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ABSTRACT. Motivated by evolutionary biology, we study general infinite-dimensional dy-
namical systems involving two species - the resident and the invader. Sufficient conditions for
competition exclusion phenomena are given when the two species play similar, but distinct,
strategies. Those conditions are based on invasibility criteria, for instance, evolutionarily
stable strategies in the framework of adaptive dynamics.

These types of questions were first proposed and studied by [S. Geritz et al., J. Math.
Biol., 2002] and [S. Geritz, J. Math. Biol., 2005] for a class of ordinary differential equa-
tions. We extend and generalize previous work in two directions. Firstly, we consider
analytic semiflows in infinite-dimensional spaces. Secondly, we devise an argument based
on Hadamard’s graph transform method that does not depend on the monotonicity of the
two-species system. Our results are applicable to a wide class of reaction-diffusion models
as well as models with nonlocal diffusion operators.

1. INTRODUCTION

An important issue in evolutionary theory is what happens when an established population
employing a given strategy relative to some trait is invaded by a second population that is
identical in all respects except for its strategy relative to this trait. There are three basic
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2 RESIDENT INVADER DYNAMICS

possible outcomes of the encounter. The resident population could effectively resist invasion
so that the second population does not become established. If such is not the case and the
invader establishes itself, then there are two possibilities. Either the two populations coexist
or the invader replaces the resident and then becomes the resident itself.

Geritz, and Geritz et al. [21, 22| considered resident-invader dynamics when the strategy
of the invader is close to that of an established resident. When the strategies are identical,
the resident-invader dynamics are somewhat special and then the family of equilibria I' =
{(s0,(1 —s)f) : 0 < s < 1} is attracting, where 6 denotes the equilibrium density of the
resident. The focus of Geritz and Geritz et al. is what happens if the invader strategy
is close to, but not identical to that of the resident, and the configuration of the resident
and invader is close to I'. What they found was that if the resident’s strategy is far from
being evolutionarily singular, then successful invasion always implies replacement. However,
near an evolutionarily singular strategy, invasion may or may not imply replacement. In
either case, they observed that during the invasion process the sum of the densities of the
resident and the invader remain near the heretofore established resident equilibrium density
6. Consequently the pair of population densities may be envisioned as lying in a narrow
neighborhood of I' in R? , a phenomenon that has come to be called the Tube Theorem. See
Figure 1.

The results in [21, 22] were set in the context of systems of two ordinary differential
equations. Recently, there has been considerable interest in questions related to evolution of
dispersal in spatially explicit and spatially implicit models. Such models include general finite
dimensional systems such as discrete diffusion systems, but also models which are realized
as infinite dimensional dynamical systems, including reaction-diffusion models and integro-
differential models. The purpose of this paper is to extend the results of Geritz and Geritz
et al. to such models. This requires considering infinite dimensional dynamical systems.
To this end, we employ the semi-group theory of unbounded operators, chiefly the infinite
dimensional version of the variation of parameters formula. With these tools, we obtain a
version of the Tube Theorem that is applicable in particular to systems of reaction-diffusion
equations wherein strategies may incorporate second order derivatives.

In [21, 22], the fact that they are considering two dimensional systems of ordinary differen-
tial equations allows them to employ the Poincare-Bendixson Theorem to prove convergence
to equilibria. Such arguments do not carry over even to higher dimensional finite dimen-
sional systems let alone infinite dimensional ones. Imposing monotonicity of the dynamical
systems is one way of generalizing the resident-invader dynamics results of [21, 22] to infi-
nite dimensions. However, this imposes some restriction to the applicability of the results.
Consequently, we have adapted the Graph Transform of Hadamard to obtain a satisfactory
description of the resident-invader dynamics that does not require the dynamical systems to
be monotone. However, in the application of these results to reaction-diffusion systems, we
can only allow strategies that depend on at most first order derivatives.
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The notions of adaptive dynamics are inherently local. Nevertheless, some of our results
have global implications. For instance, if the invader employs a strategy that is both evo-
lutionarily and convergent stable, then it invades and replaces resident with any nearby
strategy regardless of initial configuration (Theorem 5.2). In particular, it does not have to
start near I'.

The remainder of this paper is organized as follows. In Section 2, we introduce the
modeling framework of single and two species systems. In Section 3, we establish an infinite
dimensional version of the Tube Theorem. In Section 4, we adapt the Graph Transform
of Hadamard to obtain the existence of a one dimensional invariant manifold for the flow
within the tube. This construction enables us to get good properties such as convergence to
equilibrium. The consequences of these results and their connection to notions from adaptive
dynamics are discussed in Sections 5 and 6. Applications to reaction-diffusion systems are
given in Sections 7 and 8. In Section 9, we present applications to integro-differential models.
In this context, it is necessary to develop further the spectral theory of integro-differential
operators, and we collect those results in the Appendix. Finally, we wish to thank Professors
Odo Diekmann and Amy Hurford for raising the questions that prompted the research for
this paper. We also thank the anonymous referee for careful reading of the manuscript and
many constructive comments.

2. MODELING FRAMEWORK

2.1. Modeling of a Single Species. Suppose a species has a continuous trait a € S where
S is an open interval in R!. The habitat of the species is represented by a smooth bounded
domain Q C RY. Let @ = 0(z,t) denote the population density of species with trait «, with
its dynamics governed by

(2.1) { 0y = A(a)0 + F(a, G(a)0)0),

6|, =6 € X :=C().

Here for each o, A(«) is a sectorial operator defined on a dense subset D(A) of X = C(),
which is assumed to be independent of o € S (see, e.g. [25, P.18]); i.e. A(q) is a closed,
linear, and densely defined operator such that, for some n € (0,7/2) and some M > 1 and
a € R, the sector

San={A€C:0<|Re(A—a)] <7 —n, and X\ # a}

is in the resolvent set of A(«), and

[(A = A(e)) ]| <

B for all A € S,
We assume that A(«) is smooth in « in the sense that for each A € o(A(«)), R(\, A(a)) =
(A—A(a))~! is smooth in « as a linear operator from X to X. Moreover, F(a,w) : S XX —

X, G(a) : S — X are smooth functions. (Here we make use of the fact that C(Q) is a
Banach algebra.) By standard theory, A(«) + w is sectorial for each w € X, and generates
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an analytic semigroup. We also assume that A(«) is a positive operator or has a positive
resolvent.

2.2. Modeling for Two Competing Species. Consider the following system, which mod-
els the competition of two phenotypes of the same species, with traits o and S in .S respec-
tively.

ur = Ala)u + Fla, G(a)u + G(B)v)u
(2.2) v =AB)v+ F(B,G(a)u+ G(B)v)v

u}t:OZUOEX"" U’t:0:U0€X+.

Denote Xy = {w € C(Q) : w > 0in Q} and Int X, = {w € C(Q) : w > 0 in Q}. We work
with classical solutions according to [36, Definition 7.0.1].

Definition 1. A function (u,v) € C*((0,7); X) N C((0,T); D(A)) N C([0,T); X) is said to
be a classical solution of (2.2) in the interval [0,T) if (2.2) is satisfied for each t € [0,T),
and u(0) = ug, v(0) = vo.

It is well-known that (2.2) is invariant in X x X under our assumptions on A(«) and
A(B). In other words, (2.2) generates a semiflow {®*}g ;oo on X, x X, . In fact, if ug, vy €
X, are both non-trivial, then (u,v) € Int X; x Int X for all ¢ > 0.

We assume in this paper that (2.2) is dissipative, i.e. for all p € (0,1) and p € [1, 00,
each solution to (2.2) satisfies

23)  wo)lae <O Nwv)lpppe < O+, [(,0)[pague < O+ )

where C' depends only on || (o, vo)||(x]2, Da(i, p) denotes the real interpolation space between
X and D(A). (Note that the third condition of (2.3) can be obtained from the first two
conditions via interpolation.)

For example, if A(a) = aA for a > 0 complemented by Neumann boundary conditions,

then by [36, Corollary 3.1.24(ii)]
o0
is independent of «, and by [36, Theorem 3.1.30],
C21 () when p € (0,1/2),

DA(:UvoO) - { {w € CQ"(Q) : ?)_mafl = O} when p € (1/271)'

D(A) = {u € N1 WEP(Q) = u, Au € C(Q), %

In the following, we work in the fractional power spaces X* for p € (0,1) and remark that
XH* C Dy(p,00).
3. TUBE THEOREM

Suppose, for each a € S, a single species with trait « always sustains a linearly stable
equilibrium 6, € Int X ; i.e.
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(T1): (Existence of linearly stable steady state 6,) For each o € S, (2.1) has a strictly
positive steady state 0, € Int X, N D(A) which is a hyperbolic attractor; that is, if
we define the linear operator Ag by

Apz = A(a)z + F(a,G(a)04)z + 0, Fy(a, G()8,)[G(a)z]
then there exists ag > 0 such that the spectrum o(A) satisfies
Re(o(Ap)) < —ap < 0.

(T2): (Regularity of perturbation in «) There exists a positive smooth function g :
S — (0,00) and a constant p € (0, 1), such that (ﬁA(a) — ﬁfl(ﬁ)) A(a)™™ is
bounded on X, where A(a)™* is the fractional power of A(a). Moreover, €,5 =
H(ﬁA(a) - ﬁA(ﬁ))A(a}f“H tends to zero as |5 — a| — 0.

Remark 3.1. (T2) is satisfied for instance if (i) A(«) is a bounded operator that depends
continuously on «, or if (ii) A(«) is a second order elliptic operator subject to a Robin or
Neumann boundary condition such that for some positive smooth function g : S — (0, 00),

Ala) = g(a) ZaUDerZb )D; + ¢(w),

where a;; is continuous in x € Q and satisfies > i (2)&i&5 > v|€|? for some v > 0 and for
all z € Q and £ € RY; bj(a) and c(a) are continuous in x and smooth in . Precisely, for
e (1/2,1), A(a)™ is a bounded operator from X to D(A*) C Da(p, 0) = {w € C*(Q) :
Bw!m = 0} (see [36, Proposition 2.2.15]), and A( ) — T%B)A(ﬂ) is a bounded operator
from {w € C*(Q) : Buw|,, = 0} to X.

The tube theorem says that if u and v are phenotypes of the same species with similar
traits a &~ (3, then the total population of the two will be approximately the total population
of a single species, i.e. u+ v =~ #,. If we assume in addition stronger spectral properties,
which follow, e.g., if A(a) has a compact, strongly positive resolvent, then we can obtain a
stronger form of the Tube Theorem in infinite dimensions.

(T3): (Compact, Strongly Positive Resolvent) For each a, R(\, A(a)) = (A — A(a))™!
exists for all sufficiently large A > 0, and is compact and strongly positive.

Theorem 3.1. Assume (T1) and (T2) hold. For each € > 0 and o € S, there exists § > 0
such that if B € (o —0,a+0) and ||ug+ vy — 04| < 9, then (u,v) exists globally in time, and
|lu+v—"0,| <€ forallt >0. Assume in addition that (T3) holds. Then

®' (V°T,) C VT,

where Ty = {(804, (1 — 8)0,) : s € [0,1]} and V°T, and VT, denote the 6— and e—
netghborhoods of 'y, in X x X, respectively.
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.0 u

FIGURE 1. Dynamics of (2.2) when § is close to a. The distance to ',
of points (u,v) along a trajectory of (2.2) starting at (ug,vy) , defined by
dist((u,v),['y) = infocs<q || (u,v), (804, (1 — 5)8, )], has the property that for
any € > 0 there exists a § > 0 such that dist((u,v),I's) < € for all £ > 0 if
dist((ug, v9),['a) < d. Moreover, ||u+ v — 0,||x < € for all t > 0.

Proof of Theorem 3.1. From now on denote || - || = || - ||x or || - || xxx depending on context.
We may assume without loss of generality that ||ug 4+ v — 0, < 1.
Step 1: For all €, there exists 6 > 0 such that if

luo +vo — 0a]] <0, then |ju+v—0,] <eforallt>0.

Let w = u 4 v. Then w satisfies

. {W:Awm+F@GmmmwwW%—mww+%ﬁ
' w(t) € D(A) c X fort >0,

where

(3.2)

Nap = [Fla, G(a)u+ G(B)v) — F(ao, Gla)w)| w+[F (B, G(a)u + G(B)v) — F(o, G(a)u + G(B)v)] v.

Then [A(8)—A(«a)]v(t) will be estimated by (T2), and for some constant C' = C(||(ug, vo)||) >
0, we have

(33) sl < €16 — ol
Set z2=w—-0,=u-+v—20,.
Claim 1. As long as ||w — 0,| = ||z|| < 1, z satisfies
2= Aoz + f(2) +[A(B) — Al@)]v + N s,

where f(2) = Fy(a, G(a)0,)[G(a)z]z + O(||z]|*)w.
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To show the claim, we observe that z satisfies

2= A()z + F(a, G(a)ba)z + [F(a, Gla)w) = F(a, G(a)fa)]w + [A(B) — A(@)]v + 10,5
= A(a)z + F(a, G(@)0a)z + [Fula, G(@)0.)[G(@)2] + O([[2])] w + [A(B) — A(a)]v + 7,6
= Ala)z + F(a,G(a)0y)z + Fu(a, G(a)0,)[G(a)2]0, + Fu(a, G(a)0,)[G(a)2]z + O] 2)|*)w
+ [A(B) — A(@)]v + 7o,
= {A(a)z + F(a,G(a)0,)z + Fy(o, G(a)8,)[G(a)z]0,} + f(2) + [A(B) — A(@)]v + Nap
= Aoz + f(2) + [A(B) — A(a)]v + Nap

where f(z) takes the form specified in the claim and we used the fact that X is a Banach
algebra in the second equality to get the O(]|z]|?) term. By the assumption that ||z| =
lw = ol = [lu+v = ball <1,

(3.4) 1F() < Ol

Since A(«) is sectorial and Ay — A(«) is a bounded operator on X, we deduce that Ay
is sectorial and generates an analytic semigroup. By (T1), there exists ag > 0 such that
0(Ap) C {z € C: Rez < —ap}. Hence there exists C; > 1 depending only on A and ag
such that (see, e.g. [25, Theorem 1.3.4])

(3.5) le" 0wl < Cre™|lw]], t>0.

Also, by the variation of parameters formula (see, e.g. [25, P. 52|, [36, P. 124, Proposition
2.4.1)),

(36)  z=etogy / 940 £(z(s)) + [AB) — A(@)]o(5) + Tas(s)} ds.

