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Abstract

Fine and Premoselli (FP) constructed the first examples of manifolds that do not admit
alocally symmetric metric but do admit a negatively curved Einstein metric. The man-
ifolds here are hyperbolic branched covers like those used by Gromov and Thurston,
and the construction of their model Einstein metric is a variation of the hyperbolic
metric written in polar coordinates. Very recently, Guenancia and Hamenstadt (GH)
proved the existence of the first examples of manifolds that are not locally symmetric
but admit a negatively curved Kihler-Einstein metric. The GH metrics are realized on
complex hyperbolic branched covers constructed by Stover and Toledo. In this arti-
cle we generalize the construction of FP to the complex hyperbolic setting and show
that this yields a negatively curved Einstein metric that asymptotically approaches the
metric of GH.
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1 Introduction

Prior to 2020, the only known examples of closed manifolds which admit an Einstein
metric with negative sectional curvature were compact quotients of real, complex,
quaternionic, and Cayley hyperbolic spaces. Then, in [10], Fine and Premoselli con-
structed the first examples of compact 4-manifolds which admit a negatively curved
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Einstein metric, but which are not homotopy equivalent to a quotient of a locally
symmetric space (see also the corresponding conference proceedings by Premoselli
[21]).

A brief outline of the constructionin [10] is as follows. Fine and Premoselli construct
a sequence of compact hyperbolic 4-manifolds My, each containing an embedded,
totally geodesic, (possibly disconnected) codimension two submanifold N; which is
nullhomologous in Mj. This sequence is arranged so that, as k — oo, the normal
injectivity radius iy of Ny in My also approaches infinity. Fix an integer d > 2 and let
X denote the d-fold cyclic branched cover of M}, about Ni. These manifolds Xy are
specific examples of the hyperbolic branched cover manifolds considered by Gromov
and Thurston in [11], and so the more interesting portion of their construction is the
negatively curved Einstein metric. Fine and Premoselli give a very explicit construction
of a negatively curved orbifold model Einstein metric defined on the n;-neighborhood
of Ny. This metric A is everywhere Riemannian except it has a cone angle of 27 /d
about N, and so Ay pulls back to a smooth metric within this same neighborhood of
the ramification locus of X. On the ((1/2)nx, nx)-annulus of the ramification locus,
Fine and Premoselli use a smooth cut-off function to interpolate between A and the
hyperbolic metric h4 on each page of the cover. For k large, this interpolated metric g
is negatively curved and approximately Einstein. Fine and Premoselli then construct
an inverse function theorem to show that, for k sufficiently large, this metric can be
perturbed to a genuine Einstein metric ¢; with negative sectional curvature.

In [13], Hamemstadt and Jickel extend the construction in [10] to all dimensions.
Their approach is the same as above, and they use the same model orbifold Einstein
metric as in [10]. But they use subgroup separability to obtain stronger volume bounds
on the submanifolds Ny, and they develop an extension of the inverse function theorem
mentioned above.

In [22], Stover and Toledo construct complex hyperbolic branched cover manifolds
analogous to the hyperbolic branched covers in [11]. Stover and Toledo proved that
these manifolds are not homotopy equivalent to a manifold admitting a locally sym-
metric metric, and by [26] it is known that these manifolds admit a negatively curved
Kéhler metric. Thus, since the first Chern class of this manifold is negative, it admits
aunique (up to scaling) Kihler-Einstein metric with negative Einstein constant by the
celebrated work of Aubin [2] and Yau [25]. Very recently, Guenancia and Hamenstidt
[12] proved that this Kéhler-Einstein metric has negative sectional curvature, thus
verifying the first known examples of negatively curved Kihler-Einstein metrics on
manifolds that are not locally symmetric.

The argument in [12] is similar in nature to that in [10], but one major difference is
that Guenancia and Hamenstidt do not give a direct construction for the model Kihler-
Einstein metric. They use [8] and [24] to show that a unique model Kéhler-Einstein
metric exists [12, Theorem 2.2], they prove that the coefficient of the horizontal dis-
tribution of this metric must satisfy a specific second-order differential equation [12,
Theorem 2.9], and then use this fact to give a quantitative description of the sectional
curvatures. They also show that, as the distance from the ramification locus increases,
this model Kihler-Einstein metric converges exponentially to the pullback of the com-
plex hyperbolic metric ([12, Theorem 2.4]). The fact that this model Kéhler-Einstein
metric is negatively curved is due to Bland [7].
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Prior to the announcement of [12] the authors were working on this same problem,
but taking a slightly different approach. Our goal was to take the entire process from
[10] and [13] and try to generalize it to the complex hyperbolic setting. This has the
advantage of giving a very explicit description of the model Einstein metric, but has
the downside of making it difficult, if not impossible, to determine whether or not the
resulting metric is Kahler.

Upon inspection of [12], the authors have realized that the natural extension of the
model negatively curved Einstein metric from [10] to the complex hyperbolic setting
coincides with the model Kéhler-Einstein metric whose existence is guaranteed by
[12, Thm. 2.2]. We state this formally as follows.

Theorem 1.1 The negatively curved model Einstein metric from Fine—Premoselli [10],
generalized to complex hyperbolic branched cover manifolds, produces the model
Kdihler-Einstein metric whose existence is guaranteed by Guenancia—Hamenstddt [ 12,
Theorem 2.2].

Combining our work in Sects. 2 and 3 below with the inverse function theorems of
[10] and [13] proves the following.

Theorem 1.2 There exist manifolds of every complex dimension which admit both a
negatively curved Einstein metric and a (possibly distinct) negatively curved Kdihler
metric, but do not admit a locally symmetric metric.

Remark 1.3 The authors want to make it clear that they are, in no way, trying to take
or share any credit for the results in [12]. The authors were working on this project
before the announcement of [12], but our work was not finished. We have chosen to
publish the results that we did have because we feel that they both augment [12] well,
and that they are useful in their own right. The math contained in Sects.2 and 3 below
was done independently and completed before the announcement of [12] (besides
the comments tying our work to [12], of course). Also, while the authors had not
yet discussed the construction of the manifolds in Subsection 4.1 below, this seemed
reasonably implicit from [22] and with the idea of using subgroup separability from
[13]. The second author briefly outlined a similar construction in the Introduction of
[18]. But, while the authors believed that they could adapt a version of the inverse
function theorem used in [13] or [15], they had not yet looked into this at all. And,
more importantly, prior to the announcement of [12] the authors did not know that the
construction in this paper may lead to a Kéhler metric.

The authors believe that the main contribution of this paper to the literature is the
actual construction of the model Einstein metric (see equations (2.4) and (3.1)). The
complex hyperbolic branched cover manifolds from [22] are known to be Kéhler by
the work of Zheng [26] and now from [12]. But, from a differential geometry point of
view, neither of these papers give a very explicit description of the metric. Our work
in Sects.2 and 3 below gives a precise and “hands on" description of such a metric
that one could easily work with in other settings if needed.

One interesting question though is whether or not the Einstein metric ¢; whose
existence is guaranteed by Theorem 1.2 must be the Kéhler-Einstein metric wy from
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[12] for k sufficiently large? Using equation (30) from [12] we can show that ¢; C 2
approaches wy (see Remark 4.4 below). But it is unknown if wy is isolated in which
case ¢, must eventually equal wy, or if there exists a dense collection of negatively
curved Einstein metrics about wy ?

One potential application of the results of this paper is the following. Assume that
the dimension of Xy is divisible by 4. Via Chern-Weil theory, the explicit curvature
formulas from Thereom 2.1 could be used to compute the signature ¥ (Xj) of X.
Hirzebruch [14] and Viro [23] developed formulas that relate X (Xy) to the Euler
number of the normal bundle of the ramification locus. In this way, one may be able to
obtain information about (at least) the top Chern class of the Stover-Toledo manifolds
Xi. At present there seems to be nothing known about the invariants of Xj.

The remainder of this paper is laid out as follows. In Sect. 2 we review polar coordi-
nates with respect to the complex hyperbolic metric, we consider the warped-product
metric A that corresponds to [10], and we calculate formulas for the Riemann curvature
tensor of A. Due to the existence of nonzero mixed terms, this curvature calculation is
considerably more involved than what is required in [10]. Section 3 mirrors Section 3
of [10]. We calculate the Ricci tensor of A, determine values for the warping function
Vo (1) for which the corresponding A, will be Einstein, we consider the cone angle for
different choices of «, and we show that 1, is negatively curved with respect to these
choices of V,. We also prove that A, is the same metric as w, from [12]. In Sect.4
we briefly outline the construction of the sequence of complex hyperbolic branched
cover manifolds. We then explain how to taper Ay to the complex hyperbolic metric ¢,
on each page of the branched cover to obtain an approximate Kéhler-Einsten metric,
and we discuss how this construction relates to the work in [10] and [12].

