



Catz F FG

Then F VG dCF UG is a rank 2 flat

Now let It be any Lr 2 step flag
that begins with F VG i

H 0 E F VG E Hz E E Hn E E

Then we extend It to a maximal flag in
two ways

He Add F to It

Ho Add G to H

Now Off 3 OH C Oko I so oft OHG

Thus
Of rf Gte Gto f
Case1 CaseI Do



Minkowskiweights

If o is a unimodular cone and T c o is

a facet codim face then there is a unique

ray
l din face of o which is not in T

Let eoy be the primitive generator of thisray

Ex o of A facet T of o corresponds to

removing a flat F from F Then

egg ee

Def A kdimensionalMinkowskiweight on a

unimodular fan E is a function

wi Ek z
T

k dimensional cones in E

satisfying the balancingcondition for

every h I dimensional cone T in E

E w o eon c IR T
OEEk
O T



Importantlate The set of all k dimensional
Minkowski weights on E denoted

MWh E E 214
is a group

under addition

For now

Thin Let M be a loopless matroid of rank r Then

Mwr Em Z

That is every top
dimensional Minkowski

weight is constant