Next we estimate the integral term in the variation of parameters formula. We begin with

| [ etompteton + s

< 01/0 e I | f(2(5)]| + Inas(s)ll] ds by (3.5)

t
< C'Q/ e [||lz(s)|* + 18 — al] ds by (3.3) and (3.4),
0
<Gy (Sfulf l(s)II* + 18 — a|> :
0.t

as long as ||z|]| < 1in [0,t]. Here Cy, C3 are positive constants independent of the particular
solution (u,v).

Claim 2. Hf (t=9)40(A(B) — Aa))v dsH < Céup, where én 5 — 0 as |a — ] = 0 indepen-
dently of t > 0.
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To show the Claim 2, we note that A(a) = Ay + B(a) for some bounded linear operator
B(a) from X to X, and

B @) - A = (40 - D20 ) + (%5 1) (Ao + Bla)

Hence

Ae%WWmm—AWM@MS

_ ") (AB) AN sy ds o+ (9B 1 [ et MNols) ds
o(9) [ e (28 - 200 e ratapote) s+ (L0 1) [ et o+ B a
—I+1I

First we estimate [ by [25, Theorem 14.4]:
t t
HMSOQg/Wﬂ“ﬂMmm%@wms&w/?”WMu+fwwsc%@
0 0

where we have used (T2) and the dissipativity of the system (2.2) in the first and second
inequalities respectively. Next, we estimate 1, again by [25, Theorem 14.4]:

oy | [ o b s [ e o

<C ‘% —~ 1‘ [/Ot(t — §)"2e (1 4 573) ds + /Ot e 0(t=s) ds]
(8)

1
1) < o 4]

o

ol
g(a)

where we have again used dissipativity in the second inequality. This finishes the proof of

Claim 2.

By Claim 2, we may deduce from (3.5), (3.6) and the calculation preceeding Claim 2 that

(3.8) Iz < Cillzoll + éas + Cs <S[ula> lz(s)11* + 18 — Oé|>

0,t
as long as supy 4 [[2(s)|| < 1. Now fix any € < min {1, ﬁ} and choose |zp| and |5 — a| small
enough that

) €
ta< S and C Gslf — ol < Lo me 3T
Cap <3, am 1|zl + Cs]5 — max{2C1, 3}

Then ||20]| < €/3 < 1/3 as C} > 1. Therefore ||z|| < € < 1 for all small positive ¢ > 0 and the
above argument holds. We claim that ||z(t)|| < € for all ¢ > 0. To see the claim, let us suppose
to the contrary that {t > 0 : ||2(¢)|| > €} is non-empty, and let ¢, = inf{t > 0 : ||z(¢)|| > €}.
By € < 1/(3C5), (3.6) and definition of t,, for all ¢ € [0, t.],

wwwsaww+awuzG@W@W+W—a><%m+@8<e
0,t
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Hence sup,¢(y,,; [12(t)|| < €. This contradicts the finiteness of ¢, and finishes Step 1.
Step 2: It remains to show that dist(u,span{f,}) remains small. In such event

dist(v, span{f,}) < dist(u + v, span{f,}) + dist(u, span{f,})

also remains small (by Step 1, ||u + v — 0, || is small). Now,
u = Ala)u + F(a, G(a)u + G(B)v)u
= [A(a) + F(a, G(a)0q)]u + 7(t)
for some
1(t) = [Fle, Ga)u+ G(B)v) = Fa, G(a)ba)lu = O(||z]| + |5 — af).

By Step 1, we have sup, [|77(¢)|| = O(e).
Next, we recall the following spectral decomposition result.

Theorem 3.2. 25, Theorem 1.5.2] Suppose A is a closed linear operator in X (with domain
D(A) C X) with spectrum o(A) = {\1} UG such that 6 U {oco} is closed in the compactified
complex plane. Let

B o= o D= A)d, Be —— (= A) L
211 Jop. () 2mi Jr
where T' is a positively oriented smooth curve with arg A\ — +0 as |\| — oo for some
© € (n/2,7), and having & in the interior and Ay in the exterior. Then Ey, Ey are the spectral
projections associated with the spectral sets {\1} and 6. Define X; = E;(X) (j = 1,2). Then
X =X1® X, and X; (j = 1,2) are invariant under A. Moreover, if A; is the restriction of
A to X, then

A Xy — Xy is bounded, o(Ay) = {)\},
while

D(Ag) = D(A) N X2 and O'(AQ) =4.
Proof. See [16, Chapter 7] or [43, Theorem 5.7 A B]. O

Take A = A(a) + F(a, G(a)f,). Since A is sectorial, o(A)U{oc} is closed in C. We recall
the spectral properties of linear operators with strongly positive, compact resolvent, see, e.g.
(34].

Proposition 3.3. If A: D(A) — X has a strongly positive, compact resolvent, then A has
a principal eigenvalue py which (1) is real and simple, (ii) has an eigenfunction ¢1 € Int X,
and is such that (iii) o(A) \ {1} C {z € C:Rez < g — ap} for some ag > 0. Moreover, if
W is an eigenvalue of A with an eigenfunction ¢ € X, \ {0}, then p = ;.

Therefore, by (T3), 0 is a simple eigenvalue of A with eigenfunction 6, and o(A) can be
decomposed into the closed sets {0} and o(A)\ {0}, and o(A)\ {0} C {z € C: Rez < —ag}.
Therefore, by Theorem 3.2,

u = FEiu+ Eyu = uy + uo,
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and

AQ =A B (X)=X> : X2 — XQ.

Then p
aUg = AZUQ + EQﬁ(t)

Hence uy = e2uy(0) 4 fg et=9)42 Boii(s) ds, so that
lua(®)]| < Cre™*lux(0)]] + Co Sup [Z2m(s)]| < Cs(e™ ™ uz(0)] + ).
0.t

Hence
dist(u, span{f,}) = ||uz(t)|| < Cs(e + ||u2(0)||)  for all ¢ > 0.
Now, if we choose the initial data (u(0),v(0)) close to I, so that ||uz(0)| < €, then we can
deduce that
dist(u, span{f,}) < 2C3¢ for all t > 0.

This completes the proof of Theorem 3.1. 0

Remark 3.2. In fact, Theorem 3.1 continues to hold if the compactness and positivity as-
sumption in (T3) is weakened to

(T3'): (Spectral Property I) In addition to (T'1), assume 0 is a simple eigenvalue of the
operator A, == A(a) + F(a,G(a)b,), and that 0(A,) \ {0} C {z € C: Rez < —ap}
for some positive constant ag > 0.

4. GRAPH TRANSFORM

The most general theory of compact, normally hyperbolic, invariant manifolds for finite-
dimensional dynamical systems was independently obtained by Hirsch, Pugh, and Shub [28§]
and Fenichel [20]. Since then, the theory has been generalized to the infinite-dimensional
setting.

For semiflows in a Banach space, the Hadamard method has been successfully applied in
the contexts of (i) invariant manifolds without boundary [2]; or (ii) invariant manifolds with
boundary that is either overflowing or inflowing [3].

In this section, we apply the Hadamard graph transform technique [23] to prove the
persistence of a one-dimensional invariant manifold of equilibria with respect to a semiflow
in a Banach space. The methods we use to construct the inertial manifolds are adaptations
of the arguments in the study of center manifolds in finite-dimensional spaces [11].

In our settings, the boundary of our invariant manifold lies on two invariant subspaces
X, x {0} and {0} x X, of the flow, i.e. it is neither overflowing nor inflowing. As a
consequence, the graphs we are working on do not have a common domain. For this purpose,
we develop a generalized distance function (for which there is no triangle inequality) and
prove the existence of a fixed point via a modified contraction mapping argument.

Beside the Hadamard graph transformation, another important technique that is fre-
quently being used in the classical center manifold theory is the Lyapunov-Perron method
(37, 39]. See, e.g. [10]. This method relies on the variation of constants formula and allows
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one to obtain optimal estimates. For our purposes, the Hadamard method is more appro-
priate as it respects the invariant manifolds X, x {0} and {0} x X to which the boundary
of our invariant manifold belongs.

When o = 3, it can be shown that (2.2) has a one-dimensional manifold of steady states,
Lo ={(s0a, (1—5)0,) : s € [0,1]} that is an exponential attractor. The tube theorem asserts
that for § sufficiently close to «, any trajectory of (2.2) that starts close to I', remains close
to I', for all time.

In this section, we assume the following condition which implies (T2).

(T2'): There exist constants C' > 0 and p € (0, 1) such that [|[[A(S) — A(a)]A(a)#|| <
C|f — a| for all o, 5 € S.

We shall apply the method of Graph Transform, due to Hadamard [23], to show that for
B close to «a, (2.2) has a one-dimensional invariant manifold that is exponentially attracting
and that connects the two semi-trivial steady states (6,,0) and (0, 63). Although the proof is
inspired by the arguments of [11], new methods are necessary due to the fact that the flow is
generated by an unbounded operator and our invariant manifold has boundary. In particular,
we develop a contraction mapping principle for a generalized distance function where the
triangle inequality fails to hold. Let @fm be the semiflow generated by the competition
system (2.2) in X x X.

Theorem 4.1. Suppose (T1), (T2'), (T3) hold and let o € S. There exists a constant § > 0
such that for all B € (o — 0, + 0), there is a closed one-dimensional invariant manifold
I'* C V°T', with respect to the semiflow ®' o generated by (2.2) that can be expressed as the
graph of a Lipchitz continuous function over 'y, connecting the semi-trivial steady states
(04,0) and (0,03). Moreover, T'* attracts all trajectories starting in V°T,.

4.1. The equations for p, z, U. We make the transformation X#* x X*# — R x (X* X E; X*):
(u,v) = (p,q) = (p,z,U) given by

p=(Ewu)/0,, z=u+v—=0, U= Esu,
with the inverse transformation (u(p, q),0(p,q)) : R x (X# x E;X#) — X# x X* defined by
(4.1) u=1u(p,q) =pla +U, v=0(p,q)=2—(plo+U)+ 0,

where E;, X! = E; X" are the spectral projection and subspaces given by Theorem 3.2
applied to A‘X [A(a) + F(a, G(a)b,)
Now, by Claim 1, (p, z,U) satisfies

e = EB[(F(o, G(a)u+ G(B)v) — F(a, G()0a)) (U + pla)]/0a
(4.2) z = Aoz + f(2) + [A(B) — A(Q)]v + Nap
Uy = AU + BE|(F(a, Gla)u+ G(B)v) — F(a, G()ba))(U + pba)]

I

where 104 5 = Na.s(D, 2, U) = 1a.p(u, v) satisfies (3.2); A = A(a) + F(a, G(a)f,) with spectral
projections A; with respect to the spectral spaces X; ( 1,2).
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VA

i~

FIGURE 2. A caricature of the coordinate change from (u,v) to (p,q) =
(p, z,U) which underlies the Graph Transform. Here (u,v) = (u(p, q),v(p, q)),
and @ = pl, +U, v = (1 —p)b, + z — U, where p € R is now the independent
variable.

_Let (pi, 2, U;) (i = 1,2) be two solutions of (4.2), and denote p = py —p1, Z = 22 — 21, and
U = U, — U, then

(43) 2 = Aoz +f(22) = f(21) +[A(B) = A())(Z=U =) + 110 5(P2, 22, U2) = a5 (1 21, Ur),
where || f(2)]| < o(||2)) and |Inasll < C|8 — al. For U, we compute
U, — AU = By[F(a, G(a)ug 4+ G(B)va)us — F(a, G(a)uy + G(B)vy)uy — F(a, G()0a)(U + pb.)]
= FE, [F(a, G(a)ug + G(ﬁ)vz)([j +pb,) + Fy(o, G(a)uy + G(B)vl)[G(&)(ff + pb,)
+G(B)(2 — U — pa)ur — Fer, G(a)0,)(U + pha) + hoo.t]
Here ||h.o.t.|| < o(|p| + ||Z]| + ||T]|). Therefore, U satisfies
(4.4) U, = AU + By [Fy(or, G(0)0:)[G(B)Z]p16a] + FEoFy

where
(4.5)
F = (F(a,G(a)us + G(B)ve) — F(a, G(Q)HQ)E(U + pb.)
+Fy (o, Gla)uy + G(B)v)[(Gla) = G(B))(U + pa)ur + Fu(a, G(a)ur + G(8)v1)[G(8)Z]Ur
+(Fu(a, G(a)ur + G(B)v1) — Fyula, G()0,))[G(B)Z]p16a + h.o-t.

satisfies
(4.6) IEL|| < el + Co(1 2] + 101)),

where € is some arbitrarily small constant in the application of tube theorem, provided |5 —«/|
and dist((pu, zi, U;),{(p,2,U) : z =0 and U = 0}) are chosen sufficiently small. Finally, we
compute the equation for p, which follows directly from the computations for U, but with
projection operator E; instead of Fj.

(4.7) be = By [Fu(a, G()80)[G(B)2]p1ba] + i F.
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4.2. Linear operator on (z,U). For each given Hélder continuous p(t) : [0,00) — R such
that sup,., [p(t)| < 2, we define the non-autonomous operator L(t) : D(A) x Ey(D(A)) —
X X X2 by

L(t) ( [Z] ) = ( AU + By [Fw(a,&g)ea)[G(ﬁ)Z]p(t)ﬁa] ) ’

where Ay is the sectorial operator given in assumption (T1). Then it is well-known [25,
Chapter 7] that the linear non-autonomous problem

() ) =20 (i)

generates a family of evolution operators V(t, ) (for 0 < 7 <t) defined by
2(1) ) _ z(7)
(o) =ven ()

B ] ] eAO(t*T)Z(T)
= (A 0) 4 [ DB (o Gl GBI (0,15} )

Next, define the fractional power space X* with norm | - ||, = ||(4o — I)* - ||, and recall
the notation ¢ = (2, U) where ||¢||, = |||/, + ||U]|,. Suppose there exists v > 0 such that
for each 0 < v < pu < 1, there exists C,,,, such that |eA0tzy|, < C, e 7t~ %], and
et Up||,, < Ce™ "t~ #=)||Up]|,. (This holds, for instance, for sectorial operators satisfying
(3.5).) Then there exists 6 € (0,0) such that for each u,v € [0,1] with v < p, there exists
C,,, (independent of p(t) as long as sup [p| < 2) such that

(4.8) lg@)ll,e = 12 (2, )a(r), < Clpe 7 (8 = 1)~ lg ()]
forall0 <7 <t

Define also the norm ||¥(t,0)]o, from X x X, to X* x X%, so that by (4.8), we have
(4.9) 19 (£, 0)llo,. < Coe™t " llg(0)]].
where [|[W(¢,0)]]p, denotes the norm of W(¢,0) regarded as an operator from X x X, to
X+ x XE.

