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Abstract. We construct a random model for an n-fold branched cover of a finite accept-

able 2-complex X. This includes presentation 2-complexes for finitely presented groups

satisfying some mild conditions. For any λ > 0, we show that as n goes to infinity, a ran-
dom branched cover asymptotically almost surely is homotopy equivalent to a 2-complex

satisfying geometric small cancellation C′(λ). As a consequence the fundamental group
of a random branched cover is asymptotically almost surely Gromov hyperbolic and has

small cohomological dimension.

1. Introduction

The probabilistic method was originally pioneered by Erdös, and was used as a non-
constructive approach to showing the existence of interesting examples in combinatorics and
graph theory, see e.g. the classic text by Alon—Spencer [AS16]. The method has been par-
ticularly effective in graph theory, with random graphs having evolved into its own field of
study. Random models have since been developed to study higher dimensional simplicial
complexes (Kahle [Kah14]), random closed surfaces (Brooks—Makover [BM04]), and random
3-manifolds (Dunfield—Thurston [DT06]). In the late 1980s, Gromov launched the study of
random groups. The two main models for random groups are the density model and the few
relator model, see Gromov [Gro93] and the survey article by Ollivier [Oll05].

A common theme in these approaches is that a space is built by attaching spaces together
via a random process. In the case of random graphs or simplicial complexes, edges or simplices
are added to a vertex set at random. In the setting of random surfaces or 3-manifolds, triangles
or handlebodies are glued together via a suitable random process. In the setting of random
groups, one can think of relators as 2-cells being randomly attached to a bouquet of circles,
with the random group being the fundamental group of the resulting 2-complex.

A different topological construction that is commonly used in low-dimensional topology is
that of branched covers. All closed oriented surfaces can be realized as branched covers over
the sphere, a fact that is also true for 3-manifolds (Hilden [Hil74] and Montesinos [Mon74]).
Branched covers have also been a source of many interesting examples in the geometry of
negatively curved manifolds, see e.g. Gromov—Thurston [GT22], Fine—Premoselli [FP20],
Stover—Toledo [ST22], Minemyer [Min23], Guenancia-Hamenstädt [GH25]. From this view-
point, it is natural to look for a random model for branched covers. In the present paper, we
construct a random model for branched covers of finite polygonal 2-complexes and prove:

Main Theorem. Let X be an acceptable finite polygonal 2-complex, and X(σ) denote an
n-fold random branched cover of X. Then for any fixed λ > 0, the branched cover X(σ) is
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asymptotically almost surely homotopy equivalent to a 2-complex satisfying geometric C ′(λ)-
small cancellation.

By a polygonal 2-complex, we mean a 2-dimensional CW-complex where the attaching
maps are particularly simple, as described here. The 1-skeleton is metrized by having each
edge of length one and having a prescribed orientation. The 2-cells are identified with disks
scaled so that their perimeter is an integer. We then subdivide the boundary of the 2-cell
into consecutive intervals of length one, and the attaching map is required to map each of
these intervals isometrically onto a single edge of the 1-skeleton. For these CW-complexes,
the attaching maps for each disk can be described just be enumerating the sequence of edges
and their orientation traversed in the 1-skeleton. Note that we are allowing the possibility of
a disk attaching to a single edge loop, or to a pair of edges (so paths of combinatorial length
one or two).

By an acceptable polygonal 2-complex, we mean one which satisfies the following additional
conditions:

(1) the 1-skeleton X(1) has fundamental group of rank at least two;
(2) the 2-cells have attaching maps that are not proper powers in π1(X

(1)) (so in partic-
ular, are non-trivial), and that are pairwise non-homotopic.

It is easy to see that the Main Theorem fails1 for non-acceptable 2-complexes, so our hy-
potheses are actually necessary.

It is well-known that the C ′(1/6)-small cancellation property has strong geoemetric conse-
quences, e.g. [Gro03], [Wis04]. As a result, the λ = 1/6 case of our main theorem immediately
implies the following:

Corollary 1.1. Let X be an acceptable finite 2-complex, and let X(σ) be a n-fold random
branched cover of X. Then we have asymptotically almost surely the following properties hold:

• X(σ) is aspherical, hence an Eilenberg–MacLane space K(π1(X(σ)), 1);
• π1(X(σ)) is Gromov hyperbolic and cubulable;
• π1(X(σ)) is torsion-free, and has cohomological dimension ≤ 2

In Section 2, we will briefly review some basic notions related to branched covers and to
small cancellation. In Section 3 we will describe our model for random branched coverings.
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2. Preliminaries

2.1. Branched Coverings. Let us recall the notion of branched covering of smooth mani-
folds (see e.g. [GS23]).

1More precisely, the theorem holds trivially when the rank is one (see Remark 3.12), and fails when
two attaching maps are homotopic (these create π2). The hypothesis on proper powers is necessary for the

construction of our random model, see Section 3.2.
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Definition 2.1. (n-fold branched covering of manifolds) Given a pair of smooth k-
manifolds Xk, Y k, an n-fold branched (or ramified) covering is a smooth, proper map f :
Xk → Y k exhibiting some particularly simple local form. The critical set Bk−2 ⊂ Y is
called the branch locus, and we require that it is a smoothly embedded codimension two
submanifold. Moreover, f |X\f−1(B) : X \ f−1(B) → Y \ B is a covering map of degree n,

and for each p ∈ f−1(B) there are local coordinate charts U, V → C×Rk−2 about p, f(p) on
which f is given by (z, x) 7→ (zm, x) for some positive integer m called the branching index
of f at p.

Notice that, when restricted to the branching locus B, the map f |f−1(B) is just an ordinary
covering map. The pre-image of B is not assumed to be connected, and indeed, could have
multiple connected components. Transverse to the branching locus B, f behaves like the map
z → zm near the origin – though again, at different pre-image points the value of m might be
different.

This definition can be readily extended to the setting of CW-complexes. As we only need
the 2-dimensional case, we will focus on that setting.

Definition 2.2. (n-fold branched covering of 2-complexes) Given a pair of finite 2-
dimensional CW-complexes X, Y , an n-fold branched (or ramified) covering is a continuous
map f : X → Y satisfying the following property. There is a finite subset of points B ⊂ Y ,
called the branching locus, which satisfies B ∩ Y (1) = ∅ (so B lies in the interior of the 2-
cells). Moreover, f |X\f−1(B) : X \ f−1(B) → Y \ B is a covering map of degree n, and for

each p ∈ f−1(B) there are local coordinate charts U, V → C about p, f(p) on which f is given
by z 7→ zm for some positive integer m, called the branching index of f at p.

Note that, in the case where a 2-cell in Y contains more than one branch point, connected
components of its preimage might no longer be homeomorphic to a disk. However, if there is a
single branch point inside a 2-cell, then each component in its preimage will be homeomorphic
to a disk.

2.2. Small Cancellation Conditions. Small cancellation has been a useful tool in combi-
natorial group theory since the 1970s, see e.g. the references [Lyn77], [Gro87], [Gro03], and
[Gui12]. There are various notions of small cancellation. Here, we start by recalling the classi-
cal small cancellation with respect to a group presentation. Roughly speaking, this condition
says that any common subword between two relators in a presentation is short compared to
the length of the relators.

Let X be a symmetric generating set for a group Γ, i.e. X contains all elements of a
generating set S and their inverses. We call an element of S a letter. A word w is finite string
of letters w = s1 . . . sm. We consider w as an element of the free group F with the generating
set S. Then each element of F other than the identity 1 has a unique representation as
a reduced word w = s1 . . . sn in which no two successive letters sisj form an inverse pair

sis
−1
i . The integer n is the length of w, which we denote by |w|. A reduced word is called

cyclically reduced if sn is not the inverse of s1. If there is no cancellation in the product
z = u1 . . . un, we write z ≡ u1 . . . un.

A subset R of F is called symmetrized if all elements of R are cyclically reduced and for
each r in R, all cyclically reduced cyclic permutations of both r and r−1 also belong to R.
Suppose that r1 ≡ bc1 and r2 ≡ bc2 are distinct elements of R. If b is the maximal such
subword then it is called a piece relative to the set R or simply a piece.
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Definition 2.3. We say that R satisfies the small cancellation condition C ′(λ) if for r ∈ R
with r ≡ bc where b is a piece, then |b| < λ|r|. In this case, we also say that the presentation
satisfies C ′(λ). Also, for a group Γ, if there is a presentation that satisfies C ′(λ), we say that
Γ is C ′(λ) group.

The following is well known:

Proposition 2.4. [Gro87] If a finitely presented group Γ satisfies C ′( 16 ), then Γ is word
hyperbolic.

Geometric consequences of the small cancellation hypothesis are further studied in [Lyn77],
typically via the group’s presentation 2-complex, as well as van Kampen diagrams and their
mapping to 2-complexes. This allows the small cancellation condition to be reformulated
geometrically, and the results to be generalized to the setting of polygonal 2-complexes.

