
Final Exam Practice Problems

The Final Exam will be cumulative. The practice problems below primarily relate to
the topics we have covered since Exam 2. Please also review the material covered on the
midterm exams.

1. (a) For each n ∈ N, let An = [n− 1, n]. Prove the following:

i.
⋃∞

n=1An is equal to R≥0 = {x ∈ R | x ≥ 0}.
ii.

⋂∞
n=1An is equal to ∅.

(b) For each n ∈ N, let Bn = (n− 1, n). Prove the following:

i.
⋃∞

n=1Bn is equal to R≥0 \ Z.

ii.
⋂∞

n=1Bn is equal to ∅.
(c) For each n ∈ N, let Cn = (−n, n). Prove the following:

i.
⋃∞

n=1Cn is equal to R
ii.

⋂∞
n=1Cn is equal to (−1, 1).

2. Let A, B, C, and D be sets. Prove the following:

(a) (A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D).

(b) (A ∪B)× C = (A× C) ∪ (B × C).

3. (a) Let A be a set. Prove that A× ∅ = ∅.
(b) Let A, B, and C be sets. Prove that if C 6= ∅ and A× C = B × C, then A = B.

4. Let A and B be subsets of the real numbers. Define a function f : A → B by the
formula f(x) = x2. Which of the following choices of A and B are allowable?

(a) A = R and B = R.

(b) A = R and B = [0,∞).

(c) A = [0,∞) and B = R.

(d) A = [0,∞) and B = [0,∞).

(e) A = (−∞, 0] and B = [0,∞).

(f) A = (−∞, 0] and B = (−∞, 0].

(g) A = [0, 2] and B = [0, 4].

(h) A = [−2, 2] and B = [0, 4].

(i) A = [−2, 3] and B = [0, 4].
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5. Let A = {1, 2, 3} and B = {3, 6, 9, 12, 15}. In each case below, give an example of the
requested type of function, or prove that no such function exists.

(a) A surjective function f : A→ B.

(b) An injective function g : A→ B.

(c) A surjective function h : B → A.

(d) An injective function k : B → A.

6. Let A = N and B = Z. In each case below, give an example of the requested type of
function, or prove that no such function exists.

(a) A surjective function f : A→ B.

(b) An injective function g : A→ B.

(c) A surjective function h : B → A.

(d) An injective function k : B → A.

7. Let f : R→ R be a function.

• We say that f is strictly increasing if for all x1, x2 ∈ R, if x1 < x2 then
f(x1) < f(x2).

• We say that f is strictly decreasing if for all x1, x2 ∈ R, if x1 < x2 then
f(x1) > f(x2).

(a) Prove that if f : R→ R is strictly increasing, then f is injective.

(b) Prove that if f : R→ R is strictly decreasing, then f is injective.

(c) Give an example of a strictly increasing or strictly decreasing function from R to
R which is not surjective.

8. (a) Give an example of a function f : N→ N which is injective but not surjective.

(b) Give an example of a function g : N→ N which is surjective but not injective.

9. (a) Give an example of a function f : [0, 4]→ [0, 4] which is injective but not surjec-
tive.

(b) Give an example of a function g : [0, 4]→ [0, 4] which is surjective but not injective.

(c) Give an example of a function g : [0, 4] → [0, 4] which is a bijection, but is not
strictly increasing or strictly decreasing.
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10. Let f : A→ B and g : B → C. Consider the composition g ◦ f : A→ C.

(a) Prove that if f is an injection and g is an injection, then g ◦ f is an injection.

(b) Prove that if f is a surjection and g is a surjection, then g ◦ f is a surjection.

(c) Prove that if f is a bijection and g is a bijection, then g ◦ f is a bijection.

(d) Suppose g ◦ f is a bijection. Does it follow that f and g are bijections?

11. Let S = Z× {0, 1, 2, 3, 4, 5}. Define a function g : S → Z by

g(n, i) = 6n + i.

(a) Prove or disprove: g is injective.

(b) Prove or disprove: g is surjective.

12. Let f : A→ B be a bijection. Use the definitions of injective and surjective functions
to prove the following:

For each y ∈ B, there exists a unique x ∈ A such that f(x) = y.

13. Let f : A→ B be a bijection.

(a) Give the definition of the inverse function f−1 : B → A.

(b) Prove that f−1 is also a bijection.

14. (a) Let A be the set of even positive integers. Define a bijection f : N→ A and prove
that it is a bijection.

(b) Let B be the set of odd positive integers. Define a bijection f : N→ B and prove
that it is a bijection.

(c) Let C be the set of positive integers which are divisible by 7. Define a bijection
f : N→ C and prove that it is a bijection.

(d) Let D be the set of positive integers which leave a remainder of 4 when divisided
by 7. Define a bijection f : N→ D and prove that it is a bijection.

15. Let A and B be finite sets, and let f : A→ B be a function.

(a) Prove that if f is injective, then |A| = |Rng(f)|. Deduce that |A| ≤ |B|.
(b) Prove that if f is surjective, then |A| ≥ |B|.
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16. Let A and B be finite sets.

(a) Prove that
|A×B| = |A| · |B|.

(b) Is it correct to say that A×B = B × A?

(c) Define a bijection f : A×B → B × A, and prove that it is a bijection.

17. Let A be a finite set. Prove that if |A| = n, then |P(A)| = 2n.

18. Define a bijection f : N→ Z. Prove that f is a bijection.

19. Define a bijection g : N→ Z× Z. Prove that g is a bijection.

20. Let a, b ∈ R with a < b. Define a bijection h : (0, 1)→ (a, b).

21. Let ϕ : (−1, 1)→ R be defined by

ϕ(x) =
x

1− |x|
.

(a) Prove that ϕ is a bijection.

(b) Find a formula for ϕ−1.

[hint: Use the piecewise formula

|x| =

{
x if x ≥ 0

−x if x ≤ 0

to write ϕ−1 as a piecewise function. Can you find a unified (i.e., non-piecewise)
formula for ϕ−1?]
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