4.3. Estimates relating to exponential dichotomy. Suppose (p;, z;,U;) = (pi,qi) (i =
1,2) are two solutions of (4.2). By the tube theorem, we may take § sufficiently close to «
and assume that ||¢;|| is arbitrarily close to 0 for all ¢ > 0.

Proposition 4.2. Suppose (T2') holds for some u € (0,1). For each fized T > 0, there
ezists a constant C(T') such that for each € > 0, there exists 6 > 0 such that if |5 — a| < ¢
then any solutions (p;, ¢;) (i = 1,2) of (4.2) satisfying supjy 7 1¢:(t)||, < &, supjo 7y |pi(t)] < 2
also satisfy, for 0 <t <T':

(4.10)  [lg2(t) = 1 (®) [l < (N(E, )l + C(T)€)[l92(0) = q1(0) [l + C(T)elp2(0) — p2(0)]

(4.11) [p2(t) = pr(O)] < (“D+ C(T)e)(Io] + Colldoll)
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and
(4.12) |p2(t)=pr(8)] = e D (1=C(T)e)|p2(0)—p1(0)| = Co (e“ T+ C(T)€) | g2(0) = g1 (0) |,

where [[W(¢,0)]|,, s the norm of W(t,0), defined in Subsection 4.2 by taking p = p1, as a
function from X* x X to X* x X§; Cy is a constant independent of T and €. In particular,
by (4.8),

(4.13)

lg2(t) =1 ()]0 < (C;, e D HC(T)€) 1 g2(0) = (0) s +C(T)elp2(0)—p1 (0)]|  for t € [0, 7).

Proof. Let (p;,q;) = (pi, 2, U;) (i = 1,2) be two solutions of (4.2). Let ¢ = g2 — ¢; and
do = q2(0) — ¢1(0). By definition of W(¢,7) in Subsection 4.2 with p = p;, we have by (4.3)
and (4.4),

Q(t> = \I](t> O)QNO

N /Ot Wit ) { f(z2) — f(z1) + [A(B) — A(a)](Z — UE—ZF]%H@ + Mg (22, Uy p2) — Nap(21, Ur, 1)) ar.

where F} is given by (4.5). Now, ||f(z2) — f(z1)| < C(||z|l + ||z])||Z]) and also

I[A(B) = A(@))(Z = U = pba +1a,5(22, Uz, p2) = thays (21, Ur 1)) |
< [I[A(B) — A(@)]A(a) #|[[|A*((2 = U — pba +1a,5(22, Uz, p2) — ha,s(z1, Ur 1)) |
< (18 = al)liqll. + 12D)-

This allows one to choose, for each € > 0, a constant 6 > 0 such that if 5 € (o — 0, + ),
and supy 7y [|¢i(t)]|, < 6, then, recalling the inequality (4.9),

aan O < IOl + e J3 19 )0, (105) 1 + [5(:)]) ds
< 08, 0) ol + Coe f et = ) (1(s) | + [5(5)]) s,

for all ¢ € [0,T]. By (4.6) and (4.7), we have (provided |oo — 8| < 1 and ||¢;|, < 1)
[P < ColllZln + 1U11) + elpl = Coldll + el

By integration, we have

t
(4.15) 5(t)] < o] + Co / e[G(r)|],u .
0

Substitute (4.15) into (4.14). We have
t
G Nw < N (E, 0) ]l ol + 006/0 et — 1) H|g(7) | udr
t s
+ C’oe/ e =9t — g)7H {eﬁslﬁol + C’o/ e G(7)||, dr| ds
0 0

< W 0]l ol e + C(T)el ol +C(T)6/O (& = 7) g (7)l],. dr.
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By applying Gronwall’s inequality [25, Lemma 7.1.1], we deduce that

1g@)llw < 19, 0) [ pulldoll e + C(T)elpol + C(T)e/o (t =) AT, )| wpellGoll  + C(T)elpol] dr
< (1, 0}l + C(T)) ol + C(T)el ol

This proves (4.10). Substituting the previous line, as well as (4.8), into (4.15), one may
conclude that for some () independent of € and T,

po(t) = (0] = I5(0)
(1.16) < el + Co fi 7 [([9(, 0) e+ C(T) il + C(T)elfol] dr
< (€M + C(D)e) (o] + Coldol .

for 0 <t < T'. This proves (4.11). To show (4.12), we deduce similarly from (4.7) that
|Pe| = —€|p| = Collql] .
By substituting (4.10) into the previous line, we have
91| + €[pl = =Co [([[¥ (2, 0) s + C(T)€) (1G]l + C(T)elpol]
> —Co [(e7" + C(T)O)|Goll + C(T)elpol] ,
where we used (4.8). Integrating, we obtain
e!1B(t)| = [Bo] — Co [(e“D + C(T)e)ldoll,e + C(T)elpo]]
for all t € [0, 7. This proves (4.12). O
4.4. Main Results. We introduce a function space to which the Graph Transform will
apply. We consider the collection of functions h = (h., hy) : I, = X" x Eo(X*) whose graphs
over an interval Ij, = [ay,, by] (depending on h) lie in V°T',,, with the endpoints corresponding

to a semi-trivial state, i.e. (@, 0)(ap,h(ay)) € {0} x X, and (4,0)(bn, h(by)) € X4 x {0}.
See Figure 3. Precisely, if we recall the notations introduced in (4.1), that amounts to

(417) hU(CLh) + ahea =0 and hz(bh) - (hU(bh) + bhea) + Qa =0.
This motivates us to define
E:={h = (h,hy) : [an, by] = X" x E5(X*) :sup ||h||, < and (4.17) holds.}

where § is the constant in the statement of Proposition 4.2, so that Graph(h) C V°T, for
all h € =. Next, we define

h —h
(4.18) =, = {h €= | (p’i p(?ﬂ“u < p for all py, p1 € (ap, bh)} .
2 — D1

We consider small values of p so that

1
(4.19) §0a —q¢ >0 forall ¢ € X* with ||¢l|, < p,
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(which is possible since 0, € Int X ) and Npez, I # 0, e.g. [%, %} C Iy forall h € 5,0 We
also note that for each h € Z,, (,0)(p, h(p)) € ({0} x X;)U (X1 x {0}) if and only if p = a,
or p = by. We define the generalized distance function

d(h, ') = sup [|h(p) — K'(p)|,

IyNIy,

which satisfies d(h, k') > 0 for all h, b’ € =, with equality if and only if I;, = Iy and h = A/
Although the triangle inequality fails to hold for d, the generalized distance function d suffices
for our purpose of locating a fixed point of a contraction mapping.

VA
H={h i) (a,.5,) X EE (LX)

aN

h

-
\ u
P
FIGURE 3. Illustration of the graph of h € =, with domain [ay,bs]. Here
h(p) = (h=(p), hu(p)) € X* x Ea(X*) for ap, < p < by.

We first characterize the topology of =, induced by the generalized metric d.

Lemma 4.1. Suppose h,,h* € Z,, then d(h,,h*) — 0 if and only if ap, — ap+, by, — by
and for each € > 0,
sup  ||hn, — R*||, — 0.

lap*+€,bpx —e€]

i.€., the limit for every convergent sequence h,, under the generalized metric d is unique.
Proof. For convenience of notation, we denote
[j— Pyp— * Pp— * [j—
Ay = Qp,,, bn = bhm a = Qp*, b* = bh*.

First, we assume a, — a”, b, — b* and for each given € > 0, SUp(« 4 p+_¢ [P — P*[|x — 0.
We can then choose N such that for all n > NV,

max{|a, — a*|,|b, — b*|} <e¢ and sup ||hn, — R, < e
[a*+€,b* —€]
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For each p € [a,, b, N [a*, b*], there exists py € [a* + €,b* — €] such that [p — pg| < 2¢, hence
by the fact that h,,h* € =,, i.e. uniform Lipschitz property, we deduce

12 (p) = WPl < 1P (P) = hen(po)l]x + 1n (o) = 27 (o)l + (177 (po) = B"(P) |

<opet s =Bl + 2pe
[a*+€,b* —€]

< (4p+1e.

This shows that d(h,,h*) < (4p+ 1)e for all n > N. Since € > 0 is arbitrary, d(h,, h*) — 0.
Conversely, assume d(h,, h*) — 0. Define

a = max{limsupa,,a*}, and b= min{liminfb,,b*}.
n—o0 n—00

Then it follows from definition that for each € >0, supj,, 5 [l — h*[|. — 0.
It remains to show that

(4.20) lim a, =a" and lim b, =07,

n—oo n—0o0

which implies that @ = a* and b = b*. We will show (4.20) with two claims.

Claim 3. limsupa, < a* and liminf b, > b*.
n—00 n—00

Suppose there is a subsequence {n'} so that ap = lim,/ o @,y > a*. Then by uniform
Lipschitz continuity, h,(a,) — h*(ag). Thus, by taking limit in (h, )y (@) + a6, = 0 (the
first relation of (4.17)), we obtain

(4.21) (h")u(ap) + aphy = 0.
Since h* € =,, we also have

(4.22) (h")y(a*) + a6, = 0.
Subtracting (4.22) from (4.21), we deduce that

(h")u(ao) = (h")u(a”)

ap — a*

(ap —a*) |6, + =0,

which contradicts the fact that ap > a* and the expression in the square bracket is non-zero
(by (4.19)). This shows limsupa, < a*. The proof for liminfb, > b* is analogous. This

n—oo n—oo
shows Claim 3.

Claim 4. liminf a, > a* and limsupb, < b*.
n—oo n—00

Suppose liminf a,, < a*, then there is a subsequence {n'} such that ag := lim a, < a".
o0 /

n— n’'—oo

Then a* € [a,, by] for all sufficiently large n’, and d(h,, h*) — 0 implies that
(4.23) (hn)u(a®) +a*0, — (R")y(a”) + a*0, =0,



18 RESIDENT INVADER DYNAMICS

as n’ — oo. Here we used h* € Z, and the first relation of (4.17) in the last equality.
Subtracting

(424) (hn/)U(an/) + anxé’a =0

from (4.23), we deduce, by (4.19) that

()i (a”) = (hnrJur (@) > lim (a* —a ,)9_a >0

0= lim (a" —ay) |0, +

n/—o00 a* — Ay n/—oo

This contradiction establishes lim inf a,, > a*. The proof of lim sup b, < b* is analogous and
n—00 n—00

is omitted. This proves Claim 4 and the proof of Lemma 4.1 is completed. [l
Next, we show that the contraction mapping principle holds for our generalized metric.

Proposition 4.3. Suppose p is sufficiently small and T* is a contraction mapping from =,
into Z,, i.e. there exists k € (0,1) such that d(T*h,T*h') < kd(h, 1) for all h, W € =,, then
there ewists a unique h* € =, such that T*h* = h*.

Proof. Suppose p is chosen sufficiently small so that Iy = Nyez, I # 0 and (4.19) holds. Take
a particular hy € =,, and let h, = (T*)"ho. We are going to show that there exists h* € =,
such that lim,,, d(h,, h*) = 0 and eventually that h* = T*h*.

By the standard Contraction Mapping Theorem and the uniform Lipschitz continuity of
the sequence, h,, converges uniformly on the interval

liminf I;,, = [limsup ay, , liminf by, | := [a*, b]
n—oo

to some h*. Recall the notations a, := a;, and b, := by, and let {n’} be a subsequence so
that a,, — a* and b,;, — b*.

Claim 5. lim h,(a,) = h*(a*) and lim h,(b,) = h*(b").
n’—oo n—00
Given arbitrary ey > 0, then a* + ¢y € [a,, by/] for all large n’. Hence,
[hn(an) — A" (a")[lp < [[An(an) = hn(a® + €o)|u + [[hn(a® + €0) — R*(a)|[ -
Since |a, — a*| < ¢ for all sufficiently large n’, we let n’ — oo in the above, so that

limsup ||y (an) — h*(a™)||, < 2pe0 + [[h*(a" + €0) — h*(a”) |,
n/—o00
holds for each ¢y > 0. Letting ¢y — 0, and using the (Lipschitz) continuity of h*, we have
shown lim, o hy,(a,) = h*(a*). The proof for lim, o hy(by) = h*(b*) is analogous. This
proves Claim 5.
By Claim 5, we deduce, by passing to the limit in

(hn/)U(an/) + CLn/Qa =0 and (hn/)z(bn/) - ((hn’)U(bn’) + bn/Qa) + 904 =0
that
(h)u(a*)+a*0, =0 and (h*),(b*) — (K" )y (b*) + b"04) + 0, = 0.
This shows that h* € Z, with Dom(h*) = [a*,b*]. Since uniform convergence preserves
Lipschitz continuity, we conclude that h* € Z,. We can then repeat Claim 4 of Proof of
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Lemma 4.1 to show that the full sequences a,, — a* and b, — a*. By Lemma 4.1, this
implies d(h,, h*) — 0.

Claim 6. If d(h,,h*) — 0, then d(h,s1,T*h*) — 0.
Claim 6 follows easily from the fact that 7™ is a contraction, so that
d(hpy1, T*h*) = d(T*hy,, T*h*) < kd(hy,, h*) — 0.

By the characterization in Lemma 4.1, the limit of {h,} and {h,+1} in =, is the same, this
gives h* = T™h*, which proves the existence of a fixed point in Z,.

For uniqueness, suppose h! (i = 1,2) are fixed points of T* in Z,, then d(h],h}) =
d(T*hi, T*h%) < kd(h}, h}), which implies that d(h}, h%) = 0, i.e. hf = hi. The proof is
finished. 0

For each h € Z,, the graph of h is given by Graph(h) := {(p,h(p)) : p € I, = [an,bn]}.
Now, we define our Graph Transform 7.

Let =, (p is a positive constant to be chosen) be as before, and let €, 7" be some positive
constants yet to be chosen. Let ®1 denote the time 7' map of the semiflow (4.2). Define the
Graph Transform T* : 2, — =, by

T*h = H, where Graph(H) = ®'(Graph(h)).

