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ABSTRACT. Nonlocal Lotka-Volterra models have the property that solutions
concentrate as Dirac masses in the limit of small diffusion. Motivated by the
existence of moving Dirac-concentrations in the time-dependent problem, we
study the qualitative properties of steady states in the limit of small diffusion.
Under different conditions on the growth rate and interaction kernel as moti-
vated by the framework of adaptive dynamics, we will show that as the diffusion
rate tends to zero the steady state concentrates (i) at a single location; (ii) at
two locations simultaneously; or (iii) at one of two alternative locations. The
third result in particular shows that solutions need not be unique. This marks
an important difference of the non-local equation with its local counterpart.

1. Introduction. This paper is concerned with the following reaction-diffusion
model from evolutionary game theory:
euy = e202u+ u (r(z) — [, K(z,y)u(y,t)dy) for z € Q,t>0,
Opu=0 for x € 02, t > 0, (1)
u(z,0) = up(x) for z € Q,

where u(z,t) represents the population with trait z € 2 for some bounded domain
Q) € RY with smooth boundary 9 at time ¢. The intrinsic growth rate for indi-
viduals with trait = is given by r(z) € C*=(Q), and the integral term models an
additional contribution to the death rate due to competition with other phenotypes
with different traits, with competition kernel K(x,y) € C>(Q x Q). Throughout
this paper, we assume

(H): mg%nr >0, ming, 5 K > 0.

In this model, individuals with trait z in a population wu(-,¢) has fitness r(z) —
Jo K(z,y)u(y,t) dy, and reproduction is asexual and is subject to mutation with
rate 2.

Equation (1) can be viewed as a competition model of infinitely many species.
This can be seen by formally setting the mutation rate € to be zero, while consid-
ering solutions of the form va:l Ui(t)do(x — x;), where {z;} is a set of N distinct
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strategies. Then

e U;(t) = U;(t) [r(z;) — ZK(wi,xj)Uj(t) for1<i< N, andt>0, (2)

Jj=1

which is a version of the the Lotka-Voletrra model of N competing species.

The time-dependent problem (1) was considered in [20] in case Q = R™. Under
convexity assumptions on the initial condition and on coefficients of the equation,
it was shown that solutions of (1) concentrates as a single moving Dirac mass, as
€ — 0. Moreover, they showed that the movement of the Dirac mass can be well
described by a form of canonical equation, which is connected to the framework of
adaptive dynamics [6] underlying the selection process.

Motivated by the work on the time-dependent problem, we will show in this pa-
per that (1) possesses Dirac-concentrated steady states. Furthermore, under three
different set of conditions, we will show that the steady state concentrates (i) at a
single location; (ii) at two locations simultaneously; or (iii) at two alternative loca-
tions. The third result in particular shows that solutions need not be unique. This
marks an important difference of the non-local equation (1) with its local counter-
part. The steady states in scenarios (i) and (iii) can be considered as evolutionary
endpoints corresponding to the single moving Dirac mass found in [20]. The dimor-
phic steady Dirac mass in scenario (i) motivates the study of moving Dirac masses
supported at two points, which is currently open. We also refer the interested read-
ers to [26] where the existence and structure of positive steady states of a related
model is discussed using a bifurcation approach.

Reaction-diffusion equations modeling the evolution of a quantitative trait has
a long history (see, e.g. [3, 12, 14, 21] for the case when K = 1 is constant). The
version studied in this paper, which involves a non-local interaction kernel, was
introduced by [24] in the context of competition with neighbors, with

K(z,y) = \/‘;ij exp (_(5’3203)2) :

See also [1, 5, 11] for works on the pure selection case.

Furthermore, (1) can be rigorously derived from an individual-based, stochastic
model in which a finite number of individuals may randomly die or produce an
offspring with a rate depending on the competition among conspecifics. Taking the
limit of an infinite number of individuals with the correct time scale, (1) can be
obtained. We refer the interested reader to [4].

In the model of this paper, the growth rate r(z) and interaction kernel K (z, y) are
prescribed rather than derived from density- and frequency-dependent interactions
among phenotypes. In general, the relative advantage of a trait x against a different
trait y depends on the context of their interaction. For instance, in [8, 10, 16, 27] the
invasion fitness between phenotypes with different dispersal strategies is obtained in
the context of reaction-diffusion equations modeling the two competiting species in
a bounded spatial domain. Those results has implications in the mutation-selection
framework [9, 17, 18, 23], which concerns populations structured by space and trait.

The remainder of this paper is organized as follows: The mathematical statement
of the main results are presented in Section 2. Apriori estimates and the WKB
transform are presented in Section 3. In Section 4, Theorems 1 and 2 are proved by
the constrained Hamilton-Jacobi equation method pioneered by [7]. In Section 5,
the existence of positive steady states and Theorem 3 are proved using a dynamical
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approach based on persistence theory and the construction of two forward-invariant
regions of (1). Finally, the assumptions of our main results and their relation to
the framework of adaptive dynamics are discussed in Section 6.

