A SEMILINEAR EQUATION WITH LARGE ADVECTION
IN POPULATION DYNAMICS

A DISSERTATION
SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL
OF THE UNIVERSITY OF MINNESOTA
BY

KiING-YEUNG LAM

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

WEI-MING NI, ADVISOR

May 2011



ACKNOWLEDGEMENTS

First of all I would like to thank God. I have been blessed in so many ways, at
different points of my life, by things that are beyond my control. I thank Him for
guiding my life and I trust that he will lead me safely home.

I would like to express my sincere gratitude to my advisor, Prof. Wei-Ming Ni,
who has taught me so much with his enthusiasm, penetrating insight and unique
taste for mathematics. I would not have made it without his constant support and
encouragement. [ also want to thank Prof. McGehee, Prof. Safonov and Prof.
Sverak for reviewing my thesis and serving on my committee of my final defense.
My special thank goes to Prof. Adams who was willing to serve on my committee

at the last moment.

I am grateful to all of my friends here in Minnesota, whose friendship and care
has kept me going for the past few years. I am especially grateful to Glenn Kenadjian

for many meaningful conversations at Hong Kong Noodles.

I wish to thank my mother Kam-Ying Tsang, my father Chok-Kung Lam and

my brother King-Lun Lam for their unconditional love and support in my entire life.

Finally, I want to thank my fiancée Wendy Xu, for keeping my life balanced and
for being patient when I am “phased out”. I cannot wait to start our life long journey
with you, knowing that I will always have your love, support and understanding along

the way.

King-Yeung Lam



ABSTRACT

A system of semilinear equations with large advection term arising from theoret-
ical ecology is studied. The 2X2 system of equations models two theoretical species
competing for a common resources with density m(x) that is spatially unevenly dis-
tributed. The two species are identical except for their modes of dispersal: one of
them disperses completely randomly, while the other one, in addition to random
diffusion, has a tendency to move up the gradient of the resource m(z). It is proved
in [Cantrell et. al. Proc. R. Soc. Edinb. 137A (2007), pp. 497-518.] that under
mild condition on the resource density m(x), the two species always coexist stably
whenever the strength of the directed movement is large, regardless of initial con-
ditions. In this paper we show that every equilibrium densities of the two species
approaches a common limiting profile exhibiting concentration phenomena. As a
result, the mechanism of coexistence of the two species are better understood and a

recent conjecture of Cantrell, Cosner and Lou is resolved under mild conditions.
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Chapter 1
Introduction

In this paper we study the shape of coexistence states of a reaction-diffusion-advection

system from theoretical ecology. Consider

U=V - (VU —aUVm)+U(m(z) —U —=V) in Q x (0,00),

Vi = dy AV +V(m(z) —U = V) in Q x (0,00), (1.1)
4 —qUlm =V _ on 092 x (0, 00), '

U(z,0) =Uyp(x) >0 and V(z,0)=Vy(x) >0 inQ

where 2 is a bounded smooth domain in RY with boundary 0€; V is the gradient
operator; V- is the divergence operator and A = Zf\;l d?/dz? is the Laplace operator;
U and V representing the population densities of two competing species with random
dispersal rates dy, do respectively, are therefore non-negative; m(z) € C2(€2) is a non-
constant function representing the local intrinsic growth rate; a > 0 is a parameter.

The system (1.1) originates from the diffusive Lotka-Voletrra model for two
randomly-moving competitors in a closed, spatially varying environment. (See [Lo2]
and the references therein.) In reality, it is very plausible that besides random disper-
sal, species could track the local resource gradient and move upward along it. (See,
e.g. [BC, BL, CC].) And (1.1) was proposed in [CCL1] to study the joint effects of
random diffusion and directed movement on population dynamics.

More precisely, we view the local intrinsic growth rate m(z) as describing the
quality and quantity of resources available at the point x. The two species which are
competing for a common resource are identical except for their dispersal strategies:
the species with density V' disperses only by random diffusion, while the species with

density U disperses by diffusion combined with directed movement up the gradient



of m. The dispersal of the two competitors can be described in terms of the fluxes
Jy = —doVV and Jy = —d;VU + a(Vm)U. (See [CCL1] for a derivation of (1.1)
and [Mu] for a discussion of how advection-diffusion equations can be derived in
terms of fluxes.) Also, we assume a > 0 to capture the hypothesis that the first
competitor has a tendency to move up the gradient of m. The no-flux boundary
conditions reflects the assumption that individuals do not cross the boundary 0f2.

To assess whether or not directed movement confers an advantage for either
competitor, it suffices to study the existence and stability of steady-states, which
determines a significant amount of the dynamics of the competition system (1.1)
([CC, H]). For instance, see Theorem 1.5.

System (1.1) has attracted considerable attention recently. When av > 0 is small
and the diffusion rate d; of U is less than the diffusion rate dy of V, it is proved in
[DHMP, CCL1] that the slower diffuser U always wipes out its faster moving competi-
tor V regardless of initial conditions. In other words, (4, 0) is globally asymptotically

stable, where « is the unique positive solution to

{ V (Vi — aidVm) +a(m(z) —a) =0 in Q, (1.2)

ou ~0m __
dl% - CKUE =0 on Of).

As « increases, the species U has a stronger tendency to move towards more
favorable regions and it is expected to continue to win the competition. It is rather
surprising that U and V always coexist for « sufficiently large! More precisely,
for a generic m, (1.1) has a stable coexistence steady-state (U,V) (U > 0 and
V> 0) for all « sufficiently large. This so-called ” Advection-mediated Coexistence”
was discovered in [CCL2] and generalized in [CL]. It was further argued that as
a becomes large, the "smarter” competitor moves toward and concentrates in places
with the most favorable local environments, leaving room in region with less resources
for the other species to survive. Furthermore, the above formal argument is justified

mathematically in some special cases. For instance, the following is proved:

Theorem 1.1. [CL| Assume [,m > 0. If m has a single critical point xo which is
a global mazximum point, det D*m(xq) # 0 and %—T < 0 on 0%, then for any positive
steady-state (U, V) of (1.1), as a — oo,

V(z) = Og,(z) in CP(Q), for any 5 € (0,1), and



U (z)edtmaxam=—m@l/de _, oN/2[p (1) — 0, (0)] uniformly in Q.

where 6, is the unique positive solution to

{ dAO +0(m —0) =0 in ), 13)

% =0 on 0,
Remark 1.2. Here the factor 2V/2 comes from the profile of U ~ U () el (@) —maxml/di
together with the integral constraint [, U(m(z) — U — V)dz = 0 obtained by inte-

grating the equation over 2.
In general, we have the following

Conjecture 1.3. [CCL2, CL] For general m(z) (with multiple local maximum points
in ), every positive steady-state (U, V) of (1.1) concentrates at every local maximum

point of m as o — o0.

Under mild conditions on m, the above conjecture was resolved in [LN]| when
Q = (=1,1), and in [L2] for higher dimensions. It turns out that U concentrates
precisely at the local maximum points of m where m — 0,4, is positive. In this paper
we are going to resolve the conjecture for all dimensions under mild conditions on m
and determine the limiting profile of (U, V). In addition, to better understand the
different roles played by the advection term and the reaction term, we are going to

treat the following more general system

U=V - (VU —aUVm)+U(p(x) —U —-V) in Q x (0, 00),

Vi=do AV +V(p(x) —U = V) in  x (0, 00), (1.4)
dlg—g—aU%—T:%—zzo on 092 x (0, 00),

where m = m(x) is not necessarily equal to p = p(x). Define 9t to be the set of all

local maximum points of m. First we state the assumptions on m and p.

(H1) Alllocal maximum points of m are non-degenerate and 9t C int Q and %—T <0
on 0f2.

(H2) If 2o & 9 is a critical point of m, then Am(xy) > 0.

(H3) p = x(m) € CP(Q) for some 3 € (0,1) and x is strictly increasing and
fgpdx > 0.



The following result determines the limiting profile of (U, V).

Theorem 1.4. Assume (H1), (H2) and (H3). Then, for all a sufficiently large,
(1.4) has at least one stable coexistence steady-state. Moreover, if (U,V) is any

coezistence steady-state of (1.4), then as a — o,
(i) V() — 04(z) in CYP(Q), for any € (0,1);
(ii) for allr >0, U(z) = 0 in Q\ [UsgemBr(x0)] uniformly and exponentially;

(iii) for each xy € M and each r > 0 small,

Ul(z) — 22 max{p(xo) — Og, (20), 0}etm@=—m@lde _ 0 yniformly in B, ().

Here 9 denotes the set of all local maximum points of m and 6, is the unique

positive solution to

{ dAG+0(p—0) =0 inQ, (1.5)

00 _
5, =0 on 0.
Note that when p = m, then 64, = 64, and this establishes Conjecture 1.3. More

importantly, by the theory of monotone dynamical system (see, e.g. [H]) we have

Theorem 1.5. Assume (H1), (H2) and (H3). Then for all o sufficiently large,
there exists two coexistence steady-states (UZ,VZ), 1 = 1,2 such that Uy > Uy and
Vi < Va, and the set {(UV) € X : Uy > U > Uy and Vi <V < Vy} is globally

attracting among all non-trivial solutions of (1.4).

Therefore Theorem 1.4 actually describes all possible outcomes of the competition
between U and V when « is large, i.e. U and V' always coexists with a unique limiting

population density.

Remark 1.6. (i) It is proved in Appendix A of [L1] that if x, is a local maximum
point of p, when d, is sufficiently small, p(zo) — 04,(zo) > 0 if and only if
p(zo) > 0. On the other hand, when d, is large and p has more than one local
maximum points, then p(zy) — 04,(2¢) can sometimes be negative, even when
p(zo) > 0. In this case, Theorem 1.4 (iii) says that local maximum points of

m can be a "trap” for U there. See Figure 1.1 for a one-dimensional picture.

(ii) The existence and stability of (U, V) follows from arguments in [CL, CCL2]

and are proved in Section 2.



Figure 1.1: A trap for U.

By way of proving Theorem 1.4, we consider the following closely related single

equation.

{ u =V - (dVu — auVm) +u(p(z) —u) in Q x (0,00), (1.6)

d%: — aud™ =0 on 0f) x (0, 00),

(1.6) was proposed in [BC] (when p = m) to model the population dynamics
of a single species with directed movement in a heterogeneous environment. It was
proved in [BC] that if [,mdz > 0 and p = m, then (1.6) has a unique positive
steady-state @ for all a > 0. Moreover, u is globally asymptotically stable. Similarly,
in [CCL2, Lol] it was conjectured that if p = m, then as & — oo, 4 concentrates
precisely on the set of all local maximum points of m. This conjecture was resolved
in [L1] under mild conditions.

We shall determine the limiting profile of & when €2 is in any dimensions and p is
not necessarily equal to m. For the single equation (1.6), we can relax the assumption

on p

(H4) p € C5(Q) for some $ € (0,1) and {z € Q : m(z) = supom} C {z € Q :
p(z) > 0}

Now we have

Theorem 1.7. Assume (H1), (H2) and (H4). Then for all o sufficiently large,
(1.6) has a unique positive steady-state U which is globally asymptotically stable.

Moreover, for all small r > 0,
w(z) — 0 wniformly and exponentially in Q0 \ [UzoemBr(x0)].
And for each xy € M,

a(x) — 2V? max{p(xo), 0}etm@-m@l/d _, o yniformly in B, (xo).

5



Remark 1.8. The existence, uniqueness and stability of @ follows from arguments

in [BC| and are proved in Section 2.

The main ingredients in the proof of Theorem 7.1 are the L> estimate in Section
3, and the following Liouville-type result which seems to be new. It determines the

limiting profile of 4 and U at each 2o € M and is proved in the Appendix.

Proposition 1.9. Let B be a symmetric positive definite N x N matriz and 0 <
o € L2 (R") such that for some Ry > 0,

loc
o2 =e "B forall z € RN\ Bg,(0),

then every nonnegative weak solution w € W2 (RN) to

V- (c*Vw)=0 in RY (1.7)

15 a constant.

Remark 1.10. In general, some kind of asymptotic behavior is needed for this kind
of result to hold; e.g. it is proved in [BCN] that for any 0 < ¢ € L% (RY), a

non-negative weak solution of (1.7) is a constant if there exists C' > 0 such that
5, 0*w? < CR? for all large R > 0. (See also [GG].)

In the situation we discussed so far, the directed movement to most favorable
regions has not given U much advantage in its competition with V. A main reason
behind that is that there are not ”a lot” of most favorable regions. Mathematically,
the set of local maximum points of U, which is denoted by 91 is assumed to be of
measure zero in the results presented above. In all those cases, we can see that U
occupies only the region 91, which is of measure zero, and does not really compete
with V' for resources.

Consider now the case when m assumes its global maximum on a set of positive
measure (i.e. || > 0). Will U, being a resource-specialist of 9, consume all the
resources present at 91, and be able to drive V' to extinction? The following results

says that, in some cases, U can wipe out V.
Proposition 1.11. Let Q = (—1,1). If m satisfies
m(z) =11n[-1/2,1/2], m(z) <1 and m'(z) #0 in (-1,-1/2)U(1/2,1). (1.8)

6



and f_ll m < 1, then there exists dy > 0 such that for any dy > dy, (@,0) is globally
asymptotically stable for all o sufficiently large.

This will be proved in Chapter 5.



Chapter 2

Existence, Uniqueness and
Stability of «

In this chapter, we present the existence and stability results for positive steady-
states of (1.6). The arguments are analogous to those in [BC] where the case p =m
was treated and are presented here for completeness’ sake. For later purposes, we

shall study the positive solutions of the following slightly more general equation

u =V - (dVu — auVm) + u(ps(x) —u) in Q x (0,00),

d2e — qudn =0 on 092 x (0,00), (2.1)
u(z,0) = ug(x) in
where
pa(r) € CP(Q) for some B € (0,1), and lim p, = p in CP(Q). (2.2)

In particular, we will state sufficient condition on p to establish existence of .

Theorem 2.1. If (H4) holds, then for a sufficiently large, there exists a unique
positive steady-state @ € C%(Q) of (2.1) which is globally asymptotically stable.

—am/d

Proof. By a transformation v = e u, the steady-state equation of (2.1) is equiv-

alent to the following

{ Lv =V - (de®™4Vv) + @™y (p,, — e*™/dp) =0 in Q, (2.3)

& =0 on 0.

Fix a > 0 so that fQ e™/dp dr > 0, which is guaranteed for all large o by (H4).

For each such «, we shall construct a pair of upper and lower solutions to show the

8



existence of at least one positive solution for (2.3) (and hence for (2.1)). (See e.g.

[S].) First, take v = M for some large constant M, then,

{ Lo = ™M (po — e“™ M) <0 in Q, (2.4)

%:O on 0f).

That means v is an upper solution of (2.3). For the lower solution, consider the

following eigenvalue problem for A:

{ V- (deam/dv¢> + )\eam/dpa(b =0 in Q7 (25)

g—‘f:() on 0f).

It is well-known that the principal eigenvalue A; of (2.5) is negative if and only
if [, e“™/%p, >0 (See e.g. Lemma 2.16 in [CC]), which is satisfied by our choice of

a. So \; < 0. Next, for each A € R, consider the following eigenvalue problem for
= p(A):

{ V - (dev™ ) + Ae®™dp i) + pe™/dp =0 in Q, 26)

%:O on 0f).

Now the principal eigenvalue p; () of (2.6) is given by

pi1(A) = inf {

YeH!

