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Abstract

We study the dynamics of a SIS epidemic model of reaction-diffusion-advection type.
The persistence of infected and susceptible populations and the global stability of the
disease free equilibrium are established when the basic reproduction number is greater
than or less than or equal to one, respectively. We further consider the effects of diffu-
sion and advection on asymptotic profiles of endemic equilibrium: When the advection
rate is relatively large comparing to the diffusion rates of both populations, then two
populations persist and concentrate at the downstream end. As the diffusion rate of
the susceptible population tends to zero, the density of the infected population decays
exponentially for positive advection rate but linearly when there is no advection. Our
results suggest that advection can help speed up the elimination of disease.
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1 Introduction

It has been widely recognized that environmental heterogeneity and individual motility are
significant factors that should be taken into account in studying disease dynamics. For
the Susceptible-Infected-Susceptible (SIS) epidemic reaction-diffusion models, some recent
works are able to capture the effect of the spatial heterogeneity of environment and move-
ment of individuals on the persistence or extinction of diseases [2, 3, 7, 9, 10, 13, 20, 21,
22, 23, 28]. In [2] Allen et al. proposed a SIS epidemic reaction-diffusion model without
advection. In [21] Peng and Liu discussed the global stability of the endemic equilibrium in
some special cases for the model of Allen et al. The effects of large and small diffusion rates
of the susceptible and infected populations on the persistence and extinction of the disease
were considered in [20, 22]. Allen et al. also investigated a discrete SIS-model in [1]. Peng
and Zhao [23] recently considered the same SIS reaction-diffusion model of Allen et al., but
the rates of disease transmission and recovery are assumed to be spatially heterogeneous
and temporally periodic. In [7, 28] the authors consider an SIS model with mass action
infection mechanism. In [13] Li et al. provided qualitative analysis on an SIS reaction
diffusion system with a linear source term. Ge et al. introduced a free boundary model for
characterizing the spreading front of the disease in [9]. In these works the populations are
assumed to adopt random diffusion in the habitats.

In some heterogeneous environments populations may assume biased or passive move-
ment in certain directions [4, 19], e.g., due to the external environmental forces such as wind
[6], water flow [12, 15, 16, 17, 18] and so on, which usually can be described by adding an ad-
vection term to the existing reaction-diffusion models. For the spatial epidemic model with
advection in heterogeneous environment, it is of interest to understand how the diffusion
and advection jointly affect the persistence or extinction of the infectious diseases. Such
studies may have significant implications for predicting the patterns of disease occurrence
and for designing optimal control strategies as well.

The following SIS reaction-diffusion-advection model in one dimensional domain was
considered in [5]:

_ _ _ ST _
St:dSSmquﬁ(m)gii_IwLw(x)I, 0<z<L,t>0,
Itfdllxai_qlx_‘{' ﬁ($_)g+j_7(x)la 0<z< La t> Oa (11)
dsSy —qS = dil, —ql =0, r=0,L, t>0,

(S(z,0) = So(z) >0, I(x,0)=1Iy(z) >0, 0<z<L,

where S(z,t) and I(z,t) denote the density of susceptible and infected individuals at time
t and position z in the interval [0, L], respectively; the positive constants dg and d; are
diffusion coefficients for the susceptible and infected populations; ¢ is the effective speed
of the current (sometimes we call ¢ the advection rate); L is the size of the habitat, and



we call z = 0 the upstream end and = = L the downstream end. The functions 5(z) and
v(z) are assumed to be positive, Hélder continuous on [0, L] and they represent the rates of
disease transmission and recovery at x, respectively. Here both populations satisfy no-flux
boundary conditions, which means that there is no population flux across the upstream
and downstream ends, so that both susceptible and infected populations live in a closed
environment. As the term SI/(S + I) is a Lipschitz continuous function of S and I in the
open first quadrant, its definition can be extended to the closure of the first quadrant by
setting it to be zero when either S = 0 or I = 0. Here we also assume that there is a
positive number of infected individuals initially, that is,

L
(A) / I(x,0)dz > 0, with S(z,0) >0 and I(x,0) > 0 for z € (0, L).
0

As discussed in [5], system (1.1) admits a unique classical solution (S(z,t),I(z,t)) which
exists globally in time. Let

N := /L [S(z,0) + I(,0)] dz >0 (1.2)
0

be the total number of individuals in (0, L) at ¢ = 0. It turns out that the total population
remains constant in time, i.e.,

/L[S(x,t)—l—l(x,t)]d:UEN, t>0. (1.3)
0

From (1.3), we know that any solution (S(z,t), I(z,t)) satisfies L' space bound uniformly
for t € [0,00). In fact, it can be concluded that for any fixed ¢ > 0, 1S (- )]l oo (0,L)
and [[1(-, )|z ((0,z)) are also uniformly bounded in [0,00) (see Proposition 2.2). Unless
otherwise stated, it is always assumed that assumption (A) holds and the class of initial
data (Sp, Ip) satisfies (1.2) for some (common) fixed positive constant N. By adopting the
same terminology as in [5], we say that x is a low-risk site if the local disease transmission
rate B(x) is lower than the local disease recovery rate y(z). Similarly, x is a high-risk site

if B(z) > 7(a).

The second half of this paper concerns the non-negative equilibrium solutions of (1.1),
that is, the non-negative solutions of the following system:

ST
dSSm—qu—ﬁ(l’)S I+7($)I:0, O<z<lL,
S
dr q +5(1‘)S+I y(x)I = 0, 0<z<L,
dsSy —qS =dil, —ql =0, =0, L.

Here, S(z) and I(x) denote the density of susceptible and infected individuals at equilibrium,
respectively, at = € [0, L]. In view of (1.3), we impose the additional hypothesis

L
/D (S(2) + I(z)] dz = N. (1.5)
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Since (1.5) is a population model, only solutions (S(z),I(x)) satisfying S(z) > 0 and
I(x) > 0on [0, L] are of interest. A disease-free equilibrium (DFE) is a solution of (1.4)-(1.5)
so that I(z) = 0 for every x € (0, L); An endemic equilibrium (EE) of (1.4)-(1.5) is a solution
in which I(z) > 0 for some z € (0, L). We denote a DFE by (S,0) and an EE by (S., I,).
By direct computations and condition (1.5), we get S(z) = qNe(?/49)7 /dg(edE/ds —1). Thus
(1.4)-(1.5) has a unique disease-free equilibrium, which is spatially inhomogeneous.

According to the definition of the basic reproduction number in existing literatures
[8, 26, 27], in [5] we introduced the basic reproduction number for model (1.1) as follows:

L Lz o

B(x)edr” o= dx

Ro(dr,q) =  sup { - ixfo @) - e . (1.6)
¢EH<;7(£((§)7L)) dr fo edr 2 dx+f0 y(z)ed " p?dx

From the definition of the basic reproduction number of (1.1), it can be seen that Ry is a
smooth function of d; and ¢. It was shown in [5] that R is a threshold value for the stability
of the disease-free equilibrium: Namely, if Rg < 1 then DFE is globally asymptotically
stable, and if Rg > 1 then the DFE is unstable. Our first theorem improves this earlier
result in [2] and [5] as follows:

Theorem 1.1. The equation (1.1) generates a semiflow ® in X = {(So, Ip) € C([0, L]; Ry) :
fOL(So + Ip)dx = N} such that &4 : X — X is compact for each t > 1.

(a) If Rg < 1, then the DFE (S,0) = (Le_q“;_x)/ds,O) is globally asymptoti-

ds(1—e~1L/ds)
cally stable among solutions with initial data in X.