2. Main Results. In this paper, we focus on the existence, and multiplicity of
steady states of (1) when the trait space is one-dimensional, i.e. Q = (—1,1).
When there is no ambiguity, we suppress the upper and lower limits in the integral
and write, for p(y) € L'((—1,1)), [ p(y)dy = f_ll p(y) dy. In such case, the steady
state 4. (x) satisfies

€20pqtie + Ue (r(z) — [ K(z,y)u(y)dy) =0 for z € (—1,1), 3)
Ozt =0 for x = +1.

In the following we state our three main results.

Theorem 1. Assume
(A): 2 {K(x’y)} > 0 for all z,y € [—1,1], and there exists & € (—1,1) such

Ox2 r(x)
that
<0 forzye[-1,%)
K )
82 { (x,y)] ={ 0 for xg = %, 4)
x r(z) T=T0,Yy=To >0 forzg € (&,1].

Then, as € — 0, every positive solution t.(x) of (3) satisfies

Ue(x) — KZ(J;)@) do(x — ) in distribution.
Theorem 2. Assume

(B): 63722‘ [Kr(éj)y)} < 0 for all z,y € [—1,1], and there exists & € (—1,1) such

that
<0 fO’f‘ To € [_Li')v
aﬁ [K@c,y)] B for zo = %, (5)
x| r(r) T=w0,y=10 >0 foruaxzo € (2,1].

Then, as € — 0, every positive solution G.(x) of (3) satisfies
te(x) = Ado(xz + 1) + Béo(x — 1)  in distribution,

where the positive constants A and B are unqiuely determined by

(el 28 (5) (8 )
Theorem 3. Assume

) 0 [K(z,1) . 0 [K(z,—1)
(C): 715;1‘&1 o [ ) } < 0 and that _112;;1 e {r(x) > 0.

Then, for all € sufficiently small, (3) has at least two positive solutions . 4 () and
Ue,—(x). Moreover, as € — 0, we have

r(1)
K(1,1)

r(=1)
K(—1,-1)

Ue 4 (x) — do(z—1) and U —_(z)— do(z+1)  in distribution.
For the ease of exposition, we will postpone the proof for the existence of steady

state to Corollary 5.3 in Section 5.
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FIGURE 1. The left, center and right panels illustrate the sign of
KT((Z’)y ) % as a function of z and y, under the assumptions of
Theorems 1, 2 and 3 respectively. Here x and y are the strategy of
the invader and resident species respectively. Kr(&’)y) - % <0
(resp. > 0) means invasion of resident with strategy ”y” by invader

7 qa??

with strategy ”z” is a success (resp. failure).

3. WKB-Ansatz and Apriori Estimates. Consider the WKB transform

b.(z) = elogic(z), ie. f(z)=exp (”(x)>

5
then ¥, (z) satisfies the equation
—£0%0. — 0,9:* = He(z) :=r(z) — [ K(2,9)ic(y)dy for —1<ax <1,
030 =0 for z = £1.
(6)

We first develop some apriori estimates of 4. and o..

Lemma 3.1. Let 4. be a positive solution of (3), then

*

T - r
< faway < 1,

where the positive constants v*,r., K*, K, are given respectively by

*

r* = sup r(z), r.= inf r(zx), K*= sup K(z,y), K*:(inf
2 —1,1

K(z,y).
(-1,1) (=1,1) (-1,1) 2 @)

(7)

)

Proof. Integrating (3) over x € (—1,1), we obtain

[r@itdy = [[ K@ i) ddy.

[ awdy < K (/axy)dy)?

from which the lower bound follows. The upper bound of [ . dy can be derived
analogously. O

Then we have

Lemma 3.2. There exists C independent of ¢ > 0, such that ||f[€(m)||ca([,1’1]) <C.
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Proof. Fix k=0,1,2, or 3. By definition of H., we have

L2 = [okr(o)| + | [ K)oy

< Irller =117y + CIK ler(=1,112) /ﬁs(y) dy.

In view of the L' bound of @. (Lemma 3.1), the right hand side is bounded inde-
pendent of € > 0 and z € (—1,1). O

Lemma 3.3. There exists C independent of € > 0 such that sup |0,0:(x)| < C.
(7171)
In particular, the family {0.} is equicontinuous in the variable x € [—1,1].

Proof. If 9,7 (x) = 0, there is nothing to prove. Otherwise, there exists z. € (—1,1)
such that sup |0,7.| = |0:0c(x:)| > 0, then 927, (x.) = 0, and by equation (3), we
have } }

|8m55(336)|2 = |H€(x€)| < ||H€||C([71,1])~
In view of Lemma 3.2, the right hand side of the above equation is bounded inde-
pendent of €. This proves the lemma. O

Lemma 3.4. lim { sup f)e} =0.
e=0 | 1<z<1

Proof. Suppose to the contrary that there exists e, — 0 such that
lim [ sup ﬁek} >0 or lim { sup ﬂgk] < 0.
er =0 | 1<z<1 ex—0 [ —1<z<1

Since e, = exp(¥e, /ek) and since {0} is equicontinuous (Lemma 3.4), we have

/dgkdy—>+oo or /ﬂgkdy—ﬂ).
But both cases are impossible, in view of Lemma 3.1. O

Corollary 3.5. The families {o.} and {H.} are precompact in C([-1,1]) and
C?([-1,1]) respectively.
Proof. By Lemmas 3.3 and 3.4, the family {0.} C C(]-1,1]) is equibounded and
equicontinuous. By Arzela-Ascoli Theorem, it is precompact in C([-1,1]). Sim-
ilarly, the precompactness of {H.} in C?([—1,1]) follows from its boundedness in
C3([-1,1]) (Lemma 3.2). O
Proposition 1. By passing to a subsequence €, — 0, there ezists 1(x) € C([-1,1])
and H(z) € C%*([—1,1]) such that
Ue (x) = 0(x)  in C([-1,1]), and H. (x)— H(z) in C*([-1,1]).