Jo, @™ d|VY* = Apatp?) da
fQ eam/de dr

Observe that p1(\) is a strictly concave function of A, and p;(0) = u1(N\) =0
(where A; is the principal eigenvalue of (2.5)). Since A; < 0, we have ui(1) < 0.
Denote the eigenfunction corresponding to u1(1) < 0 by 1. We can assume 1 > 0
and |1 |pe(q) = 1. Then v = ey satisfies, for € > 0 sufficiently small,

{ Ly = e*™ ey (—py (1) — @™/ eipy) > 0 in Q, )

% = on 0f).
14

Thus v = ey > 0 is a lower solution of (2.3). By the method of upper and lower
solutions, (2.3) has at least one positive solution o.

The uniqueness of © can be proved in a standard fashion and we include the proof
here for the sake of completeness. Suppose that there exist two positive solutions to

(2.3), say vy and vq. If the sign of v; — v9 does not change, without loss of generality

9



we assume v; > v9 and v, Z vy, then

0= /[V . (deam/dV'Ul) + ™/ dy, (Pa — eam/dvl)]vg dx
0
= /[vlv (de®™ N vy) 4 4™ vy (py — 2™ 0] da
Q
= /[—eam/dvlvg (P — €2™/40y) 4 2™/ vy (p — €™/ )] da:
Q

= / €2am/dU1U2(U2 — ’01) <0
Q

This is a contradiction.

Otherwise we set v; = max{vy,vs}, then v, is a weak lower solution of (2.3)
and v, > vg, v; Z V9. Moreover v = M is an upper solution of (2.3) and v, < M
provided M large. Then there exists another solution v; satisfying v; < v;. Repeat
the previous argument we can derive that

V1 = V2

which is a contradiction. Thus problem (2.3) has a unique positive solution 0. It
remains to show that v is globally asymptotically stable. For any positive initial data

Vg, choose € small, M large such that
€¢1 S Vo S M7

and vt = M, v~ = e); are the upper and lower solutions of (2.3) respectively. Then

on the one hand, it follows that
vz, t;ehy) <oz, t;v) < vz, t; M) for any z € Q and ¢ € (0, 00),

where v(x,t;v9) denotes the unique solution of (2.3) with initial condition vy. On

the other hand, it is easy to see that
v(-, t;ey) — 0, v(,t; M) — 0, as t — oo.
By the parabolic maximum principle, we derive that
v(-,t;v9) — 0.

10



This proves the global asymptotic stability of © with respect to (2.3), which is equiv-

am/d

alent to the global asymptotic stability of & = e*™/“0 with respect to (2.1).

am/d

Finally, v and hence u = e ¥ is in C2(2) by standard elliptic regularity theory.

This proves Theorem 2.1. O

11



Chapter 3
Upper and Lower Estimates of u

In this section we derive qualitative properties of the unique steady-state @ of the
single equation (2.1) which will become useful when we treat the 2 x 2 system later.

Hereafter we denote the set of local maximum points of m(x) by 9.

3.1 Upper estimates of u

In one space dimension, i.e. 2 = (—1,1), we have the following result

Theorem 3.1. If m(z) € C*([—1,1]) is nonconstant and xm/(z) < 0 at +1 then
@ — 0 in any compact subset of {x € [—1,1] : m/(z) # 0}.

The result is an improvement of Theorem 1.7(ii) in [CCL2]. Our main contribu-
tion here is to remove the assumption that 9)t has to be finite. This generalization
will become useful as we treat the case when m assumes its global maximum on a

set instead of at a single point in Chapter 5.

If we impose an assumption on Am at saddle points, we have a much better
result for general space dimensions. Namely, we can prove that © — 0 exponentially

in compact subsets of 2\ 9.

Theorem 3.2. Let {m(x) : x € M} be a finite set (I not necessarily has measure
zero.) and suppose (H2). Then given any compact subset K of Q\ 9, there ewists
v > 0 such that |U|pexy < €77 for all o large.

The proof of which is contained in [L1] and is omitted. Instead we are going to

present a stronger result (Theorem 3.3 below) which applies to the case when every

12



local maximum points of m is non-degenerate.

The following theorem is first proved in [L1, L2], but the proof we present here
is the result of a discussion with X. Chen which can generalize to the case for any «

large and, d > 0.

Theorem 3.3. Assume (H1) and (H2). Then given a small v > 0, there exists

positive constants C, v and o such that for any o > «g, and any d > 0

e Cevalm(@)—m(zo)l/d Ugzoemnt Br(70),
| eve/d in 2\ UgpemBr(20).

In proving Theorem 3.3, we have the following useful

Lemma 3.4. Under the assumptions of Theorem 3.3, |@|rrq) — 0 for any p > 1.

Proof of Theorem 3.1.

Lemma 3.5 (Lemma 3.3 of [CCL2]). Suppose that $% < 0 on 0, then
|1~L|Loc(9) < |m|Loo(Q) + oz|Am|Loo(Q)

Proof. The result follows from a direct application of the maximum principle. m

Lemma 3.6 (Lemma 3.4 of [CCL2]). Suppose that 22 < 0 on 9Q. There then exists

some constant C', independent of a, such that

/1~L|Vm|2 < g
0

«

Proof. Multiply the equation by m and integrating in €2, we have

—/Vm-[dVﬂ—aﬂVm]—l—/mﬂ(pa—ﬂ):O
Q Q

Since 3
/V&~Vm:—/ﬂAm+/ a—mg—/mm,
Q Q a0 OV Q
we have )
/a\vmﬁ < —/[a(—dAm _ mpa) + mii?].
Q @ Jo
The result follows from the boundedness of @ in L?((2). O

13



Define Is = (—1,1) \ {z € (—1,1) : 3z, m/(2) = 0 and dist(z, 2) < d}.

We can easily see that [ consists of finitely many open intervals, as {z € (—1,1) :
Jzm/(z) = 0 and dist(z, z) < &} consists of disjoint union of intervals with length

more than § > 0 and there can only be finitely many of them in (—1,1).

We also note that for any 6 > 0, there exists 0 < §; < d5 such that {z € (—1,1) :
|m/(z)| > 6o} C Is C {x € (—1,1) : |m/(x)] > 4,1 }. Also §; — 0 for i =1,2 as § — 0.

Taking the above two observations into account, Theorem 3.1 follows from exactly
the same lines as in the proof of [CCL,Thm 1.7 (ii)]. We present them here for
completeness only.

It suffices to prove that for any given ¢ > 0 small, 4 — 0 uniformly in /5. Now
fix § > 0 small, we observe as above that I5s = UK  (ay,b;) for some K € N. Let
7, € I5 be such that i(z,) = max, .

As first step, we shall prove that for each 6 > 0 small, @ is bounded in I5 inde-
pendent of a.. Assume to the contrary, assume u(x,) — 0o as a — oo. Passing to
some subsequence if necessary, we may assume that x, — z* and z,,z* € [a;, b;| for
some 1 < < K.

Set © = x4 + y/a, and define

_U(ze +y/a)

wa (y) T

Hence, w, satisfies w,(0) =1, 0 < w,(y) < 1, and

di;ly [dd;;a —m/ (xa + %)wa} + éwa [pa (xa + %) - ﬂ(l’a)wa} =0

in J, == (—a(re — a;),a(b; — z,)). As a — o0, passing to a sequence if necessary,
J, converges to some interval J, where J contains one of the following: (—oo, +00),
[0, +00) or (—o0, 0].

Claim 3.7. Given any compact subset K of J, |wa|c2(x) is bounded for sufficiently

large a.

To establish our assertion, we first observe that both w, and u(z,)/a (Lemma

3.5) are uniformly bounded for large . Integrating the equation of @ from x = —1

14



to x = x,, we have

di' (za) — am/(zs)u(zs) + / U(pa —u) = 0.
-1
Hence, /(z,)/(ct(z,)) is uniformly bounded for large o. Note that in this proof
it suffices to assume that (z,) = maxj, @ is uniformly bounded from below by
some positive constant. This implies that w/ (0) is uniformly bounded since w/, (0) =

w(xq)/(at(xy)). Now integrating the equation of w, from 0 to y, we find that

duy(y) =’ (20 + 2 ) waly) = dul (0) +m(v2)wa(0)

+$ /y1 We, [pa (ma + %) - ﬂ(xa)wa} dy=0

Therefore, |wq|c1(ky is uniformly bounded for large o. By the equation of w,, we
see that |we|c2(k) is uniformly bounded. This proves our assertion.

By our assertion and a standard diagonal process, passing to a sequence if nec-
essary, we see that w, — w* in C'(K), where K is any compact subset of J. By the
equation of w,, w, — w* in C?(K). Hence, w* satisfies w*(0) = 1 and 0 < w* < 1.

By Lemma 3.6, we have

! C
/ (@) ()2 dz < 2.
-1 0%
Since |m/| > d1 in (a;, b;) C Is, we have
b; ~ O
/ai 'U/(.T)dilf S 5%—@

By the change of variable z = x, + y/a and the definition of w,, we obtain

In particular,

We(y) dy < —= ) 3.1
/Jaﬂ(—l,l) v)dy 07t (z,) (&1)
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Passing to the limit in (3.1), by @(z,) — oo we have

/ w*(y) dy < 0.
JN(=1,1)

This implies that w* = 0 in J N (—1,1), which contradicts w*(0) = 1 since 0 €
J N (—1,1). This proves the fact that for each small 6 > 0, |i]ze(s,) is bounded
independent of a.

Next we prove that for any § > 0, u(z,) = |t|p~;) — 0 as o« — oo. Passing
to a sequence if necessary, we assume that there exists 6 > 0 and 1 > 0 such that
@(z,) > n for sufficiently large a. Set © = z, + y/o and define w, = u(z, + y/a).
Hence w,(0) > 7. Passing to a subsequence if necessary, we may assume that x, —
r* € I5 as a — oo. We may also assume that z,, 2* € [a;, b;] for some 1 < i < K. By
assumption, m’(0) > 0 > m/(1), so there are only three possibilities:—1 < a;, b; < 1,
—1l=a,<bj<lor—-1<a;<b =1

We first consider the case when —1 < a; < b; < 1. For this case, we can find

some interval (¢;,d;) € I5/2 such that [a;,b;] C (¢;,d;). Then w, satisfies

% [dd;:a -m' (xa—i-%) wa} + % [pa (Ia+%) —wa] =0

in J, = (—a(zy — ¢),a(d; — x,)). Since z, € la;, b C (¢;,d;), we see that J,

converges to (—00,400) as &« — oo. By the boundedness of ||~ (s, ,) independent

Is/2
of a, w, is uniformly bounded in J,. Analogous to the proof of the boundedness of
|| oo (1 /2)s passing to some sequence if necessary, we may assume that w, — w* in
C?(K), where K is any compact subset of (—oo, +00). Hence w* satisfies w*(0) > 7,

0 <w*(y) <Cin (—o0,+00) and

dPw* dw*

. 1) %
dy? m<x)dy

=0 in (—oo,+00).

Hence, w* = ¢; + coe™ @/ for some constants ¢; and ¢y. Since w* is bounded
in (—oo,+00), we see that co = 0. This together with w*(0) > n implies that
w* = w*(0) in (—o0, +00).

By Lemma 3.6, we have



Since for some 3 > 0, |m/| > d3 in (¢;,d;) C Isse, by the change of variable x =

Zo + y/a and the definition of w,, we obtain

Passing to the limit we find that

L 4C
/ w*(y) dy <

-
L 53

i.e. 2Ln < 4C/§? since w* > n. This is a contradiction, since L > 0 is arbitrary.
Next we consider the case when a; = —1 and b; < 1. For this case, if x* > —1,
then we can use the same proof as above to reach a contradiction. (J, — (—00, 4+00)
and so w* is equal to some positive constant.) It remains to consider the case when
x* = —1. Since |m/(z,)| > 6; > 0 and z, — a* = —1, we see that |m/(—1)| > 4.
Since we can assume that m’(—1) > 0, we have m’(—1) > 0. By the same argument
as before, we can assume that w, — w* as « — oo, w*(0) > n, 0 < w* < C, and w*

satisfies
d*w* dw*

/
(=1 —
dy? m(=1) dy 0

in some interval J which contains [0,400). Hence, w* = ¢; + coexp{m/(—1)y/d}
in [0, +00). Since m/(0) > 0, w*(0) > n, 0 < w* < C, the only possibility is that
w* = w*(0) > n in [0,+00). Then, as in the case when —1 < a; < b; < 1 (with
[—L, L] being replaced by [0, L]) and as in the previous case, we can apply Lemma
3.6 to reach a contradiction.

The case when a; > —1 and b; = 1 can be treated similarly. This completes the

proof. O]

Proof of Theorem 3.3. It suffices to prove Lemma 3.4 and the following lemma.

Lemma 3.8. Assume (H1) and (H2). Then given a small r > 0, there exists

17



positive constants C,~y such that

u < C Merelm@)=—m@ol/d Uzgem Br (o),
=\ oa/d in Q\ UpyemBr(70),

where M = || o).

By the assumption, all critical points of m are non-degenerate (det D*m # 0)

and the set of local maximum points 99T C  lies in the interior, hence
M= {r €Q:Vm(z) =0, det D*m(z) < 0} C int (3.2)

Moreover, Am > 0 on 9y and that 9,m < 0 on 9, where My = {x € Q : |[Vm| =
0} \ 9. Consequently, 9 is finite. Denote

{m(x):x e M} = {my,ma,...,mu}, my < ... <my, M; = {z € M:m(x) =m}

(3.3)
The non-degeneracy implies that there exists » > 0, K > 0 such that
1
K|z—x|2 <m(z) —m(z) < K|Vm(z)]* < K?|z—z|* Vz € B,(2), Vz € M. (3.4)
Set
mo = minm, 7= min {m; —m;_1,7*/K}, (3.5)
o) 1<i<n

and fix 0 < ; < 1, and define recursively

0i
5i+1: il ,221,2, ,n—l (36)
Mit1 — M; +1
Then we have
n—1
1>06,> 0> ..>08,=0 =4 d >0
o M1 —mi +1
By possibly enlarging K, defined in (7.2), we also can assume
O I+ A in Q\ D1, D; = UseonB3
7 IVm|*+Am >0 inQ\ Dy, D; =U,com K\/g(z) (3.7)

18



Define

=9, Qui={reQ:m(z)>m; —n}\ U,emBr(2)
Note that €2;.1 CC €Q; from definition of 7.
Define ]
M =supu, L= §|D2m|OOK2, i = Mebe atm(@)=—m) (3.8)
Q
Then using (3.7), Q\ Dy fori =1,...,n.
Nl¢| ==V - (dV¢ — apVm) — ¢(p — @)
>V (dV — apVm) — ép
(51'(){
N{di] =¢ila(l = d:)(-
O
>6,fa(l = 6)(=7|Vml* + Am) — p] > 0

|Vm|* + Am) — p]

Nlg:] >0 inQ\ Dy and do,¢; — ap;0,m > 0 on 0f2 (3.9)

Whereas when z € D; = UzegmBK\/E(Z) and by (7.2)

1 d
—m; > —=|D? OOK\/iZ
m(z) —m; > 2[ Moo ( a)

o; 1 d 1
d“ (m(z) —m;) > —%(§|D2m|sza) = —5|D%mlooK? = —L
Hence
di(x) = Mebe ™ (m(@)=m) > Mere ™ = M > @ in Dy. (3.10)

Hence by (3.9), (3.10) and comparison, u(x) < ¢i(z) in Q; \ D; = Q\ D;. But we
also have u(x) < M < ¢y(x) in Dy by (3.10). Hence,

u(z) < ¢1(x) = Mebe ™ (m(@)=m) in Q.
Next we consider ¢ on Qy. On 09 \ 092, we have m(z) > m; —n. We either have

T € Uen,0B,(2) or (2 & U,eom, 0B,(2) and m(x) = my —n)
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Since on U,eon, 0B,(2),

2

(>< 1‘ ’2 r -
mi\x m); — —|— 2" =M1 — — my —
! K ! K ! T

we must have
T & Uyeon, 0B, (2) and m(z) = my —n

Consequently on 09, \ 092, by definition of 4,

09 docx e
a = eXp{T(m(x) —mg) — 7(7”(93) —my)f =1

Hence ¢9 = ¢y > 4 on 0, \ 9Q2. By (3.9), (3.10) and comparison, much as before

we can conclude that ¢, > @ in Q.