One final comment is that Section 2 of [12] is devoted to showing that the model
Kéhler-Einstein metric w, is negatively curved and approaches the pullback of the
complex hyperbolic metric exponentially. In Proposition 3.8 we give a direct proof
that our metric A, is negatively curved, and in the ensuing remark we point out how A,
exponentially approaches c,. In light of the fact that A, is the same metric as wq, this
gives an alternate proof of [12, Theorem 2.11]. This also extends some of the results
of Bland in [7].

2 The Metric A and Curvature Formulas
The purpose of this section is to develop curvature formulas (Theorem 2.1 below)

which we will use to build our negatively curved model Einstein metric. In this section,
all calculations are completed in the universal cover CH".

2.1 The Complex Hyperbolic Metric Written in Polar Coordinates
All of the results in this subsection were discovered by Belegradek in [3] and rescaled

to have constant holomorphic curvature of —4 in [19]. Let CH"” denote complex
hyperbolic space of dimension n normalized to have constant holomorphic sectional

@ Springer



Negatively curved Einstein metrics on complex hyperbolic... Page50f30 347

curvature —4, which implies that all real sectional curvatures lie in the interval
[—4, —1]. Let ¢ € CH". With respect to an appropriately chosen frame about ¢,
the standard complex hyperbolic metric ¢, can be written as

1
¢y = cosh®(r)ep_1 + i sinh?(2r)d6? + dr?

= cosh®(r)c,—1 + cosh?(r) sinh?(r)d6> + dr> 2.1)

We now describe the implicit frame for this representation of ¢,,.

Let CH"~! denote a totally geodesic copy of complex hyperbolic (n — 1)-space
in CH”, and let ¢ : CH" — CH""! denote the orthogonal projection map. Let
p = ¢(g),andlet r denote the distance from a given point to CH"~!. The space ¢! (p)
is a totally geodesic copy of CH! which contains ¢. There is a 2-plane o C 7,CH"
such that exp, (o) = ¢~ 1(p). Since ¢~ (p) is isometric to a totally geodesic copy
of CH' inside of CH", the sectional curvature of o is —4. Using polar coordinates
(0/06,d/0dr) on o, we have

1.
aly =7 sinh?(2r)d0? + dr*

where the presence of the “1/4" is so that the metric has total angle 2z about r = 0.
Now, let H = ot C T,CH" denote the horizontal distribution of ¢, at q. The map

¢ = dey|,, : H — T,CH""'

is an isomorphism. If we let (}V( i)?if be an orthonormal basis for T,,(CH”’I, then
((p’l(X ))2" 2 is an orthogonal basis for H. Let X; = (p’]()V(,-) for each i. The
basis (X;) is not orthonormal: we have ¢,(X;, X;) = cosh?(r) for each i. Putting
this all together gives the desired frame for (2.1) and, moreover, gives a natural
diffeomorphism CH" \ CH"~! = R?"~2 x S! x (0, 00).

A very important feature of this decomposition of CH" is that the horizontal
distribution is not integrable with respect to ¢,. Consider two orthonormal vectors
X i X j € TI,(C]HI”_I, and extend them to a frame near p (in CH"~!) in such a way
that [)V(l-, )V(j]p = 0. As above, let X; = go’l()v(,-) and X; = ! ()V(j). It was proved
in [3] for constant holomorphic curvature —1 and rescaled in [19] for curvature —4
that [X;, X;], = 0 if and only if ()V(,-, )v(j) spans a totally real 2-plane in Tp(CH"_l,
whereas [X;, X ], = £2(9/00) if ()V(i, }V(j) spans a complex line.

In our curvature calculations below it will be convenient to use a holomorphic frame
(X; )2” 2 for H, which we define as follows. Let X 1 € TP(CIHI”_1 be any unit vector
and define X» = JX|, where J denotes the complex structure on CH". We will refer
to such a pair (Xi, X j) with J X; = :I:)V( as a holomorphic pair. Then, assuming that
X Iy X 2% have been deﬁned we deﬁne X 2k+1 to be any unit vector orthogonal to
span(Xl, .. X2k) and X2k+2 = JX2k+1 It is an easy exer01se to check that X2k+2
is in the orthogonal complement of span(X Ly .- X2k, X2k+1) ‘We then extend this
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basis to a frame near p in CH""! in such a way that [}V(i, )V(j]p = Oforalli, j, and
define X; = ga_l()vf,-) foreach .
The non-integrability of 7 can be described in terms of a holomorphic frame as

follows (see the discussion in [3], particularly Section 4 and in Example 5.14). For a

holomorphic frame (X ,-)?i;z about g we have

[Xi, Xiv1ly = 2% forl <i <2n —2andi odd 2.2)
and, if (X;, X ) is not a holomorphic pair, then
[Xi, X1, =0.
2.2 Coordinate Change and Curvature Formulas
Following [10], we make the substitution
u = cosh(r)

into equation (2.1). This yields

¢ = urcy_1 + utw? — 1)do* +

1 2
. 2.3)

We wish to consider the variable metric A obtained from (2.3) by replacing u> — 1
with a generic smooth, positive function V (). This gives

1
r=u’ch_q +u*Vdo* + Vduz. (2.4)

Of course, properties of A will depend on the chosen function V. For calculations it is
convenient to set W = +/V, which gives

A =ulc_ +uPW2do? + L (2.5)
WZ
The metric A has three differences with the metric g from Section 3.1 of [10]. The
two obvious differences are the addition of the u? with the d6? term and that the
horizontal distribution is a warped copy of ¢, instead of the hyperbolic metric b, _».
The third, less obvious, difference is the non-integrability of 7 with respect to the
complex hyperbolic metric as described in equation (2.2) above (and as proved in [3]).
Despite these differences the curvature formulas for A are, surprisingly, very similar
to those of g from [10].
Let us set up an orthonormal frame for these curvature formulas. Let (X ,-)fi?z be
a holomorphic frame for H, and let 3/96 and d/0r be as defined above. Set

1
Yi=-X; 1<i<2n-2 (2.6)
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Yy = O 2.7)
=1 =W 90 '
9
Yoy =W 2.8)

Lastly, if R* denotes the Riemann curvature tensor of A, we set

A
R; j k.

| = MRMY:, Y)Ye, V).

Theorem 2.1 With respect to the orthonormal basis defined in equations (2.6) through
(2.8) we have, up to the symmetries of the curvature tensor, the following formulas for
the nonzero components of the Riemann curvature tensor R*.

Rliyyiiv = —4 <l 7;2W2) fori odd. (2.9)
R jig= —H;—zwz- (2.10)
R WMW/- (21D
Ryt 21,1 = _3qu - (ww+(w)?). 2.12)

Py Py Y 1+ W2 .
Ry 1 =2R w1 jp1 = 2R} j i1, = 2 2 fori, j odd.
(2.13)

4

A _ A A _
R ivion—10 = 2R 0014100 = 2R 0 ip1,0n—1 = —2

fori odd.
(2.14)

u

In the formulas above we have 1 < i, j <2n — 2 and, if i and j appear in the same
Sformula, we assume that (Y;, Y;) does not form a holomorphic pair.

It is a simple calculation to check that, when W = +/u? — 1, the formulas in
Theorem 2.1 reduce to either —4, —1, or —2 respectively (see equations (4.4) through
(4.6) of [19] for the correct curvature values with respect to c¢,).

The remainder of this section is devoted to proving Theorem 2.1. Proving this
theorem seems to be significantly more complicated than the method used in proving
Proposition 3.2 of [10] due to the non-integrability of E, which is expressed by the
Lie brackets in (2.2) and contributes to the nonzero mixed terms of R* listed above.
Thus, we calculate the formulas for R* directly. How we proceed is that we first prove
that we can restrict to n = 3. Then, using the results of [17], we calculate formulas for
the Lie brackets for our basis. Finally, using these Lie bracket formulas we calculate
formulas for the Levi-Civita connection, and then use the connection to calculate the
above formulas for the Riemann curvature tensor. The reader who is uninterested in
these calculations and only cares about the use of Theorem 2.1 can skip to Sect. 3.
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2.3 Reductionton =3

Curvature formulas for ¢, in equation (2.1) with respect to a holomorphic frame are
worked out in [3] and [19]. In making the substitution # = cosh(r) to obtain (2.3), the
only change in our implicit frame is that d/du is now a (positive) scaled copy of 9/0r.
So, in particular, equations (2.6) through (2.8) still provide a holomorphic frame for
(2.3).

