







































































































GreatestCommonDin

Lemme Let a beZ not both zero

There exists a unique de IN such that

dla and dlb d is a candor
For all d em if d la and d lb
then d ed

We say d is the greatestcommondiiaof a and b and unite d godCab

Proof Consider the set of all positive integers
which are common divisors of a and b

This set is non empty I is a common divisor

and finite levycommon dison d satisfies
dual or de161 so it has a largestelement

Warm up Compute god 10,24
god45,15
god 1,37
god 0 37










































































































Note The book uses a slightly different name

highest common factors and definition

Ey If a c IN then god la O a

Ex Why do we not allow a 6 0

Every integer
divides 0

Lenny Let a beZ not both zero

a godla 6 god bas

6 god a b godla 6

Proof a The definition is symmetric in a and b
6 Divisors of 6 are precisely divisors of b

Ihomputegadabs
If a and b are small can list divisors

god 270 192 Larger numbers










































































































TheEuclidean Algorithm

Lemay Let a b qr ez such that
a bqtr

Then for all den d is a common divisor of a andb
if and only if d is a common divisor of b and r

In particular god a b godlb r

Proof HW14

Algorithm Euclidean Input a be IN with a tb
OUTPUT god a b

Set r a and n

ro 6
O

While rn 0

Divide rn by rn to get
rn I rnqua

t rate

If rut 0 output rn and STOP

Else increment n ntl










































































































Ex a 270 6 192

270 19211 28 q

192 78 2 36 92 2 5 36

78 3612 6 93 2 5 6

36 616 0 94 6 4 0

STOP and output 6

So god 270 1927 6

tt
The algorithm terminates

The output is correct










































































































Proofoftermination By the
division algorithm

s
so

Since the remainder decreases at
every step some remainder must
eventually be zero

Proofofconectness we have

ri ro q tr

ro r qz re

rn 2 rn qu
E last non zero remainder

rn i rn qua
t O










































































































So

gedlab godhra ro

ged ro ri

god ri ra

god rn rn

god rn O rn

by the Lemma

Soon we'll prove

The Let a b EZ not both zero

Set d gadla b Then there exist x yeZ
such that

ax by d










































































































Ex a 270 6 192 so d 6 by above

From the Euclidean algorithm we get

6 78 3662

78 192 78121 2 7815 1921 2

270 192 5 19262

270 5 1926 7

So x 5 y 7 solves

270 1929 6