Recall that the attaching maps for the 2-cells in a polygonal 2-complexes are given by
a (cyclic) sequence of directed edges from the 1-skeleton. For each 2-cell D in a polygonal
2-complex, the boundary ∂D is a cycle graph, and one can label the edges of ∂D according
to the directed edges they map to in the 1-skeleton. We will consider combinatorial subpaths
b in ∂D which are injective on their interior (so at most, agree at the two endpoints). Note
that we allow the two extremal cases (i) where the path has length zero (so is just a point),
and (ii) where the path covers the entirety of ∂D. A subpiece is a subpath in the boundary
of a pair of disks ∂D, ∂D′, whose labels, including orientation, are identical. Note that D′

can possibly be the same disk D, but with distinct initial vertices for the two subpaths of the
boundary. In that case a subpiece would be contained in the self-intersection of the attaching
map on ∂D. A piece is a subpiece in the boundary of a pair of disks ∂D, ∂D′ which is maximal
under containment.

Remark 2.5. Maximality gives us some insight on the local behavior of the labels on D,
D′ near the endpoints. If the endpoints of the piece are distinct vertices in ∂D, ∂D′, then
maximality tells us that at the initial (and terminal) vertex of the path b, the previous (resp.
following) edges of ∂D and ∂D′ have to be distinct.

The other possibility is that the endpoints of the piece b coincide in D (for example). Note
that this means the label on D′ contains an entire copy of the label on D.

We say that D satisfies C ′(λ) if for any piece b of D, we have

ℓ(b)

ℓ(∂D)
< λ

where ℓ is the combinatorial path length. We say that a 2-complex satisfies C ′(λ) if each of its
2-cells satisfy C ′(λ). This provides us with a geometric notion of small cancellation, and results
on groups satisfying classical small cancellation (established via analysis of the presentation
2-complex) readily generalize to 2-complexes satisfying geometric small cancellation.

In our later constructions, we will consider certain finite covers of the 1-skeleton of X,
with certain lifts of attaching maps. Given a 2-cell D with attaching map α : ∂D → X(1),
we have an associated map α̃ : R → X(1) obtained by composing the universal covering map

π : ∂̃D → ∂D with the attaching map. We can identify ∂̃D with R equipped with its standard
simplicial structure. The map α̃ is then described by the bi-infinite, periodic word obtained

by lifting the edge labels from ∂D to ∂̃D ∼= R. Since we will be interested in studying small
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cancellation properties associated to some of these covers, we now formulate a notion that is
slightly more general than a piece.

A sub-overlap between two disks D, D′ is a pair of finite combinatorial subpaths p ⊂ ∂̃D

and p′ ⊂ ∂̃D′ on which the lifted attaching maps α̃ : ∂̃D → X(1) and β̃ : ∂̃D′ → X(1)

coincide. Note that the paths p,p′ are not required to respect the chosen orientations on

∂̃D, ∂̃D′. Sub-overlaps are considered equivalent if they differ by translation by the π1(∂D)
and π1(∂D

′) actions. We also allow the case where D = D′, in which case we also require the

starting point of the overlaps p ⊂ ∂̃D and p′ ⊂ ∂̃D′ to be in distinct orbits of the π1(∂D)-
action (i.e. correspond to distinct initial points in ∂D) if both paths p,p′ have the same
relative orientation. When D = D′ and the paths p,p′ have opposite orientations (relative

to the fixed orientation on ∂̃D) they will always be considered distinct.

Definition 2.6. An overlap is a sub-overlap which is maximal under containment. The
overlap ratio of D with D′ is defined to be

o(D,D′) = sup
p

ℓ(p)

ℓ(∂D)

where the supremum is over all overlaps (p,p′) between D and D′. The overlap ratio of a
2-cell D is then defined to be o(D) := supD′ o(D,D′), and the overlap ratio of the polygonal
2-complex X is defined by o(X) = supD o(D) = supD,D′ o(D,D′).

Observe that any piece automatically gives a sub-overlap. In particular, for ϵ < 1 the C ′(ϵ)
small cancellation condition is implied by the statement that o(X) < ϵ. On the other hand,
when the overlap ratio of a pair satisfies o(D,D′) ≥ 1, this just means that the label for ∂D
is entirely contained in the label for ∂D′.

Lemma 2.7. Let X be an acceptable polygonal 2-complex, (p,p′) an overlap between disks
D,D′, and set M = max{ℓ(∂D), ℓ(∂D′)}. Then the length of the overlap is bounded above
by ℓ(p) < M2 +M . In particular, for any pair D,D′ of 2-cells, the overlap ratio o(D,D′) is
finite. It follows that for any finite acceptable polygonal 2-complex, the overlap ratio o(X) is
finite.

Proof. Let us consider the case where D ̸= D′, and assume that the overlap (p,p′) has length

ℓ(p) ≥ M2 +M.

Since the lifted attaching maps ᾱ, β̄ coincide on p,p′, these subpaths of ∂̃D, ∂̃D′ have iden-

tical edge labelings. The labeled bi-infinite paths ∂̃D, ∂̃D′ are periodic with respect to the
π1(∂D)-action and π1(∂D

′)-action, which are translations by ℓ(D), ℓ(D′) respectively. Since
the common subpath contains fundamental domain for both translations, one can apply the
Euclidean algorithm to find a subpath of length r = GCD(ℓ(D), ℓ(D′)) that tiles both fun-
damental domains. To see this, consider the initial subpath q ⊂ p of length r. Since
r = GCD(ℓ(D), ℓ(D′)), the Euclidean algorithm provides us with an integral solution to
Bézout’s identity

r = Aℓ(D) +Bℓ(D′)

and the solution satisfies |A| ≤ ℓ(D′), |B| ≤ ℓ(D). Note that exactly one of the integers
A,B is positive, the other is negative. Assume without loss of generality that A is positive.

Viewing q ⊂ p′ as the initial segment of p′, and using π1(D
′)-periodicity of ∂̃D′, we can

translate A times along ∂̃D′. Since the length of p′ is at least M2 +M , this translate of q is
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still contained within p′. We now switch to viewing that translate as contained in p, and use

π1(D)-periodicity of ∂̃D to translate B times along ∂̃D. This has the effect of translating q
by exactly r, and hence the initial portion of p of length 2r consists of two copies of q. We can
iterate this process M/r-times, noting that the hypothesis that ℓ(p) ≥ M2 +M guarantees
that the forward and backward translates from Bézout’s identity land within the common
subwords p,p′. If r < M , this tells us that the larger of the two words is a proper power,
contradicting the definition of acceptable 2-complex. On the other hand, if r = M we get
that ℓ(D) = ℓ(D′), and the two disks D,D′ are attached along the same map, which again
contradicts the definition of acceptable 2-complex.

Next we consider the case where D = D′, i.e. self-overlaps. Then one has that the bi-

infinite label on ∂̃D is periodic with respect a translation by ℓ(D). Since the subwords p,p′

differ by a translation by some 0 < k < ℓ(D), the subword p is also k-periodic. Then as
before we can apply the Euclidean algorithm to obtain a solution to Bézout’s identity, and
use combinations of ℓ(D)-translations and k-translations to see that the p is actually periodic
with period r = GCD(k, ℓ(D)) < ℓ(D). This implies the attaching map for D is a proper
power, which again contradicts X acceptable. □

Corollary 2.8. Any acceptable polygonal 2-complex X only contains finitely many equivalence
classes of overlaps (p,p′).

Proof. For a given pair of 2-cells D, D′, we can count the overlap pairs (p,p′). Up to the
action of π1(∂D), the initial point of the path p can be chosen in a fixed fundamental domain

F ⊂ ∂̃D, where F is a combinatorial interval of length ℓ(∂D). Thus there are at most ℓ(∂D)
possible initial vertices for p. From Lemma 2.7, there is also a uniform bound on the length of
p. Thus there are at most finitely many possibilities for the path p. A symmetric argument
shows that there are at most finitely many choices for p′, hence finitely many possibilities
for the pairs (p,p′). Since the acceptable 2-complex X has a finite number of 2-cells, the
corollary follows. □

3. Random Branched Coverings

In this section, we describe our random model for branched coverings of finite 2-complexes,
with the motivating example being the case of the presentation 2-complex of a finitely pre-
sented group. We then establish a few basic properties concerning the behavior of 2-cells in
our random model.

3.1. Branched Coverings of presentation 2-complexes. Let us first focus on the setting
of a presentation 2-complex. Let Γ = ⟨u1, . . . , ut | r1, . . . , rs⟩ be a finite presentation of a
group Γ, and let X be the presentation 2-complex for the fixed group presentation above.
The complex consists of a single vertex v along with oriented loops x1, . . . , xt corresponding
to each generator, and 2-disks D1, . . . , Ds that are attached by the attaching maps r1, . . . , rs
corresponding to the relators. For such complexes, being an acceptable 2-complex just means
that the finitely presented group has at least two generators, that no relator is conjugate to
a proper power, and that no relations are conjugate to each other.

Remark 3.1. Any finite polygonal 2-complex that has a single vertex can be viewed as a
presentation 2-complex for its fundamental group. These spaces have the advantage of having
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a canonical basepoint for the fundamental group. To deal with the general case of a finite
connected polygonal 2-complex X, we can contract a spanning tree T for the 1-skeleton to
obtain a 1-vertex 2-complex X ′, and use the branched cover model for covers of X ′. The
details can be found in Section 5.1.