A mixed term of a Riemann curvature tensor, with respect to a given fixed orthonor-
mal frame, is any term that does not correspond to the sectional curvature of a
coordinate plane with respect to the given frame. Equivalently, this is any term that
is not of the form R; ; ; ; for some i and j. With respect to a holomorphic frame, a
mixed term R® ab.cd of the curvature tensor R of ¢, is nonzero only when the respec-
tive vectors {Ya, Yb, Y., Y4} contain exactly two holomorphic pairs. In other words,
if {Y,, Yp, Ye, Yd} is not of the form {Y;, Y;11, Y}, Y11} for some i, j odd, then the
mixed term R "p.c.a = 0. We will prove below that this property is inherited by the
warped- product metric A from (2.5).

There are two distinct ways in which the collection {Y;, Y; 1, ¥}, Y41} can contain
two holomorphic pairs:

(1) Both 1 <i,j < 2n — 2. In this case, both pairs are contained in the horizontal
distribution H.

(2) i =2n —1or j =2n — 1. In this case, one pair comes from H and the other pair

has the same span as {d/96, d/du}.
All of these cases are covered when the complex dimension of H is at least two or,
equivalently, when n > 3. For this reason all formulas in Theorem 2.1 can be obtained
by restricting to n = 3, which simplifies calculations greatly.

Let us give some more explicit examples. When n = 3, the metric A from (2.5)
becomes

1
A =ulcy +ulW2do* + mduz. (2.15)

For the sake of notational clarity throughout this paper, we do not make any distinction
for X restricted to n = 3. If there is any ambiguity to the dimension of X, then we will
refer to equations (2.5) or (2.15).

Let (Y,-)f’: | denote the orthonormal basis from equations (2.6) to (2.8) in the case
when n = 3. There is at least one representative for the sectional curvature tensor
of (2.15) which corresponds to equations (2.9) through (2.14) of Theorem 2.1. An
explicit example for each equation is

. R%,z,l,z corresponds to (2.9).

. Ri"3’1)3 corresponds to (2.10).

° Rih,s,l,s corresponds to (2.11).

. R§’6’5’6 corresponds to (2.12).

. sz’“ corresponds to (2.13).

. R%,z,s,ﬁ corresponds to (2.14).
Of course, there are components of the sectional curvature tensor of (2.5) which do
not have a representative with respect to the curvature tensor of (2.15). Such a term is
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necessarily a mixed term as discussed above, and we show that all such mixed terms
are zero in Lemma 2.2 below.

In [3, Lemma 8.3] Belegradek proves an analogous statement to what is below,
and his exact proof works for most of the relevant mixed terms. After dealing with
the case of one of the indices possibly being 2n, we generally just direct the reader
to Belegradek’s argument to avoid introducing the A and T tensors from Besse [5,
Chapter 9].

Lemma 2.2 Let Ri)‘ Iy denote a component of the sectional curvature tensor of (2.5)
which does not have a representative with respect to the sectional curvature tensor of
(2.15). Then R} ; ; , = 0.

Proof We prove that all such mixed terms are 0 by an exhaustion of cases. First note
that the scaled metric

*oi= W2k = u?Wreu_1 + u’>WHdo? + du?

is of the form to apply the curvature formulas from [3, Appendix B].

For the term R; j ¢ note that, if three or more of the subscripts are equal to 2n,
then the term is automatically 0 by the symmetries of the curvature tensor. If two of
the subscripts are 2n, then this term has a representative with respect to (2.15). So let
us first assume that exactly one of the indices is equal to 2n. From the symmetries
of the curvature tensor, without loss of generality we may assume it is the first index
i = 2n. For this curvature term to not have a representative with respect to (2.15) we
must have that 1 < j, k, £ < 2n — 2, and none of these indices form a holomorphic
pair. Then, from Appendix B of [3], we have

— 1 h[ /
Rén,j,k,ﬁ =3 |:W2)"([Yj7 Yil, Ye) (111 H) (2.16)

/
2 i\ 2 h?
+ WoA(Ye, Y1, Y) (In— ) + W A(Ye, Y], Y;) { In
: he hihg

where hj, hy, and hy denote the lengths of the vectors Y}, Y%, and Yy, respectively,
with respect to the metric A = W?A. This term is 0 both because each of the associated
Lie brackets is 0, and since h; = h; = hy. Since the (4, 0)-curvature tensor scales
like the metric (see Section 7 of [3]), we have

W2 Y
0= RZn,j,k,/é = mRzn,j,k,e (2.17)

which implies that R}, ; , , = 0.
So we now assume that none of the indices of R; ; i ¢ are equal to 2n. By equation

(B.2) of [3] we then have that jo,k,f = Rz,i,kl where
a=utWre,_ 1 +uWdo?.
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The scaled metric

o= uz—‘/VzOl =cy—] + "Vzde2

is exactly analogous to the metric g, considered by Belegradek in [3, Section 6]. In
[3, Lemma 8.3] Belegradek uses O’Neill’s theory of Riemannian submersions (see
Besse [5, Chapter 9]), to prove that R?y’j’ k. j is a scalar multiple of Ric’";}(, i when any
of i, j, or k are equal to 2n — 1. Thus, Rl‘q”j’k, . = 0 for any such indices i, j, k. By
[5, Proposition 9.24], the values of the A-tensor for @ are the same as those of for g,
from [3, Section 6] since these two metrics have the same values for their Lie brackets.
Therefore, the exact same argument applies here to show that R? I 0.

The final remaining case is when all four indices in R; ; ¢ are distinct and contain
at most one holomorphic pair (and none of the indices are 2n). But, again, essentially
the same argument that Belegradek uses in [3, Lemma 8.3] works here. In proving [3,
Lemma 8.3], Belegradek combines formulas [5, Theorem (9.28¢)] and [5, Theorem
(9.28e)] with [5, Lemma 9.69a] to argue that R% is a scalar multiple of R !, This
respective term of R? is then 0 since any scalar multiple of 0 is 0. For our final case we
just need to combine [5, Theorem (9.28f)] with [5, Lemma 9.69a] to make this same
argument. Note that all of the inner products in [5, Theorem (9.28f)] containing an A-
tensor are 0. This is because AxY # 0 if and only if (X, Y) form a holomorphic pair,
and by assumption there is at most one such pair within the collection {Y;, Y, Y, Y¢}.

O

Remark 2.3 There exist nonzero mixed terms in Theorem 2.1, and it is instructive to
see why the above argument does not apply to them. If one of the indices is 2n, another
is 2n — 1, and the other two indices form a holomorphic pair, then the Lie brackets in
(2.16) are not all 0. Additionally, the functions %; are not all the same since one of the
indices is 2n — 1. Also, if none of the indices are 2n but the indices {i, j, k, £} form

two distinct holomorphic pairs, then Rlc”/*,‘( ¢ #0.

2.4 A Frame and Lie Brackets for CIH?2

Direct calculations of curvature formulas in complex hyperbolic space can be very
difficult. In [17] the second author gave a direct calculation to obtain curvature formulas
for CH? with respect to polar coordinates about a totally geodesic (and totally real)
copy of the hyperbolic plane HZ. Using [17] seems to be the easiest way to calculate the
curvatures in Theorem 2.1. In this subsection we give a quick overview of the necessary
results from [17]. Note that in [17] curvatures were scaled to lie in [—1, —1/4]. These
formulas were scaled for curvatures in [—4, —1] in [19].