Suppose ¢; > @ on ;. Then on 0€;,4 \ 012, as before, we must have m(x) = m; —n
and x ¢ UzemBr(Z)

i 0;
Giy _ exp{ +1¢

Gi d
Giv1 = ¢ > U on Oy \ 0.

51'04

d

(m(x) = mip1) — —=(m(z) —m;)} =1

By(3.9) and (3.10), as before, we conclude that ¢;; > @ on ;4.

In conclusion, ¢; > @ on €2;, i = 1,...,n. Hence

i < Mebe #m@=m) iy U o0 B, (2) (3.11)

i < MePe %™ in Q\ Useon, B, (2) (3.12)
This proves Lemma 3.8. Next we prove Lemma 3.4.

_am(z) _

If & stays bounded, then consider w(z) = e~ 4 @ which satisfies

m am

dV - (" Vw) + e T w(p(z) —e*Tw) =0 in Q,
d,w =10 on 0f).

Let 7o € Q be such that w(zy) = supgw, then by Hopf boundary lemma and
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am(zq)

maximum principle, e~ 4 w(z¢) < p(zo)

am am am(zq)

supa < (supe 4 )(supw) < (supe 4 Je~ 4 p(xg) < 00.
Q Q Q Q

«

Now suppose § — oo. By Theorem 3.3, for some z € ¥ and R > 0, M = ||~ (q) is
assumed in B, d/a(z) for all o large. Rescale z = z + y\/g,

d(%Ayﬁ) — avxm(\/gvy'&) +u(p—u—alAm) =0

Divide by «,

\[szﬂ/\[ LRTAZABm G i BR(0)
(6%

Hence for each R > 0 the coefficients are bounded in L*°(Bg(0)). (The middle term
tends to D*m(z)y. ) So we apply the Harnack’s inequality to get a constant ¢ > 0
such that

d
cM2(=)N/? g/ i’ < / ? in Bg(0)
a
On the other hand,

/u —/um<0/ < oM(S)¥”

by (3.11) and (3.12), this means that M has to be bounded uniformly in § — oo.
Finally, the L? estimates follows directly from (3.11) and (3.12) and the uniform
boundedness of [i|~) in a. This proves Lemma 3.4 and concludes the proof of
Theorem 3.3.
O

3.2 Lower estimates of «

Now we prove results indicating that the unique steady-state @ of (1.6) (resp. (U, V)

of (1.4)) are nontrivial in the vicinity of 9.

Theorem 3.9. Assume thatl @ is the unique positive steady-state of (1.6). If there
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exists a closed set (g CC €2 and a positive constant €y > 0 such that

mo ZfZE S Qo,
m(z) = .
<mgy ifx € QN Q.

where Q° := {x € Q : dist(z, Qo) < €}. Then, for any 0 < € < ¢

lim inf / i > / p(o). (3.13)
a—oo  Jo Q.

In particular, if z is a strict maximum point (i.e. Qo = {zo}), then we have

Corollary 3.10. If zo €  is a strict local mazimum point of p and m, then for any
ball B centered at x,
lim inf sup u > p(xy). (3.14)
a—0o0 B
For the system (1.4), we also have the following
Theorem 3.11. Under the same assumption on m(z) as in Theorem 3.9. Let xq €
be a strict local mazximum point of p and m (which coincides by (H(3)). Assume
that (U, V) is any coezistence state of (1.4).

liminf sup U > p(zo) — limsup V (zo). (3.15)

a—o O, a—00

The next result is first proved in [BL] for the case when 9 is finite and that D*m
is invertible at each zy € 9. In the following we make the generalization to the
case when 91 is any higher dimensional set (e.g. a curve). In particular, D?m is not

necessarily invertible at each xy € 9.

Theorem 3.12. If m(z) € C*(Q) assumes a local mazimum value M in a (closed)
set Qpr CC Q, d.e. let Q5 = {x € Q : dist(z, Q) < €}, we have

m(xr) =
M/2< <M inQ5,\Qy

Then for all « large, the unique positive steady-state @ to (1.6) satisfies
i(x) > x(M)eom@—M/d Vo € Qi\f

where x is defined in (H(3).
22



Proof of Theorem 3.9. Let @ be the unique solution to (1.6), and €y, Q¢ as defined in
the statement of Theorem 3.9. Then @ is the principal eigenfunction of the following

eigenvalue problem with principal eigenvalue 0:

V- (dVo—apVm)+ (p—a)p+Ap =0 in Q,
AR (3.16)
dse —ap3r =0 on 0f).
Now by the transformation ¢ = e®™/4), (3.16) is equivalent to
V - (de®™ V) + (p — @)pe®™? + e/ dhp =0 in Q,
o (3.17)
= on 0f).

with principal eigenvalue equal to 0. The variational characterization of the principal

eigenvalue of (3.17) implies

Ly e S e U VYR A (u - p)Y?)
O0=A= wlenl_fl‘l { feam/d¢2

By assumption, for any small € > 0, maxgge m < mq. For any d such that 0 < § <

min{mgy — maxgge m, x(mo) — maxgqe p}, define

o 20
My ::m0—§>m0—§::]\/[g,
o
Uy ::{CE e Qo m(:c) > moy — §
20
Us ::{x € Qo TTL(I‘) > moy — E

Us :={z € Q° : m(z) > mg — ¢}

Note that we have U; CC Uy CC Uz CC Q. Now take a smooth test function 1
such that,

(r) = O0<¢(z)<1 |V <C0)

1 ifxel,
0 lfLCGQ\Ug
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Then,

o < LA VU 4 f e i — p)u

feocm/de
f de*™211C(0)? [, e (u — p)?
> fU eaMi/d ng eam/d¢2
< C(E)e M)+ max(u — )
Us
< C'(8)e” 5 4 maxu — x(mg) + 0.
Us

For « sufficiently large, the first term in the last line will become less than §, hence
(3.13) follows.
O

Proof of Theorem 3.11. Follows from exactly the same argument as in the proof of
Theorem 3.9 O

Proof of Theorem 3.12. Let p(x) = x(m(x)) and 6 > 0 be chosen small such that

M — § is a regular value of m and satisfies

supm <M -5 x(M —4)>0.
005,

Since M — § is a regular value of m, consider
={xcQ, :m(x) > M -5}

then

Vm=v- 0_m and 8_m <0 on 00;.
ov ov

Therefore, there exists § € (0,0) and Oy :={z € O; : M — 0 < m(z) < M — §} such
that
m'(x) #0 in O,.

Define a smooth cut-off p: R — R by

(1) = 1 t>M-—94
P 0 t<M-—90
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such that

_ _9OM — 6 —
p,p>01in (M —0,M — 9) and p’ > 0in (M—5,$>.

2
And define
1 in 01 \ 02
D(x)={ p(m(z)) in O,
0 in \ Ol.
and

Now we calculate

dVu — auVm
=M@ =Mdo7m D 4 dM e @-MIdg D — o M@ =M/d Dy,
—dM etm@)=M]/dxz

then,

V- (dVu — auVm) + u(x(m) — u)
=V - (dMeoc[m(w)—M]/dVD) + Meoc[m(w)—M]/dD(X(m) — )
—a Mm@ MYAT Dy 4 AM e @MIAAD 4 N @-MAD (y () — )
=Mt @=M/AL0 7D . Vm + dAD + D(x(m) —u)}

In a neighborhood of the boundary 02, u is identically zero and the boundary con-

dition for lower solution is satisfied automatically. It suffices to show that

aVD - -Vm+dAD + D(x(m) —u) > 0. (3.18)
First we notice that
eam/d a X/(m)
g(m) = with g (m) = eam/d< - )
) = ) m) x(m) ~ x(m)?

is increasing in x — 1{[M — &, M|} if a > dsuppys_5.an X'/ X (M — §). Hence if m(z) €
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05, then
am(x)/d 6on/d

= x(M)

x(m(z))

which implies
p(x) = x(m(x)) > x(M)e @M > 3 (M)t O=MAD(z) = u

Therefore (7.6) is satisfied automatically when D = 0, 1. It suffices to show (7.6) in
05. Now,

aVD - -Vm=ap|Vm[>>0  AD = p'|Vm]* + p/Am

Choose &' € (8, 6) such that infy;_s<pmerr_sp > 1/2 and

M -9 M -9
sup  p|Am| < XM = 9) sup  [p"||[Vm| < XM = 9)
M—8'<m<M—6 6d M—§'<m<M—§ 6d
Then in {z € Oy : M — ¢ <m < M — 6}, since 0 < 2u < IMe /4 —
aVD-Vm+dAD + D(x(m) — u)
1 _
>0+ dp"|Vm|* + dp' Am + 5()((M —0)—T)
M—6 M- M—6 1
Z X( ) _d|p//||vm|2 + X( 5) —dp/|Am| + X( 5) ——u
6 6 6 2
>0
for all a large.
For {x € Oy: M — 6 <m < M — §'}, we have
/ 2
ap afVm| +dAm >0

7 + dp// Z 0 and

26



for a large. Then

aVD - -Vm+dAD + D(m — u)
>ap |[Vm|? + dp”"|[Vm|? + dp' Am + 0

/
—|Vm? (0‘7'0 + dp") +4 (%|Vm|2 + dAm)

>0

for a large.
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Chapter 4

Existence and Stability Properties
of Coexistence Steady-State (U, V)

Consider the steady-state system of (1.4).

V. (VU —aVm)+Ulp-U—-V)=0 inQ,
LAV +V(p—U—-V)=0 in Q, (4.1)

ou om __ 9V __
dlE—O{Ug—ay—O OnaQ.

We call a solution (U, V) of (4.1) a coexistence state if U(z) > 0 and V(z) > 0 in Q.
In this chapter we are going to prove that there exists at least one coexistence state
for (4.1), which follows from the arguments in [CCL2]. We present the proof here
for the sake of completeness. Denote by (U(x,t;Uy), V(x,t;V5)) a solution of (4.1)
with initial condition (Up(x), Vo(z)).

Theorem 4.1. Assume (H1), (H2) and (H3) are satisfied, then for a sufficiently
large, there exists coezistence states (U, Vi), i = 1,2 of (4.1) such that Uy < U,
Vi > Vo and the set Xo := {(U,V) : Uy < U < Uy and Vi >V > Va} is globally

attracting, i.e. given any initial condition (Uy(z), Vo(z)),
dist (U (z,t; Up), V (2, t; Vp)), Xo) — 0 as t — 0.

Moreover, there exists at least one stable coexistence state ((7, \7) € Xy of (4.1).

Remark 4.2. (i) Alternatively, the assumptions (H1) and (H2) can be replaced

by ”The set of critical points of m has measure zero”.
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(ii) In Chapter 5 and Chapter 7 we are going to prove that (U;,V;), i = 1,2 have
a common limiting profile as a — oo. Moreover, in the special case when m
is constant on M, we are going to prove in Chapter 8 that (Uy, V1) = (Us, V4).
That is, there exists a globally asymptotically stable coexistence steady-state

for (1.4).

Proof of Theorem 4.1. By the transformation W (z) = e~*™@)/41[/(z), (1.4) becomes

W, = e~om@/day7 . (d,eom@/DGW) + W (p — @@/ — V) in Q x (0, 00),

V, = oAV + V(p — e™@/dyy — V) in Q x (0, 00),
o =9 = on 99 x (0,00),
(4.2)

which is a monotone dynamical system. By the theory of monotone dynamical system
[H], it suffices to show the instability of the semitrivial steady-states (e~*™(®)/d1g, ()
and (0,0,,) of (4.2) which is equivalent to the instability of (@,0) and (0,0,,) of
(1.4). (Here @ is the unique positive steady-state of (1.6) whose existence is proved
in Theorem 2.1, and 6, is the unique positive solution of (1.5).)

First we consider the linear instability of (@,0), determined by the following

eigenvalue problem:

V- (Ve — adVm) + (p — 20)6 — i + Ad =0 in Q,
Ay AW + (p— @)+ M = 0 in Q. (4.3)
45— apdn =% = on Of.

Since (4.3) decouples, and V - (d1V — aVm) + (p — 2a) is invertible, it suffices to

show that the principal eigenvalue oy of the second equation of (4.3)

(4.4)

Lo p— on 0f),

{ doAYy + (p— W)y + o1y =0 in Q,
ov

is negative, where ), is the corresponding eigenfunction. But if we divide the equa-

tion by 1, and integrate over {2, we have

2
o1 = —dsy @dw—/p—ﬁdx<—/p—ﬁdxﬁ—/pda:<0
o V¥ Q Q Q

as a — oo. Since [, udx — 0 as @ — oo by Lemma 3.4. Therefore (4, 0) is unstable

for « large.
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Next we linearize (1.4) at (0,6,,) and consider the following eigenvalue problem:

V(i Vo — apVm)+ (p — 0g,)p + Ao =0 in Q,
do A — Ogyd + (p — 202,)0 + M =0 in Q, (4.5)
dl%_aqg%_rg:g_fzo on Of).

To show that (0,8,,) is unstable, again since doA + (p — 204,) is invertible, it suffices
to show that the principal eigenvalue p; of the first equation of (4.5)

{ V(1 Vo — agVm) + (p— Oa)d+pp =0 in Q,

4.6
%2 — apdn =0 on 99, (46)
is negative. By the transformation ¢ = e=®™/%1 ¢, (4.6) becomes
V(die®™ V) + 2™ (p — 04 ) + pe®™ Mo =0 in Q, (4.7)
% =0 on 99, ’

Therefore by variational characterization,

i = inf Jo ™M1 di|Vol? + (Ba, — p)?] doe
1= et [, eamldrp? dy .
By the maximum principle, we have [p|eq) > 104, | oo (@) +36 for some small positive

constants 0. Now take a smooth cut-off function ¢ such that 0 < ¢ <1 and

o 1 in {z € Q:m(z) > |m|re) — 26 and p(x) > [p|re() — 26},
0 in {z € Q:m(z) < |m|pe@) — 30 or p(z) < [p|re@) — 36}

Jo e M di [Vl + (B4, — p)¢®] da
fQ eam/d1 ¢2 dr
ea(m(xo)—25)/d1 B
< Ot + S (0a, —p)

supp ¢

IN

M1

S Ce—(sa/dl + |§d2|L°°(Q) — |p|Loo(Q) + 30

- |éd2|L°°(Q) - (’p|L0<>(Q) - 3(5) <0 as a — oQ.
Therefore the principal eigenvalue 1 of (4.7) and hence of (4.6) is negative for all «
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large. Hence (0,0y,) is unstable for a large. This completes the proof.
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Chapter 5

Limiting Profile: One-Dimensional

Case

In this chapter we shall treat (1.1) in one space dimension (i.e. Q= (—1,1)):

U= (U —aUm') +Um—-U-V) in (—1,1) x (0,00),
Vi=dV'+V(im—-U-V) in (—1,1) x (0, 00), (5.1)
U —aUm'=0=V’ on {—1,1} x (0, 00).