Moreover,

(i) sup o(x)=0;

—1<z<1
(ii) o(x) is a viscosity solution of
—0,0)> = H(z) for —1<z<1; (8)

P E[ — .
(iil) _max (x) = 0;

(iv) If sup g, (z) = Ve (xk) for each k, then dist (mk, {m H(z) = O}) — 0.

—1<z<1
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Proof. By Corollary 3.5, we may pass to a subsequence so that the solution (7, ﬁsk)
of (6) converges to some (¥, H) in C([—1,1]) x C?([—1,1]). Assertion (i) follows
from Lemma 3.4. Since ¥ is a classical solution of (6), we may apply the stability
theorem (see, e.g. [2, Theorem 4.1]) to conclude that the limit function o(x) is a
viscosity solution of the Hamilton-Jacobi equation (8). This proves assertion (ii).
We next prove (iv). By assumption, xy is a local maximum point of 7, , so that

%0, (x1) <0 = 0,0, (xr) = H. (x})>0.
Since, by the equation (8), we also have H(z) < 0 for all z, we see that

0 < liminf H,, (z}) < limsup H, (z;) < 0.
k—o0 k—o00
It follows from the uniform convergence of H., — H in [—1, 1] that any limit point
xo of {z)} satisfies H(xg) = 0. This proves (iv). Since H(x) < 0 and the nodal set
of H is nonempty, (iii) is also proved. O

Next, we prove a result in the special case when H () has a unique maximum
point.

Proposition 2. Suppose, in addition to the hypotheses of Proposition 1, that for
some ' € [—1,1],

H(z) <0 in[-1,1], and equality holds if and only if v = z'.

Then ,
Ue,, () — K%do(x — ') in distribution sense, (9)
and H(z) = r(z) — %ﬁffl) for -1 <z <1.

Proof. We first show a property of the limit function o(x).
Claim 1. 9(z') =0, and © < 0 for z € [-1,2") U («/,1].

Let the maximum of ¥, be attained at z € [—1,1]. Then, by Proposition 1(iv),

1, — x’, so that
o) = klggo Oen () = klggo {—@%};165’“] =0

where we used Lemma 3.4 for the last equality. Next, suppose to the contrary that
o(z") = 0 for some z” € [—1,1] \ {z'}. The fact that o < 0 implies that z” is a
local maximum of . We discuss the two cases separately: (i) " € (=1,1) \ {a'};
(i) 2” € {-1,1} \ {2’} and that 9(x) < 0 for z € (—1,1) \ {z'}. In case (i) ="
is an interior local maximum point of ¥. Since ¥ is viscosity solution of (8), we
have H(z") > 0. But this can only happen if 2”7 = 2/, which is a contradiction.
In case (ii), 0 attains a strict local maximum at z”” = +1 and there is a sequence
zy — ' such that ., attains a local max at /. This implies that H., (z}) > 0.
Letting k — oo, we have H(z") > 0 for some z”/ € {1,—1} \ {z’}. This again is a
contradiction to the assumption on H. Claim 1 is proved.

By Claim 1 and Lemma 3.1, we may pass to a subsequence and assume that
Ue,, (x) = exp (Ve (x)/e) = C"do(x — 2') in distribution sense for some C’ > 0. By
integrating (3), and letting e, — 0, we have

r(z")C" = lim [ r(z)t., (z)dz = kli—>120 //K(x,y)ﬂgk (z)ie, (y) dedy = K (2, 2")(C")%.

k—o0
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Since C’ > 0, we deduce that C' = r(z')/K(2',2"). Since the limit is independent
of subsequences of {ex}, the convergence . (z) — %50 (x — 2’) holds for the
full sequence ¢ — 0. Finally,

- K / /

(o) = Jim |r(0)~ [ Kapue, )| = rie) - FEEED
This concludes the proof of Proposition 2. O

k—o0

4. Proof of Theorems 1 and 2.

Proof of Theorem 1. By Proposition 1, we pass to a sequence ¢, — 0 so that 7., —
¥ in C([-1,1]) and H., — H in C?([-1,1]). First, we claim that H(z)/r(x) is
strictly concave, since

2 (k) =eno- [ ) < - e[S [t
0<y<1
By assumption (A) and Lemma 3.1, we may let €, — 0 to conclude the strict
concavity of H(z)/r(z).
This, and Proposition 1(iii), implies the existence of some z’ € [—1,1], such
that H(z) < 0 and equality holds iff z = 2/. (Note that 2’ may depend on the

m&o(.’ﬂ — X ) n

subsequence.) By Proposition 2, we deduce that ., () —
distribution sense. Moreover,

(o) = Jim |r(o) = [ Kaue, ) | = rle)-

k—oc0

W for -1 <z <1.
The fact that H(z) is non-positive (Proposition 1(iii)) implies that
K(z,z) < Kz, z)
r(x) T ()
By (A), we must have 2’ = &. Since the limit point 2’ = & is independent of

subsequence e — 0, we deduce that in the full limit ¢ — 0, @.(z) — KT((;L) do(z—12)

for all z € [-1,1].

in distribution sense.