To avoid confusion,! we will use (z, o) to denote polar coordinates in CH? about
H2, where t denotes the angle and o denotes the radial distance. The horizontal
distribution in this setting is spanned by two vectors denoted S and 7, where S is
parallel to J(d/07) and T 1is parallel to J(d/9d0). The complex hyperbolic metric ¢

! The variables (6, r) were used in [17], but these variables were already used in (2.1) above.
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can then be written as
0= coshz(cr)dS2 + sinhz(cr)dr2 + coshz(Za)de +do?.
where d S and dT denote the covector fields dual to S and 7', respectively. Let

. . 0 - - a

X1=8§ Xp,=— X3=T X4 = —. (2.18)
aT do

It should be noted that this swaps the definitions of X and X, from [17]. The nonzero

Lie brackets with respect to this frame, computed in [17], are

(X1, )V(z]cz =X; [Xi, )V(3]c2 =X, [Xa, X3le, = Xi. (2.19)

Notice that we have included a ¢ subscript to distinguish these Lie brackets from the
Lie brackets for A in the following subsection. We now define our orthonormal frame
for ¢y by

1 v 1 v
X = X X, = X2, X3

= , . X3, X4=X4. (220
cosh(o) : 2 sinh(o) 3 4 4 )

=—X
cosh(20)

A direct calculation, where one remembers that X4 = d/90, gives

(X1, Xa]e, = cosh(20) X (X1, Xa]e, = sinh (o) X, (221)
b 22le = Ghh(o) cosh(o) *° b a3le = osh(o) cosh(2o) 2

sinh(o) cosh(o)

X1, X = X Xo, X =— X 2.22

X1, Xale, cosh(o) ! (X2, X3le, sinh(o) cosh(20) 1 (222)
cosh(o) 2 sinh(20)

X2, X = — X X3, X = —X3. 2.23

[X2, X4lc, Sinh(o) X2 [X3, X4lc, cosh(20) 3 (2.23)

2.5 Lie brackets for the Frame (2.6) Through (2.8)

We now return our attention to the metric A from (2.5) with the simplifying assumption
thatn = 3. We will use the basis (X, X2, X3, X4) from (2.20) as our orthogonal frame
for the horizontal distribution H. We extend this to an orthogonal basis for A by setting

Xe= O xo=?
57 59 = Bu

For 1 <i, j <4, one generically has that
6
[Xi. Xjley = Y cf: Xk
k=1

The values of cf.‘j for 1 < k < 4 are given by equations (2.21) through (2.23). We have
cf’j = Oforalli and j since each vector field and coefficient function is independent of
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u. The values for cfj are not all 0 however due to the non-integrability of H described
by equation (2.2). In particular, from (2.2) it follows that cfz = 024 =2, and cf.‘j =0
in all other cases.

Define the corresponding orthonormal basis (¥;) for A by

1 1
Yi=-X; (1<i<4) Ys = —X; Yo = WXe. (2.24)
u uW

A direct calculation, using equations (2.21) through (2.23) and remembering that
Ye = W(0/0du), yields the following Lie brackets. For ease of notation we make the
substitutions a = cosh(o), b = sinh(o), and ¢ = cosh(20).

Proposition 2.4 The values for the Lie brackets of A, denoted [, ], with respect to the
frame given in (2.24) are

c 2w a
[YI.2lh =—Y3+—Y5 [12,73]h=—T1 [Y3, Y51, =0
uab u ubc
b a w
Y1, 3], = —T2 [Y2,Yalh = —12 [Y3, Y6Ip = — 13
uac ub u
b
[Y1, Y4l = EYI [Y2,Y5], =0 [Y4,Y5] =0
w w
[Y1,Y5], =0 [Y2, Y61 = ;Yz [Y4, Y1y = ;Y4
w 4ab 2W W+ uW’
[Y1, Yeln = 7Y1 [Y3, Y4l = ;Y3 + TYS [Y5, Yeln = TYS

Proof To demonstrate the techniques used to calculate these Lie brackets, we calculate
[Y1, Y21, and [Y5, Y61, and leave the remainder to the reader. For this first Lie bracket,
we have

1 1 /¢ c 2w
Y1, Vol = —5 (X1, Xaley = 5 (= X3 +2X5) = — V3 + = Vs,
u us \ab uab u

For the second Lie bracket, we have to remember to calculate the partial derivative
since Yg = W(9/0u). Thus, we obtain

Vs, Yol = W lX d . W8 1 Xe— W W-}-MW/X
5» T6lr = uW > u c3_ dul\uw )0 T uzw? >

W+ uW’
NAul
u
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2.6 The Levi-Civita Connection and the Proof of Theorem 2.1

Recall that, in the special case of an orthonormal basis, the Koszul formula reduces to
1
MVyX,Z) = -5 (x([x, Z1,Y)+A([Y, Z], X) + A(IX, Y1, z)). (2.25)

Combining this equation with the formulas in Proposition 2.4 provides the following
36 components of the Levi-Civita connection.

Proposition 2.5 The Levi-Civita connection V compatible with A is determined by the
following 36 equations.

b w 1 [a b c w
oVy Y1 =— —Y4— —Ys oVy\o=—+| —+——-—— |3+ —V5
ua u 2u \bc ac ab u
Yy, ¥ L_a_b <)y Uy ts= Ly
. = —\-——+ — L4 =
nis 2u be ac ab)? ni= et
Vi, Y Lo b ey, oWy % “y, Wy
oVy Y| =— — — + — - — ° =——Y4— —
n 2u \bc ac ab 3 u 5 rf2 ub 4 u 6
Vy, Y L(La_b_ <)y ViYs= 27,
() = |- — — Y = —
13 2u bc ac ab ! o4 ub 2
Vo ¥ 1 a + b " c Y Vo ¥ 1 a b c Y
° = —-—— 4+ —4+ — . =-———-———
L 2u bc  ac ab 2 ;12 2u\bc ac ab)'
4ab w dab w
oVy, Y3 =——Y4— —Y¢ oVy Yy = —Y3+ —VYs
uc u uc u
w w
oVy, Y1 =0 o Vy, Y2 =0 oVy Y3 =——Ys oVyYy=——Y¢
u u
w w w w
oVy Ys=——Y o Vy,Ys = —Y, oVyYs=——Yy eVyYs=—Y3
u u u u
w w w w
oVy Yo =—Y] o Vy,Yo=—Y> o VyYo=—Y3 o Vy, Yo =—1Y4
u u u u
w w w w
oVy Y1 =— —1; o Vy, Y = —T oVyY3=——Y o Vy Y4 =—Y3
u u u u
W+ uW’ W+ uW’
oVy Vs =—| —— | ¥ o Vy Yo = ——Y5
u

00 =Vy Y| = Vy Y2 = Vy Y3 =Vy Yy = Vy Y5 = Vy Y6

Note that the coefficients of the form

a b c
+—+ — £+ —
bc ac ab
that occur in some terms of the connection are expected as they are the same terms

that occur (up to scale) in the curvature formulas in [17].
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Proof of Proposition 2.5 We demonstrate how one obtains the formulas above by giving
the detailed calculation for Vy, Y1, Vy, Y3, and Vy, Y;. The rest of the cases are similar,
and are left to the reader.

We begin with Vy, Yj. For this calculation, we apply (2.25) with X =Y = Y.
When Z = Y or Vs, all of the associated Lie brackets are 0. When Z = Y, or Y3
this equation is again O since [Y], Y>] and [Y7, ¥3] do not have a Y| component. For
Z = Y4, we have

1
A(Vy Y1, Ys) = —§<)»([Y1, Y4l Y1) + A([Y1, Yal, Y1) + A([Y1, Y1, Y4)>

1 b b
=—|(2A—Y, Y1) +0) = ——.
2 ua ua

When Z = Y, we have

1
A(Vy, Y1, Ye) = —§<)»([Y1, Y6l. Y1) + A([Y1, Y6, Y1) + A([Y1, Y11, Yo))

1 w w
- __@ (—ml) +0> __r
2 u u

The above two equations provide the formula for Vy, Y;.

To compute Vy, Y3, first note that the only value for Z in (2.25) which gives a
nonzero value is Y. This is because all other Lie brackets do not contain the correct
terms. For example, when Z = Y4, notice that

e [Y1, Y3] does not have a Y term,
e [Y;, Y4] does not have a Y3 term, and
e [Y3, Y4] does not have a Y| term.

When Z = Y;, we have

1
AMVy, Y3, 12) = —5()»([1/3, Y21, Y1) + A([Y1, Y21, Y3) + A([Y3, Y11, Yz))

1 a c 2w b
=—|\M-——7V. )+ B+ —Y, V3 )+A—12. 12
2 ubc uab u uac

Finally, for Vy, Y1, at a first glance it appears that there will be a Y term since
[Y1, Ys] has a Y1 component. But this Lie bracket appears twice, in each order, and so
the respective terms cancel. That is

1
M(Vy Y1, Y1) = —5<A([Y1, Y11, Ye) + A(I¥6, Y11, Y1) + A(IY1, Yel, Yl))

1
= —§<0 — x([Y1, Yel, Y1) + A([Y1, Yel, Yl)) =0.
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The other components of Vy, Y| also vanish, and therefore Vy Y, = 0. O
With the formulas for the connection, we can now prove Theorem 2.1.