(b) If Ry > 1, then the following hold.

(i) There exists €9 > 0 (independent of initial data) such that for any solution (S,I)
of (1.1) such that Iy # 0, we have

liminf[ inf I(IL‘,t):| > €.

t—oo |0<z<L

(ii) There exists at least one EE, denoted as (S, I.).

(i) If, in addition, dg = d; = d > 0, then the EE is unique, and is globally asymp-
totically stable among solutions of (1.1) with initial data in X satisfying Iy Z 0.

Previously, the global asymptotic stability of the DFE was proved under the stronger
assumption Rg < 1 in [2] for the case ¢ = 0; [23] for ¢ = 0 with time-periodic coefficients;
and in [5] for ¢ > 0. A special case of Theorem 1.1, when dg = d; and ¢ = 0, was
attempted in [21]. Our general argument in Section 2 proving that the DFE is globally
asymptotically stable under the necessary and sufficient condition of Ry < 1, without



additional assumptions, seems to be new. And we expect this argument to be applicable in
other SIS type PDE models with precompact trajectories.

Theorem 1.1 in particular says that a necessary and sufficient condition for the existence
of EE is that Ry > 1. Characterizing the dependence of Ry on parameters dg, dr, q, 3(-), ()
is an important and challenging problem. We refer the reader to [2] for the case ¢ = 0 and
to [5] for the case ¢ > 0. In fact, by setting the test function ¢ = 1 in the definition of Ry
in (1.6), we have

L
e?/d1 3(z) dx
o e d
fL etw/di~y(x) da
0 g
And one can derive the following two sufficient conditions for the existence of EE which are
relevant for our purposes in this paper.

(1.7)

e (L) > (L) and the ratio ¢/dy is sufficiently large;

o fOL B(x)dx > fOL v(z) dz and the ratio ¢/d; is sufficiently small.

Next, we proceed to study qualitative properties of EE of (1.1) under the constraint
(1.5) when diffusion and advection rates dg, d; and ¢ vary. First, we examine the case when
B(L) > (L) > 0. To this end, define, for any n € [0,00), a* = a*(n) to be the unique

positive root of
! 1 (L)
—|dz = —=. 1.8
/0 [1 + a*z(l—n)] ‘ B(L) (18)

In particular, a*(n) > 0 for all > 0, and o*(1) = % — 1.

The following result describes the asymptotic profiles of EE when ¢ is relatively large
with respect to dy and dg.

Theorem 1.2. Assume that (L) > ~(L). Then there exists some positive constant C,
independent of dg,d; and q, such that (1.1) has at least one EE whenever q/d; > C.

(i) (exponential decay) For each ng > 1, there exist C1,Cy > 0 and 0 < 6 < 1 such
that for q/ds,q*/ds > Cy and d;/ds < no, any EE (Se(x),I.(z)) of (1.1) satisfies

R —x — = —T . ]- —L —T
Se(x) — Se(L)e as (L) I (x) — I.(L)e ar (£ SC’gmm{dq,}e as(b=o)
S 4
(1.9)
Moreover, as
q ¢ dy



(ii) (concentration) the limiting profiles of the populations are given by

N *N
———b(-— L),
1+ no* 14+ na*

(Se(), L()) — (

o(-— L)> in distribution sense,

(1.11)
where o = o*(n) > 0 is given in (1.8), and §(- — L) is the Dirac measure at L;

(ili) (downstream density) the densities at the downstream end satisfy

N (N )
L+na*(n)’ 1+na*(n))

ds
q

(S0 (2 = ( (1.12)
Remark 1. For the sake of clarity, the above theorem is stated for the case when both
q/ds and q/d; are large and comparable. In fact, our proofs remain applicable for the case
q/dr — o0 and q/ds — &£ € [0,00). This will be taken up in Subsection 3.1.

Theorem 1.2, interpreted biologically, says that both susceptible and infected popu-
lations concentrate at the downstream end (x = L), provided that the advection rate is
relatively large comparing to the diffusion rates of the populations. To further illustrate
the result, we state two special cases as a corollary.

Corollary 1.3. Assume (L) > v(L).

(i) For each fived ds,dr >0, as ¢ — oo, any EE of (1.1) satisfies

dsN

(SO0 = (3T g 06~ 1)

dra*N

, m&( - L)> in distribution sense,
S 1

where a* = a*(dg, dr) is uniquely determined by

1
/0 [1 + a*z%lfdz/ds)} dz = ;Eg

(ii) For each fixed ¢ > 0, suppose dg,d;r — 0 such that d;/ds — n € [0,00), then

N *N
6( - L)? "
1+ na* 1+ na*

(Se(), 1()) = (

S(-— L)> in distribution sense,

where o = o*(n) is uniquely determined by (1.8).

Remark 2. (1) If B(L) < (L), there is no EE when the advection ¢ is large, i.e., when
the downstream end is low risk, then there is no endemic equilibrium for large gq.
Part (i) implies that when the downstream site is high risk, then the susceptible and
infected individuals concentrate at the downstream end for large advection.
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Figure 1: The graph for n +— na*(n) when B(L)/~v(L) = 2.

(2) Part (ii) implies that when diffusion rates of susceptible and infected populations are
both small and dr/ds < O(1), advection will transport individuals to the downstream
end so that the individuals concentrate around the downstream end.

Corollary 1.3 has some interesting implications for the disease persistence. It shows
that, under various limits, the finial size of the infected population is approximately given
by na*(n)N/(1+ na*(n)), where 7 is approximately the ratio of d; and dg. Figure 1 shows
that the final size of the infected population becomes negligible when one of the diffusion
rates is much smaller than the other; when two diffusion rates are comparable, their final
sizes are also comparable. In particular, part (i) implies that when d;/dg or dg/d; is small,
increasing the advection may keep the final size of the infected population small. Part (ii)
implies that given any advection rate, if both diffusion rates are small but one of which is
much smaller, the final size of the infected population also becomes negligible.

Next we consider the asymptotic profiles of the EE when the diffusion rate of the
susceptible population approaches zero. We caution the readers that Ry does not depend
on dg, so we need to assume Rg > 1 (this holds, e.g. if fOL B(z) dx > fOL v(z) dz and q/d;
is sufficiently small) to ensure the existence of EE.

Theorem 1.4. (i) Assume g =0 and Ro(dr,0) > 1. Then there exist positive constants
Cs,C5 such that for 0 < dg < 1,

I.(z)

C. <
3 = dS

<C3 for0<z<L




holds for any EE of (1.1).

(ii) Suppose that (L) < v(L) and Ro(dr,q) > 1. Then there exist constants Cy,C5 > 0
such that for 0 < dg < 1,

I(z) < C’4e_05% for0<z <L (1.13)

holds for any EE of (1.1). Moreover,

=0.
Lo((0,L))

lim
dsﬂo

Se(z) — ge%@x)

Remark 3. (1) The basic reproduction number Ro = Ro(dr, q) is independent of dg > 0.
i.e. If Ro(dr,q) > 1 for some q > 0, then the DFE is unstable for all dg > 0. In
particular, the existence of EFE is guaranteed for all dg > 0.

(2) When the dimension of the underlying spatial domain is greater than one, the analogue
of part (i) of Theorem 1.4 remains valid.

(3) Suppose there exists qo > 0 such that Ro(dr,q) > 1 for all 0 < g < qo. Then for all
q/ds > 1, (1.13) remains valid.

