
 

Exam2nextfriday
Know how to do computations
in Dn Sn also An Qs

Understand cosets right us left
att bit a belt etc

Lagrange's theorem and its corollaries



Homomorphisms

Def Let G and H be
groups A

homomorphism is a function gig H

such that for all g g
EG

9 gig 91g 9cg
s t

product in HPidget

If a homomorphism q G It is also a

bijection then g is an isomorphism and
we write GE H G is isomorphic to It

Ex def Gln IR axe
s undermultiplication

A t def A

is a homomorphism since

def AB def A def B

It is not an isomorphism not injective
if n 2



Ey q Z Dn is a homomorphism

k to rk

since

9 k l
rhett rh re ghyll

It is not an isomorphism not surjective

and not injective

Ex q IR R o

x is ex

is an isomorphism since

q xty ext's ex ed p x ply
and q is a bijection with inverse
function x is In x

So IR E IR o
s

group
under t group

under



Previously Lecture 12 we proved that
if G a is a cyclic group

then

either

la as and

9 21 G
k t ak

is an isomorphism

OR

lal n and

q Zn G
k Mak

is an isomorphism

E 419 2 I 216



Remark It's not too hard to prove
the following For groups

G H K

ido G G is an isomorphism
Bijection

idolgga gig idolg idolga

If q G It is an isomorphism then

g lift G is an isomorphism

Bijection

Given huh e It h peg and ha9gal for some gig EGThen
glg.gs giggig him

so

g haha
gig g Chi g he

If q G H and y It k are isomorphisms

then Yogi Gsk is an isomorphism

Bijection

For
g gzeG 4196gal 414cg gg 419cg ygig



Thus
GIG

G EH HEG

G It and HE K GER

That is I is an equivalence relation

on groups

It tells us when two
groups

are

the same up
to relabelling

We call the equivalence classes of I
isomorphismclasses

Ambitionsproject Describe allgroups

up to isomorphism that is describe

all isomorphism classes



Ex Here are some
groups of order 1

0 under
I under

895 under matrix multiplication

These
groups

are noteal becausethe sets are different

But they have the samegrong
structure They each are e

where
e e e

We say

Up to isomorphism there is only
one
group

of order 1 the trivial

group



Ex By Corollary 2 to Lagrange's
theorem

any group of priceorder p is cyclic

So if 161 p then G Zp
since

every cyclicgroup
of order p

is isomorphic toXp

Thus

Up to isomorphism there is only one

group
of order p

for
any prime p

namely Xp



Ex I claim that

Up to isomorphism there are 2 groups
of order 4 namely Xy and the
Klein4group Vy

We have Vy e a b c where
r e a b c

e e a b c

a a e c b

b b c e a

c c b a e

Some
groups isomorphic

to Us

U 8
U 12

e r s Sr E Dy
e r Sr Sr EDy
id 125134 i3 241 I 4 237 I Sy



Suppose G is a
group

of order 4
Then either

Cast There is some ge
G with 191 4

Then G g is cyclic so 6 214

Casey There is no go6
with 191 4

Then Igt 2 for all non identity
elements gab by Lagrange

If x yeG are distinct non identity
elements then xy

must be the
other non identity element since

Xy
e y x xx

xy
x y

e x

xy y x e x

So G Vy



We must also show 24 Vy

Suppose 9 24 Vy is a homomorphism

If gli e then

912 q Iti gli gli e e e

so 911 plz and g is not injective

If 911 X where x a b or c then

4137 411 1 1 q i q i q I X3 X

so gli 413 and q is not injective

Thus in all cases y is not a bijection

so there is no isomorphism
between Ky

and V4