Next let us analyze a branched cover of ρ : X̂ → X between polygonal 2-complexes from
the viewpoint of the attaching maps. The branching locus B ⊂ X consists of the set of centers
of the 2-disks D1, . . . , Ds. On the level of the 1-skeletons, we have a not necessarily connected
n-fold covering of the 1-skeleton X(1). Aside from the covering X̂(1) of X(1), the branched
cover X̂ has a number of 2-disk attached to the 1-skeleton. The covering condition on the
1-skeleton forces the attaching maps of these disks to follow the lifts of the attaching map
r1, . . . , rs.

Remark 3.2 (Labeling convention). Since the presentation 2-complex X has a single vertex,
an n-fold covering of X(1) has n vertices, which we will label v1 to vn. Under the covering
map, the pre-image of each directed loop xi will consist of n directed edges which we denote
xi1, . . . , xin. Our labeling convention is to label the lifted edge xij to originate at the lifted
vertex vj . Then each vertex vj has some lifted edge xik coming in, and the lifted edge xij

going out. Note the situation where j = k corresponds to the case where the lifted edge
starting at vj is a loop at the vertex.

Figure 1. A branched cover of a presentation 2-complex

This now suggests a method for producing branched covers. Start with an ordinary finite

cover of the 1-skeleton ρ : X̂(1) → X(1). Note that each disk Di in X has its boundary labeled
ri, and for each vertex in the cover we have a path starting at that vertex and following the
letters of ri. If this path in the cover ends at a vertex different from the starting vertex, we
follow the letters of ri again, repeating the process until the word ends at the starting vertex.

In this process, we get a closed loop in X̂(1), and we can attach a 2-disk to X̂(1) along this
lifted loop. We call these disks Dij , for suitable indexing set for j, and refer to Dij as a lift of
the disk Di. Note that some lifted loops coincide up to cyclic permutation, due to the choice

of where to start a lift. We only attach a single disk to X̂(1) along each of these loops. The
degree of the covering map on the boundary of the disks ∂Dij → ∂Di is denoted by ind(Dij)
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and called the index of the disk Dij . Attaching all lifts of disks D1, . . . , Ds ⊂ X, we obtain

a space X̂ and a candidate branched covering map X̂ → X, where the branching locus is the
set of the centers ci ⊂ Di of all of the disks in the original 2-complex. See Figure 1 for an
illustration of this process.

Remark 3.3. The branching index of each center cij ⊂ Dij is the same as the index of the
disk Dij . The combinatorial lengths of the attaching maps are related via the simple formula

ℓ(∂Dij) = ind(Dij)ℓ(∂Di) = ind(Dij)|ri|

where ℓ is the combinatorial length.

3.2. Random model for branched coverings. We now proceed to define our random
model for branched coverings of a presentation 2-complex, which allows us to randomly pick
a degree n branched cover of the 2-complex X. We call this the random labeled branched cover
model. Note that, as detailed in the previous section, each degree n branched cover of the
2-complex X determines, and is determined by, an ordinary degree n cover of the 1-skeleton
X(1). Since in our special case X(1) is a bouquet of t circles, it is easy to describe the degree
n covers of this graph.

Labeling the n pre-images of the single vertex v by labels V = {v1, . . . , vn}, covering
space theory tells us that associated to each loop xi in X, we have a permutation σi of the
vertex set V . The collection of permutations is determined by the finite cover, and conversely,
determines the cover up to label preserving isomorphism. Thus there is a bijection between
the set of degree n labeled branched covers, and elements in the product of t copies of the
symmetric group Sym(n).

A candidate random n-fold covering of X(1) can now be generated by choosing t random
permutations σ = (σ1, . . . , σt) with uniform distribution, where each σi ∈ Sym(n) corresponds
to each generator ui for i = 1, . . . , t. For a generator ui and its corresponding loop xi in X(1),
a permutation σi encodes the preimage of xi in the n-fold covering space. More precisely, if
the permutation σi maps the integer a to the integer b, then there exists an oriented pre-image
of the edge xi that joins the vertex va to the vertex vb. For a finite presentation of a group
Γ, the random choice of σ = (σ1, . . . , σt) where σi ∈ Sym(n) completely determines a n-fold
covering of X(1), and thus we can carry out the procedure described in the previous section,
and attach 2-disks along all lifts of the attaching maps. We denote the resulting space by
X(σ). Let us look at a few examples.

Example 3.4. Let Γ = ⟨a, b | a−1b2ab−1⟩ and X be its presentation 2-complex. Let n = 3
and σa = (123), σb = (12)(3) ∈ Sym(3). From the choice of σ = (σa, σb), we have a 3-fold
covering of X(1). A disk D ⊂ X is attached to X(1) along the relator a−1b2ab−1, so our label
on ∂D is a−1b2ab−1. The attaching map of D has two connected lifts D1 and D2, which are
attached via the maps

∂D1 = a−1
3 b23a3b

−1
2 a−1

1 b1b2a1b
−1
1 ,

∂D2 = a−1
2 b2b1a2b

−1
3 .

Then the obtained 2-complexX(σ) would be a 3-fold branched covering ofX where {c1}∪{c2}
is the preimage of the branching locus with c1 (resp. c2) the center of the disk D1 (resp. D2).
The branching index at c1 is 2 and at c2 is 1. An illustration of the cover X(σ) is given in
Figure 2.
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Figure 2. A branched covering of degree 3 (Example 3.4)

Consider the fundamental group π1(X(σ)) in this case. Choose a1, a2 as a spanning tree
of the 1-skeleton. Then the generators of π1(X(σ)) will be a3, b1, b2 and b3. We have two
relators a−1

3 b23a3b
−1
2 b1b2b

−1 and b2b1b
−1
3 , obtained by collapsing the spanning tree a1∪a2. We

can remove the generator b3 and the relator b2b1b
−1
3 by a Tietze transformation as b3 = b2b1.

Therefore, the fundamental group of the branched cover X(σ) is the one relator group with
presentation

π1(X(σ)) ∼= ⟨a3, b1, b2 | a−1
3 b2b1b2b1a3b

−1
2 b1b2b

−1
1 ⟩.(3.1)

Figure 3. A branched covering of degree 3 (Example 3.5)

Example 3.5. Let Γ = ⟨a, b | aba−1b−1⟩ and X be its presentation 2-complex. Let n = 3
and as before, let σa = (123), σb = (12)(3) ∈ Sym(3). From the choice of σ = (σa, σb), we
have a 3-fold covering of X(1). A disk D ⊂ X is attached to X(1) along the relation aba−1b−1

so the label on ∂D is aba−1b−1. In this case the attaching map of D has a unique connected
lift D′, with label

∂D′ = a1b2a
−1
3 b−1

3 a3b1a
−1
1 b−1

2 a2b3a
−1
2 b−1

1 ,



10 H. CHO, J. LAFONT, AND R. SKIPPER

see Figure 3. Thus the branched cover 2-complex X(σ) will be a 3-fold branched covering of
X. The preimage of the branched point is the unique point {c′} where c′ is the center of the
disk D′. The branching index at c′ is 3.

Note that the original group Γ = ⟨a, b | aba−1b−1⟩ is a surface group of genus 1, and X
is homeomorphic to a torus. Recall that a branched cover of an oriented surface is again an
oriented surface, and we can determine which surface by considering the Euler characteristic
of the branched covering. Looking again at Figure 3, we see that X(σ) has a CW-structure
with three vertices, six edges, and a single 2-cell, thus giving us χ(X(σ)) = −2. Since
χ(X(σ)) = 2− 2g where g is the genus, we conclude that X(σ) will be a surface of genus 2.

This can also be seen directly from the fundamental group π1(X(σ)). Choose a3, b1 as
a spanning tree of the 1-skeleton, then the generators of π1(X(σ)) will be a1, a2, b2 and b3.
After collapsing the spanning tree a3 ∪ b1, the attaching map gives rise to the single relator
a1b2b

−1
3 a−1

1 b−1
2 a2b3a

−1
2 . This gives us the presentation

π1(X(σ)) ∼= ⟨a1, a2, b2, b3 | a1b2b−1
3 a−1

1 b−1
2 a2b3a

−1
2 ⟩(3.2)

Let α1 = a1, β1 = b2, α2 = a−1
2 b2a1, and β2 = b3. By applying Tietze transformations, we

obtain the presentation

π1(X(σ)) ∼= ⟨a1, a2, b2, b3 | a1b2b−1
3 a−1

1 b−1
2 a2b3a

−1
2 ⟩(3.3)

∼= ⟨α1, β1, α2, β2 | [α1, β1][α2, β2]⟩(3.4)

which is the standard presentation of the surface group of genus 2.

Note that in the previous two examples, the space X we started with was an acceptable
2-complex. It is informative to consider an example where X is not acceptable.