Theorem 1.4 shows that the infected individuals of the endemic equilibrium vanish as
the diffusion rate of the susceptible individuals approaches zero when the downstream end
which is a low-risk site. Biologically, in the model with advection, since the diffusion rate
of the susceptible individuals is very small, then the advection transports the susceptible
individuals to the downstream end which is a “healthy” site, thus the disease is eliminated
much more quickly, in comparison with the case of no advection. We notice that the
susceptible individuals concentrate at the downstream end. This is also different from the
case without advection in [2], where the endemic equilibrium converges to some disease free
equilibrium which remains positive at all low-risk sites.

The rest of the paper is organized as follows: Sect. 2 is devoted to the proof of Theorem
1.1. Theorem 1.2 is proved in Sect. 3. Theorems 1.4 is established in Sect. 4.

2 Proof of Persistence Results (Theorem 1.1)

For notational convenience, in what follows we denote various constants by C,C;(i =
1,2,...). The constants C,C; may be different for different purposes.

Lemma 2.1. Let fOL[So({L‘) + Ip(z)]de = N. Then

L_ inf N
lim inf / S(z,t)dz > Unfococt )NV
t—oo  Jq HBH +infoczar Y
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In particular, for any solution (S(x),I(x)) of (1.4), we have

L (inf0< <L 7)N
S(z)dx > T ) 2.1
A ) 2 S nfpeper 7 21)

Proof. 1t suffices to observe that

L L
(;it/o S(x,t)dz > (minvy)N — [(max 3) + (minfy)]/o S(z,t)dx

for all t > 0. L]

2.1 Equation (1.1) generates a semiflow

Recall X = {(SO,IO) € C([0, L) Ry) : [E[So(x) + To(x)] da = N}.

Definition 2.1. (i) We define ® to be the semiflow generated by (1.1). i.e. for initial
data Py = (So,1o) € X and each t > 0 for which the solution remains in X, define
®(Py) = (S(w,t), I(x,t)), where (S,I) is the corresponding solution of (1.1).

(il) We say that ® is point-dissipative if there exists C > 0 independent of initial condition
such that

timsup ([1S(- )] + 17 0)) < C.

(iii) We say that ® is eventually bounded on X if Us>1,P:(X) is bounded for some tg > 0.

(iv) For each t > 0, we say that ®; : X — X is compact if ®4(B) is precompact for every
bounded subset B of X.

Proposition 2.2. Equation (1.1) generates a semiflow ® in X. Moreover, ® is (i) point-
dissipative, (ii) eventually bounded on X, and (iii) ®; : X — X is compact for each t > 1.

Proof. By the local existence results for semilinear paraboli_c equations, for each initial data
Py(So, Ip) € X, there exists T' = T'(|| Po||x) > 0 such that (S, I) exists and remains bounded
in X for ¢t € [0,T) (note also that the integral constraint (1.3) is always enforced).

Claim 2.3. For each t; > 0, there exists C; = Ci(N,t1) independent of initial data
(So, Ip) € X such that |S(-,t)|| + [[I(-,t)|| < C1 for all t > t1. In fact, C1 depends on
N and min{t;, 1} only.



Let t1 > 0 be given. Applying the local maximum principal for parabolic equations [14,
Theorem 7.36] to (1.1), there exists a constant Cy = Ca(p, min{t;,1}) such that

t1+1

L
sup [I(x,t)] < CQ/ / |I(x,t)|dzdt < 3C2N, (2.2)
0

O<z<lL max{t1—2, t1/3}
max{2t1/3, t1 — 1} <t<t;1+1

and for any p > 0,

_sup LS < Co (ISl Lo (j0,2) % masc{tr /2, 111} ,t1-41]) F ]| Loo ([0, L) x [max{2t1 /3, t1—1},00))) -
<z <
] <t<t;+1

(2.3)
Since Cj is independent of t; > 1, (2.2) says that Hf”Loo([O,L]X[max{2t1/3, t1—1},00)) is bounded.
Thus ||SHLOO([O7L}X[thoo)) is also bounded, by (2.3). The proof of Claim 2.3 is completed.

By the above arguments, (1.1) generates a semiflow ® in X. Furthermore, Claim 2.3
says that ® is point-dissipative and eventually bounded in X.

Finally, it follows from Sobolev inequalities and parabolic LP estimates that for each
to > 1 and « € (0, 1), there exists C such that

1CS, Dl cearz (o, 1xto—1/2.40+1)) < C2I(S Dl oo ((0,L1x [t0—1,t0+1))- (2.4)
Since CY is independent of ¢y > 1 and the initial data (So, Iy) € X, we have
19:((So, 10)) |l ce(j0,)) < CaN.
In particular, ®; : X — X is compact for each ¢ > 1. O

Remark 4. By (2.4), for each Py = (So, Iy) € X, the family of limiting total trajectories,
defined below, is non-empty:

{(S,f) € C(R; X): 3ty — 00, Bryr, (Po) = (S(-,1),1(-,1)) in ClOC(R;X)}.

Corollary 2.4 (Existence of compact global attractor). The semiflow ® has a compact
attractor A of X, i.e. distx(®¢(X),A) — 0 ast — 0.

Proof. By [24, P.41, Theorem 2.30 and P.39, Remark 2.26(b)], it remains to verify that the

semiflow @ is (i) point-dissipative; (ii) eventually bounded in X, and that (iii) ®; : X — X
is compact for some ¢t > 0. All of which are proved in Proposition 2.2. O

2.2 Ry < 1: The Global Asymptotic Stability of the DFE (S,0)

We decompose the state space X according to the persistence and extinction of the infected
population:

XOZ{(SO,ID) GXifoiéO} and 8X0:X\X0:{(So,fo) EX:I()EO}.
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It is easy to see that 90X is a forward invariant set with respect to ®. The following lemma
shows that (.5,0) is globally asymptotically stable among solutions in 0Xj.

Lemma 2.5. If Iy = 0, then the solution
x

t — oo, where S(z) Ng —a(L—z)

(S,1) of (1.1) converges to the DFE (S,0) as
_ d
= T e T /ds

Proof. Tt is easy to see that I(z,t) =0 for all 0 <z < L and ¢t > 0. By spectral decompo-
sition, and the fact that 0 is the principal eigenvalue of

dspzz — qpz + e =0, 0<z <L,
dsps — qp =0, x=0, L,

with corresponding eigenfunction e%*/%s there exists C' € R such that S(z,t) — Ced%/ds
as t — oo. By the integral constraint fOL(S + I)dx = N, we must have C' = %.
This finishes the proof.

Before we prove Theorem 1.1(a), we give the following definitions.

Definition 2.2. (i) Let (A1, ¢1) be the principal eigenvalue and positive eigenfunction of

{ 1o — qbe + (B =)0+ A0 =0, 0<z<L, (2.5)
digz —q¢ =0, x=0, L.
By [5, Lemma 2.2], Ry < 1 if and only if A\; > 0.
(ii) For each t > 0 and each solution (S,I) of (1.1), define
c(t; S, 1) :=inf {¢ € Ry : I(x,t) < &¢pr(x) for all0 <z <L}, (2.6)

(iii) A forward invariant set A C X is said to be chain transitive if for any P, P’ € A, any
0<e<1andT > 1, there is a finite sequence of points P = Py, ..., Ppy1 = P’ and
times t1, ..., t;, such that

ti>T, and |[[®(P;)— Pl <e, forj=1,..,m.