Proof of Theorem 2. By Proposition 1, we pass to a sequence 5, — 0 so that ., —
¥ in C([-1,1]) and H., — H in C*([-1,1]). We claim that H(z)/r(z) is strictly
convex. To this end, we compute

8 (B82) <o [ Sn) 2 o [Se] e

0<y<1

and observe that the strict convexity of H(z)/r(x) follows from hypothesis (B)
and Lemma 3.1. Combining with the facts that H(z) < 0 and r(z) > 0 in [-1,1],
H(x)/r(x), and hence H(x), are strictly negative in (—1,1).

Claim 2. 0(z) <0 for -1 <z < 1.

Suppose to the contrary that o(z’) = 0 for some 2’ € (—1,1), then 2’ is an
interior local maximum point of . By the fact that @ is viscosity solution of (8), we
deduce that H(z') > 0 for the interior point 2’ € (—1,1). This is a contradiction,
as H(z) < 0in (=1,1). Thus &(x) < 0 for —1 < z < 1 and, by Lemma 3.1,

Ue,, () = Adp(x + 1) + Bp(x — 1)  in distribution sense. (10)
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Claim 3. A >0 and B > 0.

Otherwise suppose B = 0, then ., — Adp(z + 1). By the arguments in the

proof of Proposition 2, we deduce that H(z) = r(z) — %

1(iil), H(z) <0 for all z € [-1,1], and hence
K(-1,-1) < K(z,—1)
r(=1) 7 r(=)

K(ryy)}
r(2) r=y=-—1
Similarly, one can show that A > 0 as well.

To determine the value of the positive constants A and B, we first prove the
following estimate.

. By Proposition

for —1<z<1.

But this is a contradiction to 0, [ < 0 (by (B)). Hence B > 0.

Claim 4. . lim |94, (0)| = 0.

k—o0

To see the claim, let § = —% inf|;|<1/2 0, then by Claim 2 we have § > 0. For all
k large,

- - 5

sup U, < —6, and sup U, <exp|——|.
|| <1 lz|<1/2 €k

Now, let Uy (z) := e, (e2), then sup|,| .o [Uk(2)| < exp (—Ei), and

k
—0?Ui(2) = H., (e2)Ur(2)  for |z| < 1/ep.
Since ||H., le-1,1) < C (Lemma 3.2), we deduce that

sup |02Uk(2)] < Cexp (—j) :
k

|z|<2

— ). This yields Claim 4.

We conclude the proof by determining A and B. To this end we integrate (3)
over —1 < x < 0, then

_5% Ozlc, (0) = /

-1

By interpolation, e |0, e, (0)| = |0.Ux(0)] < Cexp (_EL)

0

e, (@) (r(x) -/ 11 K (2, )iz, (9) dy) dr.

Using (10) and using Claim 4, we may let k& — oo to obtain
0=A[r(-1)-K(-1,-1)A- K(-1,1)B] . (11)

Similarly, we may repeat integrate (3) over 0 < z < 1 and repeat the above argu-
ments to obtain

0=B[r(l) - K(1,-1)A - K(1,1)B] . (12)
Solving (11) and (12), we have
K(1,1)  K(=1,1)

A= r(1) (=1 _ K(lal)r(_l) —K(—l,l)T(l)
KCL-DK(LD) _ KCLDK(IL-1  K(—1, —DK(L1) = K(—1, DK(1, —1)’
r(—1)r(1) r(=1)r(1)
and
K(-1,-1) K(1,—-11)
B— r(—1) r(1) _ K(—l,—l)T‘(l) —K(l,—l)’f‘(—l)

T KCL-DKA,) _ KLDK(L,-1)  K(—1.—DE(L1) — K(—L. DK 1)
r(=1)r(1) r(—1)r(1) ( ’ ) ( ) ) ( 5 ) ( s )
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Since A and B are uniquely determined and is independent of subsequences, we
deduce in the full limit € — 0, 4. (x) = Adg(x+1)+ Bdo(x —1) holds in distribution
sense. This proves Theorem 2. O

5. Proof of Theorem 3. Consider now the time-dependent problem (1) in case
Q=(-1,1).

edyue = e202u. +ue (r(z) — [ K(z,y)ue(y,t)dy) for —1 <z <1,t>0,

Ozt =0 for x = £1,t > 0,
ue(x,0) = ug(x) for —1<z<1.
(13)
In this section, let u.(x,t) be a solution of (13).
5.1. Persistence theory and the existence of equilibrium.
Lemma 5.1. The function p.(t) :== [u.(y,t) dy satisfies
. r
min { p-(0). K*} < pu(t) < max {00 7} (14)
where r* 1., K*, K, are given in (7), and, letting t — oo,
K— < htlglofolf p=(t) < hgigppe(t) < K, (15)

