
 

Warmed Write the following as a

product of adjacent transpositions i ite

I 3

2 5

3 8

I owe
you

a proof of

The The sign syn o of a permutation
of Sn is well defined

Recall syn o I if o is the product
of an even number of transpositions

syn
o 1 if o is the product

of an odd number of transpositions



The key step is to prove

Lemmy The identity permutation is even

That is if Ti tr are

transpositions such that

T Tz Tr id Note r o is ok

then r must be even

Profofthemassumingma
Suppose o T tu

p Ml

where the T andMj are transpositions
Then

o
t
Th T

so

id o o Th T M me



By the Lemma Ltd must be even
so k and d are either both even

or both odd
B

Prooftloflemma Book's method

Consider
T Tr Tr id

If r o there is nothing to prove
Since the identity is not a transposition rt 1

So assume re 2 Consider Tr a 6

We consider cases for what Try could

be

Cast Tre Tr a b

Then Tr Tr ab id so

id T Tre



Casey Tre a c for some c b

Then Tr tr a c a 6

a 6 ba

Casey Try b c for some c a

Then Twtr b c ab

L c be

Casey Tr ed where c a b
d a b

Then Tra Tr c d ab

a b ed



So either we

Decrease the number of transpositions
by 2 Case 1

OR

Move the first instance of a one

spot to the left Cases 2 4

Continue in this fashion
moving the

first instance of a one spot to
the left unfugetacanellation

We must eventually get a cancellation

If not then id is a product of
transpositions where a

onlyoccursitesposition



But such a product doesn't fix a

so is not equal to id

Thus if id is equal to a

product of rel transpositions
it is also equal to a product of
r 2 transpositions

By induction r is even
a



Here's another approach

Def Let oeSn An inversion of o is

a pair
i j such that is but

Eli of

Ex Consider o I 2 3 e 53

i j o i of inversion

I 2 2 3 N

I 3 2 I Y
2 3 3 I Y

So o has two inversions

We can visualize this as

I I

3
Crossings in this

diagram correspond

to inversions Prove it



Claim Suppose T the Sn are transpositions

and let o t tu Then

If his odd then o has

an odd number of inversions

If k is even then o has
an even number of inversions

Io 2ofLma assuming the Claim

We have that id has 0 inversions

and O is even

B

So we just need to prove the claim



Proofofclaimlsheted

step show that
any transposition

is the product of an odd number
of adjacent transpositionsTi ite

Basically done in WarmUp

This means that any product
t tu

of transpositions can be replaced by a

longer product of adjacent transpositions
where the number of adjacent transpositions
is odd if and only if his odd and
so even if and only if he is even



Step Argue that multiplication by an

adjacent transposition changes the
number of inversions by Il

Idea o and o i iti have

exactly the same inversions except
i it 1 is an inversion of one but

not the other

Together these 2 steps prove
the Claim

Be


