
 

warmUps which of the following functions are

surjections which are injections
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Bijection

Def A function f A B is a bijection if
it is both a surjection and an injection

f surjective FyeB FxcA fay

f injective Fx xzeA fix flea xx

HyeB Ux x eA fixity a flaky
xix

Together we get the following



Lemme Let fiA B be a function Then
f is a bijection if and only if for
every yeB there exists a unique
xeA such that flay

Ex fi z z
n na

For each yeZ there is a

unique x ez such that flaky
namely x y 1

InverseFunctions

A bijection fi A B gives us a rule for

going
back to B from A Specifically yoB

can map
back to the unique xeA such that

f x y



Def Let fi A B be a bijection The
inversefunction of f is

ft B A

defined as follows For each yeBf is the unique element xeA
such that fix y
That is f ly x y f

x

Ex fi IR o o given by fix ex
is a bijection

f O as IR is given by f ly Inly
Inly x y ex

Ex g o o o o

x i x2
is a bijection

Its inverse is g O o ga
y is yr

rye It o



Ex Sin IR IR is not a bijection

but sin E I 1,1 is

Its inverse is sin 1,1 L E E

sin ly x y sin x

and EEXEE

This Let fiA B be a bijection and let
ft B A be its inverse Then

f of ida A A
and

f oft id i B B

This is essentially a rephrasing of the fundamental

identity f ly x fix y

Proof Let x EA We must show

f of x ida x X

Set y f x Then by
definition of f

f ly x But then

f of x f f x f ly X



Let yeB We must show

of 1 ly idly y
Set x f ly Then f x y so

of 1 ly f f ly f x y
On

for Let fi A B be a bijection Then its
inverse ft B A is also a bijection and

ft
l f

Proof Let fit B be a bijection

ftissurjective Let xeA
We must find yeB so that f ly x

Set y fed Then by the theorem

f ly f fo X



fisinjective let y yzeB such

that f ly f ly
Then

f f ly f f ly
so by the theorem

y ya

Eff By definition for xeA and yeB
f x y e x f ly fix y
Thus If J y q



The following theorems are proved using similar
methods

Thy Let fi A B and g B A be functions

If
gof ida and fog ids

then f is a bijection and g f

Thy If f A B and
g B C are

bijections then got A C is a

bijection also and goof fog


