
 

Recall IN set of positiveintegers as defined

by axioms 7 10

Def For a beZ act means b a en

asb means a b or a b
a b means b ca

Ex O a a o e IN a em

Lemmy Let a b c EZ

If act then ate atb
If a b and c 0 then a c b e

Proof Suppose act Then b a c IN

Since

btc atc b a

we have btc arc EIN
That is

ate a btc



Suppose act and c 0 Then
b a GIN and Ce IN

By Positive Closure Cb a C E IN

By the Distribute Law
b c a c EIN

i e A C C b c

The Well Ordering axiom 10 is theonly one

we haven't used yet It says that any
non empty subset of IN has a smallestelement

An element a es is the smallestetement of
S if for all xes a ex

In symbols Vx es asx

Observe that a smallestelement in S if it exists
is unique

Luxe5 ax and Axes bex

implies as b and bea so a b



Lemay The integer 1 is the smallest
element of IN

Proof First we know IN has a smallest

element by the WellOrdering axiom
Call it a

Since ash for every helm we have

as l Therefore at on all If at
we are done

To show all is false we will assume
it's true and derive a contradiction

Formally if P a falsestatement is

true then it must be that P is false

So assume all Because a EIN Ola

Multiply the inequality all by a 0 to

get
a a 2 l a a



Now a a c IN by Positive Closure which
contradicts a being the smallest element

of N

Thus our assumption that act is false
so a L

This actually shows that the integers
are what

you
think they are

We know O I ez by the Identity axiom

We also know 1 1 2
2 1 3
3 1 4
i

are positive integers

If there was another positive number x not on this
list then it would satisfy n ex anti for
some new But then o ex net which violates

the theorem



The only other integers by Trichotomy
satisfy a c IN That is they are

the additive inverses of elements in M

Together Z 3 2 1 O 1 2,3

Note The handout shows this slightly more

rigorously by proving the Principle of
Mathematical Induction

Back to even and odd numbers

OMITThem Let x.ge Z
a If x is odd and

g is odd then
x ty is even

b If x is even and y
is even then

Xty is even

4 If x is even and y is
odd then

Xy is odd



Proof a Suppose x yeZ are both odd numbers

Then there exist integers k and k such

that
X 2k Iand

y 2k 1

Then

xty 24 1 2k l

2k 2k 2

2 k the l

That is xty is even

b c exercises

The Let x yeZ
a If x is even or y is even then
X y is even

6 If x is odd and g is odd then

Xy is odd



Proof a Suppose x is even or

y
is even

Cast x is even

Then there is k 21 such that
x 2k Thus

Xy 2k
y 2 ky

is even

Casey y is
even

Then there is le Z such that

y 21 Thus

Xy x 21 2 x1

is even

6 exercise