The existence of an exponentially attracting, one-dimensional invariant manifold for the
system (4.2) is an immediate consequence of the following proposition.

Proposition 4.4. Fix o € S. There exists p € (0,1), T > 0 and § > 0 sufficiently small
such that for all 5 € (v — 6, v + 0), the following holds:
(i) The Graph transform T : =, — =, is well-defined.
(i) T : 2, = Z, is a contraction mapping with respect to the generalized distance
function d.
(iii) Let h* € E, be the fized point of T*. Then Graph(h*) is an invariant Lipschitz
manifold of (4.2). i.e. ®'(Graph(h*)) = Graph(h*) for all t > 0.

Proof. We will first fix the constants T', p and then fix e. Let « be as given in Subsection
4.2, independent of T', e. Choose T' > 0 large enough so that

(4.25) max{C},

2
o Co}e_VT/?’ < 5 and C'L’He_‘“’T/3 -3Cy + CLM@_”T <1

where C}, , is given by (4.8) and Cj is the maximum of those appearing in (4.12) and (4.11).
Then choose
(4.26) p=e T3
Lemma 4.2. If T > 0 is such that (4.25) holds, there exists € = €(T') sufficiently small so
that (4.27) - (4.31) in the following hold:

e“@De + C(T)e
e=CMe(1 — C(T)e) — Co(eCMe + C(T)e)eT/3

3
4.27 z
( ) < 27
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C(T)e e=17T/3
4.2
( 8) e—C(T)e(1 — C(T)e) _ CO(eC(T)e + C'(T)e)e*VT/S’ < 5
129 (Cle™ + O™+ C(T)e =
(4.29) e~ Ce(1 = C(T)e) — Co(eCDe + C(T)e)e T/3 < T3
(4.30)
e~ CD(1-C(T)e)—Cy (e D+ C(T)e)e T/ > % and  (e“D 4O (T)e)(14CoeT/3) < g,
and

(4.31) [(C] e+ C(T)e)e ™ + C(T)e] -3(e“M+C(T)e)Co+(Cy, e " +C(T)e) < 1,
where C(T) is as in Proposition 4.2.

Proof. By the first inequality of (4.25), Coe™"/3 < 1 and 1 — Coe™™/® > 2, hence (4.27)
and (4.30) are satisfied for all € sufficiently small. Also, (4.28) is satisfied by all small €. By
the first inequality in (4.25), C7, ,e="/3 < 2¢777/3 and hence (4.29) is satisfied for small e.

Finally, (4.31) follows from the second inequality in (4.25). O

Now we begin the proof of part (i) of Proposition 4.4. Let h € Z,. We wish to show
that T*h € E,. To show that ®*(Graph(h)) can be represented as the graph of a Lipschitz
function H from a subset of R to the ¢ = (z,U) space (which is a subset of X* x X}, it is
equivalent to show that, for any (p/,q}) € ®T(Graph(h)) (i = 1,2), we have % < p.

Let (p},q)) € ®T(Graph(h)) (i = 1,2) be given. By definition, there exists (p;,q;) €
Graph(h) (i = 1,2) such that (p,q) = (pis(T), ¢:(T)) := ®T(p;, q;). We proceed to estimate
the Lipschitz coefficient of the resulting graph. By (4.10) and (4.12), for any ¢ € [0, 77,

le2(®) =@l . (1Y 0)lpp + C(T))42(0) = a1(0)[[x + C(T)elp2(0) — p1(0)]

p2(t) = pr(t)] — D1 = C(T)e)|p2(0) — pr(0)] = Co(e“™M + C(T)e)lg2(0) — g (0)]]

Ut 0)[lpp + C(T)e)llg2(0) — q1(0)llu + C(T)e|p2(0) — p1(0)]
= e ML = C(T)e) = Co(e“M + C(T)e)e 1T/ |p2(0) — pi(0)]
where the second inequality follows from the fact that (p;(0),¢;(0)) € Graph(h) for some
h € 2, (s0 that [|g2(0) — q1(0)]l/|p2(0) — p1(0)| < p) and that p = e™7"/* (by (4.26)). It
follows that at t =T,
22 — dille _ [la2(T) — (D),
Py — bl pa(T) = pu(T)]
< (Cl e B+ C(T)e)e 3+ C(T)e
~ e CMe(1 — CO(T)e) — Co(eCMe + C(T)e)eT/3
<e B3 =p/3.

(4.32)

where we have used (4.8) for the first inequality and (4.29) for the strict inequality. We may
then conclude:
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Claim 7. ®T(Graph(h)) is the Graph of some function H with Lipschitz constant strictly
less than p/3.

Given h € =,, let Dom(h) = [as,by]. By connectedness and previous step, Dom(H) =
lag, by] and (ay, H(ag)) = ®T (an, h(ay)) and (by, H(bg)) = ®T (b, h(by)). By the invari-
ance of X, x {0}, {0} x X, and Int (X, x X ) with respect to the flow (2.2), we see that
(4.17) is satisfied at (ap, H(ay)) and (by, H(by)). This shows that H € Z,; i.e. (i) is proved.

Next, we prove part (ii) of Proposition 4.4. Let hy, hy € Z, and denote H; = T*(h;), for
i =1,2. For any p € Iy, N Iy,, we choose py, pa such that ®T(p;, hi(p;)) = (p, Hi(p)). Next,
choose ps between py, ps (i.e. |p1 — ps| + |p3s — p2| = |p1 — p2|) such that ps € I, N I, and

(4.33) 5lpr —ps| < |p2—ps| or 5|ps—ps| < |p1 — psl,

which is possible if p is chosen small enough so that for all h € Z,,

1 21 1 23 T,
— )chc|l-=—) = ——<6/5
(22’22) " ( 22’22) | Niez, Tn| /
Suppose for the sake of specificity that 5|p; — ps| < |p2 —ps|, as the other case can be treated
in a similar way. Then, (denoting the projections m(p, q) = p and m(p, q) = q)

| Ha(p) — Hi(p)|l, = |m2®” (p2, ha(p2)) — m2 @ (p1, ha(p1)) |,
[72®T (p2, ha(p2)) — 2@ (ps, ha(ps)) |,
+ |2 ® (3, ha(ps)) — ma®" (ps, ha(ps))ll,
+[|m2®" (ps, h(ps)) — m@ (p1, ha(p1)) |l

IA I

(4.34)

By (4.13) and (4.8),

||7T2‘I’T(p3, ha(ps)) — ma®” (ps, hi(ps)) |,
(4.35) <(Chp ﬂTﬁC(T + C(T)e)|[ha(ps) — hi(ps)llu
(C/ _VT_‘—EC + O( ) )d(hQa h1)>

and (since hy € =, and p = e—vT/3)

H7T2‘I’T(P2a hz(Pz)) — 1@ (ps, ha(p3)) ||,
(4.36) < (€}, e D 1 C(T)e) [ hap2) — ha(ps)ll, + C(T)elps — ps]
[(C' e T+ 4+ O(T)e)e /3 + C(T)e][pa — psl.

Similarly,
(4.37)
172 (p3, ha(ps)) — m2®" (p1, ha (o))l < [(C, e T CD + C(T)e)e ™2 4+ C(T)el ps — pul,

Substituting (4.35), (4.36) and (4.37) in (4.34), we see that (since |p1—ps|+|p3—p2| = |p1—p2|)
(4.38)

[H2(p) = Hi(p)|l

< [(C}, e T 1 C(T)e)e /3 + C(T)e]lpy — po| + (C), ,e T+ C(T)e)d(hy, hy).
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Next, we estimate |p; —po| in terms of d(hy, hy). Since m®% (py, hi(p1)) = T PT (2, ha(p2)) =
p, we have

—[7T1(I)T(p3, hz(p3)) - qu)T(p:a, hl(p3))]
= [7T1(I)T(p2, h2(p2)) - 7T1(I)T(p3, h2(P3))] + [Wl(I)T(p:a, h1(p3)) - 7T1(I)T(p1, hl(lh))]

and hence

(4.39) [m1®7 (ps, ha(ps)) — 1@ (s, b (ps))|
. > |m®T (pg, ha(pa)) — m®T (p3, ha(ps))| — |m1®T (p3, hi(ps)) — m®T (p1, ha(p1))]-

By (4.12) and (4.30),

|1 D7 (pa, ha(p2)) — TP (p3, ha(p3))|
> €_C(T)E(1 - C(T)G) |p2 - p3| - C'o(ecm6 + C(T)6Hh2(p2) - hz(ps)Hu

(4.40) > [e=“M(1 = C(T)e) — Co(e“D + C(T)e)e ]|py — py
> 2{py — psl.

By (4.11) and (4.30),

(4.41)

|17 (s, ha(ps)) — m P (p1, ha(p1))] T;G + g(T)Empl — p3| + Collhi(ps) — ha(p1)ll,)
+

< (e
< (e“D 4+ C(T)e)(1+ Coe™ %) |p1 — ps|
< 3lp1 — psl.

If we subtract (4.41) from (4.40), we deduce

|7T12(I)T(P2, hz(Pzzl) - Wl@T(pza, ha(ps))| — |7T1q>T(p3, hi(ps)) — qu’T(pl, hi(p1))]
> 2lps — p2| — 3lp1 — P3|
4.42
(442) 2-\p3—p2\—§|P3—p2’+§1\p1—ps\—éfpl—psf
= 3(Ips — po| + |1 — p3|) = 3[p1 — P2l
where we used 5|p; — p3| < |[pa — p3| in the second inequality.
By (4.39), (4.42) and (4.11), we may estimate |ps — p1| in terms of d(hy, hs).

slp2 —m1| < m®T (ps, ha(ps)) — m P (ps, ha(ps))|
(4.43) < (9N 4 C(T)e)Collha(ps) — T (s )l
S (60(T)6 + C(T)E)Ood(h17 hg)

Substituting (4.43) into (4.38), we may estimate ||H2(p) — Hi(p)||, in terms of d(hq, hs).
1H2(p) = Hy(p)llu <{[C), 6" + C(D)e)e 2 + C(T)e] - 3(7D + C(T)e) Cy
+(C), e+ C(T)e) }d(hy, ho)

Let x denote the coefficient of d(hg, h1) in the above. By (4.31), it is clear that x € (0, 1).
This implies (ii).

To prove (iii), we apply Proposition 4.3 so that 7* has a unique fixed point ~A* in =,. In fact,
there exists 0’ > 0 small such that, for each t € [T — ¢, T], the graph transform associated
with ®* is a contraction with a unique fixed point h} in =,), where p(t) = exp(—7t/3). In
particular, if T'— § <t <t < T, then

(444) h/: c Ep(t) C Ep(t/)'
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Claim 8. h} is independent of t € [T — ', T].

By continuity, it suffices to show that hy = h}, for all t,#' € QN [T — §,T]. Let t > t' be
given, then there exists N, N’ € N such that Nt = N’t’. Thus for each n € N,

Graph(h}) = (&)Y (Graph(h})) = (&)™ (Graph(h})).

Since t > t', we have h; € Z,, and the right hand side approaches the unique fixed point
h: of @ as n — oc. i.e. hf = h},. This proves the claim.

Therefore, h* = h is the fixed point of graph transform maps for all ¢ € [T'— ¢, T]. Now,
for each 7 € [0, 4],

®7(Graph(h*)) = ®7(®7~7(Graph(h*))) = &' (Graph(h*)) = Graph(h*)

i.e. Graph(h*) is invariant with respect to (4.2). This proves (iii).

Finally, we note that the invariant manifold given by Graph(h*)) is exponentially attract-
ing, as it is the fixed point of the T* map (representing the forward time 7" map ®7), which
is a contraction mapping. 0

5. INVASION IMPLIES FIXATION

In the previous section, we established for the semiflow generated by the two-phenotype
system (2.2) the existence of a one-dimensional invariant manifold T'* connecting the two
semi-trivial equilibria (6,,0) and (0, 03). Being a one-dimensional space, the dynamics on I'*
are completely determined by the number of equilibria lying on I'*. In particular, when there
are no equilibria on I'*, then it acts as a connecting orbit from one semi-trivial equilibrium
to the other. In the following two sections, we will give two sufficient conditions for the
nonexistence of equilibria on I'* when | — /| is small. We will see that this global phenomena
in fact is completely determined by a local quantity based on invasibility of the semi-trivial
equilibria, i.e. the linearized eigenvalue at (6,,0) and its derivatives with respect to 5.

We first define the notion of invasion.

Definition 2. For each 8 € S and w € X, define \(8,w) by
B, w) =inf{N e R: A(B)¢ + F(B,w)p < No for some ¢ € D(A) such that ¢ > 0 in Q}.

An important special case of the above is the invasion exponent \(«, 5) which gives the rate of
exponential growth/death as a rare phenotype B attempts to invade the steady state population
0. of phenotype «; i.e.

Aa, B) = A(B, G(a)ba).
In view of (T3), one may deduce (see, e.g. [1, P.130, Corollary 1.14]) that \(3,w) (resp.
A, B)) is the principal eigenvalue, in the sense of Proposition 3.3, of
AB)p+ F(Bw)p=Ap  (resp.  A(B)¢ + F(B,G(a)la)p = Ao).

In particular, if (T3) holds, then A(3,w) and (o, 8) are both simple eigenvalues. We
summarize two useful consequences of this fact.
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(C1): )\ is smooth in 8 € S and w € X, and A is smooth in a, 8 € S.

(C2): If for some § € S and w € X, X is an eigenvalue of A(f) + F(f,w) with
non-negative eigenfunction ¢’, then necessarily (3, w) = N and ¢’ € Int X. In par-
ticular, if A’ is an eigenvalue of A(B) + F(8, G(«)d,) with nonnegative eigenfunction
¢, then necessarily A(a, 8) = N and ¢’ € Int X,.

Suppose (T1), (T2'), (T3) hold. By Theorem 4.1, there exists § > 0 such that if | —a| < 9,
then there is a one-dimensional invariant manifold T'* C V°T',, connecting (6, 0) and (0,6;3).
Moreover, I'* attracts all trajectories starting in V°T,. Suppose %(Ozo,ao) > 0. Then
there exists 6 > 0 such that for all «, [ such that ag — 0 < a < f < ag + §, we have
Ma,B) > 0 > A(B,a), i.e. phenotype v can invade phenotype u, but not vice versa. We
shall see that such an invasion by a population with an advantageous trait will cause that
trait to go to fixation, i.e. v will oust u to the point of extinction.