Proof. By integrating (13) over x, we see that p. satisfies

O = [uwerdy+ [ [ K puoyucty) dudy (16)
and hence also the differential inequalities
€0ipe < pe(r* — Kipe), and  e0ipe > pe(rv — K¥pe),
from which the lemma follows by ODE comparison. O

Lemma 5.2. There exists C > 0, such that for any tog > 1,

to 1
[Jue (5 t0) | oo ((—1,1)) < C/ / ue(x, t) dadt.
to—1J—1

Proof. For each y and t, extend ue(x,t), r(z) and K(z,y) on the boundary x = +1
by reflection, we may assume that u. satisfies the same equation in (-3, 3) x [0, 00).
Hence, we have

llue (-5 to)ll Lo ((=1,1)) <C’/ / ue(x, t) d:z:dt—ZC’/ / ue(x,t) dadt
to—1 to—1

by application of the local maximum principle [19, Theorem 7.36]. O

The following proposition from persistence theory, which is a special case of [25
Theorem 6.2], is the key to proving Theorem 3.

Proposition 3. Fiz e > 0. Suppose

(i) X is a closed convex subset of C([0,1];]0,00)).
(ii) X s forward-invariant with respect to the semiflow generated by (13) in
C([0,1]; [0, 00)).
(iil) X is not the singleton set of the trivial function.

Then (3) has a positive solution () lying in X.
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Proof. In the context of persistence theory, for each ug(z) € X, we define the
persistence function p : X — [0,00) by p(uo) = inf_1<z<1 ug. Then p is continuous
and concave. First, we prove the following claim, which asserts that the semiflow ®; :
X — X, generated by (13) in C([0,1];]0,00)), is uniformly strongly p- persistent
(see [25, Definition 3.1]). Here for each ug € C([—1,1]), ®¢(uop) = ue(+,t), where u,
is the solution of (13) with initial data wug.

Claim 5. There exists 6 > 0 independent of (non-trivial) initial condition ug > 0
such that

hglolgf pluc(-,t)) > 6.

To see the claim, we apply the Harnack inequality (for parabolic equations on
bounded domain with Neuman boundary condtiions), due to J. Huska [13, Theorem
2.5], to obtain

C
inf t)y>C t) > — t)d for t > 1.
—11?m<1u€(x’ )2 _1si1£)<1u€(a:, )z 2 /ue(y, Jdy fort>

Claim 5 thus follows upon taking ¢ — oo, and using Lemma 5.1.

Claim 6. The semiflow @y, restricted to the forward-invariant set X, has a compact
attractor A of neighborhood of compact sets. i.e. every compact subsets Ko CC X
has a neighborhood N such that

tlim dist(®¢(uo), A) =0  uniformly for ug € N,
— 00
where dist(®4(uo), A) = infyyea || Pt (uo) — vollo(=1,1])-

We use [25, Theorem 2.30] to show the claim. It suffices to show that the semiflow
®, is (i) point-dissipative; (ii) asymptotically smooth; and (iii) eventually bounded
on every compact subset Ky of X. Here we refer the readers to [25, Definition 2.25]
for the definitions of (i) - (iii). Point-dissipativity is a direct consequence of Lemmas
5.1 and 5.2.

Next, we prove asymptotic smoothness. First, we combine the parabolic Krylov-
Safanov estimate [15] (see also [19, Corollary 7.36]) and the local maximum principle
(Lemma 5.2) to obtain, for each e > 0,0 <y < 1 and 0 < § < T, the existence of
a constant C' > 0 such that for any ¢y > 0,

llueller ((—1,1)x[to+6,t0+T)) < Cllue (s )l Lo (=1,1)x (to+8/2,t0+T)) (17)
< COllue(c )L ((=1,1)x (to,to+T)) -

Now, let X; be a forward-invariant, bounded, closed subset of X, let t; — oo and
p; € X5, then by (17) and Lemma 5.1,

t; 1
1, (Pi)ll v (=1.1]) < C/ / u(z,t) dedt < C,
t;i—1J—1

i.e. the family {®,(p;)}; is uniformly bounded in C7([-1,1]) and hence has a
convergent subsequence in C([0,1]). This demonstrates that ®; is asymptotically
smooth.

Finally, let Ky be a compact susbet of X, then there exists M > 0 such that
SUPy, cx, J Uo(y)dy < M, and Lemma 5.1 implies that

max|_j 17 }
minj_y 1jx-11] K J

sup [lue (-, t)||L1((—1,1)) < max {M,
>0
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Hence, Lemma 5.2 says that if ug € Ko, then

e8] < Csup ua(-1)] <c {M A1 7 }
sup ||lue (-, _ < Csup ||ue(-, 1((— < C'max , — ,
t>11) € c([-1.1]) tzg € L1((-1,1)) ming_y e10 K

i.e. the semiflow ®; is eventually bounded on every compact subset K of X. This
proves Claim 6.

Claim 7. For each t € (0,1], ®;: X — X is compact.

