
 

DivisionAlgonthm

Then Division Algorithm Let den Then for
any

n EZ
there exists a unique qtZ and a unique rez
such that

n d qtr
and oared 1

Uden Ynez F qt2 Inez n der a Eren i

Warmup Let d 6 n 317 Find q and r

Here q is the quotient
r is the remainder

n is the dividend numerator

d is the disc denominator

Note n dy tr E f qt qr
in 21 in Q



Proof Let den and nez We must prove two things

Existence There exist qr ez satisfying
the theorem statement

Uniqueness If q r and qr
both satisfy

the theorem then q Ez
and n n

ParttiExistence Consider all possible solutions to

n dx y
where x yEZ and

y
0

Let S be the set of all y
values in these solutions

i e S yet y 0 and 7 02 yendx

Ex d 6 n 317 Y 3 ox

So 5 501117,23

r
The remainder is
the smallest element



We now show that S is non empty

Cased no Then taking x 0 we have

y n d o n 70

so ne S

Casey no Then taking x n we have

y n din n l d

Since den l d 10 So nel d 30

and hence all d es

Therefore S is nonempty By the Well Ordering
Property S has a smallest element Call it r

If OES then O is the

adestfmferm.se S is a subset of N
and we can use WellOrdering

Since res there exists qez such that

n dq r



The only thing left to show is that oared 1

Because res we have Otr

Suppose that r d l Then red since rez
so r d 20

But since
n deal hdq d r d

this means that r des But this contradicts
the fact that r is the least element of S
So as d I must be true

Paraty2igngqueness Suppose now that qq.n.r.cz

n dq n

n d qtr
and Osr Ed 1 O ked l

Now dq tr dq th
so

ri ra da dq d q q



Thus d ri ra But Ld 1 Enso so

d cDc Ld 1 Er ne d l d I

Was
So the only possibility is n n o i.e n n

Now r r o d lez q Since d 0 dein
this forces q q 0 i e q qz