The steady-states of (5.1) satisfies

(U —aUm') +Um—-U—-V)=0 in (—1,1),
dV" +V(m—U—V)=0 in (—1,1), (5.2)
diU —aUm' =0=V"' at ©z = £1.

This chapter is self-contained and part of it is published in [LN]. In this chapter
we will not only treat the generic case when m has discrete local maximum points,
we are also going to consider the case when m assumes its maximum over an interval.
It is revealed in some cases that U can actually drive V' to extinction. The methods
and arguments involved are elementary, but most of them cannot be generalized in
an obvious manner to treat the multi-dimensional case. The rest of the thesis is

independent of this chapter.
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5.1 9. is discrete

Let M, = {z € Q : xis a local maximum point of m and m(z) > 0}. We will
assume throughout the rest of section 5.1 that Q@ = (—1,1) and that m(z) satisfies

the following conditions:

(M1) m(z) € C3([-1,1]) and zm/(z) <0 at z = +1.

(M2) Mt C (—1,1) and all critical points of m are nondegenerate.
(M3) [,m > 0.

Note that (M2) implies m(x) has only a finite number of local maximum points.By
Theorem 4.1, (5.2) has at least one coexistence state (I, V). Our main result for

(5.2) now reads as follows.

Theorem 5.1. Let (U, V) be a positive solution of (5.2). Then, as o — 0o, it holds
that

(i) V — 04, in CVP;

(i1) for any xo € M, and any r > 0 small,

U () — max{V2 [m(xy) — 04, (o)}, 0}tV A ey — 0;

(iii) for any neighborhood M of My, U — 0 in (—1,1)\N uniformly and expo-

nentially.

From Theorem 5.1 we see that not only the peaks of U are located, the profiles
of U for large « near its concentrations are also determined. In particular, we have
proved that |U| ~ remains uniformly bounded in a. It is noteworthy that the L
bound for the higher dimensional case is proved along the same spirit as the one-
dimensional case. However, it is not a direct generalization and several non-trivial

issues has to be taken care of.

By way of proving Theorem 5.1, we first consider the following closely related
single equation which was proposed in [BC| to model the population dynamics of a

single species

(5.3)
du’ — aum’ =0 on {—1,1} x (0,00),
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whose steady-state equation is given by

(5.4)

(du' — aum') +u(m —u) =0 in (—1,1),
du' — aum’ =0 at r = +1,

By Theorem 2.1, there exists a unique positive steady-state @ of (5.3). We have the

following limiting profile of .

Theorem 5.2. Let 4 be the unique positive steady-state of (5.4). Then, for any

r > 0 small and any xo € M, as o« — 00,
(1) @ — 0 uniformly and exponentially in (—1,1)\ Ugpeom, (2o — 7,20 +7),

(i) |& — \/ém(l’o)ea[m(ﬁ)im(mo)]/d|L00(a:07r,x0+r) — 0.

5.1.1 Proof of Theorem 5.2.

In this section, we will prove Theorem 5.2. First, we recall the following facts about
(5.4).

Theorem 5.3. Suppose that m satisfies (M1),(M2) and (M3). Then the following

statements hold.
(i) @ — 0 in L*(—1,1) as a — oo.

(i1i) For each xo € M, and any r > 0,

lim inf (max 11) > m(x).

a—00 By (zo)

(iv) For each neighborhood M of M, there exists b > 0 such that 0 < 0 < e in
(—1,1)\M.

Proof. Parts (i) and (ii) are proved in Theorem 3.5 and Lemma 3.3 of [CCL2]. Parts
(i73) and (iv) are established in Theorems 1.4 and 1.5 of [L1]. O

To analyze (5.4), we first integrate (5.4) from —1 to =,

T

di/ (z) — au(z)m'(x) + / w(m —u) =0,

-1
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(dInd) = d = am! — i/w i(m — ). (5.5)

u uJ_1

Hence, for any z, =, € (—1,1) we have

Ini(z) — nii(zy) = afm(x) — m(za)]/d — / #(z) (/ i(m — a)) iz,

-1

and we have derived the following basic formula which we will use repeatedly in this

section:

&fj) — exp {a m(z) — m(z.)] /d — / dal(z) (/_1 ii(m — a)) dz} C(56)

We first estimate the integral in (5.6).

Lemma 5.4. There exists a constant C > 0 independent of «, such that

[

for all z € (—1,1) whenever @ exists.

< Clu| 21,1

Proof. By integrating (5.4), we have f_ll @(m — @)dr = 0 and hence |t|z2 < |m|ge.
‘ / i(m — @)
-1

As m has only a finite number of nondegenerate interior local maximum points,

Now,

< |mlp2|al e + |a7e < (2]m]z2)]a] 2.

]

there exist a small positive constant ey and a positive constant Cy such that m” <
—Cyand m > 0 on

N = Ugpem, (0 — €0, 20 + €0).

From Part (iv) of Theorem 5.3, we have @ < e=** on Q\MN for some constant b > 0.

Hence, if we set §; = o~ and &y = a‘i, we have, for i = 1,2,
I ={zeQlu(z) >0} CN

for all large . Note that I3 O Iy, .

35



Proposition 5.5. For each xo € My, and i = 1,2, Ij N(xo— €0, To+¢€o) is nonempty
and connected, for a large. In other words, I5 consists of eractly #9M disjoint

intervals for a large.

Proof. To prove the connectedness by contradiction, suppose that there are at least
two connected components of Ij N (zo — €, To + €0). Then, there exists a local
minimum point T € (xg — €g, Tg + €) such that a(z) < é;, @'(z) = 0 and @"(z) > 0.
Writing (5.4) as

di" — am't’ +a(m —a —am”) =0,

we see that,
w(®) > m(z) —am”(z) > igfm +aCy > 1> 94,
for a sufficiently large, a contradiction. I3 N (2o — €9, ¥ + €o) being nonempty is a

consequence of Theorem 5.3 (). O

Now fix xp € €, and let x, € I§, N (2o — €0, Zo + €0) be a maximum point of % in

I:;Z(J}O) = ](/51 n (ZEO — €0, To + 60); ie.
i(wa) = max{a(x) | « € I N (20 — €0, 20 + o)} (5.7)

Observe that z, does not depend on ¢ = 1,2, by Part (iii) of Theorem 5.3. To

estimate the location of z,, we deduce by (5.5) that for « large,

[

1
at(xy)

m’(za)| =

Q

< —|a|g2
o
by Lemma 5.4 and Theorem 5.3 (4ii). Since
To € (g — €0, T0 + €0), M (x9) < —Co, m'(xy) =0,
Mean Value Theorem implies that

, i 1
Colea = 0] < /() < il = of-) (5.8)

SRS

by Theorem 5.3 (i7).

Next, we turn to estimating |I},|.
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Lemma 5.6. For any M > 0 and any xy € My, both (xg — %,xo + \%) and

(o — \/ME Ty + \%) are contained in Iy, for a large.

Proof. To prove this by contradiction, suppose that there exist My > 0 and a se-

quence a; — oo with z,, € 01, such that

My
= w0

’ZO‘J' — Loy

then (5.8) implies that

From (5.6) and (5.8) it follows that

e [t <t~ [ s ([ )
C

> exp {Oéj [m(zaj) — m(xo) + m(xo) — (xaj)] /d — /Z%j d >W\L2}

(s
> exp (ol mlan) + Ollan, — anl)/d [0, — 0l |
= exp { oy (au)l, = 0P + ol lid — Cojf ﬂum}
> exp { o | g (an) S ot )}

— explgm(w0)(My +1)%/d] > 0

as a; — 00.
On the other hand, 72

o

and (zq;) = 02 — 0, a contradiction. Thus (x, — \%, Lo + %) C I5,. The fact that

m(x

)
5~ > 0 for a large

— 0 as a; — oo since i(x,,) >

(o — %, xo + \%) C I, for a large now follows from (5.8). O

Now we come to the upper estimate of |I§ |.

Proposition 5.7. For «a large |I5,| = 0( 2) for any 0 < ¢ < 5. In particular,

|13,] = o( 7).

Proof. Fix }1 <c< % Suppose the assertion is false. Then for some xzqg € M,

there is a sequence a; — oo such that for each j, there exists z,, € Ij (x¢) with
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|20, — zo| = £, for some constant k; > 0. From (5.6) and (5.8) it follows that (for

J
simplicity we suppress the subindex 7).

N

(za) < eXp{a[m(za) — m(zo) + m(on) - m(:Ea)]/d

(Ta

~—

Isg1

C .
+ 5—|za — x|t /d}
2

< exp[—aks|za — mo|2/d + o(1) + Chyaia¢| 2]
< exp(—kza'*/d)

for a large, where ko, k3 are two positive constants.
On the other hand, from Theorem 5.3 (i7) we have

lNL(Za) (52 52 k4
_ > 2 >
W(ro) ~ |l T Mz + alAm|pe T o/
for some constant k4 > 0, a contradiction. O
Theorem 5.8. ~
&(;5 exp [—%m”(zo)(a: —x0)?| — 1
uniformly in Ij (xo) for each xo € My as o — oo. In particular,
%ﬂ(a:a)efdm”“()“x—w < ii(z) < 2ii(xy)eda™” ()=o)
in I5 (xo) for all a large.
Proof. By (5.6) again we have, for x € I, (x0)
i) €xp [—gm”(ﬂfo)@ - 930)2] -1
W(zq) 2d
= lexp § a[m(z) — m(z.)]/d — /w Mdz — gm”(xo)(:zc —z)? s —1
en du(z) 2d
=|g1(z) — ga2(z)] exp §()
where
«
gi(w) = afm(w) —m(za)]/d — 55m" (@o) (z — zo) (5.9)
(5.10)




and &(z) lies in between 0 and g;(z) — g2(x). Now, our assertion follows from the

following observations:

1 2

91 (@)] < = |m(z) —m(ao) — gm"(wo)(z — z0)"| + = |m(z0) —m(wa)|

S ale
e

IA

O(|z — 2o*) + - O(|mg — z4]*) — 0
by (5.8) and Proposition 5.7, and

C _
|92(2)] < 5~ — alll e
2

< Cail|l| - || — 0.

by Proposition 5.7 and Theorem 5.3 (i). O

Eventually we will show that ||z~ is uniformly bounded for all « large. The

following is the first step.

Lemma 5.9. |i}. < Cya [, a@® for a large. In particular, |i|p~ = o(a3) for a

large.

Proof.

S~
N
(Y]
[V
—
g
R
(Y]

1~2 " — 2 T
> 1 (z) / . esplant (o) —20)"/dd
> ia%m /  exp(m () )y %
> u ( o)

3\

for any M > 0, by Theorem 5.8 and Lemma 5.6, where y = /a(z — z9). Our

assertion now follows from Theorem 5.3 (i). O

Lemma 5.10. [,@® = O(a"1) for a large.
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Proof. From (5.4) and Theorem 5.8 we have

/ﬂ2:/ma§6’/&
Q Q Q
(L)
[2<62] [a>62]

—c| [ ar > [
[a<d2] Z Is

o €M, 2(20)

<o+ Y 2t [

!
ToEM 4 152(xo)

exp [%m”(wo)(aj - 1:0)2}

1 1
< Ca™i+o(ad) —/exp {—m”(ﬂfo)yﬂ dy
o) Va Jr 2d

=O0(a™1).

To estimate I§ , we begin with the following counterpart of Proposition 5.7.

Proposition 5.11. For a large, |1}, | = o(=) for any 0 < ¢ < 1. In particular,
|I(/51‘ = 0<a131/32)-

Proof. Fix % <c< % Suppose that the assertion is false. Then for some xq € M,
there is a sequence a; — oo such that for each j, there exists z,, € I (o), with
|20, — o] = £, for some constant k; > 0. From (5.6), (5.8) and Lemma 5.10, it

follows that (again we suppress the subindex j, for simplicity)

N

(2a) 1 )
(T < exp {a[m(za) — m(xo)]/d + a[m(xo) — m(za)]/d + d_510|20‘ - $a||u|L2}

< exp [—akglza — o|?/d + o(1) + Ca%’c\ﬂ]p/d}
< exp [—k;;oclf%/d +o(1) + Co[%*cfé/d}
< exp [—k‘4a1_2‘3/d]

for a large, where ks, k3, k4 are positive constants. On the other hand, from Theorem

5.3 (ii) we have

s3]

(Za) 01 ks

>
w(ry) ~ |Upe + | Am|pe o

a contradiction. O
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Now we have the counterpart of Theorem 5.8 for I} .

Theorem 5.12. ()
a(x a
) exp [—Zim"(xo)(x —x0)?| — 1 (5.11)

uniformly in Iy o) for each xo € M, as a — oo. In particular, we have, for each

e >0,

@

(1 — €)a(ma)eza™ @) E=10" < g(2) < (1 + €)ii(xy)eza™ @0)@=0)* (5.12)
and
(1— e)a(%)ea[m(m)—m(woﬂ/d <a(z) < (1+ €>ﬂ(xa)€a[m($)_m($o)]/d (5.13)

uniformly in Iy , for a large.

Proof. As in the proof of Theorem 5.8, we have, for z € I§ (o),

Uy

soxp [~ g e - 2] 1] = 11(0) = )] exv (o)

where ¢g; and g9 are given in (5.9) and (5.10) respectively, and £(z) lies in between
0 and ¢1(x) — go(2). g1(x) and g2(z) can be estimated in a similar fashion as in the
proof of Theorem 5.8:

amm»—mmw—;wuwm—ufvﬂ+Mmmw—mmJW1

|91 ()] <

< a[O(|lz = zo]*) + O(|wo — 2a]?)] — 0

in view of Proposition 5.11 and (5.8). Similarly,

1

01
17 13 _ 1

<o (a?fﬁW) — 0

lg2(2)| < C

|z — xo||u|L2

by Lemma 5.10 and Proposition 5.11. Thus (5.11) and (5.12) hold. (5.13) follows
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from the fact that

exp [—%m"(xo)(m — xO)Q] exp {a[m(z) — m(zo)]/d}

=exp [aO(|z — zo|*)] — 1

for x € I5 , by Proposition 5.11. O
Next we show that |@]z~ is uniformly bounded in « large.
Theorem 5.13. |i|r~ is uniformly bounded for all a large.

Proof. Let t(x,) = |u|p~, Lemma 5.9 and (5.12) imply that

112(%)30\/&/9@2:0@/9771@30&/9@

=CyVa < / o+ / a>
[11361] [ﬂ>(51}

< Cva | |96, + Z Cﬂ(l‘a)/ exp [%m"(fl?o)(l’ - 550)2} dx
z0EM Isy (2g)

<clgla ¥4 Y Caleava [ ew {im’%xo)yﬂ L]

B o €My R 2d \/a

Therefore,
|3 < C(1+ ||).

Since C' is independent of «, ||~ must be uniformly bounded for all a large. [

Theorem 5.14. For each xy € M, , we have

lim (za) = v2m(xo)

where x, is given by (5.7).

