
 

Recall A relation on a set S is

a subset RE 5 5

The subset R is equivalent to
the logical sentence

x Ry x y ER

We usually think of a relation
in this

way

An equivalencerelation on S
is a relation n such that
for all x y z

es

X n X reflexive
if x ny then y x symmetric

if x ry
and
y z then x z

transitive



Example

Congruencemode

Let me IN Integers a beZ
are

congmgtq.mg
if

i e b a nk for some k 21

In this case write a 6 mod n

This is an equivalence relation on 21
Math 3345



Cardinality

Two sets A and B have

thamit.ly athF
In this case write 1A1 1131

This is an equivalence relation
on
any

set of sets

Triangles
Two triangles are congruent if

they have the same 3 side

lengths They are similar if
they have the same 3 angles

These are both equivalence relations
on the set of all triangles in IR



Antiderivatives

For differentiable functions fi IR IR
and gill IR write frog if
f g

Then n is an equivalence relation on

the set of all differentiable functions

on IR

5a
queensmatrices with entries in IR

Write A B if there exists an

invertible non matrix P such that

PAP B

Then n is an equivalence relation
on Mn IR



Partitions

Def A partition of a set S is

a set of nonempty subsets
such that each xes is in

exactly one of the subsets

Notation Let I be an indexing
set and for each ie I let
Xi ES be a subset

Then P Xi i is a partition
of S if

Xi 0 for all i c I
Xin Xj 0 if i j
YIXi S



Ey Some partitions of 2

A

T
X 2kt I k 2 odds

a

I IEI
X 34 1 I LEZ

X 34 2 1402

ftp.rtitionintoinfinitelymaysety

X O X 1 13 X 2 23



Def Let n be an equivalence relation
on a set S For each xes
define the equivalenceclass of x
to be

x yes lynx
Importantfact An equivalence
relation on a set S is the same
as a partition of S Precisely

The Let S be a set
If is an equivalence relation
on S then the equivalence
classes partition S

Conversely if P Xi
ice

is a

partition of S then there is

an equivalence relation on X
such that Xi are the
equivalence classes



Proof Let xes By the reflexive
property x x Hence Ex

This shows that

every equivalence class is
non empty
each xes is in at least
one equivalence class

We just need to prove that
no XES can belong to more

than one equivalence class

Suppose then that xelyWe must prove x ly
Since xely we have x y
By sydney yux also



Now let zely Then try

By transitivity Z X so Z E x

Hence y
E x

Similar
reasoning

shows x Ely
so Ex ly

Thus the equivalence classes

form a partition of S

Conversely let P Xi ice be
a partition of S

Define a relation on S by

xny E x and
y

are in

the same subset Xi



Then is

Reflexive Each xes is in

some Xi so X N X

Symmetric By definition

Transitive Suppose x yand
y

z Then

x y EX
and

y
z EX

for some i j

Since
yeXi

and yeXjit must be that Xi Xj
Thus x y

So n is an equivalence relation
with equivalence classes Xi ice