Theorem 5.1. Assume that (T1), (T2'), (T3) hold and € > 0 is given. Suppose

(5.1) g—g(%, ap) >0,
then there exists 6 > 0 such that for all ap — 9§ < a < f < ag + 9, all solutions to (2.2)
initiating in V°T, converge to (0,05), i.e. w((ug,v0)) = {(0,05)} for all (ug,vy) € VI, N
Int (X, x X).

A global version of Theorem 5.1 is available if we make additional assumptions regarding
the global dynamics of the single phenotype equation (2.1).

(T4): (Persistence and Uniqueness of 6,) For all & € S, (2.1) has a globally asymptot-
ically stable steady state 6, € Int X .
(T5): (Dissipativity) There exists ¢y > 0 such that for all trajectories (u,v),

€0 < limsup [|(u, v)[| < 1/€.
t—00
Theorem 5.2. Suppose (T1), (T2'), (T3) - (T5) hold. If (5.1) holds, then there exists § > 0

such that if g — 6 < a < B < ap+ 9, then (0,03) is globally asymptotically stable among all
initial conditions (ug,ve) € X4 X Xy such that ug # 0 and vy # 0.

Remark 5.1. By the same proof, the symmetric conclusion holds when %(040, ap) < 0; i.e.
when g — 0 < a < B < ag + 6, then phenotype u with lower trait o has the advantage.

To establish Theorems 5.1 and 5.2, we need some preliminary lemmas.

Lemma 5.1. Suppose (T1), (T3) hold and that g—g(ao,ao) # 0. Then there exists § > 0
such that if o, 8 € (ap — 0,00 + 0) and o # B, then (2.2) has no positive steady states in
Vor,.

Proof. Suppose to the contrary that for some sequences ay # fj converging to ag, (2.2) has

positive steady states (uy,vy) in VT, such that (ug,vr) — (S00ay, (1 — S0)fa,) for some
sp € [0,1]. Then by (C2)
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Subtracting and dividing by [ — ag, we have
0= |ABr, Glaw)ur + G(Br)vr) — Aaw, Glaw)ur + G(Br)ow) | /(B — )

oA

= %(% Glag)ur + G(Br)vx)
for some 7, between B and «y. By continuity, we may let k& — oo to conclude that
) O
%(Oéo, Oé(]) = %<Oéo, G(Oég)eao) =0.
This is in contradiction to (5.1). O

Remark 5.2. (T3) is needed in Lemma 5.1 only to ensure the validity of (C2).

By considering the restriction of the semiflow ®f, 5 on the one-dimensional invariant man-
ifold I'* (guaranteed by Theorem 4.1), the non-existence of steady states implies that one
of the endpoints of I'* attracts all trajectories in I'*. We omit the proof of the following
statement.

Lemma 5.2. Let I'* be a one-dimensional invariant manifold of the semiflow CDflﬁ connecting
(04,0) and (0,0p). Suppose (2.2) has no positive steady states on I'*.

o [f Mo, ) >0, then (0,05) is globally asymptotically stable on T\ {(0,,0)};

o If \(5,a) >0, then (0,,0) is globally asymptotically stable on I'*\ {(0,03)}.

Since the set I'* is a local attractor, the steady state (0, 3) actually attracts all trajectories
in V°T,, if A(a, 8) > 0, and analogously for (6,,0) if A\(3,a) > 0.

Lemma 5.3. Suppose (T1), (T2'), (T3) hold, so that there is a one-dimensional invariant
manifold T* of the semiflow ®, 5 connecting (0n,0) and (0,03), which is an attractor in
V°T,. Suppose (2.2) has no positive steady states on I'*.

o If Mo, B) >0, then (0,05) is globally asymptotically stable on VT, \ {(64,0)};

o If A(B3,a) >0, then (0,,0) is globally asymptotically stable on V°T', \ {(0,605)}.

Proof. Assume A(«,8) > 0. Since I'* C V°T, and (0,65) attracts all trajectories in T'* \
{(64,0)}, it suffices to show that no trajectories starting in Int V°I', converge to (fq,0).
Suppose to the contrary that there is (ug, vo) € V°T'oNInt (X4 x X ;) such that @, ;(ug, vo) —
(0a,0) as t — oco. Let ¢ € Int X | be the eigenfunction corresponding to A(«, 5). Then there
exists ¢g > 0 and ¢y > 0 such that

A(B)do + F(B,G(a)u+ G(B)v)do = €0ty for all t = to.

Let do = sup{d > 0: ¢y < v(to)}. By (T3), we may deduce by method of upper and lower
solutions that

v(t) > Soe®t0) g0 for all t > to.
But this implies that v /4 0, which is a contradiction to (u,v) — (6,,0). O
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Proof of Theorem 5.1. Choose ¢; > 0 by Lemma 5.1 so that for all o, 8 € (g — 91, 9 + 1)
with a # 3, (2.2) does not have any steady states in VT',. Let d, € (0,8;) be chosen
small so that for all «, 5 € (g — 02, g + 02), Theorem 4.1 guarantees the existence of a one-
dimensional invariant manifold I'* C V%I, connecting (6,,0) and (0, 65), which attracts all
trajectories starting in V°2I',. Let ag — 0y < a < 8 < ag + d2. Then A(a, ) > 0, so that by
Lemma 5.3, (0,63) is globally asymptotically stable in VT,. O

Proof of Theorem 5.2. In view of Theorem 5.1, it is enough to show that given § > 0, pro-
vided g is sufficiently close to «, then for all (ug,vo) # (0,0), there exists 7' > 0 such that
CI)T(UO,’U()) € V5Fa.

First, we observe that by (T5), there exists ¢g > 0 such that for each a, € S, ¢ <
llm sup ||<I>t(uo7 v)|| < 1/€o. By the variation of constants formula, one may deduce that for

each w € (0,1), there exists some C" = C’(¢) (independent of a and S close to ag) such that
im sup 94, )] < "

We now define
K = {(uo, v0) € Xy x Xy ¢ ||(uo, vo)[lu < C"  and  [|[(uo, vo)|| = €0}

It is easy to see that K, being bounded in X* x X* for some u € (0, 1), is compact in X x X.
Also, (0,0) ¢ K by definition.

Claim 9. Let 8 = a. For each 6, > 0, there exists Ty > 0 such that ®T'(K) C V°'T,,.

We now prove Claim 9. Let 8 = « and (u,v) = ®*(ug, vg) for some (ug,v9) # (0,0). By
setting a = f in the proof of Theorem 3.1, we see that u + v satisfies (2.1) and deduce that
u+v — 0, and then dist((u,v),I'y) — 0. That is, for each (ug,vg) # (0,0) there exists
to > 0 such that ®%(ugy,vy) € VAaT,. Claim 9 thus follows from compactness of K and
continuous dependence of initial data.

Claim 10. There exists 83 > 0 such that if B € (o — 6y, + &), then ®TH(K) C VT,
where T 1s given in Claim 9.

Claim 10 follows from continuous dependence of the semiflow ® on « and f.
Finally, fix 5 € (a«—d2, a+02) and let (ug, v9) # (0,0) be given. By (T5), and the discussion
at the beginning of the proof, limsup ||®*(ug,vo)||, < C'. Since also limsup || (ug, vo)|| >
t—o0 t—o0

€0, we deduce that there exists 7o > 0 such that ®2(ug,v9) € K. Then by Claim 10,
QT+ (g, 19) € VOiT,. This completes the proof. O

6. NEIGHBORHOOD INVADER STRATEGY

A strategy & € S is a local Evolutionarily Stable Strategy [38] if there is § > 0 such that
AMa,B) < 0 forall B € (&—0,&+0)\ {a}. A closely related concept is that of a local
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Convergence Stable Strategy, which refers to those & € S such that for some § > 0

(6.1) 8—(04,&) =< 0 if a = a,
p <0 ifac(@atd)

A strategy & is a Continuously Stable Strategy [18, 19] if it is both a local Evolutionarily
Stable Strategy, and a local Convergence Stable Strategy. We introduce a sufficient condition
for & € S to be continuously stable:

(CSS): (4,4) =0, $2(4,4)<0 and 353(d,4)> 0.

It is elementary to see that g—g(éz, &) = 0 together with giﬁé(@, &) < 0 implies evolutionary

stability. As illustrated in the following lemma, if two traits a and [ are both greater, or
both less than &, the trait closer to & has the advantage.

Lemma 6.1. Suppose (CSS) holds, then there exists 6 > 0 such that
8)\( )_{>O if v € (& — 6, 4),

93\ Y T U <0 ifae(aa+d).
Proof.
o [0\ ’°N, 1020 N
& [%(tvt)] —a - a_ﬁz(ava) aaaﬁ(ava)
Since A(t,t) = 0 for all ¢ > 0, we have
9\ 9’ 9\
(6.2) W(t’t) + QW(M) + 8_52<t’t) =0.
It follows that
o [0\ PN, 1[0°N, . . 82)\AA7182)\AA ’N
En [%(tﬂf)] - 8—52(04706) ~3 {w(%@) 8—62(04706)] =5 [8_@(&’&) - W(Q,Oé) <0
O

In fact, if we assume (CSS), then there exists 6 > 0 such that

>0 ta<pf<a<a+d o a-d<a<p<a,
(6.3) )‘(a’ﬂ)_{<0 fa<a<f<a+d or a—d0<p<a<a.

i.e. the phenotype closer to & always invades the phenotype further away from &, while the
reverse invasion always fails, hence the name local convergence stable strategy. Suppose the
strategy & satisfies (CSS). Then the following result determines the global dynamics of (2.2)
completely, whenever (i) both of them are larger than or equal to &, or (ii) both of them are
less than or equal to a.

Theorem 6.1. Suppose (T1) - (T3) and (CSS) hold. Then there exists § > 0 such that if
Ha<f<a<a+dor (i) a—d < a<pf <a, then all solutions to (2.2) initiating in
VT, converge to (0,05), i.e. w(V°T,) = {(0,05)}.
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Theorem 6.2. Suppose (T1) - (T5) and (CSS) hold, then there exists § > 0 such that if
)a<pf<a<a+dor(i)a—9d<a<f<a, then (0,0z) is globally asymptotically
stable.

iR a<a<p

axf<u

a<f<a

B<a<a

a o

FIGURE 4. Illustration of the range of parameters («, §) where Theorems 6.1
and 6.2 apply.

We have the following technical lemma.
Lemma 6.2. Fiza € S. If ay, B — &, ag. # P, and
(6.4) (ug, i) = (8084, (1 — s50)bs)  for some sy € [0, 1],

holds, then denoting €, = Br — oy, we have

1
— (up +vg — 04,) = (1 —50) {%94 as k — oo,

€k

Proof. Choose Ay > 0 large such that the resolvent R(\g, A()) exists for all @ in a neigh-
borhood of &. For simplicity we suppress the subscript &, and write

U = Ug, U = Vg, o = O, ﬁ = Bka Ra = R<)‘07 Qk)a RB = R()\Oaﬁk>

and

~

=0, 60=0s R=Ry,a).
Now, u and v satisfy
u= Ry ou+ F(a,G(a)u+ G(B)v)u], and v = Rg[Av+ F(8,G(a)u+ G(B)v)v].
Let w = u + v, and rewrite the preceding as
(6.5) u = Rao[Xou + F(a, G(a)w)u] + Ro[F(a, G(a)u + G(B)v)u — F(a, G(a)w)u]

and

v="Ro[Aov+ Fla, G(a)w)v] + Ro[F (o, G(a)u + G(B)v)v — F(a, G(a)w)v]
(6.6) +RL[F(8,G(a)u+ G(B)v)v — (a G(a)u + G(B)v)v]
+(Rg — Ra)[Mov + F(8, G(a)u + G(5)v)v].
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Recall that 0 = 0,, satisfies

(6.7) 0 = Ro[Mof + F(o, G(a)w)] — Ro[F(a, G(a)w)d — F(a, G(a)0)0).
Let z=u4+v—60=w—0and e = 8 — «, then z — 0 and satisfies

(6.8) z=1+1I+1I14+1V+V.

Here

(6.9) I = Ro[Xoz + Fla, Glo)w)z] = R[Moz + F(&, G(a)0)z] + Ty 2,
and

A

(6.10) II = Ry [F (o, G(a)w)l — F(a, G()0)0] = R [Fw(ol, G(&)0)[G(a)2]0| +Taz+o(] 2]|)
where ||T}]], ||72]| = 0 in operator norm,

Il = R,[F(o, G(a)u+ G(B)v)w — F(a, G(a)w)w)
1

(6.11) = e{R [Fw(d, G(&)0)[G"(a)(1 — SO)é} 0+ o(1),
IV =Ry [F(B,G(a)u+ G(B)v)v — F(a, G(a)u + G(B)v)v]
(6.12) . {R[Fa(@, G(&)0)(1 — s0)d] + o(l)} ,
and
619 V= (Rs— Ra)[Aov + F(8, Gla)u+ G(B)v)v]

= e{ & Ra|,_y Po(1 = 50)0 + F(@, G(@)0)(1 — 50)d] + o(1)}
From the equations (6.8) to (6.13) we deduce that

(6.14) Tz—Tiz—"Tez+o(]|]]) = €[(1 — s0)K + o(1)]

where

Tz = 2= R Doz + F(a, G(@)0)z + Fu(@, G(@)0)[G(a)210)

and

K = R [Fy(6.G(@)0)0 + Fy(6, G@)C'(@))0] + a%

By the spectral assumption in (T1), T': X — X is an invertible linear operator. Since
|7;]| = 0 in operator norm, 7" — T} — T5 is also invertible (provided a = «y, is sufficiently
close to &). Since € — 0 and z — 0, we may apply the Implicit Function Theorem to (6.14)
to deduce that

(6.15) llz|l = O(e).

Dividing (6.14) by €, and using (6.15) and the fact that ||T;|| — 0, we see that Z = z/e
satisfies (I'— 11 — Ty)2 = K + o(1). Since ||T;|| — 0, this implies

lim? = (1 — so) T 'K.

Rq

[/\09 + F(a, G(a)é] .

a=aq&
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Now, differentiating (6.7), we can show that g = [%QOJ g Satisfies

b = [%Ra} [Mof + F (6, G(a)8)d]

+R [Aoé' + F(&, G(4)0)0 + Fo(a, G(a)0)0 + F(é, G(4)0) |G (6)0 + G(d)é’]é] :

which is equivalent to 76’ = K. Hence lim Z = (1 — so)T K = (1 — s0)#’. This proves the
lemma. U

The key to the proofs of Theorems 6.1 and 6.2 lies in the following result.