Fix ¢t € (0,1] and a bounded subset B of X, then by (17), there exists C' = C(t)
such that

@+ (wo)llcv (1,17 = llue( O)llov (=11 < ClluellLr((—1,1)x(0,1))
where u.(z,t) is the solution of (13) with initial condition ug. By Lemma 5.1, the
last term can be estimated by C max{||lug||z1((=1,1)),7"/K+}. Hence we may take
supremum over uy € B, so that ®;(B) is a bounded subset of C7([—1,1]) and is
precompact in X. This proves Claim 7.

Claim 8. Ifug € C([-1,1]) satisfies 7113f<1u0 >0, then inf<1 ue(z,t) > 0 for
allt > 0.

This is a direct consequence of the strong maximum principle [19, Theorem 2.7].
Finally, by the above setup, and Claims 5, 6, 7 and 8, we may apply [25, Theorem
6.2] to conclude the existence of at least one positive solution . (z) of (3) in X. O

Corollary 5.3. Under our hypotheses (H) on K(z,y) and r(x). The equation (3)
has at least one positive solution.

Proof. Take X = C([—1,1];[0, 00)) to be the set of nonnegative continuous functions
in Proposition 3. O

5.2. Proof of Theorem 3.
Lemma 5.4. Define

h_(x):= 0, [K(aj, _1)K(T(I,1)1)

Under the assumption (C), there exists g_(x), g+ (z) € C%([-1,1]) (both are inde-
pendent of €), such that

(i) g—(x) < h_(z) for all z € [-1,1];
(i) / g-(y)dy >0 for —1<z<1;
1
(iif) / g9-(y) dy = 0;
(iv) g—(z) =z + 1 in some neighborhood of —1,

and that
(i) g+(x) > hy(x) for all x € [-1,1];

/gJr Ydy >0 for —1<z<1;

—r(z)|, hy(z):=0, K<m’1)Kr((11,)1) @)
1

(iii") 9+(y) dy = 0;

-1
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(iv’") g+(x) = — 1 in some neighborhood of 1.
Proof. We will first construct g_(z). By assumption (C), we have

x

h_(-1) >0 and / h_(y)dy >0 for —1 <z <1

~1
Hence, By subtracting a small positive constant from h_ (z) and modifying in a small
neighborhood of —1, one may obtain a smooth function gy such that go(x) =z +1
in a small neighborhood of —1 and gg(z) < h_(z) in [-1,1] and fox go(y)dy > 0
for € (—1,1). Finally, further subtract from gy a positive function supported in a
neighborhood of 1, we obtain g_(x) with all desired properties (i) to (iv).
To construct g4 (z), we first observe by assumption (C) that

1
hy(1) <0 and /h+(y)dy<0 for — 1<z <1

By repeating the steps in constructing g (x), we obtain g (x) satisfying properties
("), (iii"), (iv’), and that

/ g+(y)dy <0 in (=1,1).

In view of (iii’), the last property is equivalent to (ii”). O

For each sufficiently small €, we construct the sets Xg)i, which will then shown

to be forward-invariant. For this purpose, fix

0 - { . _

00 = ——————, where ¢p = —min< inf |g_ —h_|, inf |gy —h }>0
i Sl K lle2(-1,112) "2 (—1,1)| | (—1,1)‘ o (19)
19

and choose
3

) (minr)
0<d _
<O < K2

with 7y small enough so that

-1
max sup r(z) r(=1)
[=1,—1+n0]3

Next, define

K(‘r7y) K(_L_l)
v = [ si<o wd ww= /[ gwmaso e

where g4 is from Lemma 5.4, and define the spaces

[ 2rf K6
do} and O<no<m1n{K*, T*0}7 (20)

)
[17770)1]3

r(z)  r(1) 4
Ky K1) ‘} <3
(

T < [yody < 2 and
X, = {quc%[—l,u;[O,oo)) EElwdsi W }
= < [ugdy < "~ and
Yoo fuw e oLkl o) - K SJwdisi el
r(l
X§7+ = {u0€X€7+: /uody—K((l)l)’<5},

and =)
5§ . . __ "= o
X2 {uoeXE,.’/uody K(—l,—l)’é}'
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Lemma 5.5. Let ng satisfy (20) and (21), and let n3 = %f—_fjnzo/z -

where w_ s defined in (22). Then for all e < gy := ng/log(

w—(y)dy >0,

1737}{) and any
ug € Xc,—, we have
elogug(xo) < —n3  for all xg € [-1 + no, 1]. (23)

Proof. Now, let x € [-1,—1 +1n9/2] and %y € [-1 + 19, 1]. By definition of X, _,

o 29 —1+n0
coguo(e) = eloguo(an) — [ 0D gy > ctogu(ar) - [ w-wan
T UO(y) —14n0/2
Hence, letting 3 = 1 fflli;;“m —w_(y)dy >0,
1 2
up(z) > exp (8 Oguo(io) i 773) )

Integrating over = € [—1,—1 4 19/2], and using the integral constraint in X, _, we

have
r* . @exp (510gu0(x0) + 27]3) .
€

2
*
By our choices of 1y and e, we have

=

*

2r
> elogug(xg) + 2ns3.

n3 > elog (
This proves (23). O
Lemma 5.6. Assume uc(-,t) € X2 _ for 0 <t <T, then when ¢ € (0,(], we have
sup [0z He(z,t) +9-(z)] < —co for 0<t<T, (24)
—1<z<1
where ¢y is given in (19), and