Proof of Theorem 2.1 Theorem 2.1 contains six different curvature formulas. We will
compute one example for each of these six formulas. The interested reader can confirm
that the remainder of the formulas work in an identical manner, and that all components
which are not listed are 0. In what follows we use the notation V; := Vy,.

To verify (2.9) we will compute the more tedious R 2 1,2 (as opposed to R3 4.3 4)
and choose the simpler calculations for the other formulas. We have

Rip12=»4 (V2V1Y1 — ViVaY1 4+ Vv v Y, Yz)

b w 1 a b c w
=iV l-——Vs—-—Y)-Vi|l-——|—-+—+—F ) 3——75
ua u 2u \bc ac ab u

. 1 w2 1 a n b n c a b n c w2
T ou2 w2 4wl \bc  ac  ab bc ac ab u?

c a " b n c 2W2
2ulab bc  ac ab u?

1 4w? 1 [ —a* = b*+3c* — 2a%b? — 2a2c? + 2b%?
a’b?c? ’

Substituting a = cosh(o), b = sinh(o), and ¢ = cosh(20), itis a tedious? exercise
in hyperbolic trigonometric identities to show that

—a* — b* 4+ 3¢* — 2a%b% — 2a2c? + 2b2c?
a’b?c?

= 12.

14+ w2
This gives Rj 2,12 = —4 ( + )

u?

To prove (2.10) we calculate R 4,2 4, remembering that Y4 = — 8—:
u

o

Ry 404 =1 (VaVaYa = VaVaYs + Viy, y,)Y2. Ya)

a w a
=A|\Va|——Y4——Ye )] -0+ —VoYo, Vs

ub u ub
_, I A cosh®(@) La Wy
"\ uZsinh2(0) 47 b 672 u? sinh? (o) 4T 674

1+ w2

u

2 Making repeated use of the identities a2+ b2 =c, b2 —a?=—1,and a?b? = i sinhz(Za).
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For equation (2.11) we calculate R4 54 5:
Rys45=A(VsVaYs — VaVs¥s + Viy, v5Ys, ¥s)
w w
=A|Vs|——Ys ) —V4|l—Y3)+0,75
u u

Z_K(W+_MW’>_K(_K>__WW,

u u u u u

Our only option to prove (2.12) is to calculate Rs 6 5 6. To this end, we have
Rse,56 = A (V6VsYs — V5sVeYs + Viys v Ys, Ye)
w w’ w w’
=X (V6 (—L%) -0+ LVsYs, Y6>
u u

W (u(W’+ W +uW") — (W—i—uW’)) <W+uW’>2
= . _

u u

ww’
=-3

_ (WW” + (W/)Z) ‘
For the first mixed term (2.13), we calculate

Rip34=2A (V2V1Y3 — ViVaY3 4 Viy, 1,1 Y3, Y4)

v 1 a b n c y v 1 a b c y
o 2 2u bc ac ab 2 ! 2u bc ac ab !

c 2W
+—V3Y3 + —VsV¥3, ¥y
uab u

_s 1 a b N c a Y WY n 1 a b c
- 2u bc ac ab ub 4 u 6 2u bc ac ab
b w c 4ab w 2w?
—— V- —Yo |+ —\——Va——Ys| - —5 V4, Y4).
u u u

To calculate Rj 3.4, the Y terms are irrelevant since Y¢ is orthogonal to Y. But
notice that, by a direct algebra calculation, the coefficients of the Y term sum to 0
(this is actually needed in the computation R3¢ = 0). Returning our attention to
the current calculation, the coefficients of the Y4 term simplify to

1 a2+ac+bc+b2 4 w2
2u?2 \ b ¢ ab?  a?b  d%c u?
Another exercise in hyperbolic trig identities shows that

a? ac bc b?
b2¢c  ab?  a?b  a?c

@ Springer



Negatively curved Einstein metrics on complex hyperbolic... Page 170f30 347

which verifies equation (2.13).
Finally, to prove (2.14) we calculate

R3 456 =2 (VaV3Ys — V3VaYs + Viy; v Y5, Ys)

w w 4ab 2W
=AM\ Vu|——Y4|—V3| —Y3)+—V3Y¥s + —Vs5¥s5, ¥
u u uc u

w2 W [ —dab 1% dab —W
=i—5Ys—— Yo— —Ye )|+ — —Yau
u u uc u uc u
2W [ W+ uW’

() ¥6. Y5
u u
ww’
=2 .
u

3 The Model Einstein Metric

This section very closely mirrors Section 3 of [10]. In this section we determine the
collection of all functions V for which A is Einstein with constant —(2n + 2). This
collection of functions V' is parameterized by a choice of constant . We analyze the
various cone angles that are created for different choices of «, we prove that 1, is
equal to wy from [12], and we give an independent proof that 1, is negatively curved.

3.1 Ricci Tensor and the Family of Model Einstein Metrics

First recall that, given a point ¢ € M and an orthonormal basis (Y,-)iz”1 of T, M, the

Ricci tensor with respect to the metric A is the function Ric, : T,M x T;M — R
given by

2n
Ric, (A, B) =Y 1y (R(A,Y)B.Y)).
i=1
When the point g is understood from context, we will omit it from the notation.

A direct calculation proves the following.

Proposition 3.1 With respect to the orthonormal basis (Yi),-zi defined in equations
(2.6) through (2.8), the values of the Ricci tensor Ric for A are

forl <i<2n-2

1 4+ w2 wWw’
Ric(Yi,Yi)z—Zn( + )—2

u? u
/

Ric(¥211. Yan-1) = Ric(Yan, Yon) = =(2n + D —— — (WW"+ (W')’)

Ric(Y;,Y;)) =0 forl<i,j<2nandi #j.
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Proof First note that, up to the symmetries of the curvature tensor, there are no nonzero
terms in Theorem 2.1 of the form Rﬁ ko jk with i # j. This proves that the Ricci tensor
is diagonal (the last equation in the Proposition), which is not immediately obvious
since the Riemann curvature tensor contains nonzero mixed terms.

For1l <i <2n — 2 andi odd, we have

2n

Ric(Y;, ;) = ) A (R(Y;, Yi)Yi, Yi)
k=1
2n—2
A A A A
=Riif1iip1 T Z (Rikik) + Rigucitione1 + Rignion
k=1kii+1
1+ w2 1+ w? ww’
=— < +2 )—(211—4)( +2 )-2
u u u
1+ w2 ww’
=-2n ( +2 ) -2 .
u u

The i even case is identical, and the middle equation is an equally straightforward
calculation. O

A metric A is Einstein with Einstein constant C if
Ric, (A, B) = C - 14(A, B)

forall A, B € T,M and for all ¢ € M. Also, recall that the metric A from (2.4) is
a function of V () where we set W2 = V for convenience in our calculations. The
following Theorem describes exactly the functions V (u) for which A is Einstein with
the same Einstein constant as the complex hyperbolic metric.

Theorem 3.2 The metric A from (2.5) is Einstein with Einstein constant —2(n + 1)
exactly when

=2 o
Vu)=u _l+ﬁ 3.1
fora €e R, u >0, andu € I for I an interval with V (v) > 0 forall v € I.

Remark 3.3 We are intentionally trying to use the same notation as [10] for readability.
In [10] the authors use the variable a for the constant in (3.1). But we have already
used a = cosh(o) in the previous section, and so we have changed notation to « to
avoid confusion.

Proof of Theorem 3.2 This argument is essentially identical to that in [10]. We need to
solve the system of differential equations

—n (1 + W2> —2UWW = —2(n + Du? (3.2)

—@nA DWW —u (WW + (W)?) = =201 + D (3.3)
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But notice that differentiating both sides of (3.2) with respect to u gives (3.3). So we
really just need to solve (3.2).
Observing that V' = 2WW’, equation (3.2) is equivalent to

“2n(1+V)—uV' = =2+ Hu?.

Rearranging terms, we can rewrite this equation as
/ 2n -1
Vit —V=02n+2u— 2Ln)u"". 3.4)
u
From here, a simple integrating factor of 1" gives the solution

V:uz—l—i—i.
M2n

O

Remark 3.4 Notice that the exponent in the denominator of the last term of V in (3.1) is
different than the exponent in [ 10, Proposition 3.2]. If E denotes the Einstein constant
for the ambient symmetric space, then it appears that the formula for this exponent is
—(E +2).