Proposition 6.3. Suppose (T1) - (T3), and (CSS) hold. There exist some 6 > 0 such that
whenever B, a € (&—6,a] or B,a € [&,&+0), then (2.2) has a positive steady state in V°Tq
if and only if a = .

Proof. Suppose to the contrary that the conclusion of the proposition is false and there exists
a sequence [, ap — &, such that either

(I) a < ay < B, or
(II) ﬂk <o < 657

and there are positive steady states (uy, vx) of (2.2) corresponding to (o, 5y ) satistying (6.4).
By the equations satisfied by uy, vy respectively, with €, = (i — o, we get

0= S\(Oék + e, G(ag)ug + G(Br)vk) — 5‘<O‘k= Glag)ug + G(Br)vx)
- 2 927
g—g(ak, Glon)ux + G(Br)or) + %g—ﬁi

for some 7y between oy, and ay+¢€;. Next, we deduce from (6.1) that e aﬁ(o‘k’ G(ag)ba,) <0,
so that

(Y, G )ur, + G(Br)v)

:Gk

0 < [gﬁ (ak, (ak)uk -+ G(ﬁk)vk) — g—g(ak, G(Oék)eak)] + —= 9 [gﬁ2( G(d)@a) + 0(1)
Hence, by Taylor’s expansion again,
0< Gk{aig\ﬁ(ak, G(ak)gak) [G(Oék)(uk + vk — Gak) + (G(ﬂk) - G(ak))vk]
o (G 0w (e + vk — o) + (G(56) — Glow)yuull) } + g—;«,am +o(1)

awaﬁ €k 5]@ — O

) + %g—ﬁz\(d, G(a)fs) + 0(1)}'

={ T2 s Glan)lay) | Glag) 2= o, GO = Gl )”’f}

o ([Joten = e GO0~ Glow),,

€k €k
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Now, apply Lemma 6.2 and the identities

{ s (0:8) = 4 |53 (8, Gle)0a)| = 0y (8. Gl0)6a) (G (0)6 + Gla) ).
2(8,G(a)fa) = (., 8) and  T3(8,G(a)b) = Z2(a, B),

and continue the above calculation to get

102\
2082

0< ei{ o\ (&, G(&)b4) {G(d)(l — so)%9a|a:d +G'(a)(1 - 30)6?@] + (&, G(a)bs) + o(l)}

Hwdp

) 192\
=X (1 — sp) 57— (a4, a v, 4 1)p.
Ek{( 80)80435(& a)+2aﬁ2(a Oé>+0( )}
Recalling the identity (6.2), we have

L—so (O*N,. . O\, 1O°\, . .
Ogei{ . 0 <8a2(a a)+8_52(a’a)) +§a—52(a,a)—|—0(1)}

The last line is always negative, by our assumption (CSS). This is a contradiction and proves
Proposition 6.3. 0

Finally, Theorems 6.1 and 6.2 follow by repeating the proofs of Theorems 5.1 and 5.2, using
the local stability criterion (6.3) and the non-existence of positive steady states (Proposition

6.3).
7. APPLICATION 1: TUBE THEOREM

In this section, we consider a reaction-diffusion-advection model. In the case of a single
species, the model supports more than one stable steady state. Let €2 be a smooth bounded
domain in RY. Consider

i =V - (dVu —auVm) + g(xz,u+0)u  in Q x (0,00),
(7.1) v =V - (dVo — 6va) +g(z,u+0)v  in Qx (0,00),
dg—z — aﬂa—m ﬁvam =0 on 99 x (0, 00),

where g(x, s) is a smooth function satlsfylng

| (m(z) = s) for s > ming m,
g(w,s) = ﬁ(m(z) —s) for s < (a-+ mingm)/2,
a € (0,ming m) is a positive constant, m(z) is a smooth positive function such that

a _
armaxem

ming m

The main result in this section is the following extension of a result in [7], which indicates
the selection of advective movement. We will prove the result by applying Theorems 3.1 and

5.1.
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Theorem 7.1. Suppose 2 is convex. There exists & > 0 such that for all0 < a < f < 4,
every trajectory of (7.1) starting in V°T, converges to (0,05) ast — oc.

To apply the abstract results proved in the previous sections, we transform the equation
by u = e®/4g and v = ?™/45, so that

uy = dAu + aVm - Vu + g(z, e/ %y + e P/ )y in Q x (0, 00),

(7.2) v, = dAv + BVm - Vo + g(z, e ™y 4+ e /)y in Q x (0, 00),
Gu—Gu—0 on 99 x (0, 00).

Let A(a) = dA + aVm - V subject to a homogeneous Neumann boundary condition. Then
by [36, p. 107], A(«) is sectorial, with compact, strongly positive resolvent, and generates
a semigroup in C(£2). This verifies (T3). As a result, (7.2) generates an analytic semiflow
in X, x X, ={(u,v) € C(Q) x C(Q) : v/,v" > 0}. In particular, the Neumann boundary
condition is satisfied by the solution for all ¢ > 0. We shall check that (T1) and (T2') are
also satisfied by the reaction-diffusion-advection system (7.2).

To verify (T1), we first observe some facts about the steady states of the single species

case, which are given by the positive solutions of

(73) { dAO + aVm - VO + g(z,e *™0)) =0 in Q,

%:O on 0f).

The following result says that for sufficiently small «, (7.3) has at least two stable solutions.
(This is a version of what ecologists call an Allee effect.)

Lemma 7.1. 0 = 0 is a linearly stable solution to (7.3). In addition, there exists oy > 0
such that for all a € [0,a4), (7.3) has a linearly stable positive solution 0.

Proof. 1t is easy to see that # = 0 is a solution to (7.3), the linear stability of which is
determined by the principal eigenvalue p; of

dAp +aVm Vo + g(z,0)p = up in Q,
90— on 0f),

which can be written as
AV - [N ] + g(z,0)e*™ o = pe™/ .
By variational characterization,
am/d —d|V 2 + 0)p?
e x,
— nax {f [—d] sol/d 29( )sa]}<0‘
peH (Q)\{0} [ eamldg
—am(z)

T 0. This proves that # = 0 is linearly stable.
Next, we show the existence of another stable solution 6,. Let 8, be the unique positive
solution of (see [5])

where we used the fact that g(z,0) =

(7.4) { dAO + aVm -V + (m — e *™49)) =0 in Q,

%:0 on 0f).
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By the maximum principle, one can deduce that when o« = 0, ming m < 6y, < maxgm. By
continuity, there exists a; > 0 such that for all a € [0, ay),

(7.5) minm < e *™/4), < maxm in Q.
Q )

Hence g(x, e *™/40) = m — e=*™/49 and 6, is also a positive solution of (7.3) for all a €
[0, 7). By (7.4), 0 is the principal eigenvalue of

(7.6) dAp +aVm-Vo + (m —e %) p = pp  in Q,
' g—ﬁ =0 on 092.
Hence appealing again to a variational characterization,
am/d dIV 2 4 6. — 2
e o —m
peH\{0} J; o €4

Finally, by (7.5), the linear stability of 6, is determined by the principal eigenvalue of

V- (dVe —apVm)+ (m—260,)p = pp in
dg—i — och%—’g =0 on 0f).

Let (1 be a principal eigenfunction corresponding to the eigenvalue p = ;. Multiply (7.8)

(7.8)

by e®™/4p, and integrate by parts. We have
Jo ™ dIVer P + (200 — m)gi]
= — <0 by (7.7).
241 fQ eo‘m/d(p% Y ( )
i.e., 0, is a linearly stable steady state of (7.3) for all small a. O

For (T2'), we simply observe that A(8) — A(a) = (8 —a)Vm-V does not have any second
derivative terms. Hence for each v € (1/2,1), ||[A(5) — A(a)]A(a) || < C|B8 — «af as an
operator from X — X.

In order to apply Theorem 5.1, we need to determine the sign of g—g((), 0), where A = A(«, )
is the principal eigenvalue of

{ dAp 4+ BVm - Vo + g(x,e ™% )p = Ap  in Q,

(7.9) %2 — () on 0f).

Lemma 7.2. Suppose Q is convex. Then 2—2(0, 0) > 0.

Proof. By (7.5), for a € [0, 1) (o given by Lemma 7.1) (7.9) becomes

{ dAp + BVm - Vo + (m — e ™49, )p = A\p  in Q,

g—i:O on 0f).

(7.10)

Now normalize the principal eigenfunction ¢; by [, ¢ = [, 02, so that 3 = « implies
p1 = 0,. Differentiating (7.10) in 3, and setting 5 = «, we have A = 0 and (denoting
o) = %gpl and \ = %)

{ dAY, + aVm -V, + (m — e *™/9,)p, = N0, — Vm -V0, inQ,

%—ﬁ = on 09, and [, 0.¢) =0.
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Next, multiply by e®”/%g, and integrate by parts. The left-hand side vanishes and the
boundary terms cancel. Hence, we have

0= )\'/ eam/dﬁi — / ™9 Nm - V8,
Q Q

This means

A am/dg m - V0,
O (a,0) = o eV
op o, eam/402
When a = 0, we have
——(0,0) = = > 0,
o5 "V =""
where the inequality follows from [6, Lemma 3.3]. O

Finally, a direct application of Theorem 5.1 yields Theorem 7.1.

8. APPLICATION 2: NEIGHBORHOOD INVADER STRATEGY

The following model, which studies the evolution of a directed dispersal trait, was intro-
duced in [9].
U =V - (dVi—auaVm)+ (m—a—0o)a in Q x (0,00),
(8.1) 0 =V (dV0 — BoVm) +(m—a—10)0  in Q2 x (0,00),
dot — aud® = 4%t — Brdm =0 on 02 x (0, 00).
In this model, v and v represent the population densities of two phenotypes of the same

species that differ only by their directed dispersal rates, a and §. Again, if we transform
(8.1) by u = e~ ™43 and v = e~#™/43, then we obtain

uy = dAu 4+ aVm - Vu + (m — ey — 5™/9)u in Q x (0, 00),

(8.2) vy = dAv + BVm - Vo + (m — ™y — f™dy)y  in Q x (0,00),
%:g_:;:o on 02 x (0, 00).

It is straightforward to check that (T1), (T2'), (T3) - (T5) hold. (See [5, 6] for details.)
System (8.1) has two semi-trivial steady states (f,,0) and (0, 63), where 0, is the unique
positive steady state of (7.4).

By the proof in [24, Theorem 3.2], we have:

Theorem 8.1. Suppose Q2 = (0,1) and m, m, > 0 in [0,1]. Then

22 [ >0 ifae]0,d/maxgm),
%(Oz,a) N { <0 if o € (d/ ming 77?&, 00).

Hence by Theorem 5.2, any strategy a ¢ [d/ maxg m, d/ ming m| can be invaded by strate-
gies closer to the set [d/ maxgm,d/ mingm]. This suggests that if one is to look for evo-
lutionarily singular strategies (i.e. values of a where A\g(o, ) = 0) in (8.1) (a necessary
condition for ESS), one should focus on « € [d/ maxgm, d/ ming m].

Next, let 2 be a smooth and bounded domain in RY. The following theorem gives a suffi-
cient condition for the existence of a unique evolutionarily singular strategy in [d/ maxg m, d/ ming|.
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Theorem 8.2 ([31, Theorem 2.2]). Suppose % < 3+2v/2. Forall A > 1/ ming m, there
exists dy > 0 such that for alld € (0, dy), there exists a unique & = &(d) € [d/ maxgm, d/ ming m|
such that

>0 ifael0,a),
?(a,a): =0 ifa=q,
Z <0 ifae(adh).

Theorem 8.2 gives a sufficient condition for & to be an evolutionarily singular strategy in
(8.1). By refining the assumptions on {2 and m it is possible to show that & is actually a
continuously stable strategy, i.e. & satisfies (CSS), as in the following result.

Theorem 8.3. Suppose § is convexr with diameter D and D||VInm| - < Bo, where
Bo = 0.814 is the unique positive root of the function t — 4t + e ' +2Int — 1 — 2Inw. Then
for all d sufficiently small,
oN, . . PN, 9’
%(a,a)zo 3B2(a ,a) <0 and 8042(

Here & is given in Theorem 8.2.

G, &) > 0.

Proof. The first two inequalities follow from the proof of [31, Theorems 2.5]. The third
inequality can be proved by following the arguments in [32, Section 6] for a related model. [J

We may now apply Theorem 6.2 to obtain the following result, which says that & is a
neighborhood invader strategy.

Theorem 8.4. Under the assumptions in Theorem 8.3, there exists 0 > 0 such that if
a—d<f<a<aora<a<f <a+yd, then (0,,0) is globally asymptotically stable.

9. PROBLEMS INVOLVING NONLOCAL OPERATORS

In this section, we show that our results can be applied to problems involving nonlocal
operators, even though they do not satisfy the compactness assumption (T3).

9.1. Modeling. Let €2 be a bounded domain in R". The following class of models has been
considered in [8, 27]:

= Jolk(z,y; a)uly,t) — k(y, z; 0)u(z, )] dy + g(z, u +v)u  in Qx (0,00),
(9.1) = Jolk(z,y; B)v(y, t) — k(y, z; B)v(x,t)] dy + g(z,u +v)v  in Q x (0,00),
(ZE 0) = uo( )>0 and v(z,0) =vo(x) >0 in Q,
where k(z,y; a), g(x,w) are smooth functions, and k(z,y;a) > 0 forall 7,y € Qand a € S.

Definition 3. (i) For each a € S, let A(a) be the linear operator defined by A(a)[¢] =
Jo @,y 0)0(y) dy — [o k(y, v 0)é(x) dy.
(ii) For each f € S and w € C(Q) let AN(B,w) be the spectral point of the operator

¢ = A(B)[¢] + g(z,w)¢. (See Appendiz.)
Then A(c) can be expressed as L in (A.1) in the Appendiz with h = — [, k(y, z; ) dy.
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In this section, we assume
(N1): gy(z,w) <0 for all z € Q and w > 0; and supq, g(z, M) < 0 for some M > 0.
(N2): Ma, g(-,0)) >0 for all a € S.
Condition (N1) gives an apriori L* bound for solutions to (9.1), while (N2) implies the
persistence in a single species model. Together, (N1) and (N2) give a sufficient condition for
the existence of a globally asymptotically stable steady state 6, for each a € S.