Example 3.6. Consider the finite group Z2
∼= ⟨x | x2⟩. The presentation two complex X

has a single loop labelled x, and a single 2-cell attached by the degree two map r on the
circle. X is homeomorphic to the projective plane RP 2, a closed non-orientable surface, so
any branched cover of X would also have to be a closed surface. Now consider the space
X(σ), where σ = (12 . . . n) is the cyclic permutation. The 1-skeleton of X(σ) is then Cn, a
cycle of length n. There is only one lift r̃ of the attaching map to the 1-skeleton Cn. Observe
that the lifted map r̃ to Cn is either a degree one map if n is even, or a degree two map if n
is odd. So the space X(σ) is either homeomorphic to RP 2 (if n odd) or to D2 (if n even). Of
these X(σ), only the n odd case produces a branched cover. In the n even case, the natural
map X(σ) → X has the property that each point has exactly n-preimages. The only points
where it fails to be a branched cover are along the edges of X, where the local topology fails
to be preserved.

This last example shows the need for the following:

Lemma 3.7. Let X be an arbitrary presentation 2-complex. If no relator is a proper power,
then X(σ) → X is a branched cover.

Proof. We first note that there is a natural map X(σ) → X induced by the covering map on
the 1-skeleton, extended to a branched cover from each 2-cell in X(σ) to its image 2-cell in
X. It is straightforward to check that every point in X that is not the center of a 2-cell has
exactly n pre-images, where n is degree of the covering on the 1-skeleton. By construction,
in the interior of the 2-cells the map is a branched covering. So we are left with checking the
local topology along pre-images of edges, and at vertices.
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In a polygonal 2-complex, the local topology at a point inside an edge is easy to describe.
Let k denote the number of occurrences of that edge (and its inverse) along the boundary labels
of all the attached 2-disks. Then locally, a closed neighborhood of the point is homeomorphic
to the product I × Ck, where Ck is the cone over a discrete set of k points. Under this
identification the edge corresponds to the product of I times the cone point.

So to decide whether the canonical map X(σ) → X is a covering map along the interior of
edges, it suffices to compare, for an edge e ⊂ X(1) and a fixed pre-image edge ei ⊂ X(σ)(1),
the number of occurrences of those edges along labels on the boundaries of the disks in X
and X(σ) respectively. Let k denote the number of occurrences of edge e, and ki denote the
number of occurrences of the edge ei. Our goal is to show ki = k.

Given a 2-cell in X, obtained by attaching a disk D, we can fix an occurrence of the edge
e along ∂D. Consider all the disks D1, . . . , Dm in X(σ) lying above D. These disks are
attached along all the possible lifts of the curve ∂D. Corresponding to these lifts, we have
covering maps ∂Dj → ∂D, and the fixed occurrence of the edge e in ∂D has pre-images
in the ∂D1, . . . , ∂Dm. Since these are all possible lifts of ∂D, these pre-images of the fixed
occurrence of e in D all have distinct indices – so at most one of these lifts has label ei. Since
each occurrence of e along a disk D gives rise to at most one occurrence of ei along one of
the lifts of D, we obtain the inequality ki ≤ k.

As a cautionary note, observe that without the hypothesis that the complex is acceptable, it
is possible that none of the pre-images has label ei (see Example 3.6). So for non-acceptable
complexes, the inequality ki ≤ k could be strict. This is essentially due to the fact that∑

deg(∂Di → ∂D) could potentially be smaller than n, so that the number of pre-images of
e in the

∐
∂Di might be less than n. This also tells us that, to prove equality, we will need

to make use of the “acceptable” hypothesis.
Conversely, for each distinct occurrence of e along a boundary label of a disk in X, we

can look at the attaching map for that disk, viewed as a loop starting at e. We can then
lift that loop starting at the pre-image edge ei, and find the attaching map for a disk in
X(σ). For a general polygonal 2-complex, there is no guarantee that the lifted attaching
maps starting at distinct occurrences of e give you distinct attaching loops in X(σ), see e.g.
Example 3.6. However, any two distinct occurrences of the edge e in the label of disks Di, Dj

form a sub-overlap. In an acceptable 2-complex, Lemma 2.7 tells us this sub-overlap extends
to a maximal sub-overlap of bounded length. In particular, the lifted loops based at the two
occurrences must eventually diverge, so they correspond to distinct lifted disks in X(σ).
This implies that, in an acceptable 2-complex, we also have the inequality ki ≥ k, which
establishes the equality ki = k.

Finally, from the covering condition on edges, it is straightforward to check the covering
condition also holds at vertices. We leave the details to the interested reader. □

We now have, for each natural number n, a model that randomly produces a degree n
branched cover X(σ) of the finite acceptable presentation 2-complex X. We will be interested
in understanding topological and geometric properties of X(σ), as n gets large.

Definition 3.8. Given an event E = En depending on a parameter n, E holds asymptotically
almost surely if it holds with probability 1 − o(1). Thus the probability of success goes to 1
in the limit as n → ∞.

We have defined a random model for acceptable presentation 2-complexes. This model can
easily be extended to general acceptable 2-complexes, as detailed in Section 5.1 below.
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3.3. Connectedness of branched covers. Our random model associates to t-tuples of
elements in the symmetric group, chosen independently with uniform distribution, a corre-
sponding branched cover. Our goal is now to translate interesting properties of the branched
cover X(σ) into properties of the t-tuple in the symmetric group. We can then hope to lever-
age our understanding of random elements in symmetric groups to analyze whether or not the
property holds for random branched covers in our model. As an easy example, let us consider
the connectedness of the branched cover.

Lemma 3.9. The branched cover X(σ) is connected if and only if the subgroup generated by
the permutations σ1, . . . , σt acts transitively on the vertex set.

Proof. Connectedness of X(σ) is completely determined by connectedness of its 1-skeleton.
Given an edge path joining a pair of vertices, one can read off the corresponding product
of permutations (and their inverses) taking the initial vertex to the terminal vertex. So if
X(σ) is connected, then ⟨σ1, . . . , σt⟩ acts transitively on the vertex set. Conversely, if the
subgroup acts transitively on the vertex set, then given any two vertices in X(σ) we can find
a product of permutations (and their inverses) taking one of these vertices to the other. This
then gives us a sequence of edges connecting the two vertices, showing the 1-skeleton of X(σ)
is connected. □

So understanding connectedness of our random branched covers is completely equivalent to
understanding when a randomly selected t-tuple of elements in Sym(n) generates a transitive
subgroup. This is a classically studied problem, and we have the following result of Dixon
[Dix69]:

Proposition 3.10. The proportion of ordered pairs (σa, σb), where σa, σb ∈ Sym(n) generate
a transitive subgroup of Sym(n) is 1− 1

n +O( 1
n2 ) as n → ∞.

Translating this result back to our model gives us:

Corollary 3.11. Let Γ = ⟨u1, . . . , ut | r1, . . . , rs⟩, with corresponding presentation 2-complex
X. If t ≥ 2, then X(σ) is asymptotically almost surely connected.

Proof. The t = 2 case follows immediately from Proposition 3.10. For t ≥ 3, it follows easily
from the two generator case, because adding an additional generator just adds more edges to
an already connected graph. Equivalently, if the first two elements σ1, σ2 already generate a
transitive group, then adding additional generators σ3, . . . , σt does not change transitivity of
the action. □

Remark 3.12. For the connectedness in Corollary 3.11, we had to assume that there is more
than one generator. For the single generator case, random coverings are not asymptotically
almost surely connected. In particular, the cover will be connected if and only if the chosen

permutation is an n cycle. Thus, the probability of connectedness is (n−1)!
n! , which goes to 0

when n → ∞.
This is the reason for our requirement that the rank of the 1-skeleton is ≥ 2 in our Main

Theorem (see definition of acceptable 2-complex). Nevertheless, it is obvious that for a
single generator case, any random branched covering has a Gromov hyperbolic fundamental
group. Indeed, the presentation 2-complex has 1-skeleton consisting of a single loop. Thus
any covering of the 1-skeleton is just a disjoint union of cycles. It follows that each connected
component will have fundamental group that is generated by a single element, hence cyclic.
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It will be isomorphic to Z if there are no relators, and isomorphic to a (potentially larger)
finite cyclic group if there is at least one relator. In either case, the fundamental group is an
(elementary) Gromov hyperbolic group.

3.4. Overlaps in branched covering spaces. Let X be the presentation 2-complex for the
presentation

Γ = ⟨u1, . . . , ut | r1, . . . , rs⟩
where t ≥ 2 and let f : X(σ) → X be the n-fold branched covering obtained from the t-
tuple of permutations σ = (σ1, . . . , σt), where σi ∈ Sym(n), i = 1 . . . t. Recall that each disk
Di ⊂ X corresponding to the relator ri has finitely many lifts Dij ⊂ X(σ) in the branched
cover. For each lift Dij ⊂ X(σ), the index of Dij , given by ind(Dij), is the branching index
of f at the center of Dij . Clearly, the sum

∑
j=1 ind(Dij) = n for each i = 1, . . . , s.

