
 

Warmup Can you find a bijection

fi IN Z

Infinitesets

We already saw that

fi IN INI I
X X H

is a bijection so IN INTEL

Here's another example

Ex Let E ne IN In is even 2,46,8
Then

g
IN E
X to 2x

is a bijection Thus IN El

Proof Let x X e IN If flx f x2 then
2 1 2 2 so cancelling the 2 gives
x Xz Thus f is injective



Let ye E Then y 2k for some KEIN
why Thus f k 2k y This shows
that f is surjective On

So for infinite sets it's possible to
find a bijection f A B ie 191 1131
when A EB or BEA

Hilbert's Hotel

Def A set A is countablyinfinite if there
exists a bijection fi N A That is if
IAI INI

A set is cable if it is finite or countably
infinite

A set is uncountable if it is not countable

Ey IN is countably infinite

IN I is countably infinite

E new In is even is countably infinite

Z is countably infinite



Think Countably infinite sets can be enumerated
in an infinite list

Uncountable sets if they exist cannot
be listed even if the list is infinite

The Let A be a countably infinite set
Then

any
subset BEA is countable



Ez IN XIN is countably infinite

Key Write the elements of INXIN in a grid

1 2 3 4 5

i iiii

4 4,1 4,2 4,3 4,4 4,5

Define a bijection fi IN INXIN by reading
along the northeast diagonals in order

f 1 S1
f 2 2,1
f 3 1,2
f 4 13,1



Ey The set Q o qeQ I q 0 of positive
rational numbers is countably infinite

Keyidea Each qeQ o can be written uniquely
as q

where

a be IN
and

f is in lowest terms gedla61 1

Now use a grid again but cross out functions
not in lowest terms

I 2 3 4 5

i t t t t
2 Z E 42
3 E E ME
4 BE E En E
5 E E E E Th
i

Define a bijection g
IN Qso by reading the

remaining
entries along the northeast diagonals

g i l g
2 2 g 3 L g 4 3 g

5 3 a



Ex Q is countably infinite

Let g in Qso be the bijection above
Define a bijection hill Q by

fo
if nel

g E if n is evenhln
gag if n is odd

So
4111 0

h 2 gli I

h 3 ga 1

h 4 gu 2

h 5 ga 2