Proof. Integrating the equation (5.4) from xy — €y to xg + €y gives

zo+eo zo+eg zo+e€o
+ / mi = / a? (5.14)

To—€Q 0—€0 0—¢€0

(di — aum”)
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First, we claim that for some b > 0,
zo+€o

(di — aam') < et (5.15)

To—€o

for all a large. By Theorem 5.3 (iv), at = = g % €, |oiim/| < Cae™ < Ce for

some b > 0. Thus, to show (5.15) it suffices to prove
di/ (zo + €) < Cebe. (5.16)

We will prove (5.16) only for the case zo — €, as the other case can be handled in a

similar fashion.
Case 1. xg = min 9.

Then, integrating the equation (5.4) from —1 to zy — €, we obtain

To—€0

di/ (zo — €0) = a(am’)(xg — €y) — / w(m — ) (5.17)

-1

by the no-flux boundary condition at —1. Now every term on the right-hand side of

(5.17) is bounded by Cae™ or C'e ™ therefore our assertion follows.
Case 2. ¢ > min M.

Without loss of generality we may assume that there exists z; € 9, such that
M, has no other points in the interval (z1,z(). Then, by Theorem 5.3 (iii),(iv),
there exists ¥ € (r1, 7o) such that @ (%) = 0 and @ < e in between 7 and xy — €.

Now, we integrate (5.4) from Z to zg — €,

ro—€o To—€Q
= —/ a(m — )
T T
To—€o To—€Q
—/ i(m — i)
T T

< Cae P < gt

(du" — aum)

di/ (zo — €0) = aum/

for o large, where b is another positive constant and (5.16) is established.
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From (5.14) and (5.15) we obtain

xo-+€o xo+€o -
Va mi = v/a i 4 O(Vae™). (5.18)
To—E€Q To—€o
Next, we need the following technical lemma.
Lemma 5.15.

zo+€o
lim sup v ma = m(xg) (/ eiim”(m)dey) lim sup a(x,),
R

a—00 To—€o a—00

Toteo 1,1
lim inf /o ma = m(xg) (/ e2d™ (”O)yzdy) liminf 4(x,),
R

— a—00
a—00 To—€o

zo+€o
lim sup /o W = (/ em"(“)yZ/ddy) lim sup @*(z4)
R

a—00 To—e€o a—00

zo+€o
lim inf /o TR ( / e (@o)y*/ ddy) lim inf @2(z4).
R

— a—00
a—0o0 To—€0

We postpone the proof of Lemma 5.15 and continue to prove Theorem 5.14.

Taking limsup and liminf respectively as &« — oo on both sides of (5.18) we have

a—00 a—00

2
(tmsup (o) ) man) [ @iy = (mswpia,) ) [ i,
R R

and

1 1 2 2 " 2
<lim inf’zl(a:a)> m(wo)/ e2a™ @)V gy — (lim infﬂ(xa)) / em @y /d gy,
R R

a—0o0 a—00

Since 0 < m(xp) < liminf, o u(z,) < limsup,_,. u(z,) < 00, we obtain

lim sup i(z,) = lim inf @(z,) = v2m(z)

a—00 a—00
and our conclusion follows. O

It remains to prove Lemma 5.15. We will only show the first equality as the rest

are similar.

Proof of Lemma 5.15. First, observe that

Va m(z)a(r) de| < adim|p= - 2e9g — 0 (5.19)

(zo—eo0,xo+€0)\I5,
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as o — 0o. Now for any € > 0, (5.12) implies that

Va(l —eé)u(z, fI, (20) a)eza™" (@) (@=w0)® dp < \/afl/ ymi dz
< Va(l + e)u(x, f]’ (20) ezdm//(mo)(’”_mo)de.
(5.20)
We compute, for any constant M > 0, by Lemma 5.6,

f—]wM moz(y)eim”(xo)dey g \/aflg o) m($)e%m//(x e—x0) dx
1
< [ ma(y)eza™ @V gy,
(5.21)
where y = y/a(z — x0) and my(y) = m(z). For =M <y < M, we have
M
To— —=<x <30+

Va Va

and thus for a large, |mq(y) — m(x¢)| — 0 as @ — oo. This implies that

M

M 1,0 2 M . ,
—M a
as & — 00. On the other hand, (extending m,(y) trivially outside \/a{(—1,1) —zo})
/ (Ima(y)] + m(o))eza™ @ gy — 0
R\ (—M,M)

as M — oo, since m”(zo) < 0. Hence,

y)e™" o gy — / m(g)e™ W dy| — 0
R

as a — 0o, and (5.21) becomes, for any M > 0,

m(zo) fi\/[M e2a™” @V’ dy + o(1)
< \/af]’ ( )m(x)ef—dm//(xo)(ftfzoﬂdz < m([lfo) fReim"(xo)yzdy

51 \%0

holds for « large. Thus

lim \/a m(x)e;dm (z0)(z—0) dl‘ o (Ig)/ eﬁm//(gjo)?fdy
R

a—00 Izlil (z0)
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since M can be arbitrarily large. Now from (5.20) we conclude that

a— 00

(1—¢) [limsupﬂ(:ca)} m(;po)/ efldm”(zo)dey
R

< limsup v mu < (1+¢) [lim sup a(xa)] m(iﬁo)/ eﬁm”(xo)yzdy
R

a—00 [(’51 (;po) a—00
Combining (5.19) and the inequality above we have

zo+€o
lim sup v ma = m(xg) (/ e2ldm//(z°)y2dy> lim sup a(z,)
R

a—00 To—e€o a—00
This finishes the proof. n

Theorem 5.2 now follows from Proposition 5.5, Theorems 5.12 and 5.14.

5.1.2 Proof of Theorem 5.1.

As before, in this section we assume Q = (—1,1) and m(z) € C?*([-1,1]) satisfies
(M1),(M2),(M3). Let (U, V) be a coexistence state of (5.2), whose existence for
large « is established in [CCL2] and generalized in [CL]. Again, in this section, the

sub-indices dy and « will be suppressed when there is no confusion.

Lemma 5.16. 0 < U < @ and 0 < V < 0, in (—1,1) where @ is the unique positive

solution of (5.4) and 04, is the unique positive solution to

{ da0” +0(m—6) =0 in (—1,1) (52

=0 at x = —1, 1.

Proof. The existence and uniqueness of 6,4, is standard. (See, e.g. Lemma 7.1 in
[CL]). By (5.2), U satisfies,

(U —aUm'Y +U(m—U)=0UV >0 in(-1,1) (5.23)
U —aUm' =0 at v =—1,1. .
and V satisfies
V" +V(m—-V)=UV >0 in (—1,1
NQV +V(m—-V)=UV >0 in (-1,1) (5.24)
V=0 at v =-—1,1.
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It follows that U and V are lower solutions of (5.4) and (6.1) respectively. Since
@, 0,4, are the unique positive steady-states of (5.4) and (6.1) respectively which are
globally asymptotically stable, the inequalities follow from standard upper and lower

solutions arguments. O
Lemma 5.17. V — 0, in CYP([—=1,1]) for any 0 < § < 1.

Proof. By Lemma 5.16, Theorem 5.13, {U, V'}, is bounded in L>°(—1,1) uniformly.
Hence by (6.4), {V'} is bounded in C?([—1,1]) uniformly and is therefore relatively
compact in C*#([—1,1]) for any 0 < 8 < 1.

Next, take an arbitrary subsequence {V,,}; such that V,, — V4 in CY([-1,1])
for some Vi € C1A([—1,1]). Then V; satisfies doVy' + Vo(m — V) = 0 weakly, i.e. for
any ¢ € H'(—1,1),

1 1
~dx [ Viu'+ [ ovatm = Vi) =0,

Take, for zp € [-1,1)

1 T < Xy
Veo = BE=2 o< <z0+€
0 T > xy+€
" 1 r<l1l—¢€
71: —
‘ le 1—e<z<1.

Now, letting ¢ — 0, we have
zo

d V(o) +/ Volm —=Vp) =0,  Vao € [-1,1].

-1

We then have Vj € C'([—1,1]), i.e. Vy € C?*([—1,1]) and so V satisfies (6.1) in the

classical sense. Hence Vy = 6, by uniqueness. Thus, V — 6, in C*#([—1,1]) for

any 0 < 3 < 1. ]
The following result is contained in Theorem 1.8 of [L1].

Lemma 5.18. For any r > 0 and xo € M,

lim inf max U > m(xo) — 6(zo).
a—0o0  Bp(zo)
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Lemma 5.19. Suppose that liminfe, Sup,_ e zo-4eo] U >0, then

h

(z)
(7a)

exp{alm(zo) — m(x)]/d1} — 1 (5.25)

)

uniformly in [xy — \%,xo + %], for any M > 0 as @ — oo, where U(zy) =
sup[xo,eo,woﬁo]ﬁ and x € (g — \%, xo + \%) for a large.
Proof. . The existence of z, follows from Lemma 5.16, Theorems 5.12 and 5.14.

Also, by (5.8) and its proof, am’(z,) = o(1) and a[m(zy) — m(z,)] = o(1). Now, let
w(x) = U(x) exp{alm(zo) — m(x)]/d:}.

By Lemma 5.16, Theorems 5.12 and 5.14, w is bounded in L*°([zy — \%,azo + \%])

uniformly in . Moreover, it satisfies

(dvexpfalm(z) — m(eo))/di}u') + Fa =0 in [ro — 3,20+ 2]

w(za) = U(za) exp{alm(zo) — m(za)]/dr} (5.26)

W (xy) = —w(xs)am/(z,)/d;

where F,, = U(m — U — V) is bounded in L*([zq — \%,zo + \%]) uniformly in a.
Thus,

drexplafim(e) — mao) ') = —w(za)ant (o) explafmea) ~ mizo)]} — [ Fu,

and

x

w(z) —w(zy) = dil/

T

[GXP{@[m(ﬂfO) g}/ i} x

(—w(zq)am' (xy) exp{alm(xy) — m(zo)]/di} — /y Fa)} dy.

It is not hard to see that the integrand on the right-hand side is bounded in L*([xq—

\%,x) + \%]) for each M. Therefore, since |z — z,| < 2\/—% — 0, we see that |w(x) —
w(z4)| — 0 uniformly in [zy — \%, xo + \%] Now U(z,) is bounded away from 0 as

a — 00, and afm(zg) — m(z,)] = o(1). Therefore (5.25) is proved. O
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Lemma 5.20. If m(zq) — 6(zo) > 0, then (5.25) holds and

lim U(zq) = V2(m(ze) — 0(x0)).

a—00

Proof. By Lemma 5.18, the assumption of Lemma 5.19 is satisfied. Therefore (5.25)
holds. Now we proceed to evaluate lim,_, U (x4). We first claim that for some small

constant e > 0, and some b > 0,

ZToteo - . -
/ Um —U —V)dr = O(e™™). (5.27)
To—€o

By integrating from zy — €y to x¢ + €y, we obtain

To+eo _ 5 5 5 zo+e€o
/ Um—U—V)dx = —(d,U" — aUm') .

0—€0 ro—€Q
By Lemma 5.16 and Theorem 5.3 (iv), it suffices to show that dy U’ (zg%eo) = O(e™).
We shall only estimate U’(z + €), as the other can be handled in a similar fashion.

Case 1. vp = maxIN,.

Integrating the equation from xy + €5 to 1, we obtain

1
AU (z0 + €0) = a(Um')(xo + €) + / Um—U—V)dz

0+¢€o

by the no-flux boundary condition at 1. Now every term on the right hand side is

bounded by Cae~®®, therefore our assertion follows.
Case 2. o < max9N,.

At least one of the following holds:
(i) U(z) < O(e™) in [zq + €0, 1);

(i) there exists & € (z0,1) such that U’(&) = 0 and U(z) < O(e~**) in the closed

interval between xy + ¢y and .

The assertion follows as in Case 1 if (i) holds. If (di) holds, integrate from & to
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To + €9. Then

10" (o + e0)] < |a(@m)[| +

T

To+eo B B
/ Um—-U—V)dz

and the assertion holds. Hence (6.5) is proved.

By changing coordinates y = y/a(x — xp) in (6.5),

Um—-U-V)
/(900607900+60)\[10M

Va0t gl
+ O(a%e_go‘)

NI

MN ~ ~
’/ U(m—U—V)dy‘Soz
-M

< C’/ ez ™ @V gy, | O(a™) + O(aze ™)
R\[— M, M]

by Lemma 5.16, Theorem 5.12 and Theorem 5.14.

By taking a; — oo such that U(x,,) — limsup U(z,), making use of Lemmas

5.17 and 5.19, we have

a—00

(lim sup T () (m (o) — (o)) / A O g

-M

M

~(tmsup U [

-M
S C/ eim”(xo)ygdy.
R\[-M,M]

Take M — 400, we have

em”(ﬂﬂo)y2/d1 dy ‘

P(limsupU(z,)) =0  where P(s) = vV2(m(zo) — 0(z0))s — s2. (5.28)

Similarly, we have
P(liminf U(z,)) = 0. (5.29)

Now if m(xg) — 6(zo) > 0, then by Lemmas 5.16 and 5.18,

+o0 > limsup U(z,) > liminf U(z4) > m(zo) — 0(z0) > 0.

By (5.28) and (5.29), limsup U(z4) = liminf U(z.) = v2(m(xo) — 0(z0)). O
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Lemma 5.21. If m(xo) — 0(z0) < 0, then for each small v > 0, U — 0 uniformly in
(xog — 1,20+ T).
Proof. . Suppose to the contrary that there exists a sequence a; — o0, such that

lim sup U| > 0. Then by the same arguments in the proof of (5.28),

@iT00 | (zg—e0,0+€0)

P(lim U(z,,)) =0 where P(s) = v/2(m(zq) — 0(z0))s — 52,

a;—00
a contradiction, because P does not have any positive roots. O
We now prove Theorem 5.1.

Proof of Theorem 5.1. Part (i) follows from Lemma 5.17. Part (ii) is a consequence
of Lemmas 5.19, 5.20 and 5.21. Finally, part (éii) follows from Lemma 5.16 and
Theorem 5.3(iv). O

5.2 9, is non-discrete

Next we consider the case when m has a "plateau-like” local maximum. More pre-

cisely, we assume
m(xz)=1in [-1/2,1/2], m(z) <1 and m'(z) #0in (-1,-1/2)U(1/2,1). (5.30)

Then we are going to show

Theorem 5.22. For each « large, (5.1) has at least one stable coezistence state.
Moreover, if (U, V) is any coexistence state of (5.1), then for any sequence oy, — 00,
there exists a subsequence ayy such that U — Uy in C?([—1/2,1/2]) and V — Vj in
C*([-1,1]), where (Uy, Vi) are positive solution to

U "+U(m(z)—U—-V)=0 in (—1/2,1/2)
BV"+V(im(z)—U-V)=0 in (—1,1)
U=0 atzx==+1/2 and m'=V'=0 atzx==l

(5.31)

Note that here U has a significant competition with V. This is different from the

previous case when v — 0 in LP(Q2) for any p > 1. An application of the result in
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this section is Proposition 1.11 announced in the introduction, which says that if m
satisfies (5.30), then in some cases, U always wipe out V.

We will first treat the single equation (5.3) in the next subsection and then prove
Theorem 5.22 in the next.

5.2.1 Qualitative properties of u
Let @ be the unique positive solution to (5.4), we have
Theorem 5.23. |i|p(—1,1) s bounded independent of a large.
The proof of Theorem 5.23 is presented at the end of this section.

Corollary 5.24. If (U,V) is any coezistence state of (1.6), then U < @ in (—1,1)

and hence \mLoo 18 bounded independent of « large.

Lemma 5.25. u = e*"@=1W/d js g lower solution to (5.4), hence @ > 1 in [—1/2,1/2]

for all « large.