13

€o = M7 He(z,t) :==r(z) - /K(x7y)u€(y7t) dy. (25)

Proof. Recall the definition of h_(x) in (18), we compute
O H:(z,t) + h_(x)

— 0K (V) e gy — [ ekl puent) dy

r(— 1 —1+mno
= 0,K(z, —1){% - / ue(y, t) dy] —|—/ 0K (z,—1) — 0. K (x,y)] ue(y, t) dy

-1 —1

+/ [0:K(x,—1) — 0: K (x,y)] ues(y, t) dy
—1+4+n9o

—14no
< SIK o1+ moll K e / e dy + 2| K| / ue dy
—1 —14n0

<l (54 m g 477 )

where we used the integral constraint in the definition of X, _, and Lemma 5.5, in
the last inequality. By the definition of ¢ and 79 in (20) and that e € (0, (], we
have

O H.(z,t) + h_(z) < 360 K|lc2 = co,
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and thus

OpHe(z,t) +g-(2)+ <co—h_(z) +g9-(x) < —cp for (z,t) € [-1,1] x [0,T],
where the last inequality follows from the definition of ¢g in (19) and the fact that
g—(z) —h_(z) < —2¢p in [—1,1] (Lemma 5.4). O
Lemma 5.7. Let cg be given by (19) ande < &) := co/(|Jw=||c2+||w+| c2). Assume
us(+,0) € Xg_ and

sup [OxHe(z,t)+9-(2)] < —co for 0<t<T,
—1<z<1

Then ue(-,t) € Xo— for0 <t <T.
Proof. Define v.(x,t) = elogu.(x,t), then v, satisfies

Opve = €0%v. + |0,vc|? + He(x,t)  for z € (—1,1),t >0,
Oyv:. =0 for z = £1,¢t > 0, (26)
ve(x,0) = elog ue (x,0) for x € (—1,1).

By Lemma 5.1 and the definition of X, _, it is enough to show
00 (x,t) <w_(x) <0 for (x,t) € (—1,1) x [0,T]. (27)
Now, differentiate (26) with respect to z, and use Lemma 5.6, we have

Opw — €0zpw — 2w, w — Oy He(2,t) =0 in (—1,1) x [0, 77,
w=0 on {—1,1} x [0,T], (28)
w(z,0) < w_(z) in (—1,1).
where w(z,t) = Oyv:(z,t) = edpuc(x,t)/uc(x,t). Moreover, we verify that w_ (as
given in (22)) satisfies

—e(Opzw_) — 2(w_)0z(w_) — O H.(x,t) = —e(Oppw_) — g—(x) — O Hc (2, 1)

in (—1,1),
w_ =20 for xr = +1.
(29)

Now, by the hypotheses of the lemma,

—£(Oppw_)—2(w_ )0y (w_) =0, He(2,t)=—e(0?w_) —g(2x) —0p He(x, 1) > —co+co=0.

x

Hence w_ is an upper solution of (28), from which it follows that d,v. = w < w_

for (z,t) € (-1,1) x [0,T). O
Lemma 5.8. Let € < e’ 1= 552155, where
2K* T'* T*K* (K*)2
= 4 24+ — 1,2 4 .
@ max{ + K, ( + r*) K, + K,r,
Suppose
ue(+,0) € Xﬁ),, and  ue(-t) € Xe— for0<t<T,

then uc(-,t) € X2 _ for 0 <t <T.
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Proof. Recall that p.(t) := f_llua(y,t) dy, then 2= < p.(t) < &
(13) over —1 < & < 1, we have

—14n0 1
e0gpe < sup T / usdy +1* / Ug dy
(=1,—1+4mno) -1 —1+m0

2

—1+no 1 1
—( inf K> [/ usdy] +2K* {/ usdy} [/ ugdy}
(=1,—14n0)? —1 1 —1+no

SUP(_1 —14m) T —1+4no —1+m0
— ( inf K) {P(11+,0) _ u. dy] / e dy
(=1,—14n0)? 1Hf(71,71+n0)2 K -1 -1

1

+ [r* 4+ 2K " p. ()] / ue dy.
—1+n0

. By integrating

Using Lemma 5.1, we have

—1+no 1 K*
/ Ue dy = pe — / ue dy, and pe > 1,
-1 1410 T

so that
su _ r —1+mo
€0ipe < ( inf ) { (o1, —14m0) ] / Ue dy — ( inf K) o2
(~1,~1+73) mf( 1,-14m0)2 K] J 4 (—1,—1+712)
1470 2
+ ( inf ) P2 — </ Ue dy)
—1,—1+n3 -1
su _ r
s( inf >[p<11+no>]p_( inf K>p§
(=1,-1+n3) (1 14902 K (=1,-1+n3)
r 1 1
K* *
+( inf ) 2p5/ Ug dy] [ " +2K*} pg/ Ue dy
—1,—14n3 L 1+no r —14no
: SUP (1, ~14n,) " ]
< inf K)||———T—
- ((—1,—1+ng) > Lnf( 1—14n0)2 K ~ Pe| Pe
K* * 1
+[2< inf K)—f— " +2K*] ps/ Uue dy
(=1,—1+4n3) T'x —1+n0