For o € R we use the notation V,, to denote the function V from (3.1) with constant
o, and use A, to denote the metric A with the choice of V,,. The metric A, is well-defined
for all values @ and # > 1 such that V(1) > 0.

3.2 Cone Angles and Curvatures Of The Model Einstein Metric

In this subsection we consider the metric A, written in polar coordinates on R** =
R22 x S! x [0, 00). When a = 0 the metric A, = Ao = ¢, and thus defines a smooth
metric on R?*. But when o # 0 this metric will have a cone angle about R>"~2.
The following Lemma, which is mostly the same as from [10] with the substitution
n — 3 = 2m, quantifies how this cone angle depends on «.

In what follows we let u, denote the largest root of V. Note that when u, > 0,
the metric A, is well-defined for all u € (i, 00). We also define f(u) = (1 —u®)u"
and observe that roots of V,, are equivalent to solutions of the equation f (1) = «.

Lemma 3.5 Let

n 1 u no
2n LRV 2

vV = [0 = v C :—V (l/l ):u — .

n+1 " a4 *T o e * o y2n

(1) Therootug is positive if and only if o € (—00, Aax]. The map y : (—00, Apax] —
[v, 00) defined by y (o) = uqy is a decreasing homeomorphism.

(2) When a € (—00, ax), the metric Ay has a cone angle about R2'=2 4t y = u,
with cone angle 21 cy.
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(3) The map B : (—00, tmax] — [0, 00) defined by B(a) = cq is a decreasing
homeomorphism. In particular, as « varies from Q to dpay, the cone angle 2wy,
takes every value from 21 to 0 exactly once.

Lemma 3.5 is the last thing that we needed to prove Theorem 1.1.

Proof of Theorem 1.1 Recall that we need to prove that our model Einstein metric A,
is isometric to the Kihler-Einstein metric w, whose existence is guaranteed by [12,
Theorem 2.2]. In [12, Theorem 2.9] the authors argue that f,, (r), the warping function
for the horizontal fiber of w,, must satisfy a specific differential equation. The initial

conditions for this differential equation are f,(0) = 0 and f,(0) € ( /#, 1) =

(v, 1). With respect to equation (2.4), the coefficient of the horizontal distribution is
u = cosh(r). Also, recall in (2.4) that we made the substitution V(u) = u? — 1 =
sinh?(r) = (cosh’(r))2.
In the differential equation (3.4) we set u = f(r) and V (u) = (f’(r))*. Note that,
in terms of (3.4)
v av._dv dr

T ar f()f()<f()>=2f(r)-

Substituting into (3.4) gives

Y 2n(f")? Qn+2)f 2n
VI 2n _ =
f f
which can be rearranged as
AN COE
7 f2 nﬁ =n+1.

This is the differential equation derived in Theorem 2.9 of [12]. To see that the solution
V, of this equation is the same solution as w,, just compare the initial conditions listed
above for f, with Lemma 3.5. O

Proof of Lemma 3.5 Again, this proof is very similar to [10], but the presence of the
u? in the d6? term of (2.5) causes enough differences that we verify all details below.
For (1), just note that u,, is the largest value of u which satisfies f (1) = «. Statement
(1) then follows from consideration of the graph of f(u) — «.
To prove statement (2), fix @ € (—00, omax). To calculate the cone angle of A, we
need to consider values of u near u,. One has, for u near u,,

, 5 2cq
Vae) = Ve ta) + Vi tta) = ) + 0 (0 = a)?) ~ = = ).

Ug

We then, in the metric A,, make the substitution

2
s = ﬂ(u — Ugy)
Ca
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Direct calculations verify the following:

2
du® = &(u — uoé)ds2 ~ Vyds®

Uy
2.2
cis 2¢
o o ~
5 = —(M —_ ua) ~ VO{
uz Uy

Substituting for Ay in (2.5), we have

szca 2 Szca 2 C§S2 2 2
Ao X +ug | o1+ + uy —2d0 + ds”. 3.5)

2uy Uy A

Notice that, as u — ug, we have s — 0. Therefore, as u — u,, the leading (linear)
coefficient of d6? in (3.5) approaches cgsz. Thus, A, has cone angle of 27 ¢, about
RZn—Z'

To verify (3), recall that u, is the largest solution to the equation f(u) = « or,
equivalently, (1 — uo,)zufl" = «. This gives

2y,,2n
),  ho 5 n(l—uz)u 5
Co‘zua_ﬁzua_+=(l+n)“a_”-
u ug

This equation defines an increasing homeomorphism from [v, c0) — [0, 00). Com-
posing with y from (1) yields the desired decreasing homeomorphism S. For the last
claim, just note that when o = 0 we have ug = 1 and therefore cg = 1. Thus, when
a = 0, the cone angle is 2w (which is clear since L9 = ¢,). The claim then follows
from the fact that § is decreasing. O

Notice the immediate corollary of Lemma 3.5.

Corollary 3.6 For any integer d > 2, there exists a unique &« = ag € (0, pax] such
that the metric Ly has cone angle 27 /d about CH' ™",

We now aim to find upper and lower bounds for the sectional curvature of A, in
order to give an independent proof of [12, Theorem 2.11]. It turns out that A,, also has
the same upper and lower curvature bounds as the model Einstein metric in [10], but
verifying this is more involved due to the nonzero mixed terms in Theorem 2.1. Recall
that W2 = Vy = u? — 1 4+ au~2". From this, we observe that

2WW' =V, =2u — 2nou ™!
2((W)+ WW") =V =2+ 20n + Dau™2,

The following Corollary restates the curvature formulas from Theorem 2.1 with the
above calculations.
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Corollary 3.7 With respect to the orthonormal basis defined in equations (2.6) through
(2.8) we have, up to the symmetries of the curvature tensor, the following formulas for
the nonzero components of the Riemann curvature tensor R® of A.

4o

R;)il'-‘rl,l',l'-i-l = —4 — W fori Odd (36)
o

o

RE ;=1 . (3.7)
o a no

Rion—tion—1 = Rignion =14 "33 (3.8)

2n(n — Na

Rgn—l,2n,2n—l,2n =—4- W (3.9

RY = 2RY, —2RY P dd.
i+l = A i e T i+l = w22 fori,jo

(3.10)
2no
Rt on—1.20 = 2R 00 1100 = —2R(0p 01001 = -2+ perEsE (3.11)

In the formulas above we have 1 < i, j <2n — 2 and, if i and j appear in the same
Sformula, we assume that (Y;, Y;) does not form a holomorphic pair. We also assume
iisoddin (3.11).

With these formulas we can now prove the following.

Proposition 3.8 For all a € (0, ayax), the metric Ay has all sectional curvatures
bounded above by a negative constant. Moreover, the sectional curvature K of X,
satisfies
2n(n — Na na
- =K=-l+353
Proof First note that, of the curvatures of the coordinate planes in equations (3.6)
through (3.9), the only one that is greater than —1 is (3.8). But, using the notation for

omax and v from Lemma 3.5, observe that

no NQmax n 1
_1+W<_1+v2n+2 =_1+n+1.v_2:0

Therefore, K < 0 for all coordinate 2-planes with respect to the orthonormal frame
defined in (2.6) through (2.8), but we also have to account for the nonzero mixed
terms.

In what follows we use the notation from Subsection 2.1. Let E = CH"~! x S,
q € E x (0,00), and p = ¢(q) where ¢ is the orthogonal projection onto the CH"-!
factor. Let 0 C T, (E x (0, 00)) be a 2-plane such that o # span(d/06, d/du). Our
goal is to choose a convenient frame to calculate K (o). By construction, d¢ (o) is
at least 1-dimensional in TPCH”_I. Let A € o be a unit vector orthogonal to d/du
which satisfies that d¢(A) # 0, and let X 1 €Ty CH"~! be a unit vector which is
parallel to d¢(A). Choose B € o so that (A, B) is an orthonormal basis for o. Let
X2 =JX 1, and choose a unit vector X3 orthogonal to span(X 1, Xz) in such a way
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that d¢(B) € span(}v(l, }V(z, )V(3). Extend ()V(l, )V(z, )V(3) to orthogonal vector fields
(X1, X2, X3) about ¢ in exactly the same manner as described in Subsection 2.1.
Finally, let

Y—lX Y—lX Y—lX Y L2 Y—W8
1= AL =24y By=As, Is =g e te =W

Then there exist constants ap, as, by, by, bz, bs, bg such that
A=a1Y1 +asYs B =b1Y1 +b2Y2 + b3Y3 + bsYs + beYe

with
a?+at=1 be:l arby + asbs = 0.