Proof. 1t is a particular case of Theorem 3.12. It can also be verified directly without

using the cut-off argument.
(du' — aum') +u(m —u) = u(m —u) >0
provided « is large enough. The boundary inequality is also satisfied. O

1

Lemma 5.26. / |a(m — a)|de — 0 as a — 0.
-1

Proof. First observe that fj1 a(m — a)dx = 0 and so

/ a(m — u)dr = —/ a(m —a)dx >0
{ze(—-1,1):a<m} {ze:a>m}

But then Lemma 5.25 implies that {x : @« < m} € [(—1,—1/2)U(1/2, —1)]. Moreover,
@ — 0 pointwise in (—1,—1/2) U (1/2,—1). Therefore Theorem 3.1 and bounded

convergence theorem implies that

/{aka} a(m — a)dx = o(1).
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Lemma 5.27. @ — 1 uniformly in [—1/2,1/2] as « — 0.

Proof. Lemma 5.25 implies that @ > m in [—1/2,1/2], therefore by the equation @
is subharmonic (@” > 0) in [—1/2,1/2]. By Lemma 5.26,

1/2 1/2
/ \ﬂ—m[dx:/ 1-|a—m|de < / w(u —m)dr = o(1)
-1/2 -1/2 {z:a>m}

This implies @ — 1 in L' and @ > 1 in [-1/2,1/2]. This, subharmonicity, implies
that @ — 1 in compact subsets of (—1/2,1/2). This, and that

x 1
d\u’]:|/ u<u—m)\g2/ m?
1 ~1

being bounded uniformly proves the lemma. O]
Lemma 5.28. lim |U|gec(_11) > 1 — |0, |poe(_1,1) > 0

This follows from Theorem 3.11. The last strict inequality holds by maximum

principle.

Proof of Theorem 5.23. Let x, € [—1,1] be defined such that @(x,) = |t|ee(—1,1)-
Then z, € (—1,1) by Hopf boundary lemma and Neumann b.c. Hence

W (20) =0 (5.32)
Also, by Lemma 5.25,
There exists ¢g > 0 such that @(a) > ¢q for all « large. (5.33)
Now use the first identity
o' (x) — aua(z)m/(z) = — /90 w(m —a)dz (5.34)
then (5.32), (5.33) and Lemma 5.26 implies that
am/(z4) = o(1) (5.35)
In particular, z, — [—1/2,1/2] can be quantified. Now WLOG suppose z, < 0,
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then for all z between x, and —1/2,

< a(=1/2) + Clza +1/2]

Here @(—1/2) is uniformly bounded in o by Lemma 5.27. O

5.2.2 Proof of Theorem 5.22

Proof of Theorem 5.22. Firstly, V, V" is bounded in L>°(€2), that means by passing
to a subsequence we may assume V — Vj in C9 for any 3, where Vj satisfies the
same equation.

Secondly,

U'(-1/2) — aU(=1/2)m/(—1/2) = —/ Um—U—V)

-1

which implies
-1/2

\U'(=1/2) — 0] < C/ U=o(1)

-1

by bounded convergence again. Therefore U’(—1/2) — 0. Similarly, U'(1/2) — 0.
And by the boundedness of U, in L>([—1/2,1/2]) and so is U” by the equation, we
also have compactness and pass to a subsequence that U — Uy in C?([—1/2,1/2])
satisfying the desired equation. O

5.2.3 Proof of Proposition 1.11

Proof of Proposition 1.11. The linearized stability of (a,0) is given by the following

eigenvalue problem:

(did/ — agm’) + (m — 2i)p — b + Ad = 0 in (=1,1),
Ayt + (m — W+ Mp = 0 in (~1,1),
di¢) — apm/ =" =0 at £ 1.
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Since the above system decouples, the principal eigenvalue is given by the following

simpler eigenvalue problem:

dop” + (m — @)Y + o1y =0 in (—1,1),
' =0 at +1,

Now % — X(~1/2,1/2) in L?, therefore m — 4 — m — X(—1/2,1/2) Whose integral over €
is negative. Hence, the local stability of (@,0) follows from the following standard

property of eigenvalue problems with indefinite weight.

Lemma 5.29. Let Q be a bounded smooth domain in RY, ¢ be a function of z, and

let Ay be the principal eigenvalue of the following problem

%:O on 0f).

{ Ap+Agp =0 in €,

Then
>0 if [,9<0,
A= =0 iffggzoa
<0 if [,9>0.

Moreover, define u1(d, g) to be the principal eigenvalue of the following problem

% _ on O0f).

{A¢+mﬂ+m¢=0 in €2,
ov

Then uy(d,g) <0 for all d > 0 if Ay < 0. On the other hand, if A\y > 0, then

S0 ifd> 1/,
pi(d,g) =q =0 ifd=1/\,
<0 ifd<1/)\.

Now it suffices to show that there are no coexistence states for (5.1). Since then
by the local stability of (@,0) and the theory of monotone semi-flow, there exists
a connecting orbit from (0,64,) to (@,0). And the global stability of (@,0) can be

proved by comparison methods. Now suppose (U, f/) is a coexistence state of (5.1).

%)



Then for each «, U is the unique positive steady-state of

(U —aUm')+U(m -V —U)=0 in(-1,1), (5.36)
U —aUm' =0 at + 1. '
We first claim that U > 1in [=1/2,1/2]. oo But then O
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Chapter 6

A Liouville-Type Theorem of
div(e?' BYVw) = 0

Here we prove Proposition 6.1. By an orthogonal change of coordinates, it suffices

to show the following.

Proposition 6.1. Let 0 < A\ < ... < Ay and 0 < 0 € L® (RN) such that for some

loc

Ry > 0, 02 = e~ X=1%5? for all 2 € RN\ Bg,(0). Then every nonnegative weak
solution w € W,22(RN) to

loc

V- (c*Vw) =0 in RY, (6.1)
s a constant.
Note that (6.1) implies
N
Aw =Y NaiDaw =0 in RN\ Bg,(0). (6.2)
i=1

First we note that by local elliptic L” estimates, w is smooth in {z € R" : |z| >
Ry}. (i.e. when o is smooth.) We will need the following classical Harnack inequality.
(See Theorem 8.20 in [GT] and a remark after it.)

Theorem 6.2. [GT] If w € W'2(Q) satisfies

Dj(a;;Djw) +b;Diw + cw =0 in Q
w >0 i €.
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Then for any ball Byr(y) € €2, we have

sup w < C' inf w,
Br(y) Br(y)

where C < CF188 Gy = Co(N), K = AJN+ vR, MéP? < a;;6€ < AE* and
V2 = ([blroe(Ban)/A)? + lel Lo Bar) /A

We shall also make use of a general result due to [BCN].
Theorem 6.3. [BCN] If for some positive *> € L2(RN) and constant C > 0,
w € W22 (RY) satisfies

wV - (02Vw) >0 in R locally,
[, o*0? < CR2,
then w s a constant.

In particular, a sufficient condition for the solution w to (6.1) to be a constant is

that e~ 2 Awp?(x) being integrable over RY.

Corollary 6.4. Assume w € Wl’Q(RN) satisfies

loc

V- (6*Vw) =0 in RY locally,
0 <w(x) < ee XNl for some 0 < ¢ < 1/2,
where o 1s as in Proposition 6.1, then w is a constant.

We start with some notations concerning the level sets of e~ XL %e? | Define

N N
Y, = {yeRN:Z)\iyle} and Yg:= {xERN:Z)\ix?:RQ}.

i=1 =1

For each y € ¥; and R > 0, define v = ~(y, R) by Zf\il A\yZeP = R (v is
well-defined since for each y € ¥y, 7 — S, \iy?e*7 is a diffeomorphism from R
to (0,00).) Next, we define

B(R) = / |va)w(x) dS.. (6.3)

Here (2;); is understood as (21, ..., zx) € RY, || -|| is the usual Euclidean norm in RY

and dS,, dS, are the area elements for the manifolds ¥; and X respectively.
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We are going to prove a differential inequality of ® that describes the growth of

w.

Lemma 6.5. N N
DY SN
21:1 1@ < (I)/(R) < Zz:l ZCI)(R)
AR

() < - MR

XN XN
Lemma 6.5 implies & [R™ 51 ®(R)] <0< £[R *v ®(R)]. In particular,

(R/Ro) " ®(Ry) < B(R) < (R/Ro) " ®(Ry)  forall R> Ro. (6.4

Remark 6.6. When \; = X for all ¢, then the equation possesses radial symmetry. In
that case, this Lemma follows immediately from the observation that w, the spherical

mean of w, which solves an ODE;,

T

Wy + Y=L, — Mrw, = 0,
w,(0) = 0.

must be a constant.
Before we prove Lemma 6.5, we first express ®(R) as an integral over 3.

Lemma 6.7.
(R) = / X ((5: )| gl 4,

Lemma 6.7 can be obtained by a change of variables and is a direct consequence

of Lemma 6.8 below.

Lemma 6.8. Let ¢ : ¥y — Xg be a diffeomorphism defined by (yi,...,yn) —
(21, ..., zn) = (y1e™M7, ..., yne*7), where v = y(y, R). Then the Jacobian Jo(y)

18 given b
’ ’ 72| (A )i

[(Aigie)sl

The proof of Lemma 6.8 is postponed till the end of the section. Also, we have

Jo(y) =

Lemma 6.9.
dry R

Jg W uN) = w2
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Proof. Differentiating Y~ \jy?e**7 = R? with respect to R, we have

N dy
2.2 2\y _
2(5 Ay;e )_d =2R

Hence,
dy R R

dR - [[gaeil2 (o)l

where v = v(y, R) and x; = y;eM7, i =1,...,N. O

Proof of Lemma 6.5. By Lemma 6.7, for any R > Ry,

(R) = / W) SN | )il S,

d
() = | [Vule™) - (e )] her =
P

_ody _
. )\1 . ZAZ
+/Elw(yle v)dR(E Ai)er

(Aiyi)ill dS,

()\zyz)lH dSy

. (Niz)i ReV 22 (N, )|
= Vw yieA” . . dsS
R o v R TP WSS N I
R
+/ w(y;e A€ =N (A )i dS
:ReRQ/ e’zkix?aw dsS,
Sk aV
S AR (A )|
+/ w(y;eN? ds,
S N P TE v
. >N 1)
_ oy (20 i) ReY =2 (N )|
= w(y;e ds
/21 RN TP W e y

where we have made use of Lemmas 6.8 and 6.9 as well as the fact that e~ 27 =
e~ on Xy, for the second last equality. The last equality is a consequence of (6.1).

Hence

Ro X ®(R) < ¥'(R) < RoA ®(R)

maxs, [|(Aiz;)i]|? ~ ming, [[( X))

RY A ®(R) < ¥'(R) < R) A ®(R)

maxsy, » \2x? - ~ ming, > A}
2 A / 2 A
O(R)<P(R) < O(R
Ry (R) < ¥(R) < R\ (F)
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The last line is due to ZZ]L \iz? = R? on Xg, and 0 < \; < ... < . ]

By virtue of Corrollary 6.4, Proposition 6.1 is a consequence of the following

Lemma.

Lemma 6.10. For all e > 0, there exists K(e) > 0 such that w(x) < K (e)ef XA

in RN,

Proof. Assume to the contrary that there exists ey > 0, Ry — oo and zj, = (2x,;)Y, €
Y g, such that w(z) > e 0 XA = eoRf Then apply Theorem 6.2 to By(z), (with
w satisfying (6.2), we have A =X =1, v = O(Ry)),

w(w) 2 Oy fap(z) > O e ligoli > ki
whenever |z — z;| < 1, for some C; = C(N) and 0 < € < €g and for all k£ large. Then

B(Ry) = /Z w(@)||(\sz)i|dS, > CRye 2.
Ry

This contradicts the power-like growth obtained in Lemma 6.5. O
Finally, we supply the proof of Lemma 6.8.

Proof of Lemma 6.8. Fix R > 0. Let § = (:)~, € ¥ and é(y) = (¢(y))¥, =
(y;e)N,. (Here v = ~(y).) Denote the tangent plane of ¥; C RY at 7 after
translation to the origin by 7;(21). Given ¢’ € T;(X;). To evaluate [Vo(9)|(y), let
y(t) = (y:(t))~X, be a smooth curve on ¥; such that y(0) = and 3'(0) = i = (7).
Then by definition of a tangent plane,

VoY) = —|  o(y(®))

) um(d N o
= (W), + ()\Z-yieM(y))iE(y(O))

= P = W]y, )
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where P is the orthogonal projection from RY onto Ty (ER), and W : RY - RV
is the linear map given by (v;); — (y;e*@),. (Since (A;g;e*@); L Ty (Xr) and
VoY) € Tow)(Er)-)

W((Ni®i)i) = (/\igiekiv(g)% = (Xidi(7))s- (6.5)

That is, the normal to § with respect to £; is mapped under ¥ to the normal to ¢(7)

with respect to ¥z. Now let {e;}¥, and {¢&;}Y, be two orthonormal bases such that

Span{eb €2; -y eN—l} = Tg(zl)a EN = ||(izg:;Z| )
span{él, éQ, ceey éNfl} = T¢(g)(21), é

[(Aigs (@))all "

Then by (6.5), ¥ can be represented by the following matrix

0
U Pz, (00) :
0
an,1 . aAN.N-1 QNN
where ay y = W Hence,

det ¥ = ay n - det(P(¥|z, (2,)))
=ann - JP(7)
And so S (
_ det‘lf e g )\Zgl i
Jotg) &8 _ N0
an,N 1 (Aida(7))ell
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Chapter 7

Limiting Profile:

Higher-Dimensional Case

Let @ be the unique positive steady-state of (1.6) and (U, V) be a coexistence steady-
state of (1.4). In this chapter we study the limiting profile of @ and (U, V) as the
strength of the advection term « goes to co. As a byproduct, Conjecture 1.3 is
resolved under mild condition on m.

For the case when the set of local maximum points of m, M, is finite, we have
the following results. The first one concerns the unique positive steady-states single

equation (1.6).

Theorem 7.1. Assume (H1), (H2) and (H4). Then for all o sufficiently large,
(1.6) has a unique positive steady-state U which is globally asymptotically stable.

Moreover, for all small r > 0,
w(z) — 0 wniformly and exponentially in Q0 \ [UzoemBr(x0)].
And for each xy € M,
a(x) — 2V? max{p(xo), 0}etm@-m@l/d _, o yniformly in B, (x).

For the coexistence steady-states (U, V) of the system (1.4), we have

Theorem 7.2. Assume (H1), (H2) and (H3). Then, for all « sufficiently large,
(1.4) has at least one stable coexistence steady-state. Moreover, if (U, V) is any

coezistence steady-state of (1.4), then as a — o0,

63



(i) V() — 04, (z) in CYP(Q), for any € (0,1);
(ii) for all v >0, U(z) — 0 in Q\ [UggemB,(x0)] uniformly and exponentially;

(iii) for each xy € M and each r > 0 small,

U(z) — 22 max{p(xq) — Og, (), 0}etm@=—m@ol/dv 0 yniformly in B, ().

Here 9 denotes the set of all local maximum points of m and 6, is the unique

positive solution to (1.5).

7.1 Proof of Theorem 7.1

Here we prove Theorem 7.1. In fact, for later purposes, we are going to establish the

result for the more general equation (2.1):

Theorem 7.3. In addition to the assumptions of Theorem 7.1, assume (2.2). Then
for all « sufficiently large, (2.1) has a unique positive solution . @ is globally asymp-
totically stable, and for all small r > 0, a(x) — 0 uniformly and exponentially in
Q\ UpoemBr-(z0). Moreover, for each xo € M,

i(x) — 2V max{p(zy), 0}em@-m@ol/d _, (7.1)

uniformly in B, ().

