
 

Recall A kdimensionalMinkowskiweight on a

unimodular fan E is a function

wi Ek Z
T

hdimconesin E

satisfying the balancingcondition for

every h I dimensional cone T in E

E w o eon c IR T
GEEK
02T

We wish to study Minkowski weights on

Em the Bergman fan of a matroid M

Recall For SEE write es Es ei C ZE

N ZEKE Mr N IR

EM E NIR has you0 proper

rays ep F flat
cones of F flag of flats

Em is unimodular pure of din r l
connected in codimension 1



Thin Let M be a loopless matroid of rank r Then

Mwr Em 21

That is every top
dimensional Minkowski

weight is constant

Proofi Let T of be a codimension 1 cone

We need to check the balancing
condition around T

We know

f Of E F E E Fra E E
Fo Eri

is an Cr 2 step flag so there is exactly
one index l where

rk Fe rk t 2
L I

Let G Gm be the complete list of
rank l flats such that

Fe E Gi E Fe



and let Fi be the flag obtained from
F by inserting Gi in position l

Then F Fm are all of the maximal

flags refining F so of ofm are

all of the maximal cones containing T

If we Mwr Em then the balancing
condition

says

E w Oei ee e R

span er eFz EEz

Since Fe C Gi for every i we can

write

EG EGilte.it Efe 1

So the balancing condition becomes

7 w Oei eq.iq E IR'T



Since Cp Eez CF z EE21Fr3 is a

basis of IR T we have

B W Oji EGinFey C EE t CzCizek t t cr zefrzlfr.rs

for some Ci Cr z E IR

Now by flat axiom E3 applied to MIFe

FelFe II Gil Fei

Look again at A

On the left this vector has support FeiFei
On the right the basis vectors eej.mg have
disjoint support

So Ci 0 for i th and

w of eGilfe Ce e FelFei



Since the union

Fel Fey It Gil Fei
is disjoint this means w of Ce
for all I

Now repeat this argument for all
codimension 1 cones

By connectivity in codimension 1 we must

get the same constant weight on every
maximal cone

Ok



Thedegreemape

We previously asserted that there is an

isomorphism

deg A M Z

such that degCarS L

Recall For every complete flag

f OEF E EE EE

we have

Xp Xp Xp I t

Lemma For OE k E r l there is an isomorphism

th MWh Eon Homz Atm Z

w 1 xp a w Cosi
foreach kstepflagF



Proofiden i Let

w Em Z

check that the balancing condition is precisely
the statement that

Xp l wCop

is well defined modulo the relations on A M

On

This lets us define a capproduct

A4M x MWe Em MWe n En

Z w l Nnw of tau z.x
a TA4M

We've shown Mwr Em Z

Clearly NWo Em EZ also

Def The degreemape is

deg A M MW Em Z

Z z n I



We just need to check that a n 1 1

Let F be any complete flag so

yr I Xp

Then I n 1 xp n 1 is the
O dim Minkowski weight

1 xp 7 op 1

HomCA 21



Why shouldwecarabontem
Perspective Tropical geometry

Let E be a pure d dimensional
national

polyhedral fan and w Ed Zoo a positive

weighting of its top dimensional cones

Then E w is a topicality if

E is connected in codimension 1

w CMwd E i.e E w is balanced

So we've shown that Em 1 is a tropical

variety
If M MCA is representable coverany field
then

Trop Pua Em 1

Katz Payne'll Conversely Trop X Em 1
for some K variety X if and only if M is

K representable

Fink 13 In a precise sense Bergman fans are

precisely the linear tropical varieties



Perspective Tonic Geometry

The fan Em defines a tonic variety X Em

EM is unimodular X Em is smooth

If M tUnn then Em is not complete

X Em is not compact

If M has ground set n then Em is
a subfan of Eun This gives an open
embedding

Eng X Enna

The variety X Eun is the permutohedint
variety

Consider the arrangement of all n

coordinate hyperplanes in IP

The wonderful compactification of the
complement f Gii is X Eun.nl



Suppose M is K representable Let
It be a configuration in a vector space
such that M MCA

Then we have K V or dually

K
Thus

pv P

If it X Eun IP is the
natural projection then it PV is

the wonderful compactification Ya

Ya X Eam

L fit
IPV pm



The Cremonatransformy is the rational

map
Crem IP p

Xo r xn Toi if

This extends to an automorphism of the
permutohedral variety

X Eam E X Unm

ft ft
lpn Eee pn

If M is representable so the wonderful

compactification embeds

Sti It X Eam

Then
the pullback of the hyperplane class
in IP under Toca is a cA M

the pullback of the hyperplane class
under it ocremoc.se is p cA M



Feichtner Yuzuinsky 04 In the above

situation the image of Ya is contained
in X Em Moreover

Lai Ya X Em

is a Chowequivalence i the induced map

4 A Xm A Ya A.CM

is an isomorphism

Actually A Xm A M for aI
loopless matroids

Curiously the Kahler package tells us
that A M behaves like the Chow

ring of a smooth projective variety
of dimension r l

X Em by contrast is smooth but
not projective and has dimension n l



Adipmsito Huh Katz 15 If Y is a

smooth projective K variety and

y X Em

is a Chow equivalence then
M is K representable