We are interested in studying the small cancellation properties for a random branched
cover. We can view a piece b in X (respectively X(σ)) as a combinatorial path in the 1-
skeleton X(1) (resp. X(σ)(1)). It is tempting to use the covering map ρ : X(σ)(1) → X(1) to
compare pieces in X(σ) with pieces in X. Unfortunately, the image of piece in X(σ) might
not be a piece in X, as it might map to a path that has length greater than the boundary
of the disks. Similarly, the connected lift of a piece in X might not be a piece in X(σ), as
it might be properly contained in an overlap in X. For this reason, it is more convenient to
work with overlaps. As overlaps are defined in terms of the universal cover of the attaching
loops, these behave better with respect to the branched covering map ρ restricted to the one
skeleton. Indeed, we have the following:

Lemma 3.13. Let X be an acceptable presentation 2-complex, X(σ) a branched cover of X,
and ρ : X(σ) → X the branched covering map. Then:

• if (p,p′) is an overlap for the pair of 2-cells D,D′ in X, then (p,p′) is an overlap

for X(σ) for a pair of disks D̂, D̂′ that are branched covers of D,D′ respectively;

• if (p̂, p̂′) is an overlap in X(σ) for the pair of disks D̂, D̂′, then the pair defines an

overlap for the image pair of disks D = ρ(D̂), D′ = ρ(D̂′) in X.

Proof. Recall that the overlap (p,p′) is actually a pair of (equivalence classes of) subpaths

p ⊂ ∂̃D and p′ ⊂ ∂̃D′, with the property that the lifted attaching maps α̃ : ∂̃D → X(1),

β̃ : ∂̃D′ → X(1) coincide on the subpaths p,p′. Given any pre-image vi of the unique

vertex v ∈ X(1), covering space theory tells us we can lift the maps α̃, β̃ to maps ᾱ : ∂̃D →
X(σ)(1), β̄ : ∂̃D′ → X(σ)(1) based at the vertex vi. Since the original maps α̃, β̃ coincide
on the subpaths p,p′, the lifted maps will have the same property. Moreover, since the
original maps α̃, β̃ differ on the two edges immediately preceding (respectively following) the
subpaths p,p′, the same property holds for the lifted maps. Finally, we note that the lifted

maps ᾱ, β̄ are periodic, as they will cover one of the connected lifts α̂, β̂ of the attaching

maps α, β (the lifts based at the vertex vi). These lifted attaching maps α̂ : ∂̂D → X(σ)(1),

β̂ : ∂̂D′ → X(σ)(1) are defined on finite covers ∂̂D → ∂D and ∂̂D′ → ∂D′. These define a

pair of 2-cells D̂, D̂′ in X(σ). We conclude that the pair (p,p′) is an overlap for the 2-cells

D̂, D̂′.
Conversely, if we have an overlap (p,p′) in X(σ) for a pair of 2-cells D̂, D̂′, we can project

the overlap via the covering map ρ. More precisely, from the construction of X(σ), the
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attaching maps α̂ : ∂D̂ → X(σ)(1), β̂ : ∂D̂′ → X(σ)(1) are lifts of the attaching maps
α : ∂D → X(1), β : ∂D′ → X(1) for the pair of 2-cells D,D′ in X. This means there are finite
covering maps π : ∂D̂ → ∂D, π′ : ∂D̂′ → ∂D′, and commutative diagrams α ◦ π = ρ ◦ α̂,

β ◦ π′ = ρ ◦ β̂.
The covering map π allow us to identify the universal covers of ∂D̂ and ∂D, via the lift of

the covering map π̃ : ∂̃D̂ → ∂̃D (and similarly for π′, ∂D̂′, and ∂D′). With this identification,

the map ᾱ : ∂̃D̂ → X(σ)(1) descends to a map α̃ := ρ ◦ ᾱ ◦ π̃−1 : ∂̃D → X(1). Similarly, we

have a map β̃ := ρ ◦ β̄ ◦ (π̃′)−1 : ∂̃D′ → X(1). Since the maps ᾱ, β̄ agree on the subpaths
p,p′ but differ on the immediately preceding (and immediately following) edges, the same
property is true for the composite maps ρ ◦ ᾱ, ρ ◦ β̄. Using the identification π̃, π̃′ of universal

covers, we can view p,p′ as subpaths in ∂̃D, ∂̃D′. This shows that (p,p′) defines an overlap
for the 2-cells D,D′, completing the proof of the Lemma.

□

An immediate consequence of the lemma is the following

Corollary 3.14. Let X be an acceptable presentation 2-complex, and X(σ) a branched cover
of X. If the 2-cell D̄ in X(σ) is an index k branched cover of the 2-cell D in X, then the
overlap ratios are related by o(D̄) = o(D)/k. In particular, o(X(σ)) ≤ o(X).

Proof. From the lemma, we see that the lengths of overlaps for D coincide with the lengths
of overlaps for D̄. Since ℓ(∂D̄) = k · ℓ(∂D), the result follows. □

As we remarked earlier, the small cancellation condition C ′(λ) (where 0 < λ < 1) for a
2-cell D is implied by o(D) < λ. So we immediately obtain:

Corollary 3.15. If a 2-cell in X satisfies the o(D) < λ, then all of its lifts in X(σ) satisfy
C ′(λ).

Remark 3.16. Consider a 2-cell D ⊂ X that does not satisfy o(D) < λ. If a lift D ⊂ X(σ)

has index k satisfying k > o(D)
λ , then by Corollary 3.14 we have

o(D̄) =
o(D)

k
< λ

so D satisfies C ′(λ) in X(σ).

We denote by RL (respectively RS) the length of the longest (resp. shortest) relation in
the presentation Γ. Let us introduce some constants associated to the presentation 2-complex
X.

By Lemma 2.7 there is a uniform bound on the length of overlaps in X. We introduce the
parameter O := R2

L + RL, which serves as a global upper bound on the length of overlaps
in X. In view of Lemma 3.13, O also serves as an upper bound on the length of overlaps
in any of the branched covers X(σ). Since all the relators in Γ have length ≥ RS , we also
obtain the upper bound on the overlap ratio o(X) < O

RS
. We are looking for branched covers

with overlap ratio less than λ. To this end, let us introduce the critical index I := O
λRS

.

From Remark 3.16, we know that any disk D in a branched cover X(σ) whose index is ≥ I
automatically has o(D) < λ, thus satisfies C ′(λ).
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Definition 3.17. Given an acceptable presentation 2-complex X, and λ ∈ (0, 1), a disk D
in a branched cover X(σ) is called a λ-good disk if its index is greater than or equal to I. A
disk that is not a good-disk is called a λ-worrisome disk. We will typically be working with a
fixed value of λ, and refer to λ-good disks as good disk and λ-worrisome disk as a worrisome
disk.

All the λ-good disks satisfy C ′(λ) small cancellation in X(σ). However, this is not true for
λ-worrisome disks, which may or may not satisfy the C ′(λ) small cancellation condition.

3.5. Disks in random branched covering spaces. For the relators r1, . . . , rs and a ran-
dom choice of permutations σ = (σ1, . . . , σt), σi ∈ Sym(n), we define another type of per-
mutation ri(σ) ∈ Sym(n) that represents the structure of lifts of the disk Di. In X(σ), we
first attach a disk for a lift of Di of the relator ri starting from the vertex v1. Let vi(1) := v1
and let vij(1) be the vertex that is arrived at after following the letters of ri a total of j
times. Let k ≥ 1 be the smallest such that vik(1) = v1. Then (vi(1) · · · vik(1)) forms a cycle
of length k with entries corresponding to the indices of the vertices appearing in the pro-
cedure. We repeat the same process at a vertex that is not already obtained in a previous
cycle until there are no vertices remaining. Finally we get a permutation of n elements and
denote it ri(σ). One checks the cycle lengths of ri(σ) have a one-to-one correspondence with
the indices of lifts of Di. The permutation ri(σ) is the result of applying the word map
ri : Sym(n)× · · · × Sym(n) → Sym(n) (see [HP23]) to the t-tuple σ of permutations. We will
use the following result from [HP23, Corollary 1.5]:

Proposition 3.18. Let k ≥ 2 be a fixed integer. If the permutation ri is not a proper power,
then the expected number of cycles of length k in ri(σ) is

1
k +O(n−π(ri)), where π(ri) ≥ 2 is

the primitive rank defined in [HP23].

Let Ln(k) be the total number of cycles of length at most k in all of the permutations
r1(σ), . . . , rs(σ) ∈ Sym(n). Note that, by hypothesis, none of our ri are proper powers, so
applying Proposition 3.18, we have

E
(
Ln(k)

)
= s(1 +

1

2
+ · · ·+ 1

k
) +O(n−π(r1) + · · ·+ n−π(rs)).

As a result, when n → ∞ the expected value E(Ln(k)) → s(1 + 1
2 + · · · + 1

k ). Knowing
the asymptotics of the expected value allows us to deduce information about the tails of the
probability distributions.

Lemma 3.19. For any ϵ > 0, there exists N,m ∈ N such that if n ≥ N , then

P
(
Ln(k) ≤ m

)
> 1− ϵ

2
.