Proof of Theorem 1.1(a). Let (S,T) be the solution of (1.1) with initial data (So, Io) € X.
We will show that (S,7) — (5,0) as t — oo in four steps. By Lemma 2.5, we may assume

Io 0.
Step 1: For each solution (S, .7) for which In 20, S >0forall0 <z < L and t > 0.

By the strong maximum principle, I(x,t) > 0 for all 0 < 2 < L and ¢t > 0. Thus the
trivial solution is a strict lower solution of the first equation of (1.1), and Step 1 follows.

11



Step 2: If Rg < 1, then for each solution (S, ) for which Iy # 0, c(t;S,I) is strictly
decreasing in t. In particular c, := infy~q c(t; .S, I) = limy_,o0 c(t; S, I) > 0 exists.

Fix g > 0. Since Ry < 1, it follows from [5, Lemma 2.2] that the principal eigenvalue
A1 > 0. One can then verify that I*(x,t) := c(to; S, I)¢1(x) satisfies

If —dpl3, + gl — [B(@)S/(S+I*) —=(x)] I* >0, 0<az <L, t=>t,
dII;j—qI*fO, =0, L, t> 1,
I*(z,to) > I(x, to), 0<z<L.

By the strong maximum principle, it follows that I* > Iforall0 <x<Landt >t This
shows that ¢(t; S, I) < c(to; S, I) for all t > tg. Step 2 is completed.
Step 3: For any solution (S,I) of (1.1) for which Iy # 0, we have ¢, = 0.

Suppose to the contrary that for some Py = (S, Iy), ¢« > 0. Choose, by Remark 4, a
limiting total trajectory (S,1) € C(R; X), i.e. there exists t;, — co such that ®,, (Py) —
(8(-,t),1(-,t)) in Cie(R; X). Then it follows that ¢(t;S,1) = ¢, > 0 for all ¢ € R, ie.
f(:v, t) > 0 for all z,¢t. By Lemma 2.1, one also have S > 0 for all z,¢. One can then repeat
Step 1 to show that c(¢; S , I ) is also strictly decreasing for all ¢ > 0. This contradiction
completes the proof of Step 3.

Step 4: ®:(Py) = (S(-,1),I(-,t)) — (5(-),0) in X as t — oo for each Py = (Sp, Iy) € X
with o # 0.

By Step 3, we have ¢, = 0 which implies that I(x,t) — 0 as t — co. Therefore
w(Py) € {(g,f) ceCR;X): 1= O}.
Thus w(Fp) is a compact, and chain transitive ([24, P.81, Proposition 8.6]; see also [29, P.8,
Lemma 1.2.1°]) subset of 0Xo = {(So,lp) € X : Iy = 0}. Since the DFE (S5,0) is globally

asymptotically stable among solutions in X (Lemma 2.5), it follows that w(Py) = {(S,0)}.
This completes the proof of the theorem. O

2.3 Ry > 1: Persistence and Existence of EE

Lemma 2.6. There exists Cs independent of initial data (Sp,ly) € X such that for any
tl Z 4}
S+ 11| oo jo,2] % [t —2,00)) | - (2.7)

Proof. By the weak Harnack inequality [14, Theorem 7.37], there exist positive constants

12



C4%, po independent of ¢; > 4, and initial data Sy, Ip such that

1Sl zro ([0, xt1—1,1+1)) < C3 . <i£1f< ; S+ 1|l oo (0,1 x 11 —2,00)) | - (2.8)
t1+2<t<t;+3

Combining it with
L L -
N—/ I(x,t)da::/ S(xz,t)de <L sup S(z,t),
0 0 0<z<L
(which follows from (1.3)) and also choosing p = pg in (2.3) we have, for some C3 > 0,
N < Cs inf S+l o.nx(t—2.00)) | - (2.9)

0<
t1+2<t<t;+3

Since t; > 4 is arbitrary, (2.7) is proved. O
Definition 2.3. (i) Define function p: X — Ry by p((S, 1)) = infocz<r I(z).

(ii) We say that ® is uniformly weakly p-persistent if there exists € > 0 independent of
initial condition (So, lo) € X such that any solution to (1.1) satisfies

limsup p(S(-, 1), I(-,t)) > e.

t—o00

Lemma 2.7. ® is uniformly weakly p-persistent if Ro > 1.

Proof. Suppose Ro > 1. By [5, Lemma 2.2], the DFE (5,0) is linearly unstable, i.e. the
principal eigenvalue of the problem

d1¢xx—q¢x+(ﬂ—7)¢+)\¢20 forO0<z <L,
dips —qp =0 forz =0,L

is negative. Therefore, there exists 0 < d; < 1 such that the principal eigenvalue A1 of

dre —qp =0 forx =0,L '

is negative. We denote by &1 a positive eigenfunction corresponding to the principal eigen-
value A; of (2.10).

Claim 2.8. Let §s = JQV—C‘E;, where C3 is given by Lemma 2.6, then

limsup inf I(z,t) > ds.
t—00 0<z<L

13



Suppose to the contrary that for some t; > 4, infoepep I(z,t) < Jo for all t > ¢; — 2,
then by Lemma 2.6, we deduce that

N
S(x,t)26—52 forO<axz<L,t>t +2.
3

Hence

S(x,t)
_ ~ >1—-¢6 forO<ax<L,t>t +2.
S(x,t) + I(x,t) — ! g o =

Therefore, we deduce that I(x,t) is a supersolution of

wy = djWyy — qg + [(1 — 01)8 — ]I, O<ax<L,t>ty+2,
drw; — qw = 0, r=0,L,t>1ty+ 2.

Since for each € > 0, L(z,t) = ee_;\i(t_tl_mgzgl (x) is a (sub)solution of the above problem
with Ay < 0, it is impossible that I(x,t) < d9 for all 0 < x < L and ¢ > ¢; + 2. This
contradiction establishes Claim 2.8, i.e. ® is uniformly weakly p-persistent. O

Remark 5. Part of the arguments of the above proof can be simplified further by invoking
[25, Theorem 3].

Finally, we use topology to show Theorem 1.1(b)(ii) and then focus on proving Theorem
1.1 (b)(iii) in Subsection 2.4.

Proposition 2.9. Suppose Ry > 1, then there exists (Se,I.) € X such that p((Se,Ie)) =
infocper Ie(z) > 0 and ®¢((Se, Ie)) = (Se, Ic) for allt > 0.

Proof. Assume Ry > 1. We have shown that (i) the semiflow ® is uniformly weakly p-
persistent (Lemma 2.7), (ii) ®; : X — X is compact for each ¢ > 1 (Proposition 2.2), and
(iii) @ has a compact attractor of X (Corollary 2.4). Observe in additional the following
facts:

e X is a closed convex subset of the Banach space C([0, L]; R?).

e p: X — R, is continuous and concave. Here concave means p(A(S1, 1) + (1 —
A)(S2,12)) = Ap((S1,11)) + (1 — XN)p((S2, I2)), which is true for infimums.

The existence of an EE (Se, I) then follows from [24, P. 158, Theorem 6.2]. O

2.4 Ry > 1: Global convergence to FFE when dg = d; = d.

In this subsection, we will prove Theorem 1.1(b), when dg = d; = d > 0.

