
 

Recall A cyclic group
G a is one

of two flavors

Casey 161 1 a1 0 Then we proved

for all k dell h f ah al

G ah k 2 a 3 at at e a a

M

adistant elements

and multiplication in G corresponds to
addition of exponents

Here is an alternative
way

to
say

this The function

f Z G a

k t ah

is a bijection and

flute ahth at at fll fll

for all k lez



Such a function is called an

isomorphism and we say that
Z and G are isomorphic groups

Essentially this says that 21 and
G are the same group it's
just that we've labeled the elements
and the

group operation differently

So

Every infinite cyclic group is

isomorphic to i e it looksthe same

astheppofintegers

Something similar happens for finite

cyclic groups



Casey 161 al n e IN

Then we proved that for all
k lez with Oehlert

htt ah al

Slightly more generally if 4102
then

ah al e nu h

L L mod n

It follows that

G e a a a

rdistinct elements

and multiplication in G corresponds
to addition of exponents module



Equivalently this
says that

the function

4 Zn G a

k to al

is an isomorphism

hi defed

Thus

Every cyclic group of finiteordernisisomorphictoZn



Theorderfah

Lemmy Let G be a
group

and let
a cG be an element of finite order

If am e for some me 21 then

lat divides m

Proof We have already proved this

am e at E n m o

where n al
Ba

Lemmy Let x y z EN If x yz
and

god xy l then x z

Proof Math 3345 look at unique prime factorizations
Bs



Then Let G be a
group

and xeG

If lat o then lay as for
all KEIN

If lat ne IN then

tail gift
for all he IN

Note Ia lay so this tells us the
orders of negative powers too AW7

Proof We
prove the contrapositive

Suppose lab to so lay me IN

Then
ah ah e

where kme IN Thus la them is finite



Suppose lat nein and let dgedln.hr

Then
a
t fan d et e

Note na kac IN since dgodink

so Jahl is finite Write lay me IN

By the first lemma m d

On the other hand

ah akm e

so the lemma also tells us

that n 1hm

This means km nd for some
loin Dividing by d we have

m f l



So I E m But god tahalt

why so the second lemma

yields I m

Since d and m are positive

integers dividing each other we
have mad as desired

B

Corollary Let G a be a cyclic

group generated by a

If lat cs then ah generates
G if and only if 4 11

If lat ne IN then ah generates
G if and only if god n h 1



Proof Let hez and
suppose

ah G

Then at G ah so

a take all
for some lez

Since lat o its powers are

distinct Thus I kl so either

k l I or h l l

If lat n then 161 n so

ah G if and only if lab n

also

By the theorem this is equivalent
to

get n

i.e godin k l