Proof. Suppose not. Then there exists ϵ > 0 with the property that for each m, we can find
a sequence nj → ∞ such that P

(
Lnj (k) ≥ m+1

)
> ϵ

2 . We can now estimate the expectation
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of Lnj (k) from below:

E
(
Lnj (k)

)
=

∞∑
i=0

iP
(
Lnj (k) = i

)
≥

∞∑
i=m+1

(m+ 1) · P
(
Lnj (k) = i

)
= (m+ 1) · P

(
Lnj

(k) ≥ m+ 1
)
> (m+ 1) · ϵ

2
For a fixed choice of m, this estimate holds for all the nj in the sequence. Applying this to
the specific case where m = 2s

ϵ ·
(
1 + 1

2 + · · ·+ 1
k

)
, we obtain an infinite sequence of integers

nj → ∞ where

E
(
Lnj

(k)
)
> (m+ 1) · ϵ

2

> s
(
1 +

1

2
+ · · ·+ 1

k

)
+

ϵ

2

On the other hand, we saw earler that the expected value E(Ln(k)) converges to s(1+ 1
2 +

· · ·+ 1
k ) as n → ∞, giving us a contradiction. □

Note that in the proof above, we are not assuming the existence of limiting distribution of
Ln(k), but using the expected value of Ln(k) for finite n ∈ N and its limit as n → ∞. We
can interpret Proposition 3.18 and Lemma 3.19 in terms of random branched coverings.

Corollary 3.20. Let X be an acceptable presentation 2-complex. Then given any integer
k, and ϵ > 0, we can find an integer M = M(k, ϵ) with the following property: for any
n sufficiently large, with probability at least 1 − ϵ

2 a random degree n branched cover X(σ)
contains at most M disks of index less than or equal to k.

Next we turn our attention to topological properties of disks

Lemma 3.21. Let X be an acceptable presentation 2-complex, and m a given integer. Then
asymptotically almost surely the random branched covers of X have all disks of index m that
are injectively embedded.

Proof. We will count all possible random branched coverings and see how many of them
contain non-injective lifts of index m. Since the number of generators is t and |Sym(n)| = n!,
the number of choices for permutations σ = (σ1, . . . , σt) is (n!)t. In other words, there are
(n!)t random branched coverings of X.

Let r be a relator. By the Proposition 3.18, the expected number of lifts of r of index
m in a random branched covering is 1

m +O(n−π(r)). Since there are (n!)t random branched
coverings, the total number of lifts of r of index m in all possible random branched coverings
is (n!)t

(
1
m +O(n−π(r))

)
.

Now, in all possible branched coverings, we count the total number of injective lifts of the
relator r of index m. Let r = w1 . . . w|r| where each

wi ∈ {u1, . . . , ut, u
−1
1 , . . . , u−1

t },
the symmetric generating set. For such a lift D ⊂ X(σ) of r, since it has index m, the length
of ∂D is m|r|. To be injective, ∂D has to contain m|r| distinct vertices. Assume that n is
sufficiently large so that n ≥ m|r|. Choosing the m|r| distinct vertices in order amounts to
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n(n− 1) . . . (n−m|r|+ 1) possibilities. Once we choose the labels on the vertices of ∂D, the
labels on the oriented edges along ∂D will be determined by r = w1 . . . w|r| and our labeling
convention (see Remark 3.2). Thus there are n(n − 1) . . . (n − m|r| + 1) different ways of
labeling the boundary of an injective lift D. Again, we remark that such a labeled lift may
occur in different branched covers. Note that since cyclic permutations of the labeling on
disk’s boundary represent the same lift, there are 1

mn(n− 1) . . . (n−m|r|+ 1) different ways
of labeling the boundary up to cyclic relabeling.

Now we count all possible branched coverings X(σ) that contain the choice of ∂D with a
fixed given injective labeling. Let ℓi be the number of occurrences of a lift of the generator ui

along ∂D. Obviously,
∑t

i=1 ℓi = ℓ(∂D) = m|r|. For the remaining n − li lifts of ui that are
not contained in the labeled ∂D, there are n−ℓi possible initial vertices for the lifts, and n−ℓi
possible ending vertices for the lifts. Hence the number of ways to place the remaining lifts of
ui boils down to choosing a pairing between the possible initial vertices and terminal vertices.
There are (n− ℓi)! such pairings. Ranging over all the edges, we obtain (n− ℓ1)! . . . (n− ℓt)!
labeled branched coverings that contain the lift D with the prescribed (injective) labeling on
∂D.

Thus in all possible branched coverings, the total number of injective lifts of r of index m
will be [

n(n− 1) . . . (n−m|r|+ 1)
]
·
[
(n− ℓ1)! . . . (n− ℓt)!

]
m

and therefore the total number of non-injective lifts of r in all possible branched coverings is

(n!)t

m
−
[
n(n− 1) . . . (n−m|r|+ 1)

]
·
[
(n− ℓ1)! . . . (n− ℓt)!

]
m

+ (n!)tO(n−π(r)).

The total number of branched coverings that contain a non-injective lifts will be bounded
above by the total number of non-injective lifts in all branched coverings. Let us denote by
Pn(r) by the probability that a branched covering contains a non-injective lift of r of index
m. Then using the above estimate we obtain the upper bound

Pn(r) ≤
(n!)t − n(n− 1) . . . (n−m|r|+ 1)(n− ℓ1)! . . . (n− ℓt)!

m(n!)t
+O(n−π(r)).

With this upper bound in hand, we can easily compute the limit of Pn(r) as n → ∞:

lim
n→∞

Pn(r) ≤ lim
n→∞

(n!)t − n(n− 1) . . . (n−m|r|+ 1)(n− ℓ1)! . . . (n− ℓt)!

m(n!)t

=
1

m
− 1

m
· lim
n→∞

n(n− 1) . . . (n−m|r|+ 1)(
ℓ1−1∏
i=0

(n− i)

)
. . .

(
ℓt−1∏
i=0

(n− i)

) .

Note that in the last term, the numerator and the denominator are both m|r|-degree monic
polynomials in n. As n → ∞, the ratio tends to one, and as a result limn→∞ Pn(r) = 0. This
tells us that in a random branched covering, all lifts of the single relator r of index m are
embedded asymptotic almost surely.

The probability that a branched covering contains a non-injective index m lift of one of
the finitely many relators r1, . . . , rs is less than

∑s
i=1 P (ri). Since the sum goes to zero as
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n → ∞, we conclude that every lift of an ri index m are embedded in a random branched
covering asymptotic almost surely. □

A similar argument can be used to control intersections of disks.

Lemma 3.22. Let X be an acceptable presentation 2-complex, and I a given integer. Then
asymptotically almost surely in the random branched covers of X all disks of index at most I
are pairwise disjoint.

Proof. We want to compute the probability that two lifts of index at most I intersect in some
branched cover and show that it goes to 0 as n → ∞. Among the (n!)t possible labeled
branched coverings, this amounts to counting the ones that contain a pair (D,D′) of lifts
of index at most M that intersect non-trivially, and showing that the proportion of such
coverings tends to 0 as n tends to infinity.

The idea of the proof is very similar to the proof of Lemma 3.21. We will provide a very
crude upper bound on the number of such covers, proceeding in two steps. The first step is
to identify and count the possible images of the boundaries of the intersecting disks inside
all possible branched covers. The second step is to look at each such possible image, and
estimate the number of covers that contain that specific pattern of intersection.

We now provide the details for the first step. Consider a pair r, r′ of relators, and assume
that we have disks D,D′ that are lifts of the relators r, r′ of respective fixed index m,m′ ≤ I.
Without loss of generality, assume that m ≤ m′. We want to identify the possible intersecting
images of ∂D and ∂D′ inside a branched cover. Note that by Lemma 3.21, any such lift of a
disk with index at most M is injective asymptotically almost surely. So we may assume that
the images are injective on both ∂D and ∂D′.

By hypothesis, we have that the two images have non-empty intersection. Any such in-
tersection gives rise to an overlap. Suppose that the number of overlaps between r and r′ is
α. By Lemma 3.13, every overlap between ∂D and ∂D′ must be lifts of one of the overlaps
between r, r′. Since ∂D is an m-fold cover of r, there are at most mα possible paths in ∂D
that can be part of an overlap. So in the lift ∂D∩∂D′ cannot contain more than mα overlaps.
Fix 1 ≤ β ≤ mα and consider the case that ∂D and ∂D′ contain exactly β overlaps. By abuse
of notation, we let {(p1,q1), . . . , (pβ ,qβ)} be the collection of images of the overlaps inside

∂D and ∂D′ (recalling that each pi actually lives in ∂̃D and similarly for qi). Note that,
since the map on ∂D′ is injective, the subpaths {p1, . . . ,pβ} ⊂ ∂D must be pairwise disjoint.
Similarly, injectivity of the map on ∂D implies the subpaths {q1, . . . ,qβ} ⊂ ∂D′ must be
pairwise disjoint. Finally, Z is obtained as a quotient space of ∂D

∐
∂D′ by identifying each

of the subpaths pi ⊂ ∂D with the corresponding qi ⊂ ∂D′, see Figure 4.
Before proceeding to the second step, let us count the number of such Z we can construct.

Since we are only interested in obtaining a crude upper bound, the number of such Z is
certainly no larger than (

mα

β

)(
m′α

β

)
· β!

This estimate comes from the choices for the overlap paths p1, . . . , pβ for ∂D, the choices
for the overlap paths q1, . . . , qβ for ∂D′, and the choices of pairings between the pi and qi.
This bounds the number of Z produced, where ∂D, ∂D′ are degree m, m′ covers of r, r′, with
exactly β overlaps.