Sup(_1 _ T 1
S ( lnf K> |:p(1’1+?70)+611/ uedyp6:| ps,
(—1,—14n3) g 12 K2 iy,

where C is given in the statement of the lemma. Using also Lemmas 5.5 and (21),

1
[*+2K*]Ps/ ue dy
—1+4no

*

) r(=1) ) _
Oype < f K)|———L - +Cre ™ —p|p. for 0<t<T.
e = ((LmHnS) ) [K(Ll) Tyt P ] pe OB T=TS

By the smallness of ¢ specified in the lemma, we deduce that
. r(=1) )
e0ipe < inf K — — +d—p. | pe for 0<t<T.
v ((1,1+n3> ) (K(—l -1 )Y

Since also p.(0) < ](((7114_5 we have pe(t) < = r— 1 )—1—5 for ¢t € [0, 7). Similarly,
we can show that p.(t) > % § for ¢ € [0, 7). Hence we have u.(-,t) € X2 _
for ¢ € [0, T7. O
Proposition 4. For all € sufficiently small, the semiflow @, generated by (13) is
forward-invariant in X‘SJr and also in X5
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Proof. Fix ¢ < min{eo, (), €(,£('}, where the latter four constants are as specified
in Lemmas 5.5 to 5.8. Assume u.(-,0) € X°_, and define I to be the maximal

£,—
interval for which u.(-,t) € X?

e s le.

Ii={tg>0:u.(t) e X _ for 0<t<to},
and I’ to be the maximal interval for which sup_, _, ;[0 H:(z,t) + g—(z)] < —co,

I':= {to >0: sup [0:Hc(z,t)+g_(2)] < —cp for 0 <t < to} .
—1l<z<1
By the definition of X 5,
is open.
We claim that I = I’, so that I is non-empty, open and closed. Now Lemma
5.6 implies I C I'; and Lemmas 5.7 and 5.8 together implies I D I’. We thus have
I = I'. Being a non-empty, open and closed subset of [0,00), it must be the case

that I = [0,00). i.e. X? _ is forward-invariant.

it is clear that I is closed, I 3 0 is nonempty, and that I’

The proof for the forward-invariance of X g) . is similar and is omitted. O

Proof of Theorem 3. By the forward-invariance of Xg_f (Proposition 4) and the

fact that X g_ is closed and convex, we may apply Proposition 3 to yield, for every

sufficiently small €, a positive solution @, C X. _. Let v, _ = elogu. _, then by

the proof of Proposition 1, we may pass to a sequence ¢, — 0 and assume 0, — — U_

such that sup_;_, ., 9— = 0. Furthermore, the fact that 4. _ € X. _ implies that
xr

Op¥ey,— () <w_ <0 and 0, _(z) < ’Dsk,_(fl)Jr/ w_(y)dy for -1 <z <
-1

Passing e, — 0, we deduce that o_(z) < ffl w_(y)dy <0 for —1 < 2 < 1. Hence,

we must have

Ue,—(x) = Adp(z + 1) in distribution sense.

Since [ ., _dy > % > 0, we may deduce as in proof of Proposition 2 that

A= % Since A is independent of subsequences €, — 0, we deduce that

Ue,— () — %50(96 + 1) in distribution, as ¢ — 0. Similarly, the forward

invariance of X, ; implies the existence of another positive solution of (3) e 4+
such that @, 4 (x) — %50(95 — 1) in distribution, as e — 0. O
6. Discussion. In this paper, the existence, multiplicity, and qualitative behavior
of a nonlocal competition model are studied. Sufficient conditions are obtained
in Theorems 1, 2 and 3, which guarantee the concentration of steady states (i)
at a single location; (ii) at two locations simultaneously ; (iii) at two alternative
locations. In the following, we briefly discuss the meaning of the assumptions in
terms of the adaptive dynamics framework.

The adaptive dynamics framework focuses on the competition between two dif-
ferent phenotypes of the same species. For this purpose, let x,y € [—1,1] be two
different phenotypes. The invasion fitness A(z,y) is defined as the exponential
growth rate of the rare invader phenotype x in the environment where the resident

phenotype y is at equilibrium. By considering the linear stability of ( Kr((;)a:) , O) in

the two-species competition ODE system

{ U'(t) = U(t)(r(z) — K(z,2)U(t) — K(z,y)V (1)),
VI(t) =V (t)(r(y) — Ky, z)U(t) — K(y,y)V
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we easily deduce

)\ZC,y :T(‘T _K(.f,y) = -

() ) K(y,y)  K(y,y) \ () r(x)

Hence the sign of A\(x,y), which determines the invasion success or failure of the
phenotype x against phenotype y at equilibrium, is equivalent to the sign of % -

% This partially justifies the use of derivatives of Kf{ijy ) with respect to z, in

ry)  _ r(@)r(y) (K(y, y) Kz, y)) .

the assumptions (A), (B) and (C). To a certain extent, it is sufficient to impose

KT((yy’)y) - Kr(fw’)y), which is the same as the nodal

assumptions on the nodal sets of
set of A(z,y).
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