14



Lemma 2.10. Let dg = dy =d > 0 and Ro > 1, then there exists a unique EE (Se, I.) of
(1.1), and that
gNe~9(L-z)/d

Ne(x) = Se(x) + Ie(z) = (1 — e=alid)" (2.11)

Proof. First, let (Se, I.) be an EE given by Theorem 1.4. First, N, satisfies the equation

d(Ne)zz — q(Ne)z = 0, 0<x <L,
d(N¢)z — qNe = 0, =0, L,
J¥ Nedz = N,

which implies (2.11). Hence, I, is a positive steady state of
ft:dfxx—qfx+%&;m—7f , O0<ax<L,t>0,
dI, —qI =0, =0, L, t>0, (2.12)
I(z,0) = Iy(x), 0<z<L.

Since (2.12) is of the logistic type, it possesses at most one positive steady state (see, e.g.
[4, P.148, Proposition 3.3]). Thus I, and S = N, — I, are uniquely determined. O

Proof of Theorem 1.1(b). By Lemma 2.7, ® is uniformly weakly p-persistent. Since also
po ® is continuous, we may apply [24, P.126, Theorem 5.2] to conclude (i). The assertion
(ii) follows from Proposition 2.9. To prove assertion (iii), assume dg =d;y =d > 0, ¢ > 0,
and R > 1, and consider the following system with respect to (I, W), which is equivalent
to (1.1) via the relation W := S + I:

I}:dl_m—quJrﬂ(WT_f)f—w_, O<xz<L,t>0,
M{t:dWm—qu, O<x<L,t>0, (2.13)
dl, — qI = dW, — qW =0, z=0, L, t>0, '

I(z,0) = Ip(z), W(x,0) = Wy(z) := So(x) + Ip(z), 0<xz<L.

Our goal is to show that for each initial condition (Iy, Wp) with Iy # 0, the w-limit set
w((lo,Wy)) = {(Ie, Ic + Se)}, where (Se, I.) is the unique EE given by Lemma 2.10. By
Lemma 2.5, W(x,t) — Nc(x) as t — oo, uniformly in 0 < x < L, where N, is given by
(2.11). Therefore, the equation of I in (2.13) is asymptotic to (2.12).

Claim 2.11. Let As be a compact, invariant, internal chain-transitive subset of C([0, L]; R4.)

with respect to the semiflow generated by (2.12), then As = {0} or {I.(z)}.

By the proof of Lemma 2.10, I, is the unique positive steady state of (2.12). In fact,
by the remarks [4, P.150], I. attracts all solutions of (2.12) with non-negative, non-trivial
initial data. This proves the claim.
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Now, fix an initial data (Iy, Wp) € X’ such that Iy # 0, where
L
X' = {(I, W) e (o, L;R2) : 1 < W and /O Wda = N} .

(Note that (So, Io) € X iff (Ip,So + Ip) € X'.) And let B = w((ly, Wy)) be the w-limit set
of the point (I, Wy) with respect to the semiflow generated by (2.13). Since the solution
(I, W) satisfies W (z,t) — N,(z) as t — oo, we have B = B x {N,(z)}. By nature of being
an w-limit set, B is compact, invariant and chain transitive with respect to the semiflow
generated by (2.13). This implies that B is compact, invariant and chain transitive with
respect to the semiflow generated by (2.12). Thus we may conclude from Claim 2.11 that
B = {0} or {I.} and that B = {(0, N.)} or {(I., N.)}. By Lemma 2.7 (specifically Claim
2.8), I /4 0, and hence B = {(I., N¢)}. ie. (I(z,t),W(z,t)) — (I.(z), Ne(z)) as t — o0
uniformly in 0 < x < L. This completes the proof of Theorem 1.1(b). O

3 Concentration phenomenon

This section is devoted to the proof of Theorem 1.2. From now on, for any given continuous
function f(z) on [0, L], denote ||f|| = || f[|z.(0,r))- For the rest of the paper, for any g > 0,
dg > 0 and d; > 0, we drop the subscript “e” and denote the endemic equilibrium of (1.4)

by (5(z), I(x)).

First we start with an elementary lemma.

Lemma 3.1. Let ¢*/d > 4supy.,. c(z) and

dugy — qug + c(x)u <0, O<x<L,
—dug(0) + qu(0) > 0, u(L) >0,

then either w =0 or u > 0 in [0, L).

Proof. Let v(z) = e~%%/2dy(z), then v(z) satisfies

dvgg + ¢(x)v <0, 0<z<L,

—dv(0) 4+ 4v(0) > 0, v(L) >0,
where &(z) = c(z) — ¢?/4d < 0 by the assumption. By the strong maximum principle, either
v(x) =0 or v(x) >0 for x € [0,L). O

Lemma 3.2. Set C, = ||B]| + ||7]| + 2 and consider any EE (S(z),I(x)) of (1.4).
(i) Assume q*/d; > C%. Then I~ (z) < I(x) < IT(z) for 0 <z < L, where

() = 1(L)e~ T o), (3.1)



(i) Assume q*/d; > C%. For each ng > 0, if ds > dr/no, then
max{S~ (z),0} < S(x) < ST(x) for 0<z <L,

where

5q o
SE(x) := S(L)e 35" $>j_crdsé( ) i), (3.2)

where § = 3min{1,1/n0} and Cy = max{|| 8|, |/]}/[6(1 - ).

Proof. We only prove the upper bound of (i) in detail, and briefly comment on proof for
the lower bound, which follows from analogous arguments. For ¢2/d; > C2,

S
+1 . + _ 7t = +

= |ar (i—cq*)z—q(i—i) (57 )

- [-c.+ G+ (b )]

d
§—0+¢J+WW+

d
g-4+@ﬂﬁgq
L q
(the second inequality used the choice of Cy, the last inequality used assumption ¢?/d; > C?)

Cs

—drIf (0) + ¢I't(0) = #E=17(0) > 0,
IT(L)=I(L).

This allows the application of Lemma 3.1 to I (x) — I(x), proving the upper bound. One

can similarly check that I~ (z) is a lower solution with respect to the equation of I in (1.1),

and show the lower bound by applying Lemma 3.1 to I(x) — I~ (x). This concludes the
proof of (i).

Next, we prove the assertion (ii). Observe by the choices of § and C, that

9 ds a4 _(a_ G\ _ (a C)y_4a O (3.3)
dS_Qd] ds 2dy dr q o q’ '

By combining assertion (i) of the lemma and (3.3), we have

a

1) < 1(p)e )0 < e i (3.4)
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—-L(L—x) L—z)

)
Recall the definition of S~ (2) = S(L)e 45 “ " — ¢4 3 1(L)e” % "™, then
_ _ S _ _
dsSp =Sy + (= Agog +7)1 2 dsS, — a5y — 811
—34 (L—z)

=Cy6(1—6)I(L)e *s — 18I

— %4 (1 —g)
> [C46(1 = 0) — Bl (L)e s >0,

where we used (3.4) for the second inequality, and the choice of Cy for the last inequality.
For the boundary conditions, by the facts that C4 > 0 and 0 < § < 1 we obtain

1 — —L —x
dsS:(0) — ¢S~ (0) = cﬁq‘wse asE72) 5

and S™(L) < S(L). Hence, the function Wi (z) = S(x) — S~ (z) satisfies

ds(W1)ge —q(W1) <0 for 0 <z < L,
ds(W1)2(0) —¢gW1(0) <0 and Wy(L) > 0.

We may then apply Lemma 3.1 to Wi(z) = S(x) — S~ (z) to conclude that S(x) > S~ (x)
for x € [0, L]. Since S(x) > 0 is always satisfied, the lower bound is proved.