Theorem 9.1 ([4, 12, 30, 41, 42]). Assume (N1) and (N2). For each o € S, the equation
0, = A(a)[0] + g(x,0)0  in Q x (0,00),
0(x,0) = by(x)
has a unique positive equilibrium 6,. Moreover, 0, is globally asymptotically stable among
all non-negative, non-trivial solutions.

(9.2)

Theorem 9.1 implies the following result concerning the competition system (9.1).

Proposition 9.2. (6,,0) and (0,05) are the global attractors in (X1 \ {0}) x {0} and {0} x
(X4 \ {0}) respectively.

Define the partial orders <x and <y of C(€2) x C(Q2) by
(ur,v1) <g (ug,v2) <  up < wup and vy > vy in
and _
(ug,v1) €k (ug,v2) & wuy < ug and vy > vy in L
Then (9.1) is strongly positive with respect to the partial order <y in the sense that if (u;, v;)
(i = 1,2) are solutions to (9.1), then (see [27]) for (uhvl)‘t:o Z (ug, vg){tzo € Int (X, x X ),
(w1, v1) |,y <K (ug,vg)|t:0 & (ur,v1) Lg (ug,v9) for all £ > 0.

Proposition 9.3. There exists an open set U in S x C(Q) that contains {(a,6,) : a € S},
such that for all (8,w) € U, A(B,w) is a simple eigenvalue offl(ﬂ) + g(z,w) with a positive
eigenfunction. In particular, A\(5,w) is a smooth function in U.

Proof. First, we observe that for all € S, A(a,8,) = 0 is an eigenvalue of A(a) + g(z,60,)
with positive eigenfunction 6,. It follows from Theorem A.2 in the Appendix that

93) up [gu,ea(x)) - [ kg mia)ay

e

< Ma,0,) forallaeS.

By continuity of A (Lemma A.4), the continuity of ¢ in z,w, and the continuity of k in z, y,
we deduce that

<A}
xeQ)
is an open set in S x X that contains {(a,0,) : @ € S}. It follows then from Theorem A.2
and Proposition A.3 that A\(5,w) is a simple eigenvalue of A(8) + g(x,w) for all (8,w) € U.
O

The smooth dependence of X on 5, w follows from the Implicit Function Theorem.

. {(@w) - sup {g(aaw)— | )
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Corollary 9.1. There exists an open set U in S x S containing {(o, ) : o € S}, such
that for all (o, B) € U, Ma, B) is a simple eigenvalue of A(B) + g(z,0,) with a positive
eigenfunction. In particular, A(«, ) is a smooth function in U.

9.2. Tube Theorem. By Remark 3.2, Theorem 3.1 is applicable to (9.1), which yields the
following result.

Theorem 9.4. For each @ € S, and each ¢ > 0, there exists 6 > 0 such that if § €
(a —68,a+6) and (ug,v) € VT, then (u,v) € V', for allt > 0.

Proof. In view of Theorem 3.1 and Remark 3.2, it is enough to verify conditions (T1), (T2)
and (T3'). Let a € S be given. First, the existence of 6, is guaranteed by Theorem 9.1. By
Corollary 9.1, 0 is a principal eigenvalue of A(a) + g(x,6,). Hence (T3') is a consequence
of Proposition A.3. By comparison (Lemma A.4), we deduce that the spectral point A, of
A(a) +g(x,04) + gu(x,0) is strictly negative, as g, < 0. Hence (T1) is also verified. Finally,
(T2) is a consequence of continuity of k.

U

9.3. Invasion Implies Fixation. We first prove a regularity result for positive steady states
of (9.1). We say that (u,v) is a positive steady state of (9.1) if (u,v) is a solution of (9.1)
that is independent of ¢, and if both u and v are non-negative and not identically zero. (See
also [4] for related results for a single species model.)

Proposition 9.5. Let (u,v) € L>(2) x L>(Q) be a positive (measurable) steady state of

(9.1). Then (u,v) € C(2) x C(§2). Moreover, 0 <u <6, and 0 < v < 03 in (.

Proof. Suppose (u,v) is a bounded, measurable, and positive steady state of (9.1). By (N1),
for all M > 1,

(9.4) Ala)MO,, + g(x, MO,)MO, <0, and A(B)M6bs+ g(x, MOs)M6bs < 0.

Claim 11. u < 0, and v < 0z a.e. in Q. In particular, the set of all positive steady states
is uniformly bounded in L>(€2) x L>(9Q).

Let My = inf{M > 1:u < M6, a.e. in Q}. Suppose to the contrary that M; > 1, then
w = M0, —u > 0a.e. in 2, and essinfow = 0. By (9.4) and the fact that g, < 0, w
satisfies

—/Q/f(%y;a)w(y) dy > — VQ k(y, z; a) dy} w(z) + g(x, My0a)Mi0o — g(x, u+ v)u

> [ /Q Ky, 2 0) dy] w(z) + 9o, My03)Myba — g(z, u)u = Buw

for some ® € L. Here both inequalities are strict on a set of positive measure. If w is
non-negative and not identically zero, then since the left-hand side is continuous and has
strictly negative essential supremum in €2, the same is true for the right-hand side. By non-
negativity of w, we deduce that esssup,® < 0 and essinfqw > 0. This contradicts our choice
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of M;. Hence w =0, i.e. u = M;0,. But then by (N1),
0 < A(@)u+ g(z, w)u = A(Q)Mi0s + g(z, M10a)M10o < M [A(a)ba + g(2,04)0) = 0.

We again obtain a contradiction, as the last inequality is strict on a set of positive measure.
Thus M; =1 and u < 0,. Similarly, v < 6. This completes the proof of Claim 11.
Now, [, k(y,x;a)dy — g(x,u+v) and u are both L> bounded in 2, and

(95) ([ Koy = gtecut 0) uw) = [ heagutnay

where the right-hand side and thus the left-hand side is a strictly positive continuous function
in €2 (since u > 0 on a set of positive measure implies the right-hand side is positive on ).
It follows that

(9.6) essinfou >0 and essinfg </ k(y, z;a) dy — g(z,u + v)) > 0.
Q

By repeating the argument for

(9.7 ( | Hzi0) dy—g(x,um) vla) = [ ke, B)otu) dy

we similarly deduce that

(9.8) essinfov >0 and  essinfq (/ k(y,x; 8)dy — g(z,u + v)) > 0.
Q

Now, suppose to the contrary that u or v is not continuous. By symmetry, we may assume
without loss of generality that u is not continuous at some xy € Q. Hence, there exist two
sequences {z,} and {y,} converging to o, such that, after passing to subsequences, (by
(9.6) and Claim 11)

(9.9) 0 < lim u(z,) < lim u(y,) < +oo.

n—oo n—oo
By (9.8) and boundedness of v, we may pass into further subsequences and deduce that
lim,, 00 v(x,,) and lim, o v(y,) exist and are positive. Since the right-hand side and thus
the left-hand side of (9.5) is continuous in x, this together with (9.9) implies
lim (/ k(y,z;a)dy — g(x,u+v)) > lim (/ k(y, z; o) dy — g(x,u +v))
Q Q

n—oo n—oo

T=Tn T=Yn
Since [, k(y,z; o) dy € C(2), we have
(9.10) lim g(z,u+0)|,_, < lim g(z,u+v)],_,
n—00 n n—00 n
This in turn implies, by [,, k(y, z; 8) dy € C(Q), that
fim ([ bl 8)dy = g0 >l ([ KBy - glouto)|
n—00 Q R n—00 Q .

which, in view of (9.7), implies that

(9.11) 0 < lim v(z,) < lim v(y,) < +oo.
n—oo

n—oo
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However, the assumption g, < 0, (9.9) and (9.11) together imply that

lim g(z,u+v)|,_, > lm g(z,ut+0)l,_,
n—oo n n—oo i

which is in contradiction with (9.10). This completes the proof. O
Here is the main result of this subsection.

Theorem 9.6. If g—g(&o,ao) > 0 (resp. < 0), then there exists 6 > 0 such that if ag — 9§ <
a < f <ag+d, then (0,03) (resp. (64,0)) is globally asymptotically stable.

We prepare for the proof of Theorem 9.6 with two lemmas. Fix oy € §. By Proposition
9.3, we have that the spectral point A(S,w) of A(8) + g(x,w) is a smooth function in (3, w)
is some neighborhood of (ayg, 8,,), and that (C1) and (C2) hold.

Lemma 9.2. Suppose for each j, (9.1) has a positive steady state (u;,vj) corresponding to
a=qa; and B = ;. If o, B; — g, then dist((u;,v;),[a,) — 0.

Proof. We first prove that w; = u; +v; — 04, as j — 0o. From here on we denote 0; = 0,,
for simplicity. Let € > 0 be given. It suffices to show that (1 —€)0; < w; < (1+€)§; in Q for
all j sufficiently large.

First, (u;,v;) satisfies

(9.12) Alaj)u; + g(z,wj)u; =0  and A(B;)v; + g(x,w;)v; = 0.

We observe that u,v, being non-negative and non-trivial, must be strictly positive. For,
suppose u(zg) = 0 for some xg, then at x,

Afas g ao) + o, ws(0)us(o0) = [ koo i @)us (o) dy >

Q

which is a contradiction. Similarly, v > 0 in Q. Adding the two equations in (9.12), we
deduce that w; satisfies

(9.13) Alaj)wj + gz, wi)w; = fj,

where f; ;== A(a;)v; — A(B;)v; = 0 in C(£2) as j — oo.
Given 0 < € < 1, we have

Afay)[(1 £ €)0;] + g(a, (1 £ €)0;)[(1 + €)8;] = [g(x, (1 + €)8;) — gz, 0;)][(1 + €)6;].

Using the fact that 0, — 0,, as j — oo, we deduce that for each given e, there exists a
positive constant a; > 0 and integer jo such that for all 7 > jg and all x € €,

Afag)(1+ )0, + gl (14 0,)(1 + )6, < —an
(9.14) { Ala)(1— )6, +f,(x, (1—)6,)(1 —)f; > ar.

Now we fix j > jo sufficiently large so that || f;|| < a1, then z = (1 + €)0; — w; satisfies

(9.15) Alaj)z + [g(z,w)) + w(z,w))]z < —ag — f; <0 in Q,
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where (using ¢, < 0)
g(z, (1 +€)b;) — g(z, w;)

) = 1 0; .
w(x,w;) 1+ )b —w, (1+¢€)0; <0
By (9.12), we also have
(9.16) uj >0 and Aoy, + [g(z, w;) + w(z, w;)|u; = w(z, w;)u; < 0 in Q.

We claim that z > 0. Suppose to the contrary that z < 0 somewhere, then by applying
Lemma A.1 to (9.15) and (9.16), we deduce that z = —pu; for some § > 0. But this
is impossible since both the inequalities of (9.15) and (9.16) are strict. Hence z > 0, i.e.
Similarly, set Z = w; — (1 — €)6;, then

(9.17) Alaj)z + [g(z,w;) + &z, w))]z < —ay + f; <0 in

where (using ¢, < 0)

g(x7 wj) - g(l", (1 — 6)93)(

— (1 —€)b;

Oz, w;) =

1 —E)Qj < 0.

We also have
(9.18) u; >0  and  Aqj)uj + [g(z, w;) + &(x, w;)u; = Oz, wj)u; <0 in Q.
It follows by Lemma A.1 applied to (9.17) and (9.18) that Z > 0, i.e. w; > (1 — €)§;. This
shows that w; — 0,, as j — oo.
Now for each j, u; is principal eigenfunction of A(a;) + g(z,w;) such that sup,{||u|[} <
+o00. By writing
fQ xz yaa] u]( )dy
o k(y, 7 a5) dy — gz, w))
and noticing that by the convergence of a; — oy and w; — 84,

(9.20) inf {igf/ k(y, ;3 05) dy — g(z,w;) | >0,
Q

J

we can deduce that u; converges (via compactness given by (9.19) and (9.20)) to the one-
dimensional space spanned by the principal eigenfunction 6,, of L(ag) + g(x,04,). i.e.
dist(u;, span{f,, }) — 0. Since also u; + v; — 6,,, we have dist((u;,v;),a,) — 0. O

Lemma 9.3. Suppose %(ao,ao) # 0, then for some § > 0, (2.2) has no positive steady
states in {(u,v) € C(Q) x C(Q) :u >0 and v > 0 in Q}, whenever o, 8 € (g — 8, g + )
and o # .

Proof. Suppose to the contrary that there are two converging sequences {«;}, {;} such that
lima; = lim B; = o and also a; # B, for all k, so that (9.1) has a positive steady state. By
Lemma 9.2, we may repeat the arguments in Lemma 5.1 to finish the proof. 0

The following argument is inspired by [27].
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Proof of Theorem 9.6. By Lemma 9.3, we may fix a < f close enough to aq such that (9.1)
has no positive steady states in C(£2). Since %(ao, ag) > 0, we also have A(a, 3) > 0. By

Corollary 9.1, for all 8 close to «, there exists a ¢ € C(Q), ¢ > 0 in Q such that
A(B)D + g(x,6)6 = Ala, B)9.

We claim that there exists €y > 0 such that for all €; € (0, €] and €5 € (0, €,
{ A(@)[(1+ e1)a] + gz, (1+ )0 + 28)(1 + €)00) <0 in €,

A(B)le20] + g(x, (1 + €1)00 + €20)(€20) > 0 in €2,
To this end, we observe that for all €, 5 > 0, it follows by definition of 6, and g,, < 0 that

A(a)0y + g(x, (14 €)00 + €20)0, < A(a)0y + g(,04) = 0.

This proves the first inequality in (9.21). For the second inequality, we compute

A(B)[e20] + g, (1 + €)0a + €20)(€20) = €20[A(, B) + g(x, (1 + €10 + €20) — g, 0,)]

= &20[\(a, B) + O(e + €)] > 0.

Denote the solution of (9.1) with initial condition (ug,vo) = ((1 + €1)0a, €20) by (@, v). We
claim that (@, v) converges to (0,63) as t — oco. First, it follows by monotonicity that for all

0 <ty <ty (see [27]) (W,v)|,_,, <k (U, V)|, , where the competitive order <y (resp. <)
is defined as

(9.21)

u(z,ty) < (vesp. < )u(w,t;) and (x,ty) > (resp. > )v(x,t;) for all x € Q.

