
 

Rings
Def A ring R is a set R
with two binary operations called
addition t and multiplication such

that

Fg undet
so

there isFadditive identity OER
each a ER hasa.itdvse aeR
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a b c a b a c

b c a b a c a



Def Let R be a ring
If R has a multiplicative identity we

call it IER and we say R is a

ring withI or ring with unity

If multiplication in R is commutative

then we say R is a commutativering

Ex 2 Q R C are commutative
rings

with 1

Ex Zn under addition and multiplication modulo n

is a commutative
ring with

1

Ex For new nZ nk the 2 is a

commutative
ring without

1 if not

Ex Mn IR nxn matrices with entries from IR is

a non commutative ring with 1



Ex IR x polynomials in variable x with
coefficients from IR

is a commutative
ring with

1

under usual addition and multiplication
of polynomials

Ey Polynomial rings in more variables e.g
IR x y IR x

y Z REX xz a

are also commutative with 1



Basicpropert.es

Them Let P be a
ring Then

O a 0 a 0 for all aER

C a 6 a b a b for all a b e R

C a b a b for all a b ER

Proof By the distributive law

0 a 0 0 a O a 0 a

So 0 a 0 by cancellation
in the

group
R

The proof of a 0 0 is similar



Since

C a 6 a b c a a 6 DistLaw

0 6

0 Part

we have that ta 6 a b

by uniqueness of inverses in the

group
R

The proof of a b a b

is similar

By we have

a C 6 a c b a b

a b

Note This is not mult by 1
Rather the inverse of a b

is a b



Cor Let R be a ring with 1 Then

C 1 a a a l for all aER

C15 1

Proof By part of the previous theorem

C 1 a l a a

and
a C 1 a 1 a

Taking a 1 we get
C 1

2
1 1

Be

Ex Let R be a ring with 1
If 1 0 then for all aeR

a 1 a O a 0

Hence R 0 is the zero ring

We will often assume I 0 to avoid this



Zerodivisorsandnnits

De.fi Let R be a
ring A non zero

element a ER is a zerodivison
if there exists a non zero element
beR such that

a b 0 or b a 0

Ex In 26 the zero divisors are 2,3
and 4 since 2 3 4 3 0

Ex Mn IR has a lot of zero divisors

For instance

1 X 1



Def Let R be a ring with 1

An element aeR which has a

multiplicative inverse is called a unit

The Let R be a
ring with identity

Then
R aer a is a unit

is a
group

under multiplication called

the gunpfits of R

Proof