Finally, we can similarly apply Lemma 3.1 to ST(x) — S(z), where S*(z) is given in
(3.2), to show the upper bound assertion in (ii). We omit the details. O

Lemma 3.3. For each nyg > 1, there exist constants Cs,C% > 0 such that if q/d; >
1/10,¢*/ds > Cs and dr/ds < 1o, then I(L) < C§S(L).

Proof. Suppose to the contrary that there exist some 7y > 0, a sequence of parameters
(dsj,dg ,q;) satisfying q;/dy; > 1/770,qj2/d57j — 00,dy,;/dsj < no, and (S}, I;), which is a
sequence of EE of (1.4) with (ds,dr,q) = (dsj,dr j,q;), satistying I;(L)/S;(L) — oo.

Integrating the first equation of (1.4) in (0, L), applying the boundary condition in (1.4)
and dividing the result by I;(L), we have

LR 16 I S Sj(x) (@)
/0 "7 = Ij(L)/D g+ 1y

By the fact that the function ¢(S, 1) = SS—JFII is increasing in both S > 0 and I > 0, we may

use the upper and lower bounds S* and I* of S and I obtained in Lemma 3.2 to get

L I (z) 1 L St (x) I ()
o G < 5w s e o

where ¢,dr,ds, S(L),I(L) in (3.1) and (3.2) are being replaced by g;,d; ;,ds ;,S;(L), 1;(L),
respectively.
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Let y = ¢;(L — x)/dr,j, n; = dy ;j/ds,j so that njy = ¢;(L — x)/ds;, and (3.5) becomes

( inf ’Y) /q] fdrs o~ (14Csdr /a3y dy
0

O<a<L
L/d S;(L)e™ Y 4 Cyl; Sﬂe—%y
< ’BH/% e j( : & i ef(l—C*dI,j/qu)y dy.
(L)e=mY + CyI;(L ) 7 e~y 4 I;(L)e —(1=Cudr j/q})y

(3.6)

Rewrite the right hand of (3.6) and estimate it by again making use of the monotonicity of

SS—JFI[ in S and I, we have (denoting o; = I;(L)/S;(L) and Cs ; = ds’j/q?)

—(1-Cudr /42y dy

a;L/dr e~ Y Jou; + 04%676711?;
Il | J
e Y [

dsj __on- C(=Cudy /2
4_1_04%@ snjy 4 o~ (1=Cadrj/a5)y
J

e b dy (3.7)

<8l /qu/dI’j e Y /o + C4Cs je” Y

N e Y Jaj + CyCs je Y + e
a;L/dr,; 1/a; + CyCs 5 Y

<11 | fo; + CiChs -4

e 2 dy,
l/aj + CyCs j + e~ s

where the first inequality follows from, for sufficiently large j,
drj _dig dsj _  dsy _ 1

G ds; a4 ¢ ~ 20,

Again from ¢; 2/dr; > 2Cs, the left hand of (3.6) satisfies

q; L/dr ; q; L/dr ;
(inf 7)/J ! o~ (HCudr i /a3)y dy > ( inf *y)/] Y dy. (3.8)
0 0

0<z<L O<z<L

From (3.7) and (3.8) and letting j — oo, while using Lebesgue’s Dominated Convergence
and the fact that

1/mo < lim inf - < limsup —— 9 < 00,
Jj—o0 dl,j j—o0 dl,j

we have

20 inf ) (1—e 55 f P H Ay < 1 f I
—( 1 — o | = *2 < — =
St ) (1 5) = ant, ) [ o o) [77

GL/dLs 1 ja; 4+ CyCs u
(&

< lim ||ﬁ|| —yu
J—o0 1/Ozj + 0405,]' +e 2

:()7

as aj — 00, C5 ; — 0. This contradiction establishes the boundedness of a;. i.e. I(L)/S(L) =
O(1). O
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Lemma 3.4. For each ny > 0, there exist Cs,Cf > 0 such that if q/ds,q*/ds > Ce and
dr/ds < mno, then S(L) < Cgq/ds.

Proof. Integrating the estimates of S(z) in Lemma 3.2 from 0 to L, we get

L
_ap dg _dap qJy S(z)dy
l—e @) —CuCt—=(1—e 3s7) < =9 = 3.9
( e s ) 4 5q2( € )— dgS(L) (3.9)
where Cy and Cf are given in Lemmas 3.2 and 3.3 respectively. From (1.5), we know
N
sy < L <L 9N,

— 6 —
ds (1- efiL) - C4C’é‘;—§(1 - efﬁL) ds
provided ¢/ds and ¢?/dg are sufficiently large. O

Lemma 3.5. There exists C7,Ch > 0 such that for any EE of (1.1), if q/d;,q*/d; > Cx,
then

— 9 ([—x d — 49 ([—x
‘I(w) —I(L)e Y| < C§I(L)q—ge zd7 (=) (3.10)
forall0 <x < L.
Proof. By Lemma 3.2(i),
1y [ GO ) <) - e FE < 1) EED [0
(3.11)

for 0 <z < L, where C, = ||B]| + ||7]| + 2. Next, we choose C% = 3C,, and define
Cs vdp o
ge(y) = TV 15 Sl ey,

Claim 3.6. ¢4 (y) <0 and g_(y) >0 for 0 <y < L.

We only show the g4 (y) < 0. The proof for g_(y) > 0 is analogous. Now,

C. ¢ CL ¢
/ _ * Yy Iy
=—eaq’ — —te2 for0 <z <L.
9+ () q 2 ST S
Since ¢/, (0) = €= — %7 = C= (1 - 3) < 0, and ¢/, changes sign at most once, it suffices to
9+ 2q q 2 +

check that g4 (L) < 0. We consider two cases: (A) 0<¢<1;(B)¢g>1.

In Case (A): 0< g <1,

Cx L
dr 4L _CxL
g4 (L) < & (q—Célezqdf C >
q

N

AN
)
_
N
—_
|
QR
NS
)
w
&
~__
AN
L



where the first inequality follows from ¢ < 1 and ¢/d; > 1/q, and the last from ¢/d; > 1.
In Case (B): ¢ > 1,

1 dy <& 1 dr 4L
L)<0O|- —C’e2d1:<01 —0,62d1><0,
g+(L) < <q> 7q2 q (1) 7q
where the last inequality follows from ¢/d; > 1. Hence g (y) < 0. The proof for g_(y) > 0
is analogous and we skip the details. This proves Claim 3.6. Apply Claim 3.6 to (3.11), we

obtain /
~#@)| < g [075%_231@_%)} .