We then compute
K (o) = Aq(R%(A, B)A, B)

= a%”%R% 1,2 +a%b§R?3 1,31 (a1bs — aSbl)zR‘lxs 15 +a12b(2)Rllx,6,l,6 +a52b%Rg,5,2,5
+ “ﬁb3R3 5351 asbsRs 65,6 T 2a1asbabe (R 556 — R 6.25)

o no
= (4alb3 +alb )( 2n+2)+((a1b5_‘15b1)2+a1 6 + a3y +asb )( 2)1+2)
2n(n — Da no
212
+ a5b6 <—4 — W) + 6aiasbrbg (_1 + u2n+2)
o no
= (4a?b} +alb )( T +2)+((a1b5—a5b1)2+a§b§) (‘“rw)

2n(n — Do no
2;2
+ u2n+2) +asbs <_4 T T a2 ) +4darasbrbs (_1 + u2n+2)

a 2, 232 no
< (2a7b3 + aib3) ( W) + ((a1bs — asb1)” + asb3) (‘1 + M2n+2)
na nn — Da
(_ + u2n+2> +asbg < 2- W)

no
+2(ibs +asbe)’ (14 5 ).

+ (a1bg + asha)? (=1

+ (a1bs + asba)?

Since « > 0, this last expression is clearly negative. To obtain an upper curvature
bound, a quick observation shows that we want to choose a; = bg = 0. This forces
as = =1 and, by orthogonality, we must have b5 = 0. The last expression above

reduces to na na
2 2 2\ _
(_1 + u2n+2) (bl +b3 +b2) - ( 1+ u2n+2)

The lower curvature bound is easily seen to occur when |as| = |bg| = 1, which yields

_ 2n(n — Na

K(o)=—4 22

]
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Remark 3.9 The extreme curvature values of A, are functions of both the dimension n
and ramification degree d. The maximum and minimum curvatures both occur at the
ramification locus, when u = u,. Assume @ = 4. Asd — 0o, we have u, — v and
o — omax- We saw in the above argument that, in this situation, (no)/ 12" *+2 will then
approach 1 as d — oo. The lower curvature bound thus approaches —4 —2(n — 1) =
—2(n + 1) while the upper curvature bound approaches 0. Therefore, for any ¢ > 0,
one can choose the ramification degree d sufficiently large so that the lower curvature
bound of A, liesin (—2(n + 1), —2(n + 1) + ¢€) while the upper curvature bound lies
in (—e¢, 0). Note that these are the same curvature bounds stated in the Introduction of
[12].

It is also easy to deduce [12, Theorem 2.4 (4)] from our previous work. Note that
A — Ca| < 2a/u?". Recalling that u = cosh(r) and r denotes the distance from the
branching locus, we see that the model Einstein metric A,, approaches ¢, exponentially
inr.

4 Complex Hyperbolic Branched Covers and Convergence to the
Kédhler-Einstein Metric

In this section we first show how to construct a sequence of complex hyperbolic
branched cover manifolds (X}) with a specific geometric property (namely, that the
normal injectivity radius of the branching locus goes to infinity while the diameter of
the branching locus remains fixed). We will then discuss how to use our model Einstein
metric A, to construct a smooth, approximately Einstein metric g; on X for each k.
This metric will be negatively curved for k sufficiently large. Finally we will show
how to use an inverse function theorem to perturb g; to obtain a negatively curved
Einstein metric ¢; on Xy. Since our approximate Einstein metric g; is isometric to
wq g from [12], equation (30) from [12] shows that ¢; asymptotically approaches the
unique Kahler-Einstein metric on X with negative Ricci constant.

The authors want to emphasize that the work in this section was completed after
the announcement of [12]. This section really just combines known results from the
literature, including [12], with a small amount of work to check that they apply to our
metric A,. But we include full details here for completeness.

4.1 The Sequence of Complex Hyperbolic Branched Cover Manifolds

Fix integers d, n > 2. The goal of this subsection is to prove the following.

Theorem 4.1 There exists a sequence of compact Kdhler manifolds (My) of complex
dimension n with connected, totally geodesic submanifolds (Ny) which satisfy the
following.

(1) The universal cover of My, is isometric to CH".

(2) The submanifold Ny C My is embedded, has real codimension 2, and its preimage
in the universal cover of My, is isometric to multiple disjoint copies of CH" .

(3) Ny is isometric to Ny for all indices k, €.

(4) The fundamental class [Ny] € Hap—2(My, Z) is d-divisible.
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(5) The normal injectivity radius ny of Ny in My satisfies ni > k.

Remark 4.2 By condition (4), the cyclic d-fold branched cover X; of My about Nj
is a smooth manifold. By (5) the normal injectivity radius of the branching locus of
X will approach infinity as k — oo. The branched cover manifold X is Kihler by
[26] and, for k sufficiently large, this is the manifold which admits a negatively curved
Kaihler-Einstein metric.

Proof of Theorem 4.1 The construction of the pair (My, Ny) is recursive. We first show
how to construct (Mo, No) and then, given (M, Ni), we show how to construct
(Mp+1, Ni+1) which satisfies (1) — (5) above.

Using the notation of [22], let " < PU(n, 1) be a cocompact congruence arithmetic
lattice of simple type. It is known that, after possibly passing to a finite congruence
cover, we may assume that the quotient M = I' \ CH" contains an embedded sub-
manifold N satisfying (2) above. In the event that this submanifold is disconnected,
we let N denote one of its components.

By a result of Stover and Toledo [22, Proposition 5.1], there exists a finite cover
(M', Ny of (M, N) such that [N'] € H»,_>»(M’, Z) is d-divisible. We set My = M’
and, if N’ is connected, we let Ny = N’. If N’ contains multiple components, then
an application of the Universal Coefficient Theorem [12, Lemma 3.8] shows that
each individual component of N’ must also have fundamental class that is d-divisible.
Choose one such component and call it Ng.

We now assume that the pair (My, Ny) satisfying (1) — (5) in Theorem 4.1 has been
constructed, and we show how to construct the pair (M1, Ni+1). This argument is
analogous to that of [12, Proposition 3.3]. To start, if the normal injectivity radius 7y
of Ny is k + 1 or greater, then we just set M1 = My and Ni4+1 = Ni. So we may
assume that ny < k + 1.

Let 'y < PU(n, 1) be such that My = 'y \ CH". The preimage of Ny in CH" will
generally have many connected components, each isometric to CH"~!. Fix one of
these components and call it V. Let Ay = Stabr, (V') denote the stabilizer of V in I';.
Since n; < k + 1 there exists a geodesic with endpoints in Ny whose length is at most
2(k 4+ 1), which meets Ny orthogonally at each endpoint, and which does not admit a
homotopy into Ny. Connecting these endpoints with a geodesic contained in Ny gives
a closed path in M} which corresponds to a nontrivial element y € w1 (My) = TIk.
Note that, by construction, y ¢ Ay.

By a result of Bergeron [4], there exists a finite index subgroup I'; < T'; such that
A < T buty ¢ I';.By[9] there exist only finitely many homotopy classes of closed
curves in My with length less than 2(k + 1) 4+ diam(Ny). So, after finitely many steps,
we obtain a finite index subgroup 'y < [y with Ay < T'jx4; which satisfies the
following. Let My = ['xy1 \ CH", and let N4 C My be equal to Ag \ V. Then
Ni41 is connected, is isometric to Ni, and has normal injectivity radius ng+1 > k+ 1.
This verifies conditions (1) — (3) and (5) in the Theorem.

For property (4), first notice that My is a finite cover of My since I'x4+1 < 'y
has finite index. Since the fundamental class of Ny is d-divisible, by [12, Lemma 3.7]
we have that the lift of Ny in My has d-divisible fundamental class. This lift may
have multiple connected components, one of which is Ni41. But [12, Lemma 3.8]
shows that, if the fundamental class of the preimage of Ny is d-divisible, then the
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fundamental class of each component is d-divisible. Thus, N satisfies condition
(4) of the Theorem. O

4.2 The Approximate Einstein Metric

In this subsection we consider the manifold pairs (M, Ni) constructed in Theorem
4.1. Fix an integer d > 2 as in the Theorem, and let X; denote the d-fold cyclic
branched cover of M} about Nj.