Therefore, we deduce that lim, (7, v) = (i, 9) exists in L=(Q2), and that © > 0 in Q. By
passing to the limit in the variation of parameters formula, (@, ) is either a positive steady
state in L>(Q) or (@,9) = (0,0s). By Proposition 9.5, (4,9) € C(Q) x C(Q). Since there
are no positive steady states by our choice of @ and 3, we necessarily have (@, 0) = (0, 03).
ie.
(9.22) lim (@, v) = (0, 6p).

t—ro0
Next, let an arbitrary initial condition (ug, vg) where both components are non-negative, non-
trivial be given. Let (u,v), (@,0) and (0,?) be the solutions to (9.1) with initial conditions
(uo, vo) and (ug, 0) and (0, vg) respectively. By comparison, we have

(0,7) <k (u,v) <k (u,0) forallt>0.

Let € be as given above. By the global asymptotic stability of (6, 0) and (0,65) in {(v/,0) €
C(Q) xC(Q) : v >0and v # 0} and {(0,v') € C(Q) x C(Q) : v > 0 and v/ # 0}, we
have @« — 0, and v — 0. Hence, we may deduce that there exists 7" > 0 such that
u<u< (1+€)b, when t = T. Now, take ¢, = €y and €3 € (0, ¢¢] small enough so that

(u,v) <k (14 €1)04, €20). We deduce that
(0,7) <k (u,v) <k (uw,v) forallt>T.

Since (0,9) — (0,65) and (w,v) — (0,63), the same holds true for (u,v). This proves the
global asymptotic stability of (0, 63) among non-negative, non-trivial data. U
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9.4. Neighborhood Invader Strategy.

Theorem 9.7. Assume for some & € S, (CSS) holds. Then there exists 6 > 0 such that if
either (i) & < a < f < a+d or (i) a—6 < f < a < &, then (0,,0) is globally asymptotically
stable.

Proof. We first claim that there exists d; > 0 such that if (i) & < o < f < &+ 6, or (ii)
& —0 < <a<a, then (9.1) does not have any positive steady states. We only deal with
the case (i), as the other can be proved in a similar manner. Suppose to the contrary that
for each k, there exists & < ay, < i, such that (9.1) has a positive steady state (ug,v;) and
that ag, Br — &. By Lemma 9.2, we may assume that by passing to a subsequence,

(9.23) (ug, v) = (8004, (1 — s0)bs)  for some sq € [0, 1].

Then, we may apply Proposition 6.3 to finish the proof. Here we observe that the compact-
ness assumption is only needed to deduce (9.23), and the smoothness of A(5, w) and A(a, 3)
for all a, 8 close to & and w near 64, holds in view of Proposition 9.3. O

APPENDIX A. SPECTRAL PROPERTIES OF NONLOCAL OPERATORS IN C(£2)

In this section, we collect and develop some spectral properties for nonlocal operators that
are needed for our purposes. We refer the interested reader to the recent work in [35] for a
more comprehensive treatment. For each k € C'(£2x ), h € C(Q2) such that £ > 0 in Q x Q,
define

(A1) c¢;iékun@ww+h¢

The idea of the following comparison lemma can be traced back to [44].
Lemma A.1. Suppose there are u,v € C(Q) such that
Lu<0, Lv<0 and v>0 inQ.

If u is negative somewhere in ), then u = —Bv for some positive constant 3 and Lu = Lv =
0. In particular, if either of the two inequalities is strict for some x¢ € 2, then u > 0 in €.

Proof. Let 3 = inf{u € R:u+ pv > 0in Q}. If u is negative somewhere in Q, then 3 > 0,
w=u+pv>0in Q and

/ k(x,y)w(y)dy + h(z)w(z) < 0.
Q
Either w = 0 (in which case u = —v) or w(zy) > 0 for some zy € Q. In the second case,
0< [ Kegpuly)dy < ~hieyu(s).
Q

In this event, w(x) # 0 for all x € Q. Then w(x) > 0 in Q. Hence
u+(B—€v>0
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in Q for some e > 0, a contradiction to the definition of 3. So if u is negative somewhere in
Q, u = —PBv and Lu(z) = —BLv(x) for all z € Q. Since Lu < 0 and Lv < 0, it must be the
case that Lu = 0 and Lv = 0 if u is negative somewhere in 2. Consequently, in particular,
if for some x € €2, we have either Lu < 0 or Lv < 0, then v > 0 in Q. 0

Next, define the spectral point A, = \,(£) of the operator £ : C(Q) — C(Q) (defined in
(A1) as

Ay =1inf{A € R: Lo — A\¢p < 0 for some positive ¢ € C(Q)}.

Since the spectral properties of £ + ¢l for a real constant ¢ are equivalent to those of L,

we may assume that h > 0, which makes £ a strongly positive operator in X = C(Q). In
this case, we note that \, gives the spectral radius |o(L)| of L.

Proposition A.1. If h > 0, then A\, = |o(L)|, where |o(L)| = sup{|A| : A € o(L)}.
Proof. First, it follows from h > 0 that A, > 0. Next, by definition of A,

(Ap,0) C{AER: Lo — Ap <0 in Q for some ¢ € C() such that ¢ > 0 in Q}.
Hence for each \ > Ap, there exists b€ C(€) such that 6> 0in Q, and
(A2) Li-3d<o.

By positivity, we deduce that L g}\”é for all n. By a property of positive operators (see
for example [40]) , [o(£)| = lim ||£"||/". Since
n—oo

1£79|| = sup |£"¢| < \N"max ¢ for all n,
Q Q
we have |o(£)] < A. Letting A ¢ Ap, we deduce [o(L)] < A,
Next, for A € p(L), let &= (A — £)7'1.
Claim 12. For all A > \,, @ > 0 in Q.

By definition A > X\, > |o(£)], so (A — £)~! exists. Next, we claim that (A — £)~! is
strongly positive. To show the claim, suppose u # 0 and that the inequality Lu — M < 0
is strict somewhere, then together with (A.2), we may apply Lemma A.1 to conclude that
u > 0in . It remains to show that > 0 in Q. Suppose to the contrary that u(zg) = 0 for
some zg € ), then at x = x,

0< / k(zo,y)u(y) dy = Lu — Mu < 0.
Q

Therefore, [, k(zo,y)u(y)dy = 0 and thus u = 0. This is impossible as u # 0. So u > 0 in
Q). This proves the claim. In particular, @ = (5\ —£)7'1>0in Q.

Claim 13. For all X > |o(L)|, @ > 0 in Q.
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Suppose to the contrary that
Ao = inf{\ € (|o(L)],00) ;= (A= L)' >0in Q for all X € (X,00)} > |o(L)].

Then by continuity of A — (A= L)' in the interval (Jo(£)],00) C p(£), the function
g = (Ao — £) 711 satisfies g > 0 and @g(xo) = 0 for some zy € Q. But then at = x,

0< / k(z0,y)io(y) dy = Liig — Noilg = —1 < 0,
Q

which is a contradiction. Hence for all A > o (L)], there exists @ € C(€2) such that @ > 0 in
Qand Li — M= —1<0. i.e. A > \,. Letting A N\ |o(L£)|, we obtain |o(L)| > \,. O

A\, may or may not be an eigenvalue of £ [14]. One may observe that, by definition of \,,

Ap > sup h.
Q

A precise characterization is given by the following result in [15].

Theorem A.2. There exists a positive continuous eigenfunction associated with A\, if and
only if Ay, > supg h.

Here we collect the properties which characterize A, as a principal eigenvalue of L.

Proposition A.3. Suppose \g is an eigenvalue of L with a positive continuous eigenfunction.
Then A\, = \o, and the following hold:
(i) A is a simple eigenvalue.

(ii) There exists 6 > 0 such that Re A < A\, — ¢ for all A\ € o(L) \ {\,}.

By replacing £ by L£+-cI for some real constant ¢, we may assume without loss of generality
that h > 0 in Q. In particular, this makes £ into a bounded, strongly positive operator.
Before proving Proposition A.3, we start with a few useful lemmas.

Lemma A.2. Let L : C(Q2) — C(Q2) be a bounded, linear, strongly positive operator. If L

has an eigenvalue A\ with a positive eigenfuntion in C(SY), then Ay is simple, Ay = |o(L)|.
Moreover, for any other eigenvalue X of L, we have |\ < A1.

Proof. First, we claim that if X\ is an eigenvalue corresponding to a positive eigenfunction
¢ (which implies right away that A > 0), then necessarily A = \,. By definition, A > \,.
Suppose to the contrary that A > \,, then there exists A" € (\,, A) and ¢’ > 0 such that

(A.3) Ly — A < (N —=N)g¢' <0.
With the last inequality being strict, Lemma A.1 implies that —¢ satisfies
(A4) £(~¢) = M=) = 0,

can never be negative anywhere (otherwise —¢ is a multiple of ¢’ and equality cannot hold
in (A.4)). Hence —¢ > 0, which is a contradiction. Therefore, if A is an eigenvalue corre-
sponding to a positive eigenfunction ¢, then A = A,. In fact, by Proposition A.1, we have
shown A = \, = |o(L)].
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To show that A, is simple, let ¢; be a positive eigenfunction and let ¢, be another eigen-
function. Since one of ¢y or —¢@y is negative somewhere, Lemma A.1 implies that ¢, is a
constant multiple of ¢;.

Finally, if X € o(L), then |[N| < |0(£)]. From the arguments in [34, pp. 253-255], the
equality can hold only if A = |o(£)| (line 22 p. 254 to line 2 p. 255), i.e. X' # |o(L)] implies
|N| < |o(L£)|. Hence, Lemma A.2 follows. O

The next lemma shows that if A\, > supg h = |h|r~(q), then the part of the spectrum
{)\ - O'(L) : |)\| > |h|Loo(Q)}
behaves like that of a compact operator.

Lemma A.3. Suppose \, > supg h, then for each constant Ay € (supg h, \,),
{Aea(L) Al > Ao}
consists of finitely many eigenvalues of L with finite multiplicities.

Proof. Let (K¢)(z) := [, k( y)dy and (H¢)(z) := h(z)¢(z), then L = K + H, such
that K is a Compact linear operator in C(Q), and H is a bounded linear operator in C().
If h =0 then £ = K is compact and the lemma follows from standard spectral theory for
compact linear operators. Henceforth assume |h|pe() > 0. First, for all A € C such that
Al > supg h = |h|pe@), Al — H : C(Q) — C() is invertible. Hence \[ — £ = (A—H) — K.
Being a compact perturbation of an invertible map, it is Fredholm of index zero. This shows
that each A € o(L£) such that |A\| > supg, h is an eigenvalue of finite multiplicity.

It remains to show that for each constant A\g € (supgh, A,), {A € a(L£) : [A\] > Ao} is a
finite set. Suppose to the contrary that there is a sequence of distinct Ay such that A, € o(L)
and inf,{|\x|} > Ao. By the preceding argument, for each k, there exist ¢, € C(Q) such
that Lo, = \p¢r. Fix a positive integer N such that

(A.5) (Ao)™ > 6]l g

Then £ := £N = K + H, where H = H" is a bounded operator such that ||H|| = 12| 2o 0
and K = £ — H is a compact operator. ( The operator K has the form K = K(£LN"!) + K,
where K7 is a finite sum of finite compositions of the operators H and K with the form
H"™o Ko... where 1l <m < N — 1.) Moreover, for each k, /\;€ = /\ is an eigenvalue of L
for all k, With the same eigenfunction. By (A.5), we have

(A.6) [Aul > 6|1 H].

For each m, define Y,,, to be the subspace spanned by ¢y, ..., ¢,,. Since eigenfunctions pertain-
ing to distinct eigenvalues are linearly independent, ¢, being eigenfunctions of distinct eigen-
values of £, are linearly independent. Choose, for each n > 2, y,, € Y;, such that ||y,[|c@) =1

and dist(yy, Y,_1) > 1/2 for all n > 2. Now we claim that ||Ky,, — f(ynHC(Q) > ||H| > 0 for
all m > n > 2, which contradicts the compactness of K. Since, for m > n > 2,

Kym_ —Eym_ﬁyn_f{ym"i‘f{yn:(S‘mym_y/)_<ﬁym_ﬁyn>
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for some y' € Y,,_1. Hence by (A.6),

_ _ - . A - .
1Y = Kyallo@) 2 [Amldist(ym, Y1) = 2 Hllo@) > == = 2[Hllo@ > 1] > 0.

for all m > n > 2. This contradicts the compactness of K, which completes the proof. [

Proof of Proposition A.3. Let Ao be an eigenvalue of £ with a positive eigenfunction. Then
by Proposition A.1 and Lemma A.2,

(A7) No = [0(£)] = Ay,
and it is a simple eigenvalue. Hence (i) follows. Next, by Theorem A.2,
(A.8) Ap > sup h.

Q

Claim 14. |\| < A, for all A € o(L£) \ {\,}.

Let A € o(L), if |A| < supg h, then |A| < A,, by (A.8). Otherwise |A| > supg h, and A is
an eigenvalue of £ (Lemma A.3) and hence |A\| < A,, by Lemma A.2. This proves the claim.
Finally, the spectral gap follows from Claim 14 and the fact that {\ € o(L) : [A\] >
(supg b+ A,)/2} is a finite set (Lemma A.3). Therefore,
sup{[AL: A € o(£)\ DhpH} < A
This completes the proof of Proposition A.3. U
Next, we state a comparison lemma which follows from the definition of spectral point for

nonlocal operators. This in particular implies the continuous dependence of A, with respect
to h € C(2) and positive functions k € C(Q2 x Q).

Lemma A.4. Let ky(z,y), ka2(x,y) > 0, and ay(x), az(x) be continuous. Define
A1 =sup{A € R: 3¢ > 0 such that ki(x,-) * ¢ + a1 + Ao < 0.}
A12 = sup{A € R: 3¢ > 0 such that ki(x,-) * ¢ + asp + Ao < 0.}
Aa1 = sup{A € R: 3¢ > 0 such that ka(x,-) * ¢ + a1¢ + ¢ < 0.},
then we have
min(as —ay) < A1 — Ao < max(ag — ay)
Ar1 — min(ky/k2)Aeq < |min(ky/ke) — 1| max|ay|
Ao1 — min(ke/ki1)A1 1 < |min(ke/k1) — 1| max|ay|.
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