If we want to account for all possible overlapping disks, we need to also take into account
the choices of relators r, r′, the choice of degree of covers m,m′, and the choice of the number
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Figure 4. Construction of space Z

of overlaps β. let A denote the uniform upper bound on the number of overlaps occurring
along any of the relations (see Corollary 2.8); this quantity only depends on X. Then we have
the inequalities mα ≤ IA, m′α ≤ IA, and β ≤ IA. Thus the upper bound obtained in the
previous paragraph satisfies the following uniform upper bound:(

mα

β

)(
m′α

β

)
· β! ≤

(
IA
1
2IA

)2

· (IA)!

Assume our presentation 2-complex X has exactly s 2-cells (i.e. the group has s relations).
Then there are at most s2 choices for the relations r, r′, at most I2 choices for the degrees
m,m′, and at most IA choices for the number β of overlaps. Along with the uniform upper
bound given above, we see that the total possible number of spaces Z we can construct is
bounded above by:

s2I3A

(
IA
1
2IA

)2

· (IA)!(3.5)

a number that only depends on the acceptable presentation 2-complexX and the upper bound
I on the index of disks. This completes the first step of the argument.

For the second step, we fix one of the Z constructed above, and denote by Pn(Z) the
probability that one of the degree n covers of X(1) contains an embedded copy of Z. We then
have that the probability that some degree n branched cover contains a pair of intersecting
disks of index at most I is bounded above by

∑
Z Pn(Z). Note that the number of terms in

this sum is uniformly bounded above independent of n, see Equation (3.5). Thus to complete
the proof it suffices to show that, for each fixed Z, limn→∞ Pn(Z) = 0.

To estimate Pn(Z), we count the number of degree n covers ofX(1) that contain an injective
copy of Z. To construct such a cover, we first define the injective map on Z. This amounts to
assigning a distinct label to each vertex of Z. Recall that Z is built from a combinatorial cycle
of length m|r| and a combinatorial cycle of length m′|r′|, by identifying together β pairwise
disjoint paths pi ⊂ ∂D with β pairwise disjoint paths qi ⊂ ∂D′. Each path of length |pi| = |qi|



20 H. CHO, J. LAFONT, AND R. SKIPPER

has exactly |pi|+ 1 vertices, so the total number of vertices in the graph Z is exactly

m|r|+m′|r′| −
(
β +

∑
|pi|
)

The number of ways to label the vertices of Z with distinct labels is thus exactly:

FZ(n) := n · (n− 1) · (n− 2) · . . . ·
(
n+ 1−

(
m|r|+m′|r′| − β −

∑
|pi|
))

(3.6)

Observe that FZ is a polynomial in n.
Once we have identified the image of Z, to construct a labeled branched cover containing

Z we have to consider the remaining edges. Let ai be number of lifts of the generator ui

that appear in the label of Z. Obviously, every edge in Z is labeled by the lift of one of the
generators, so we have

t∑
i=1

ai = m|r|+m′|r′| − (

β∑
j=1

|pi|).(3.7)

Then there are (n − ai) lifts of the ui-edge that still remain to be determined. There are
(n− ai) choices for the initial vertex of each lifted edge, and (n− ai) choices for the terminal
vertex. Any pairing of the initial vertices with terminal vertices will give a valid covering of
the ui-edge. Thus there are (n− ai)! possibilities for the full lift of the ui-edge. As we range
over all the generators, we see that the number of ways to complete the labeling of Z to a
covering of X(1) is ∏

i

(n− ai)!

This means that the probability Pn(Z) we wanted to compute is given by:

Pn(Z) =
FZ(n) ·

∏t
i=1(n− ai)!

(n!)t
.

Defining the polynomial GZ(n) via

GZ(n) :=
(n!)t∏t

i=1(n− ai)!

we see that Pn(Z) = FZ(n)/GZ(n) is a rational function of n. The asymptotics of Pn(Z) as
n → ∞ is then completely determined by comparing the degrees of FZ(n) and GZ(n). From
the definition of FZ(n) in Equation (3.6), we immediately obtain

deg(FZ) = m|r|+m′|r′| − β −
∑

|pi|.

On the other hand, the definition of GZ and Equation (3.7) tells us that

deg(GZ) =

t∑
i=1

ai = m|r|+m′|r′| −
∑

|pi|

Since β ≥ 1, we see that deg(GZ(n)) > deg(FZ(n)). It follows that limn→∞ Pn(Z) = 0,
completing the proof.

□

Corollary 3.23. The property that all worrisome-disks are pairwise disjoint in X(σ) holds
asymptotically almost surely.
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4. Proof of the Main Theorem

Let Γ = ⟨u1, . . . , ut | r1, . . . , rs⟩ be a finitely presented group and X the presentation 2-
complex where t ≥ 2. Let f : X(σ) → X be a n-fold random branched covering obtained
from random permutations σ = (σ1, . . . , σt) where σi ∈ Sym(n), i = 1 . . . t.

We are now ready to prove the Main Theorem in the special case of the presentation
2-complex. For the convenience of the reader, we restate the special case.

Main Theorem. Let X be the presentation 2-complex associated to the finite presentation
Γ = ⟨u1, . . . , ut | r1, . . . , rs⟩. We assume that the relators are cyclically reduced, that none of
the relators are conjugate to proper powers, and that no relations are conjugate to each other.
Let X(σ) be an n-fold random branched cover of X. Then for any given constant λ > 0,
X(σ) is asymptotically almost surely homotopy equivalent to a 2-complex satisfying geometric
C ′(λ)-small cancellation.

Proof. Observe that the presentation 2-complex X is an acceptable 2-complex. Given an
ϵ > 0, we want to show that for all sufficiently large n, a random branched cover X(σ) is
homotopy equivalent to a 2-complex satisfying C ′(λ) with probability greater than 1− ϵ.

We remind the reader of some constants associated to the presentation 2-complex X and
the given λ > 0:

• RL and RS denote the length of the longest (resp. shortest) relator in the presentation
Γ;

• the parameter O := R2
L + RL serves as a uniform upper bound on the length of

overlaps in X and in any X(σ) (see Lemma 2.7 and Lemma 3.13);
• the critical index I := O

λRS
has the property that any disk D whose index is is at least

I automatically satisfies C ′(λ).

Next we introduce some parameters that also depend on the given ϵ. Recall from Corollary
3.20 that we can find an integer M := M(I, ϵ) with the property that for n sufficiently large,
a random branched cover X(σ) will contain at most M disks of index ≤ I with probability
at least 1− ϵ/2. Finally, we set the parameter K to be

(4.1) K := R−1
S (1 + λ−1)O

(
M2I(RLO)2

)
+R−1

S λ−1O
Thus the choice of K depends (via M) on the choice of ϵ.

From Corollary 3.20, Lemma 3.21, and Lemma 3.22, we can choose an N sufficiently large,
so that for all n > N , with probability greater than 1− ϵ, a random branched cover X(σ) has
the following three properties:

(1) the number of disks in X(σ) of index at most I is at most M ;
(2) all disks of index at most K are injective;
(3) all disks of index at most K are pairwise disjoint.

So to complete the proof, it suffices to show that these branched covers are homotopy equiv-
alent to a complex satisfying C ′(λ)-small cancellation.

Observe that, if X(σ) has no disks of index ≤ I, then all disks in X(σ) have overlap
ratio less than λ (see Remark 3.16) and X(σ) itself satisfies C ′(λ)-small cancellation. But in
general, for most σ the space X(σ) will contain some disks of index ≤ I. To analyze these
branched covers, we partition the disks in X(σ) according to their index:

• small disks are those with index at most I,
• medium disks are those with index > I but ≤ K
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• large disks have index greater than K.

By the definition of worrisome disks, the set of small disks are exactly the same as the set of
worrisome disks. Since these are the disks which might have overlap ratio greater than λ, we
construct a new space Y (σ) by collapsing each of the small disks in X(σ) to a point. There
is a natural quotient map q : X(σ) → Y (σ).

Fact 1: The map q is a homotopy equivalence.

To check that the quotient map is a homotopy equivalence, recall that quotienting out a
contractable subcomplex from a CW-complex yields a homotopy equivalence. From property
(2), small disks are embedded, hence have image in X(σ) that are homeomorphic to D2.
From property (3), small disks are pairwise disjoint. Collapsing them one by one yields a
finite sequence of homotopy equivalences from X(σ) to Y (σ).

Next we need to establish that Y (σ) satisfies C ′(λ)-small cancellation. It suffices to check
that all the overlap ratios of disks in Y (σ) are less than λ. Since disks in Y (σ) are images
of disks in X(σ), we will use the same terminology of “medium” and “large” disks in Y (σ).
There will not be any “small” disks in Y (σ) as those disks are collapsed to points.

Fact 2: If D̂ is a medium disk in Y (σ), then it has overlap ratio o(D̂) < λ.

The disk D̂ is the image of a medium disk D in X(σ). Since the index of D is greater
than the critical index I, we have o(D) < λ. From property (3), the disk D is disjoint from
all the small disks. So the quotient map q leaves D and all edges incident to the curve ∂D
unchanged. It follows that o(D̂) = o(D) < λ, as desired.