Let nx denote the normal injectivity radius of Ny in My, and let U, = cosh(ny).
Recall that r denotes the radial distance from a point to the submanifold Ng, and
u = cosh(r). Then, of course, r < ny if and only if u < Uk.

By Corollary 3.6 there exists a unique @ = oy € (0, ¢max) such that the cone
angle of A, about some copy of CH"~! in CH" is 27 /d. Define a smooth function
x : R — [0, o) which satisfies x (x) = 1 ifx < 1/2and x(x) =0forx > 1. We

then write
u

o
Vi) =u® = 1+ -5 x (@)
and let g; denote the metric A associated with this choice of Vi. Since Vy = u? —1
whenever u > Uy (or, equivalently, when r > ny), the metric g,’c descends to a well-
defined orbifold metric on Mj. By abuse of notation we again denote this metric g;,
and note that g, will be everywhere Riemannian except at Nj. At each point of N the
metric g; will have a cone angle of 27 /d.

Let px : Xx — My denote the d-fold cyclic branched covering map, and equip
X} with the metric gx := p;’(g}). By an abuse of notation we also use Nj to denote
the branching locus of Xj. By construction the metric g is smooth about Nj, and
gk 1s certainly negatively curved and Einstein within the (1/2)Ug-tube of Nj and
outside of the Uy-tube of Nj. Since Uy — o0 as k — 00, all derivatives of x (u/Uy)
approach 0 as k — oo. Therefore, for k sufficiently large, gx will be negatively curved
everywhere and will be approximately Einstein on the ((1/2)Uy, Uy)-annulus about
Ny. This approximation becomes finer as k — oco. We summarize this information in
the following Proposition.

Proposition 4.3 There exists an integer K such that, for all k > K, there exists a

smooth Riemannian metric gr on Xy with the following properties.

(1) Thereis a constant ¢ > 0 such that sec(gx) < —c, where sec denotes the sectional
curvature.

(2) Ric(gr) + 2n + 2)gk is nonzero only in the annular neighborhood (1/2)U; <
u < Uy.

(3) For any m € N, there exists a constant A depending on m but not on k such that

) A
[|Ric(gk) + (2n + 2)gkllcm = 2
k

(4) We have
lim [ |Ric(gr) + (2n + 2)gk|*dvoly, =0
Xk

k— 00
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Proof Statement (2) is clear by the definition of . Statement (1) is also clear since the
curvature of g; is bounded above by a negative constant, and g is a CZ-approximation
of g,’(. Statement (3) is identical to [10, Proposition 3.1 (1)] but with replacing n — 3
by 2n (and we absorbed the constant (1 /2)2”+2 into the constant A).

For (4), first note that the integrand is supported on the ((1/2)Uy, Uy)-annulus
about N. The metric g; only differs from ¢, within the normal bundle of Ny, and the
maximum length of any unit vector in this annulus is uW ~ u?> < U k2 Thus, an upper
bound for the gi-volume of this region is given by

d - vol(Ny) - U? - U?

where the first U kz comes from the bound on # W, and the second U ,{2 comes from the
diameter of the annulus where the integrand is non-zero. From Theorem 4.1 (3) we
know that vol( Ny ) is constant. Statement (4) then follows from statement (3) assuming
n > 1. O

4.3 Perturbing g, to Obtain a Negatively Curved Einstein Metric

In this subsection we will closely follow the notation and results from [13, Sections
2, 4] and [10, Section 4], both of which originate (at least) from the work of Biquard
[6] and Anderson [1]. The proof of Theorem 1.2 below is identical to the proof of [13,
Theorem 4.3]. Technically, one would need to replace n — 1 with 2n 4 2 in equations
(2.1), (2.3), and the subsequent Lemmas of [13], but the proofs of these Lemmas
are independent of this positive constant. Alternately, one could simply scale our
approximate Einstein metric g; appropriately so that its Einstein constant is —(n — 1).
Then, the results of [13] apply directly. The goal of this subsection is to provide the
terminology and results necessary from [10] and [13] to justify Theorem 1.2, with the
hope that this subsection can also serve as a gentle introduction for non-experts to the
above references.

Let Met (X) denote the collection of smooth, symmetric, bilinear forms on 7 Xy
of any signature. The collection of Riemannian metrics on X; forms an open cone
within Met (X ). One would like to define an operator E : Met (X;) — Met (Xj) by

E(g) =Ric(g) + 2n +2)g
but this operator is not elliptic and thus the inverse function theorem will not generally
be applicable. The remedy for this issue is called Bianchi guage fixing. Given g €
Met (Xy), define &, : Met (Xi) — Met (Xy) by
O, (h) = Ric(h) + (2n + 2)h + div}, (B (h))
where div} is the L2-adjoint of the divergence with respect to g and Bg : Met (Xy) —
T*X is the Bianchi operator. We omit the definitions since we will not use them here,

but we direct the interested reader to see [10], [13], and the references therein. An
important property of ®, is that, if |B,| is bounded and Ric(g) < Ag for some A < 0,
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then ®,(h) = 0 if and only if & satisfies both Ric(h) = —(2n + 2)h and B,(h) = 0.
See [6, Lemme 1.1.4] or [1, Lemma 2.1]. So, at least for metrics with negative Ricci
curvature, ®, is sufficient to be able to detect Einstein metrics near g. Butitis generally
not necessary as it will miss Einstein metrics e which satisfy 8,(e) # 0 as discussed
in [1].

The reason why it is advantageous to add ¢ to E to obtain @, is that the operator
®, is now elliptic. Its linearization (at g) can be explicitly calculated as

1
Ly(h) = (Dg)g(h) = 5 ALh + 20+ h

where Ay = V*Vh 4 Ric(h) is the Lichnerowicz Laplacian. A good reference for
the notation is [20, Section 9.3]. Koiso [16] proved that, if g is Einstein with negative
sectional curvature, then £, has a uniform L?-spectral gap. Our metric g is only
approximately Einstein, but an analog to this result was proved in [10, Lemma 4.4]
(see also the corresponding [13, Lemma 4.1]) to apply to this situation.

All of the results above apply in all dimensions. The reason why the negatively
curved Einstein metrics from [10] are only guaranteed to exist in dimension 4 is
twofold. The first reason is because the construction of the manifold pairs (My, Ni)
in [10] do not give sufficient L2-control of ® ¢ (k). Hamenstidt and Jéckel in [13]
observed that, by using subgroup separability to bound the diameter of the branching
locus, one could obtain such L2-control of ® & (8k). This is encoded in Proposition 4.3
(4) above. The second reason is due to the bound on E;l . In [10] Fine and Premoselli
are able to find an upper Lipschitz bound for Egl that depends on &k [10, Lemma

4.13], whereas Hamenstiadt and Jickel are able to construct a C 0_estimate for [,gl [12,
Lemma 2.2] and use this to find such a bound that is independent of k [12, Proposition
4.2]. This [12, Proposition 4.2] replaces the estimate needed by Fine and Premoselli
in [10, Theorem 4.15] and is the key to extending their results to all dimensions.

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2 Consider
Dy, 1 C*(Met (Xy)) — CO(Met (X))

where C*(Met (X)) denotes Met (X;) with the C¢-topology. By [12, Proposition 4.2]
there exists ¢ > 0, independent of k, such that ®,, surjects onto the e-neighborhood
of &g, (gk), denoted B(Pg, (gk), €). By Proposition 4.3 (4) we have that ||gk||;2 — O,
and consequently ||®g, (gx)|lco — 0. Thus there exists K € N such that, for all
k > K,0 € B(®g,(gk), ). Therefore, there exists e; € C?%(Met (X)) such that
Dy, (ex) = 0. It is known that &, is Lipschitz with constant independent of k (see
[10, Lemma 4.1] and [13, Proposition 4.2]). Hence, by possibly choosing a larger K
if necessary, we have that e is positive-definite and negatively curved. The metric ek
is thus the desired negatively curved Einstein metric. Moreover, by letting ¢ — 0 as
k — 00, one can ensure that
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lim ||gk —exllc2 =0
k—o00

O

Remark 4.4 From the equation above, we see that our model Einstein metric Cc2-
approximates the negatively curved Einstein metric ¢, and this approximation gets
closer as k — o0o. By equation (30) in [12] we see that g; also C2-approximates the
negatively curved Kéhler-Einstein metric wy. It is unclear to the authors if, eventually,
one must have e; = wy for all k, or if this sequence of manifolds supports a sequence
of negatively curved Einstein metrics that C-converge to wy.
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