
 

warm Up Use the Euclidean
algorithm to

compute god 616,252

Thy Let a b e Z not both zero

Set d gadla b Then there exist x y ez
such that

ax by d

Ex 616 2529 28 is solved by

x 2
y
5

He Reverse Euclidean alg

Proof It is enough to prove the theorem for abeIN

OMIT If a co then d god a b godf a b
and if x y

EZ solves

a x by d

then al x by d

Sim if 620



If a 0 and 6 0 then god 0,6 b and
Ox by b is solved

by y 1 and
any 02

Sim if 6 0

So we assume a be IN and write
d galab Let Pln be the sentence

If ash and ben then there exist

xyEZ such that ax by d

We will be done if we can prove Pla
is true for every new

which we will
do by induction

Basefuse If asl and be1 then

a 6 1 since a beIN So d gcd 1,11 1
and

Ix ly L
is solved by taking x l and y

0

Thus Pll is fine



Inductiveftep Let new and suppose that
Pln is true

Assume aentl and bent 1

Casey If both ash and ben
then

ax by d

has a solution x yeZ because

Pln is true

Casey If a ntl b then d ntl
and

ntl x ntl y ntl

is solved by x l and y o

Casey One of a b is ntl and the
other is at most n Without

loss of generality a ntl
and ben



By the division algorithm we have

a qb r

where OE r e b 1 Then ren

Also god b r god a b d by
AW 17

Thus because Pln is true there
exist integers z w ez such that

bz t rw d

Making the substitution r a qb we

get
bz a qb w d

or

a w t b z que d

That is X W and
y z que

are integers satisfying

ax by D



Since we have considered all cases
we conclude that Platt is true
This completes the inductive step a

Congruence

Def Let men and a beZ We say a

congruenttobmodnton if m b a

We write this as a b mod m

Ey 10 4 mod 3 because 3 4 10

Note 10and 4 both leave a remainderof 1 when
divided by 3

11 23 mod 3 because 3 23 11

3 0 mod 3 3 0 3

Thy Let me IN and a beZ Then
a b mod m if and only if a and b
leave the same remainder when divided

by m



Proof Use the division algorithm to write

a mq tr

b m q rz

where q q n r ez and O Er Em 1 O nem l

We must show a b mod m n n

I Suppose a b mod m Then m divides

b a math mq tr

M q q re ri

Since m divides b a and m q q m

must divide

b a m q q n n

But m 1 s ra ri t m l so the only
possibility is that n n o i.e r r



K Conversely suppose ri ra Then r r 0

so
b a m q q

is divisible by m That is

a b mod m

i Let a 2 and men

a There is a unique integer r such

that Otr'm 1 and a r mod m

Specifically r is the remainder left
upon dialing a y m

6 a 0 mod m if and only f m a