It is easy to see that Theorem 7.1 is a consequence of Theorem 7.3. We first recall

the following useful notation.

%|z—x|2 <m(z) —m(z) < K|Vm(z)]* < K|z —2|* Vo € B.(2), V2 € M. (7.2)

We first apply Proposition 1.9 to obtain the limiting profile of 4.

Proposition 7.4. For each R > 0 and each zy € N,

m(x)ea[m(xo)*m(x)}/d _ ﬁ(mo)‘Lw(BR/\/a(:ro)) —0 as o — 00. (7.3)
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Proof. Since a[m(zo + \/d/ay) — m(zy)] — 3y” D*m(z)y uniformly on compact
subsets of R", it suffice to show that for each zy € M andy € {3 € RV : xo—l—\/gy’ €
0},

d
u(xo + \/jy)e_;yTDzm(m)y —u(xg) — 0, as a — oo,
a

uniformly in every compact subset of R". Now let

d
wa(y) = &(370 + \/jy)eéyTDzm(xo)y.
«

Then w, satisfies the equation

Aw+P-Vyu+Quw=0 in \/%(Q—wo),

where

P =2y Dimn(a) —[3%mtr [ L),

= d 2 2 T 2 «a d

Q =A,m(x9) — Agm(xo + ay) + | Dim(xo)y|” —y° Dym(xo) - vam(ﬂﬁo + Ey)
d

— [a(xo + \/gy) — Pa(z0 + \Eyﬂ/a-

By Theorem 3.3 and the fact that /9 V.m(z + \/gy) — D2m(xo)y uniformly
on compact sets of RV, we have lim P = y" D?>m(x0) and lim Q = 0 uniformly in
compact subsets of RV as o — og.ﬂolflence by elliptic L? est(ilr;;ces (by Theorem 3.3
w, is bounded in L*®(K) uniformly in « for each compact subset K in R"), after
passing to a subsequence if necessary, w, converges to some limit wy uniformly in

every compact subset of RY. This wy satisfy
{ V - (e2v" DEm@0)v7ypg) = 0 in RN, wy(0) < oo, wo(y) > 0 in RV,

which must be a constant by Proposition 1.9. Now if for some subsequence oy, — 00,
U, (T0) = Wa,, (0) converges as k — oo, then w,, () — Uq, (o) — 0 uniformly on
compact subsets of RY. The conclusion now follows from the uniqueness of the
limit. 0
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To get the complete profile of @, it suffices to calculate the exact limit of @(zp).

We shall prove the following in a series of lemmas.

Proposition 7.5. For each o € M, lim i(xo) = max{2V/%p(x0),0}. where p(x) =
limg 00 Pa(x) for all x € Q.

Lemma 7.6. Given 6 > 0 small,

> /B *(wo + \/g Yy) = Palzo + \/gy)ﬂ(wo + \/gy)dy

ToEM

<0

for all R, o sufficiently large.

Proof. By Theorem 3.3, given r; > 0, there exist C',~y > 0 such that

: < { Cerelm@-m@)l/d in U, on By, (o)

u
e e in Q\ UgyemBr, (7o)

By integrating (2.1) over Q, we have [, 4* — patidz =0, so

> e

xoEM R\/d/a(xo)

<3 / 22 — puii] dz + O(e )
B

zoem ¥ Bri(@o)\Bp, /g7 (@0)

Multiply by a™/? and changing coordinates © = zo + \/gy, we have, for a suffi-

ciently large,

> /B o (2o + \/gy) — PalZo + \/gy)ﬁ(xo + \/gy)dy

zoEM
< Clafd)™? Y / (i — puii] dz + O(a™/2e=)
ToEM Bry (z0)\Bp d/a (zo)
Oé/d N/2 Z / eea[m(:p)fm(:vo)}/ddx + O(O[N/Qefg’a)

ToEM Bry (z0)\Bp d/a (z0)
< C/ e WK dy 4 O (a2 )
RN\ BR(0)

<0

if o, R are sufficiently large. The third inequality from (7.2).
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Lemma 7.7.

a—00

o EM

lim Z / ez¥" Do)y gy @ (20) — 2V pa(20)ii(z0)] = 0.

Proof. Since |t~ (q) is uniformly bounded, by compactness of bounded sequences in
R it suffices to show that for any § > 0 and for any sequence oy — oo such that the

associated limy_, uqa, (To) converges at each xy € M, it holds that (writing o = o)

‘ Z /RNegy D2m(z0) Yey[2~ N/2~ 2(:170) Palo)U(x )H < 39,

zoEM

for all a = a4 large. Now,

|3 [ ey o) o))

ToEM

_‘ Z / TD2m(zo)yu (z0) — o5y D?m(z0)y Pa(zo)u(xg ] dy’
ToEM RY

<’ Z / yT D2m(z0)y (o) — e%yTD2m(x0)ypa($0)7:L(l'o)] dy} +0
woem R(O)

8
[ [t 20 =t f20)
+Z/ [’2 oy [ )

ToEM
dy + 6

+ [pa(o)|[a(zo + \/;y) — iiwg)ex?" ey

<36.

The first inequality holds by fixing R = R(d) large and the strict inequality follows
from Proposition 7.4 and Lemma 7.6. O]

Lemma 7.8. For each xo € M, liminf @(z¢) > 2™/? max{p(z,), 0}.

a— 00

Proof. 1f p(xg) < 0 there is nothing to prove. Now let p(zg) > 0,4 be the unique

solution to (2.1), and fix zy € M. For each « large, @ is the principal eigenfunction
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of the following eigenvalue problem with principal eigenvalue p; = 0.

{ V- (dVé — apVm) + (po — U)¢ + p¢p =0 in €, (7.4)

d%—a %:O on 0f2.

By the transformation ¢ = e®™/%), (7.4) is equivalent to the self-adjoint problem

(7.5)

% _ on 0f).

{ V - (de®™4N) + (po — )€™ U+ pe™4p =0 in Q,
ov

with principal eigenvalue p; = 0. The variational characterization of problem (7.5)

implies

, o ™ AUdINVY|? + (g — pa)p?|dx
0= inf .
YEHL(Q) Jo €4/ 2 dx

For any B, (x¢) with r > 0 small and 0 < { < 1/2, by the nondegeneracy of m(z)

at xo, we have

m(zp) > ~ max m = M.
By (z0)\B(1-¢)r(0)

Now take ¢ > 0 even smaller such that M, := ming_ (,ym > M, which is
possible by (7.2). Take a smooth test function ¢ such that

1, if 2 € By (20), 9
w<as>={’lx or(®o) o 1y < 2

0, if 2 € RN\ B, (o), Cr
Then,
0 < Jo @AV + (i - pa)y?)da
- fQ eam/dw2dl.
o S NG A [ oy €@~ pa )i d
N fBCr(JCO) extle/d dx fBr(iKO) eam/di? d
afm—m(z0)]/d (g _
< —|Br| 4d ea(M1*M2)/d + fBT(xo) € ’ (u pa) dx
~ |Berl (Cr)? fB(lfC)r(l‘O) eclm=m(o)l/d dy

This implies that

a[m(x)—m(xO)]/d[[L<x) — Do (.I)]dx

eoe[m(x)—m(wo)}/d dx -

e
lim inf fBT(IO)

a— 00

(7.6)
fB(l—C)r(IO)
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By Lebesgue’s dominated convergence and (2.2),

[m(z)—m(z0)]/d
lim fBT(xo) ectmt@mmizol/@p, () dx
N alm(x)—m(zo)]/d
a—00 fB(l—()r(:CO)e [m(z)—m(xo)l/d g

= p(wo).

By Proposition 7.4 and Theorem 3.3, for each R > Ry and n > 0, for all « large,

we have

7 alm(z)—m(zo)l/d
(1 + U)U(ZL‘())G 0 1mn BR\/d/_a(:Jco)’

u <
— Ce'ya[m(x)*m(mo)]/d in Brl (:L‘U) \ BR

d/e(zo)’

where v is given in the statement of Theorem 3.3. Therefore, for any n > 0 small,
. fBT(xo) ea[m_m(xo)]/dpadx
im
A— 00 am—m(z d

i, €77 i

< lim inf
— Ta—oo alm—m(z d
fB(lfor(wo) eal (xo)l/ddy
f 2a[m—m(xo)]/ddx ~ya[m—m(zo)]/d
< Tim inf(1+ m)ii(eo) e+ O — e
a—00 fB(lfg)r(wo)e [ (zo)l/ddp fB(17C>T($O)e [ (xo)l/ddy
Il 2a[m—m(z0)l/d ], , —yI*/K g
e pa . B1—¢)r(o) € RV\By © 4
< (14 n)(liminf @(zp)) ( lim — e )+C e
a—o00 a—00 fB<170T(x0)e [ (xo)l/d fBle ] dy

where K is given in (7.2) and the second inequality follows from (7.2). Since

2a[m—m(x9)]/d
lim fBC(l—or(ﬂfo)e e

_ o-N/2
00 alm—m(zo)|/d ’
fB(l—c)r(zo) el (rol/dd

taking R — oo and n — 0, we have

2 N2 lim inf @(x0) > p(xo).

a—00

Proposition 7.5 follows from Lemmas 7.7 and 7.8.

Proof of Theorem 7.3. The existence, uniqueness and global stability is proved in
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Theorem 2.1. By Theorem 3.3, we have u — 0 uniformly and exponentially in any
compact subset of 2\ 9. Finally, (7.1) follows from Theorem 3.3, Propositions 7.4
and 7.5. O

7.2 Proof of Theorem 1.4
Assume (H1), (H2) and (H3).

Lemma 7.9. Let (U, V) be a coexistence steady-state of (1.4), then
0<U<a, 0<V <6,

where @ is the unique positive steady-state of (1.6) and 04, is the unique positive
solution of (1.5).

Proof. U satisfies

V- (d,VU —aUVm)+U(p—-U)=UV >0, inQ,
%% —aU%2 =0 on 91

and is a lower solution of (1.6). Hence U < @ by the global asymptotic stability of

@. The inequality V < 04, holds for similar reasons. O]

Lemma 7.10. Let (U,V) be a coexistence steady-state of (1.4), then for any § €

(0,1),
hm |‘7 — §d2|Cl’B(Q) = 0

a—00

Proof. Let U € C?(Q), ap > 0 be fixed such that 0 < U<a<Uforal a > ag
and [,p — U > 0. (The existence of U and aq follows from Theorem 3.3 and that
Jop>0by (H3).) Let V be the unique positive solution to

(7.7)

v o— on 09).

{ LAV +V(p—U—-V)=0 inQ,
v

The existence is standard. (See e.g. Lemma 7.1 in [CL].) Then

LAV +V(p—U-V)=V(U-U) >0,
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and so V is a lower solution of the single equation

AV +V(p—U—-V)=0in Q,
ov (7.8)
5, = 0 on 9.
of which V is the globally asymptotically stable solution. Hence
0<V<V. (7.9)

Now by Lemma 7.9, |U] Lee(q) and V| () are uniformly bounded in . There-
fore, by elliptic L? estimates applied to the equation dy AV +V (p—U —V) =0, {V}4
is bounded in W?2?(Q) for all p > 1. Therefore, by possibly passing to a subsequence,
we can assume V — V for some V > 0 satisfying (1.5). From (7.9) the fact that
04, is the unique positive solution of (1.5), for any 3 € (0,1), V — 6, in C#(Q) as

o — 00. O

Proof of Theorem 1.4. The existence and stability of (U , ‘7) are proved in Theorem
4.1. (i) is proved by Lemma 7.10. Whereas (77) is a consequence of Theorem 3.3.
To finish the proof of Theorem 1.4. it remains to show that for each xy € I,

[7 _9N/2 max{p(ﬂfo) — édz (QJD), O}ea[m(z)*m(xo)]/dl (B0 — 0.
r(Z0o

But this follows from Theorem 7.3 and Lemma 7.10 by taking p, to be p— V. [
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Chapter 8

Uniqueness of Coexistence State

(U,V)

In this chapter we shall present a uniqueness result for (1.1) By Theorem 1.3 of
[CL] (See also Theorem 4.1), for « sufficiently large, (1.1) has at least one stable
coexistence steady state (U, V). Inspired by the arguments in [CL], we shall prove
that under certain assumptions on m(z), (U, V) is in fact unique! An immediate
consequence of uniqueness is the globally asymptotic stability of | (U , ‘7) We first
state the assumptions on m(z). Let 9t be the set of all local maximum points of

m(x).

(A) m € C%*Q), such that all critical points are non-degenerate, and 9 C €.
9m < 0 on 09 and Am(zo) > 0 at every local minimum or saddle points of m.

(B) m =mgy on M.
In particular, 901 is finite and located in the interior of 2. Our main result is

Theorem 8.1. If m(z) satisfies (A) and (B), then for all « sufficiently large, there
exists a unique co-existence steady state (U, V) for (1.1). Moreover, (U, V) is globally
asymptotically stable.

8.1 Proof of Theorem 8.1

We have the following theorem contained in [L1] concerning the limiting profile of

(U , f/) The proof of the theorem will be included here for completeness.
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Theorem 8.2 ([L1]). If m(x) satisfies (A) and (B) then there exists C' > 0 such
that for any co-ezistence steady state (U, V),

0 < U < Ceolmi@=mol/d (8.1)
and for any xo € M, and any R > 0,

lim (|7l N2 () — 0(a0)] || oy ey =0 (8:2)

a— 00

lim ||V — g, || s = 0 for all 3 € (0,1). (8.3)

a—00

It suffices to show the following lemma and the rest follows from Chapter 7.

Lemma 8.3. With the assumption of Theorem 8.2. Let u be the unique positive
steady-state of (1.6), then there exists C' > 0 such that

i(x) < Cettm@=mal/d for qll 2 € Q and all a large. (8.4)
Proof. Consider w = e(=**9m@)/dg (7). Then in 2, w satisfies
dAw + (a — 26)Vm - Vw — {e(a — €)|[Vm|*/d + eAm +u — m}w = 0 (8.5)
Let 2* = 2*(a) € Q be such that w(z*) = maxgw. Then, for x € €,
u(x) < u(z*)elotalmtz=—m@l/d (8.6)

We notice that on 02,

ow ot om
7 _ (~atem/dg= " _ ~ 0T
ov ¢ (d8V +(—ateau 8y>
om om
_ (—ateym/d/ ~Z1° i ~
e (auay—i—( oz—l—e)uay)
_ e(—a+e>m/d€%_7: <0

Therefore by the maximum principle, no matter z* € 9Q or , Vw(z*) = 0 and
Aw(z*) < 0. Hence, by (8.5)

e(a—€)

y Vm|* +eAm +u<m at r = 27, (8.7)
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and
u(z") < m(z") — eAm(z"). (8.8)

Now take € = maxxo{%}, with the maximum taken over all positive saddle

points and local minimum points xy of m(x) such that m(zo) > 0. (Take e = 1 if it
is an empty set.) Notice that € > 0 by (A). Then by (8.7), we have

_ 2
cla = o)[Vm| <m(z*) — eAm < |m|w + €|Am|o,

which implies that |[Vm(z*)| — 0 as o — oo. Thus,
dist(2*, {x € Q : |Vm(z)| = 0}) — 0.
Next, we claim that in fact we have dist(z*,91) — 0.

