
 

An application of the First

Isomorphism Theorem

A
group

G has an index 2

snbgnnpifand.ly M
is a surjective homomorphism G Zz

E If NEG with LG N 2 then
NEG HW 14 and GIN Zz
since Zz is the unique group
of order 2 up to isomorphism

Thus It G GIN I Zz is

a surjective hom

If q G Zz is surjective
then herp Q G and

G her y
I 212

so biker q 2
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Similarly

A
group

G has an index 3
normal subgroup if and only if
there is a surjectivefhomomorphisnged

An index 3 subgroup is not

guaranteed to be normal



Ey Sy has no normal subgroup
of order 8

Why Suppose q Sy 23 is

a homomorphism Then for all
of Sy q o has order I or 3

But Iplo divides lol so y
must map all even order elements

to 0

Hence her q
contains

id

the 6 transpositions

the 6 4 cycles

the 3 2,2 cycles

so ther y 12 and thenyl derides
141 24 by Lagrange



Thus her 9 Sy so y is the
zero map

In particular p is

not surjective

Simpers

Def A group is simple if it is not
the trivial

group
and it has no

proper nontrivial subgroups

i e 161 1 and NEG N e or N G

i PEIN is prime if p 1 andAn 9
a no divisors other than I nd p



Them If G is a simple abelian groupthen G Xp for a prime p

Proof Let G be simple and abelian

Since 161 1 there is a non identity
element geG
So g e is a subgroup
and it is normal since G is abelian

Thus g G Since we know that

1g a 6 2 has infinitely

many proper subgroups
and

Igl n 6 24 has a subgroup

for each divisor d n

it must be that 1g p for a prime p



Them An is simple for n 5

Pref Book 510.2

Idea A nontrivial normal subgroup NQAn
must contain all 3 cycles But the
3 cycles generate An so N An

Note As is also simple but

Ay is not simple HW 19

H id 1125134 13 24 141123 4Ay

Fact As is the smallest non abelian

simple group As 512 60

The next smallest has order 168