(I(x) ~I(L)e

q
This proves (3.10). O

Lemma 3.7. Assume (L) > ~v(L). For each n > 0, suppose that

q/d; — oo, ¢*/ds — 0o, and dr/ds — 1, (3.12)
then I(L)/S(L) — a*(n), where a*(n) is given in (1.8).
Proof. Similar to the proof of Lemma 3.3, it suffices to prove the lemma for each sequence

(dsj,dr,j,q;5) such that (3.12) holds. Fix such a sequence of parameters and let (S;, 1) be
a sequence of EE of (1.4) with parameters (dg,ds,q) = (ds j,d1 ;,q;j). Denote also

I;(L)
Si(L)

_dry
ds,;

1; and o =

Recall y = ¢;(L — z)/d; ;, njy = ¢;(L — x)/ds; and o = éjj((i))’ then (3.5) becomes

q;L/dr ; dr
/ P 7(L _ gy) e~ (o) gy
0 qj

(3.13)
< e~ MY 4 Cyarjo(1)e=0mY

qjL/dr
- /0 e Y + C4O{j0(1)676njy + aje_(l_o(l))y

5 ( I @y) e~(1=o(0)y gy
q;

Let

a=liminfa; and @ = limsupc;.
J—00 Jj—roo

By Lemma 3.3, 0 < @ < @ < +oo are both finite. Now, pass to the limit superior of «; as
j — oo in (3.13), we obtain

e " 4+ aeY

%) 9] —(14n)
) [ e aw [ S an (3.14)

21



Similar to the inequality (3.5), we can obtain

L I (z) 1 L max{S~(z),0}(x)
/0 (@) I(L) dz = I(L) /0 B(x)max{S*(l‘),O}—l—I*(:n) dz. (3.15)

Again, by y = ¢;(L —x)/dr j, n;y = ¢j(L —x)/ds; and o = %7 we can rewrite (3.15) as

J
a;L/dr; dy ;
0 qj

> /qu/d[yj max{e" — Cyajo(1)e Y, 0} ﬁ(L — @y> e~ (1+o()y 4y
~—Jo max{e~ Y — C’4ozjo(1)e_5771'y, 0} + aje—(Ite()y qj
(3.16)
By passing to the limit inferior as j — oo in (3.16), we obtain
0 [T evayspm [T 1
- > —dy. .
) [ ez a) [ S (317)
It follows from (3.14) and (3.17) that @ < «, i.e. limsupa; < liminfea;. Hence
j—00 J—ro0
a” := lim «a; (for the full sequence) exists, and is uniquely determined by

Jj—00

| P = @] =

e~ + a*e Y
which is equivalent to (1.8) (by the transformation z = e~¥). This proves the lemma. [

Lemma 3.8. For each ng > 0, the following limits hold:

L
. q
lim I(zx)dx =1, 3.18
q/dr—00,q? /d1—00 dII(L>/0 (@) ( :

L
i q
: S(x)de =1. 3.19
q/d1—>ool,qHQ1/dS—>oo dsS(L)(1— e*qL/ds) /0 (x)dx ( )
dr/ds<mno

Proof. To prove (3.18), we apply part (i) of Lemma 3.2, so that

—

o (15 C) (L) <1 z) < ot (130 ) (a).

(L)

Letting y = q(L — z)/d; and using the fact that d;/q* = o(1), we have

~
h

_ 4
oy < T Y)

—(14+o(1))y 1, <y <alldr.
< ) <e or 0<y<gqL/ds
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(3.18) thus follows by simply integrating the above.
For the second assertion, apply part (ii) of Lemma 3.2 to get

—i -2 ds I(L) 7%(L—m) < S(x) <o -

S S(L)

(&

(L)

Multiply by ¢/ds and integrate, while using the fact that dgs/q?> — 0, we have

dSSq(L) /OLS(J:) d = <1 - eS) +o(1)5! <1 _ 665> .

This proves (3.19).

(L) c% I(L) —-

Lemma 3.9. Suppose for some n € [0, 00),

i—>oo q—2—>oo ﬂ—)n
dg dg ’ dg ’
then . . -
. N na*(n)N
hm/S:L‘d:E,/I:L‘d:E)z( , >,
([ s [ 1 T () T+nar(n)
and

hm[dqs (S(L),I(L))}:< N _atmN >

Proof. By Lemmas 3.7 and 3.8,

fOL I(z)dx
fOL S(x)dz

By (1.5), we see that the limits

drl(L) q

g } [dsS(L)(l mpe dr I(L)

qL/ds)] = (+o)5o5T)

—(1+o(1) |

L L
Ar = lim/ I(x)dx and Ag:= lim/ S(z)dz
0 0

(3.20)

(3.21)

— na*(n).

(3.22)

exist, and satisfy A;/Ag = na*(n) and A;+Ag = N. This implies (3.20). Next, we combine

(3.19) and (3.20) to get

lim 2 S(L) = lim —2S(L)(1 —e @/dsy = Ag = — “°
q () q (L) )=As 1+ na*(n)

Combining this and Lemma 3.7, we obtain (3.21).

Next, we prove Theorem 1.2.
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Proof of Theorem 1.2. Fixny > 1 andlet C; = max{l C?, C’5,Cg,C'7} where C,, C5, Cg, C

are given in Lemmas 3.2 - 3.5. First, we assume d , d2 >(Cq, & i d > Cr and dy/dg < np.
By Lemmas 3.3 and 3.5, we have

]1(:[;) ~[(L)e i E) d

q2

<o) le 2 < o <S( )df> e m D (303

e
for 0 <z < L. By Lemma 3.4, S(L) = O(q/dg), so O (S(L)%) =0 <d—1) =0 (%) This

dsq
proves

—5L (L—x)
<O< >e 2d; for0 <z < L. (3.24)
q

Next, by Lemma 3.2, there exists § € (0,1/2] such that

I(L _da (]
<O<(gds>ed;(L ) for0 <z <L.
q

By Lemmas 3.3 and 3.4, O (%) =0 (%) =0 (%), hence

1\ s,
§O<>e a5 (L=, (3.25)

q
Since dj/ds < 19, we may replace ¢ to be the smaller of § and 1/(2n9), so that (3.24) and
(3.25) can be combined to get
ol
q

and (1.9) follows from the fact that 1/¢ < C1/q < q/dg. Next, we assume in addition that
(1.10) holds, hence,

I(z) — I(L)e r =) \s — S(L)e s L)

2 2
d
d%—)oo i%oo Z—I%oo g—s—>oo, i—)ne[o,oo).
By (1.9) and (3.20), one can deduce (1.11). Also, (1.12) follows from (3.21). This concludes
the proof of Theorem 1.2. O

3.1 Limiting profile of EE when ¢/ds — ¢ € [0, 00)

In this subsection, we discuss the counterpart of Theorem 1.2 in the case when lim sup ¢/dg
is finite.

Theorem 3.10. Assume that B(L) > ~v(L). Then there exists some positive constant C,
independent of dg, d; and q, such that (1.4) has at least one EE whenever q/d; > C. Assume
that

q q° q

— =00, ——00, and — —¢€][0,00), (3.26)

dr ds ds

then any EE (S(x),I1(z)) of (1.4) satisfies
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Q) (ALsmyh&ALﬂxyu)-+umox

(ii) The susceptible population component of the EE satisfies

Noyo(1) if€=0,
S) = { IL_]eVE&L e L= 4 o(1)  if £ € (0,00); (3.27)

(iii) The infected population component of the EE satisfies

oy [ PN 1) e =0, 3.28
(z) = a*(0)NE —A(L—x) ) (3.28)
e U +o(1) if& € (0,00).
Proof. By the hypothesis (3.26),
2 2
q q q dr q
q — oo, dl—>oo, ds—>oo, dg—)fe[o,oo), ds—>0, dl—>oo.
By Lemmas 3.7 and 3.8,
ST I(x) da drI(L) q dr I(L)  q/ds
L0 VT (1 1 =(1 1))— —0
LS(x)da (1+o(1) q dgS(L)(1—e—aL/ds (I+o(1) q S(L) (1 — eaL/ds
Jo S(z)
(3.29)

since dr/q — 0, Lemma 3.7 says that I(L)/S(L) — a*(0) > 0. Combining with (1.5), we
obtain part (i).

Claim 3.11.

=

LN, for & =0,
N 70‘*(0)5]\7) ,  for &€ (0,00).