Assume to the contrary that there exists o — o0, such that z*(ax) — z¢ as
k — oo where x is a saddle point or a minimum point. Then by (8.8) and the choice
of €,
0 <u(z") <m(z") — eAm(z*) — m(xy) — eAm(zg) < 0,

which is a contradiction. Therefore, dist(z*, ) — 0. Recalling that m(z) = mg on
M, by (7.2) we deduce that there exists C' > 0 such that

mo —m(z*) < C|Vm(z*)?, for all a large,

since the inequality holds in a neighborhood of 9, where z* eventually enters. Hence

by (8.7) again,

Cla—¢|Vm(z")]* _ C m(z*)
d d €

(@ = €)(mo —m(2")) <

Therefore,
C
d

(o= )(mog = m(=")) < —(“= + [ Aml]0) (8.9)
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And for every x € €, from (8.6),

emelmi@)—mol/dg 1) < galm(@)-mol/dg(*) pla—olm(@)-m(="))/d
— (=) ecmo-m(@)/d+(a=e)imo-m(=")}/d

< (mo + €||Am||Oo)€2e\m\oo/d+0(%HIAmIIm)/d,

by (8.8) and (8.9). Since the right hand side is a constant independent of x and «,
(8.4) is proved.
]

Following the approach in [Lo2], we will first show that every co-existence steady
states is stable. Then the uniqueness and the global asymptotic stability follows
from the existence of connecting orbit ([H]), and the stability/instability of the three
steady states (,0), (0,6,,) and (U, V). (Here 6y, is the unique positive solution to

(8.3).)

The instability of semitrivial states are proved is contained in the proof of Theo-

rem 4.1.
Theorem 8.4. For all « sufficiently large, (u,0), (0,04,) are both unstable.

Now let (U, V) be any coexistence state of (1.1). To study the stability /instability
of (U, V), we linearize (1.1) at (U, V).

BA) —V+ (m— U —20)) = -\ in Q (8.10)
d1%—aé%—?:g—f:0 on 0f)

By Krein-Rutman Theorem, there exists a principal eigenvalue 5\1 € R of (8.10)
with eigenfunction (¢,) such that ¢ > 0 > ¢. And if A € C is any eigenvalue of
(8.10), then A; < Re()). In other words, the sign of \; determines the linear stability
of (U, V). Thus, Theorem 8.1 follows from the following two results.

Theorem 8.5. If m satisfies (A) and (B), then Ay > 0 for all o sufficiently large.

To prove Theorem 8.5, we first study the principal eigenvalue A\; of the following

eigenvalue problem.
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{ V- (dVo —apVm) + (m—2U0 = V)p=—Xp inQ (8.11)

d@—f—acp%—?z() on 0f)

Lemma 8.6. If m satisfies (A), then \; — migz\m(xo) — 04, (x0)]-
o€

We will prove Lemma 8.6 in the next section. Assuming Lemma 8.6, we now

prove Theorem 8.5.

Proof of Theorem 8.5. For each « large, let \; € R be the principal eigenvalue of
(8.10) and ¢ > 0 > 1) be its eigenfunctions. Assume to the contrary that there exists

a sequence o; — oo such that A\; = Aj(a;) <0, then we claim that

Claim 8.7. For any p > 1, there exists C > 0 independent of o such that

IWllwzr0) < CIVlline) < Cldlline) (8.12)

for some constant C' > 0 independent of o large by (8.3).

To prove the claim we observe that by the second equation of (8.10),

{ do A+ (m —U =2V + A =V inQ

g—f:O on 0f)

By Theorem 8.2, U and V are bounded in L*°(Q) uniformly in «. By Lemma 8.3,
as o — 00, U — 0 in L? for any p > 1 and V — 6, in C#(Q) for any § € (0,1).
Since dyA + (m — 26y,) is invertible and Ay < 0, Claim 8.7 thus follows by elliptic
estimates. Now take p = 2 in (8.12), and normalize HT;|‘W2,2(Q) = 1. We shall see

that ||gz~5||L2(Q) — 0 as @ — oo which is a contradiction to (8.12).

More precisely, let f, = e2 ™ ™@IFr) and @ = e2a ™™g Then

GAD + (~ £ [Vl = §Am 4 m =20 =V 4 X )i = fo inQ 13
dlg—’f—%w%—T:O on 0f) .
Now,
diAw + (—%]Vm? — 5Am+m — 2U — f/) w=—Aw in ) (8.14)
dlg—f—%w%—T:O on 0f) .
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is a self-adjoint eigenvalue problem with the spectrum {\;} C {\ € C: Re(\) > A\ }.
And by Lemma 8.6 and (B), A\; — migz(mo — 04, (z0)) > 0. Hence
o€

C C - .
|| fa < = o||Tezltmomm@l) o — .
oy Ml < e s

|20y <

1

by Theorem 8.2, where p, g are chosen such that p > 2, W22 C L and % + é = 3.

Therefore

[m(z)—mo]

16l 220y = [l || 2(0) < [0 r2() — 0.

8.2 Proof of Lemma 8.6

By variational characterization,

AL = inf / ™ N[0, |[V|?> — (m — 2U — V)?]dx (8.15)
Q

fﬂ eam/dy §02 dr=1

_ (/WﬂVw—%meP—On—QU—@%ﬁMx (8.16)
Q

Jq w? de=1
First we claim
Lemma 8.8. If m satisfies (A), then limsup A\; < mi&|m(x0) — 0(x0)],
S

a— 00

Proof. Fix xq € 9. Let 1 be a smooth cut-off function such that

, 0<n<1, and |Vn| <

SN

] 1 in By(o)
T2V 0 i Q\ Ba(a)

Then,

fBZT(IO) 6am/d1 (2U +V - m)dx d fBzr(azo)\Br(:co) eam/dlz/rdx

A1 <
fBr(zo) eom/di o fBET(:co) eam/didy

=I1+1IL

where € > 0 is chosen small enough so that minm >  max  m. Taking a — o0,
Ber BZT(-TO)\BT(xU)
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by Lebesgue’s Dominated Convergence and Theorem 8.2,

TDQm(zo)ydy

lim T = 25/ [im(zg) — B (o)) s 2E + [Bay(20) — (o)

a—00 fRN e%yTDQm(im)ydy
= [m(z0) — 4, (x0)|,  and
lim I =0 by the choice of ¢,

where [m(xg) — 04,(x0)]+ = max{m(xy) — 04,(x0),0}. Hence limsup A\; < |m(xy) —

04,(x0)| for any zo € 9. The lemma is proved after taking minimum over z, €
m, 0

Next, it suffices to show that

Lemma 8.9. If m satisfies (A), then liminf A\; > migt]m(xo) — 6(zo)].

S

Proof. Observe that by (8.16) and the boundedness of U and V, ); is bounded

from below uniformly in «. Therefore, liminf A; > —oo. We first select a sequence

a—00

a; — oo so that along the sequence

AL — liminf A;, @* — g (in meas.).

a—00

From (8.16) we obtain

liminf A\; > lim [ (2U +V — m)w? dz = /(2(7 +V —m)u(dr) > —|m|e. (8.17)
Q

a—00 j—00 Q

In view of Lemma 8.8, roughly speaking, it suffices to show that p is supported on

M. In fact, we are going to show

Lemma 8.10. If m(x) satisfies (A), then

(i) u(\9) = 0.

(ii) there exists C' > 0 such that for each xy € M and r > 0 small,

w(z) < ColNte=Veldilz=zol iy B (7).
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(iii) if u({xo}) > 0, then

N/4 {I’Q}) LyTD2m(z0)y
( (o +\/ \/ dot ( ~Dom ()N 2V

uniformly in compact subsets of RY, where

det (—D*m(xo))mN2N* = / eéyTDQW(mo)ydy_
RN

The proof of Lemma 8.10 follows largely from the arguments in [CL]. In partic-
ular, (i) follows from the same arguments in [CL] by observing that although ¢ now

changes with «a, the following basic inequality

+oo > —c, > / di|Vw — %mede
Q

is still valid, where w is the principal eigenfunction and ¢* = sup (2U +V —m)
a>0,ref)

and ¢, = >ionf Q(QU +V —m).
a>0,xe
Here we prove Lemma 8.10 (ii). In the following Lemma 8.11 and Lemma 8.12

are the same as Lemma 5.1 and Lemma 5.2 in [CL)]

Proof of Lemma 8.10 (ii). Let — |Vm|Loo @ T 1Am|roe) + ¢ —co = L.

Define g, (x) = 4d1\Vm\2+ Am+(2U—i—V m) — Ay

2
Lemma 8.11. There exists M > 0 such that ||w]| @) < Ma™? for all a > 1.

To prove the lemma, set W(y) = w(y/a) and Q, = {ax : z € Q}, then

oW

_ o0,
W da? o d W = 24, — 24, %

It then follows from local elliptic estimate that there exists a positive constant M

such that for any y € €Q,,
W(y) < MW 2sgne. < Ma 2 (lw]g2q) = M2,

The lemma thus follows.

Next, we prove the following lemma
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Lemma 8.12. Let k,r be positive constants and W be a C? function satisfying
AW = Q(z)W(z) >0, Q(z)>(N+1)k* for anyz € B(0,r).

Then,
W(0) < e max{W(z) : |z| = r}.

Proof. Consider the function W(z) = W (z)e~V*Hk2l Tt is easy to verify that W

satisfies

— 2k VW k2| kx|? k? N —1|kx]? + N
AT _{Q()H <>||}

4+ —_— = — —
V0kz2+1 kz[2+1  \/]kx2 + 1 kx| +1

Thus, W cannot attain its maximum at any interior point. Therefore,

W(0) = eW(0) < e max W = e "VIHFE max W < el max W,
0B(0, 7“) 0B(0,r) 0B(0,r)
The assertion of the lemma thus follows. O]

Lemma 8.13. Assume that for some positive constants a and R,
\Vm(z)|> > a|lr — z0|*  for all € B(xg,4R) C €. (8.18)

Then for every a > 1,

w(z) < 61+\/4(L+N+1)/a—\/a/dllm—xo\B( mlax \)w for all x € B(x¢,2R)  (8.19)
x0,2|r—x0

Proof. The assertion is trivially true if \/a/d; |z —xo| < \/4(L + N + 1)/a, that is to
say, © € B(zo, \/4(L + N + 1)d; /ac). Hence, we consider 2R > \/4(L + N + 1)d; Jac
and z € B(zo,2R) \ B(xo, \/4(L+ N + 1)d; /ac).

For every z € B(wo,4R) \ B(zo, VA(L + N + 1)d; /ac) we have

ch<Z> o’a 2
S TR S Y
4 = 4d2’z zol” = Ly = (N + )d1

Thus, applying Lemma 8.12 to W (z) = w(z+2) in B(0, |z—zo|—+/4(L + N + 1)d; /ac)
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with k = \/«a/dy, we obtain

w(z) < el =V/o/di(le—ao]—\/AL+N+1)d1 /ac) s
B(0,|z—zo|—+/4(L+N+1) /aa

max w.
B(zo,2|x—x0])

< 61+\/4(L+N+1)/aa—\/a/d1 |z—z0|

The assertion of the lemma thus follows. O

Now let zp € 9, then there exists positive constants R,a such that (8.18) is
satisfied. Hence (8.19) holds by Lemma 8.13. To finish the proof of Lemma 8.10(iii),

we are first going to show that

= O™, 8.20
phax, w (%) (8.20)

Now for each o > 1, consider the functions

d /d
W(x07 Q; y) = (El)N/4 (ZL’Q + aly)a

d d
Q(xg, a;y) := ]Vm zo+ | —y)> + = Am (zo + 4/ =)
4d1 «

«

dy d d ~
l’o+\/—y ivo+\/iy)—m(%*'\/—ly)—)\l]/a-
o o Q
Then we have the following:
AyVV = Q(O{,y)W, vy € B(Ov V Oé/le),
a
§|y|2_L< |Q(avy)| S]\4'2|y|2—i_l/7 vyEB(Ov Va/le)a
W2 (0, oy y) dy =/ w?(z) dz,
/B(O,\/a/_ahR) (z0,R)

where M, = |D2m|%oc(m.
Let yo € B(0,2y/a/d; R) such that

W (2o, a;50) = M(z0, 0, R) := max  W.
B(0,24/a/d1 R)

81



Then in view of (8.19), we have
W (zo, a;y) < M(zg, R, a)ettVAEFN+D/a=lyl Vy € B(0,v/aR).

To show (8.20), it remains to show that M (z¢, o, R) is bounded, uniformly in a.

Consider two cases.
(a) Suppose yo € 0B(0,2+/a/d;R); then by (8.19) and Claim 8.11, we have

M _ (a/dl)_N/4w(a, To + yo/ /a/dl) < a—N/461+\/4(L+N+1)/a—\y0|M<a/d1)N/2
_ M€1+\/4(L+N+1)/a72\/a/d1R(a/dl)N/4 < Mel+\/4(L+N+l)/aRfN/2 sup o2ty N/2

t>0

— MelJr\/4(L+N+1)/afN/2<N/4)N/2R7N/2.
(b) Suppose yo € B(0,2/a/d1R). Then A W (xg, o;y0) < 0. Consequently,

Q(Qlo, ag Z/O) S 07

so that yo € B(0,+/2L/a). By the Harnack inequality [GT], there exists a constant
C = C(a, L, M3) such that

max W<C min W
B(0,A/2L/a) B(0,A/2L/a)

It then follows that

B(0,+/2L
/ W2 dy Z | ( ) - /CL)
B(0,4/2L/a) C

1> |M2

Y

that is,
_ C
M (zg,a, R) <

/B0, V2L]a)|

Thus, M is bounded, uniformly in o > 1.

Assume that / w? dr = pu(B(zg, R)) > 0. Then there exist a sequence {a;}
B
and a function W* such that

lim W (zo, oj5y) = W*(y) locally uniformly in RY,

J]—00
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W**(y)dy = lim w?(ay, z) dx = p(B(zo, R)) = u({zo}) > 0.

RN 3= J B(xo,R)

In addition, W* solves the following equation:
* 1 2 2 1 * : N
AW*(y) = {{lyDm(zo) + S Am{zo) )W (y)  in RY,

0<W*(y) < Ce vy € RY.

Since det (d*m(zo)) # 0, all eigenvalues of D*m(zg) are non-zero. One can show
that this equation has a solution if and only if D?*m(z) is negative definite. In such

a case, the solution is unique and is given by

W*(y) = \/det( o)) eay" D?mlzo)y,

— D?m(z)) 7N

Hence Lemma 8.10 (iii) is proved. O

By (8.17), we have

A1 2/(2[7+\~/—m)w2da:
0

> Z (2U +V — m)w? dx
zoem” Bry /aya; (#0)

= T (z Y o L—mxg Y
=3 [ POt L) 4 Vot )~ mlro+ )

o EM
Y

x o N 2w(zy + —=)dy

Ja

Now take o; — o0, we have

liminf Ay > > p({xo})
e zoEM

o) — ()] |
= > ul{z0})|0a, (x0) — m(xo)|

ToEM

{ fBR 21N m(x0) — Oa, (330)]+eyTD2m(r0)ydy

f]RN G%yTDQm(IO)ydy

> mi 7) —
> min 0., (%) — m(#)|

Thus, Lemma 8.6 is proved.
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]

Finally, I wish to remark that by Lemma 8.6, it is interesting to note that the
support of  is actually on 9 = {zg € M : |m(xq) — 4, (x0)| = mingeon |fa, () —

m(z)[}.
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