
 

Recall For at G a ah I haz is the

cyclicsubgroup of G generated by a

Def Let G be a
group

If

G a

for some at G then we say
that G is a cyclicgroup and
a is a gar of G

Ey 21 is cyclic and I is a generator
I is also a generator

Ey Zia is cyclic and I is a generator

What are other generators

Ey U 12 is not cyclic since a U 12

for all a EU 12



Ez U 9 1,2 4,5 2,8 is cyclic

One generator is 2 Check

Propertiesofcyclicgroups

Tha Every cyclic group
is abelian

Proof Let G sa be a cyclic group
with

generator a

Let g he
G Then gal and head

for some k lek so

gh atal atte alt
alak hg

A



Then Let G be a

group
and a G

If Tal ne IN then
e a a an

are distinct elements of G lie
no two are equal

If lat o then for all k lek

if ktl then ah al

Proof First suppose
k lez with

ah ah

Then e allay alak at h

For note that if Oshel en 1
then OE d ke n t Since lat n

al k e is only possible when l k



For at h e implies l k o

when lat o Hence ah al implies l k

Corollary Let G a be a cyclic group
with generator a Then 161 lat

Proof Either lallo or lat o

Casey lal n e IN

Then e ai a an E G are

distinct elements by the theorem

so 1612 n

On the other hand let g G
Then
g
ah for some hell By

the division algorithm

h ng
tr



for unique q
re 21 with Otren l

Thus

g
ah anger
Langar
elan
ar

That is ge e a an proving 1614h

Together we have 161 n

Casey lat o

By the theorem 161 Kall o

since ah al for integers htt

Oh



Corollary If G is a finite group
then

late 161 for all a cG with

equality if and only if G a

Proof By the previous corollary a is

a subset of G of cardinality lat

The result then follows a



Subgroupsofacyclicgroup

thm Every subgroup of a cyclic
group

is cyclic

Proof Let G a be a cyclic groupwith generator a

Suppose H EG is a subgroup

Caset H e is the trivial subgroup

Then H e is cyclic

Casey H is nontrivial

Then since G a It must
contain some nonzero power of a



Let Len be the smallestpositive

integer such that ahah

Note Since It is closed under

inverses and H e It must
contain some positive power of a

Claim H ah so It is cyclic

Since ah e It we have ah EH

So we only need to prove the
reverse containment

Let he H Then since heG a

we have h am for some mez

By the division algorithm
m kg r

for q re 21 with O Ere k l



Thus

an i

so by closure we have

ar h ah E H

Since O ere k we must have

r by minimality of h

Hence h ah e ah

proving HE ah as desired
B