1 €7 T_e €L

(3.30)

lim (S(L), I(L)) = { g

Combine (3.19) and part (i) to get

lim d—SS(L)(l — e /sy = N
q

This determines the (finite) limit of S(L). By Lemma 3.7, lim I(L) = o*(0) lim S(L). The

claim is proved. Finally, (3.27) and (3.28) can be derived from Lemma 3.2, since S(L), I(L)
have finite limits. O
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4 Asymptotic Profiles of the EE when (§(L) < (L)

In this section, we study the case S(L) < v(L) and establish Theorem 1.4 in a series of
lemmas.

Lemma 4.1. If ¢ = 0, there exist two positive constants Cg,C§ such that

I
CSSC(;:)S% for0<z <L
S

for sufficiently small dg.

Proof. When ¢ = 0, from Lemma 3.1 in [2], the pair (S, ) is a solution if and only if (S, I)
satisfies
dsS + dil = k, 0<x <L,

I
dIIxx"i_(/B_’Y_BSiH)I:O, 0<.7}<L,

Ix(o) = Ix(L) =0, Sx(o) = S(L) =0,
Ji1S(x) + I(z)] dz = N,

(4.1)

for some positive constant k. Moreover, [2, Lemmas 4.2 and 4.4] assert that as dg — 0,

drI(-
lim Kk -0, lim I(-)—0 and lim 10)
dg—0 ds—0 dg—0 K

with the last two limits being in C([0,L]), and I* € C([0,L]) satisfies 0 < I* < 1 on
z€[0,L] and {x € (0,L) : B(x) < y(x)} C{x €[0,L] : 0 < I* < 1} has positive measure.
From the first equation in (4.1),

k—drl K (dr—dg)l

+1

I: = —
S dg ds dg

(4.2)

Integrating and using the integral constraint (1.5), we obtain

K [F drl L
N=— 1 - —— Idx. 4.
ds/o ( ﬁ)dx—i—/ﬂ dz (4.3)

Hence k/dg < N/ fOL(l —drI/k)dx and
.1 . K N N
lim — < lim < 2 = 7 .
ds=0ds —ds—=0dids  dp [“(1—dil/k)dz  df [, (1—1I*)da

Since the right hand side is a constant, then there exists a constant Cg such that ||I]|/dgs < Cs
for sufficiently small dg. Next we prove (inf I')/ds # 0 as ds — 0 by contradiction. Suppose
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inf I = o(dg), then by Harnack inequality ||I|| = o(dg). Since ||I|| = o(ds), we deduce from
(4.3) that k/dg — N/ fOL(l — I'")dz as dg — 0. Using (4.3) once again, we have

dy —dg) [F1d LN
Nzlim—ﬁ—lim(l S)fo x: 7 .
ds—0 dg  ds—0 ds Jo @ —1I*)dz

This implies that * = 0, which is a contradiction as S(L) < (L) and the set {x € [0, L] :
0<I*<1}D>{z e (0,L): B(x) < v(x)} has positive measure. O

Lemma 4.2. For each qy > 0, there exist Cg > 0, § > 0 all independent of dg such that
_ 4
]| < Cge s for 0 < q<qy and q/ds is sufficiently large.

Proof. Since v(L) > (L), there exist € > 0,0 > 0 such that y(z) — B(x) > € for = €
(L —26,L). For any x € (L — 26, L), integrating the first equation of (1.4) from z to L, we
have

L
dsSela) =as(@) = [ [2r) =B 55 s

L
> / Iy (r) — B(r)I(r) dr
> E/L I(r)dr

> eCo|lI|(L — ),

where the last inequality is obtained by the Harnack inequality and C§ = C§(dr,qo) is a
constant independent of dg and g < qo.

For any = € (L — 26, L), multiplying the above inequality by e9(X=#)/ds and integrating
over (z, L), we have

L
ds[S(L) — B 5(@)] > ecy1| / (L — 1)eis 7 .
By direct calculation,
L 4 (1—r ds 4 (1—q 2 (1
L (L —r)edsE ) dr = Beas o) _ ) 4 ?5[1 — st )}. (4.4)

q
Then for L — 20 <z < L,

/ /
S(L) > Me%@_@([, — )+ % [1 _ 6%@—@}

q q
! q ! q
> Colldll o g, _ 4y _ Colllllds 1)
q q
_ <Golll| =) (L)~ dfs]
q q

27



Choosing © = L — 36/2, for any 0 < ¢ < ¢qp and ¢/dg > 1/9, we have
C// 3¢5
S(L) > =2||1]jexs, (4.5)
q
where C{ = deC{/2 is a constant independent of dg.

On the other hand, for any = € (0, L), integrating the equation of S in (1.4) over (z, L),
we have

L
dsSz(x) — ¢S(x) < / V(I(r)dr < [y ITI(L = ).

Multiplying the above inequality by e?(=%)/ds and integrating over (z, L), we have

(1) - D) < I ra-n g gy DI, _ gcimn)

Then,

S(x) > S(L)e *di(L x) HVUIH (L—2)+ W [1 _ 67%@—1)}

> S(L)e ds ———(L—2x
Z () q ( )

> <CS/)/||I”€23L12> e*%(L*x) _ HWHHH’ (L _ .’L‘)
= q q )

where the last inequality follows from (4.5). Integrating it over = € (L — /2, L), we get
11l 52

[
Since fo x)dx < N, we deduce that for ¢ < gp and ¢/dg > 1, we have ||I]| = (e_ﬁ).
O

Lemma 4.3. Given dy,qo > 0. For any 0 < q < qg and q/dg > 1,
)
=ol-).
q

Proof. Multiplying the equation of S in (1.4) by e~%/%s and integrating the result over
(z, L), we have

N s (L)

Hs(x) ds

L

ds 6_%LS,Z‘(L) - 6_%5653:(1’)] +/$ e s {W(T) B B(T)m
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By the boundary condition, we may rewrite the equation as

eds® (L _q, T
- / e [y(r) - 5(7)5(7)5&)1(7)}1(7)d¢.

By Lemma 4.2 and direct calculations, for any 0 < ¢ < gp and sufficiently large ¢/dg, we
have

Su(w) = Lg(L)e ds L)

_dS +

q —r e%z L 9 5 T
5u0) = s FC L 8 [T ) - gy g ST i ar

_T‘S L

ds S
q (L—z) 1 —4 (L—z)

d _ d 1 d .
dSS(ZL)e s +0 (qe s ) < e ds >

Integrating the last equation again over (z, L), we obtain

- — (L) 1 a5 o ds(s A (L-a)
S(x)=S(L)e s +O<qe S)[L x q<1 e s )],

for sufficiently large q/dg. For large q/ds, L —x — %S (1 — e_%(L_x)> is bounded, which
implies that

4. 1 o
S(x) = S(L)e s 4 o (qe d“s5>. (4.6)
Integrating the equation (4.6) and applying the integral constraint (1.5), then
qN 1 a5
S(L) +O<dse s )

= — T
ds (1 —e ds L)
a(L—z)

Subtracting ¢gNe  9s  /dg on the both sides of (4.6), we have

_ N ) _ N e oLk
S(a) — e B = [S(L) ds}e EE o)
qN qN 1 —a5\] -2 (L—a) 5
= ——4+0|—¢€ ¢ d +O0(-e ¢
[d5<1—ed§L> ds <dse S )}e ) (qe >
1 _—ap 1 —ay
= 1 +O _ d +O _ d
o) + (e ) + 02 )
= O(].) +; |:O(di'€_d36) +O(€_d55):| = 0(1) +o0 <q)
This completes the proof. ]
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