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Def Let A be a set A binary
operation on A is a function

A x A A
Notation a b to a f

Example and o are binary

operations on Z

is not a binary operation on 21

is a binary operation on Q1 03

at b ab is a binary operation

on R o

a b Tab is a binary operation on Rio

matrix addition and matrix multiplication
are binary operations on Mn 112



Def Let be a
binary operation on

a set A

We
say

is associating if

Laxb c a bae

for all a b c EA

We
say

is commutative if

a b bra

for all a beA

Let eeA We
say

e is an identity
element for if

e a a and axe a

for all a cA



Let a b EA If e is an identity

element for and

a b e and b a e

then we
say

b is an inverse

off under

Ey t on 21 associative
commutative

identity element or

n EZ has inverse n

on 21 associative

commutative

identity element I

I is inverse for 1
I is inverse for 1
but no other hell has an inverse x



on Q a associative

commutative

a identity element 1
r eQ has inverse I if r O

O has no inverse x

a b at on IR o
not associative 24326 2123128 x

not commutative 23 32 x

no identity element x

therefore cannot even define inverses x

Matrixmutt on Mn IR associative

not commutative X

identity element ti
some matrices have inverses

some donot determinant x



Some basic
uniqueness properties

Thy Let be a binary operation on

a set A

If there is an identity element
for in A then it is unique

Suppose is associative If a cA

has an inverse under then this
inverse is unique We

denote it a

Suppose is associative and a beA

If a has an inverse under
then so does at and a 5 a

If a and b each have an inverse

under then so does a b and

a 6 6 at



Proof Suppose e e EA are each

identity elements for

Then e e ez ez
p p
ez is e is

identity identity

Let a cA and suppose bi b EA
are each inverses for a under

Then 6 b e

6 a be
b a be
e be
62

So we write at for the element
b be



If a and b are invertible

then

at e at
a at a f
a at a t
a e

a

Also

a 6 6 a a 6 6 at

a e at
a a

l

e

Similarly 6 a a b e

By uniqueness of inverses then

a b 6 a

B



Def A group G is a set G with
a binary operation on G such that

is associative

there exists an identity element
ee G for and

each a c G has an inverse a cG
under

Note By the theorem the identity and
inverses in a

group
are

unique

Ex Z t is a
group

Z and Q are not

Q 03 o is a
group

Def A group
6 is called abelian

if is commutative


