
 

UncountabilityofI

Imi IRI IN IR is uncountable

Step If a.beR with aab then a61 110,111

We must give a bijection between 0,1 and

a b

A linear function will work

f 0,1 a b
1 b a a

Graph
6

y b a a

j i

Exercise Check that f is a bijection



Steps IRI 11 1,111

There are
many ways

to do this but
we'll use the book's Define

9 1,1 IR

If

iiifi.it
Excise Check that y is a bijection

See HW 23 practice problem 2

Basically
follows from HW 23 exercise 1



Steps There is no surjection IN 0,1
and thus no bijection IN 0,1

If IN IRI then since
hhyify.fi fhmdla.n1 110,111 transitiity

gives IN 0,1 a contradiction

To show this we use C Diag.nl

Argue
Need Every real number has an infinite

d

e.IE 3333333

0.7500000
IT 3 0.14159265

This representation is unique if we

don't allow infinite repeating9s

eg 0.749999999

0 750000000



Now let film 0,1 be a function

Think of this as an infinite list

C f 1 0 x XizX XinXis

Cz f 2 O XzXz423 24 25

Cz f 3 0 Xz432 33 34 35

Cy f 4 0 Xy442 43 4495
Xum mthdigitof

nthnumber

Define a number co by
Co O Xo Xoxo Xoxo

where

Xom
t if Xmm I
2 if Xmm I

ofdigitsnotincluding9
Then Coe o 1 but

or use anyotherpair

Co C because Xo Xi

Co Cz Xoz I Xzz

Co I Cz Xo 7 33

Thus co4Rng f so f is not surjective



Ie Cantor's Generalized

Diagonal Lemma

A similar argument shows that we can

always find larger infinities

Def Let A and B be sets

We write A IBI if there exists
an injection A B

We write A IBI if A B1
and IAI B1

Note This is consistent with what we know

about finite sets where IAI and IBI
are non negative integers

Ex IN IR



This Cantor Let A be
any

set Then

A PCA

Note We've seen that if A is finite
then PCA 21A A

So the interesting hard part of
this theorem is the case where

A is infinite

Proof First consider
g A PCA

This is an injection since

if and only if Xz

Thus Al PCA

Next we must show A IPCA

Consider
any

function f A PCA
So for any EA we get a subset

f x EA



Claim f is not surjective
Thus f cannot be a bijection

Consider

S EA f x A

Suppose that SeRng f Then
S f x for some EA

Is x.ES or S

If X.ES then by definition
f xo S a contradiction

If S f Xo then by
definition of 5 x.ES a contradiction

Since both possibilities lead to a

contradiction it must be that
S Rug f Thus f is not surjective



As a result we get an increasing
chain

IN PLIN PCP IND a

of ever larger infinities