This leaves us with checking the overlap ratio of large disks in Y (σ). In order to do this,
we need to give a lower bound on the length of the large disk, and an upper bound on the
length of the overlaps in the large disk. As before, we let D̂ be a large disk in Y (σ), which is

the image of a large disk D in X(σ). The boundary ∂D̂ is obtained from ∂D by collapsing
the subpaths that are images of overlaps with small disks.

Note that, since K > O, the length of ∂D exceeds the length of any of the overlaps in

X(σ). So if (p,p′) is an overlap with p ⊂ ∂̃D, we can instead view p as an embedded path
in ∂D. We know from Corollary 2.8 that there are only finitely many overlaps in X(σ), so we

can list out all the overlaps (p,p′) between D̂ (so p ⊂ ∂̃D) and small disks. This gives us a
finite list of overlaps {(p1,p

′
1), . . . (pk,p

′
k)}, cyclically ordered according to the initial vertex

of the paths pi ⊂ ∂D. Each p′
i lies in ∂̃Di where Di is a small disk in X(σ). The boundary

∂D̂ is obtained from ∂D by collapsing the images of the intervals pi in ∂D to points.

Fact 3: For any large disk D, there are at most ≤ M2I(RLO)2 many overlaps with small

disks, i.e. (p,p′), where p ⊂ ∂̃D and p′ is contained in any of the small disks.

Applying Lemma 3.13, any such overlap covers an overlap (q,q′) in X. There are at most
M small disks in X(σ), hence at most M images of small disks in X. Since each image disk
E in X has at most RLO paths that could serve as q′, the total number of possible image
overlaps (q,q′) in X is bounded above by M(RLO)2.

Lastly, given a candidate image overlap (q,q′) in X, we need to check how many pre-
images in X(σ) correspond to overlaps between D and one of the small disks. The image of
the common path q′ in X(1) lifts to n paths inside X(σ)(1), each of them lying on some lift
of the disk E. However, we know that there are at most ≤ M lifts that are small disks, and
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as each of them have index ≤ I, there are ≤ MI lifts of q′ along small disks. Since there is
a bijection between the lifts of q′ and those of q (they define the same path in X(1)), we see
that the pair (q,q′) has at most ≤ MI lifts that are overlaps between the given disk D and
one of the short disk lifts of E. Combining this with the estimate on the number of possible
projected overlaps in X from the previous paragraph, Fact 3 follows.

From the upper bound on the number of overlaps, we can deduce a lower bound on the
length of the boundary ∂D̂ for the quotient disk. The other ingredient we will need is to
compute an upper bound on the size of the overlaps for the quotient disk D̂. We have:

Fact 4: Any overlap for D̂ has length ≤
(
M2I(RLO)2 + 1

)
O.

To see this, let us consider an overlap between D̂ and some other disk Ê in the quotient
space Y (σ). These are images of disks D,E inside X(σ), and we would like to relate the

overlaps in X(σ) between D,E with those in Y (σ) between D̂, Ê. Observe that if we have
an overlap in X(σ) with the property that the two edges preceding and following survive in
the quotient space, then the image will be an overlap in Y (σ). But if the preceding and/or
following edges are in the subsets being collapsed, then we can potentially lose the “witness”
to the start/end of the overlap. In that case, in the quotient space the overlap could continue,
as the subsets where they differed can be collapsed down to points. This would result in
a potentially longer overlap in Y (σ), obtained by concatenating two overlaps in X(σ) (see
Figure 5).

Now the only way such a concatentation can occur is if the overlap in X started and ended
on part of a short disk. More precisely, along the disk D we have a collection of paths pi ⊂ ∂D
that come from overlaps with small disks. From Fact 3 there are at most ≤ M2I(RLO)2

such overlaps. So at most ≤ M2I(RLO)2 + 1 concatenations can occur. Since overlaps in
X(σ) have length at most O, Fact 4 follows.

Figure 5. Collapsing small disks can concatenate overlaps in X(σ) to give
longer overlaps in Y (σ)

Finally, with Fact 3 and Fact 4 in hand, it is straightforward to estimate the overlap ratio
of D̂. Indeed, D̂ is the image of the large disk D in X(σ) under the quotienting map. Since D
is a large disk in X(σ), it is a branched cover of a disk in X, with index ≥ K. So the length

of D is bounded below by ≥ KRS . When computing the length of D̂, we see from Fact 3
that at most ≤ M2I(RLO)2 overlaps with short disks get collapsed to points. Since each of
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these overlaps has length ≤ O, we get the lower bound

ℓ(∂D̂) ≥ KRS −M2I(RLO)2O
≥ λ−1OM2I(RLO)2 + λ−1O

where the second inequality follows from the chosen value of K, see Equation (4.1). Now
using the estimate for the overlap length from Fact 4 we get:

o(D̂) ≤
(
M2I(RLO)2 + 1

)
O

λ−1OM2I(RLO)2 + λ−1O
= λ

as desired. Since this estimate holds for any large disk in our X(σ) satisfying conditions (1),
(2), (3), it concludes the proof of the theorem.

□

5. Concluding Remarks

We end our paper with some general remarks on topics related to our random model and
our main theorem.

5.1. Multiple vertex case. The attentive reader will notice that our Main Theorem is
stated for acceptable 2-complexes, but that in our proofs we work exclusively with the special
case of an acceptable presentation 2-complex. In fact, the two statements are equivalent, as
we now explain.

Given an arbitrary finite acceptable 2-complex X, we can take a spanning tree T in the 1-
skeleton of X, and create a new 2-complex Z by collapsing T to a point. By construction, the
1-skeleton Z(1) is a bouquet of circles, so Z has a single vertex. The quotient map ϕ : X → Z
is a homotopy equivalence, since it is obtained by collapsing the contractable set T . Each
polygonal 2-cell in X gives rise to a polygonal 2-cell in Z. Moreover, the restriction of ϕ to
the 1-skeleton is a homotopy equivalence between X(1) and Z(1), so provides an isomorphism
ϕ# : π1(X

(1)) → π1(Z
(1)) . It follows that an attaching map α for a disk in X is a proper

power in π1(X
(1)) if and only if the corresponding attaching map ϕ ◦ α for a disk in Z is a

proper power. Similarly a pair of disks have identical attaching map in π1(X
(1)) if and only

if the corresponding attaching maps in π1(Z
(1)) are identical. This shows that Z is also an

acceptable 2-complex, but with a single vertex, so can be viewed as a presentation 2-complex.
Finally, our model for random branched covers of Z are obtained by taking ordinary degree

n covers of the 1-skeleton Z(1), and inducing a branched cover by attaching disks along all the
connected lifts of an attaching map (see Section 3.1 and Section 3.2). From covering space
theory, all information on lifting is encoded in the fundamental group of the 1-skeletons. Hence
the group isomorphism ϕ# allows you to obtain a corresponding finite cover of X(1), and a
homotopy equivalence between this finite cover and the 1-skeleton of the branched cover Z(σ).
Under this homotopy equivalence, we can transfer the lifts of the attaching maps to the finite
cover of X(1) and form a corresponding branched cover X(σ) of X. By construction, there
is then an induced homotopy equivalence X(σ) ≃ Z(σ). It follows that topological results
about the random model can be transferred from the acceptable presentation 2-complex case
to the general case of acceptable polygonal 2-complexes.

5.2. Effect on the fundamental group.
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Lemma 5.1. If ρ : X̄ → X is a branched covering map between finite, connected 2-complexes,
then the induced map ρ♯ maps π1(X̄) onto a finite index subgroup of π1(X).

Proof. We know that the inclusion of the 1-skeleton ι : X(1) ↪→ X induces a surjection
from a finite rank free group ι♯ : π1(X

(1)) ↠ π1(X). The branched covering map ρ re-
stricts to a covering map on the 1-skeletons, so we have a well-defined finite index subgroup
ρ♯
(
π1(X̄

(1))
)
≤ π1(X

(1)). The ι♯-image of this subgroup will be finite index in π1(X), and

will be contained in the ρ♯
(
π1(X̄)

)
, completing the proof. □

In the special case where X is a presentation 2-complex associated to a finitely presented
group Γ, we see that π1(X̄) surjects onto a finite index subgroup of Γ. We do not expect, in
general, to have good finiteness properties on the kernel of this map, in contrast with e.g. the
Rips construction. Nevertheless, one can wonder whether geometric or topological properties
of the group Γ can be inherited by the group π1(X̄). For example, Corollary 3.15 tells us
that if the presentation 2-complex X satisfies geometric small cancellation, then so does the
branched cover X̄.

5.3. Non-uniform measures. In our model for random branched covers, we always use the
sequence of uniform measures on the symmetric groups Sym(n). It is reasonable to consider
the branched covers associated to other sequences of measures on the symmetric groups, and
to see if one can obtain other types of prescribed behavior for the corresponding random
branched covers. For example, if you start with an X that is not small cancellation, can one
bias the measures to guarantee that a random branched cover remains asymptotically almost
surely not small cancellation? Or would that force the sequence of measures to concentrate
support on some small set of permutations (e.g. looking more and more like Dirac measures)?
Since the attaching maps in the branched covers are determined by word maps associated to
the relators, these questions will likely require finer understanding of how word maps interact
with measures on the symmetric group.
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