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ABSTRACT. This paper is concerned with the following spatiotemporal population-toxicant
model with toxicant-taxis in a bounded domain @ C R"(n > 1) with inhomogeneous Robin
boundary conditions

u = dAu~+ xV - (uVw) + u(l — u) — cuw, zeQt>0
wy = eAw — pw — Auw, zeQt>0,
(dVu+ xuVw) -v =0, Vw-v=_¢(h(z,t)—w), z€dQt>0
u(z,0) = uo(x), w(z,0)=wo(z), xz € Q,

where u = u(z,t) and w = w(z,t) denote the population density and toxicant concentration
at location x and time ¢, respectively. Here the toxicant enters the environment through the
boundary with a temporally and spatially heterogeneous ambient toxicant density h(z,t). Under
suitable assumptions on h(z,t), we first establish the global existence of classical solutions in
two-dimensional spaces (n = 2). Moreover, we show that every solution (u,w) converges to
(1,0) uniformly if h(z,t) decays to zero as t — oo with a mild rate satisfying

t41
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If h(z,t) = h(z) = 0 with 0 < ho = sup,cyn h(x), we establish the existence of non-constant
positive steady states in all dimensional spaces (n > 1) under the condition

0< ho <h™:= min{é,g}.

We further show that this non-constant steady state is unique and globally asymptotically stable
if ho is sufficiently small. On the other hand, we prove that the species u is uniformly persistent
if o < 1/ho, while the toxicant-only steady state is globally asymptotically stable if o > 1/Mj
with some constant M} > 0 smaller than hg.

1. INTRODUCTION AND MAIN RESULTS

Due to anthropogenic activities such as industrial efluents and increased urbanization in
recent decades, a great deal of toxicants and pollutants have been discharged into lakes and
rivers. This seriously threatens the living organisms in these aquatic ecosystems. Toxicant
increase in aquatic ecosystems has adverse effects on biospecies behavior, population growth,
community structure and ecosystem integrity (see review articles [1, 4, 30]). It is therefore of
paramount importance to understand the deleterious effects of toxicants on aquatic population
dynamics and identifying the key factors determining the persistence or extinction so that suit-
able water quality standards and regulatory measures can be enacted to protect aquatic species
and maintain ecosystem diversity. Towards this goal, various mathematical models describing
the population-toxicant interactions were proposed such as the ordinary differential equation
models [12-15, 18, 19], matrix population models [11, 16, 33, 34|, reaction-advection-diffusion
equations [36, 38, 39] and so on. These existing models were focused on the influence of toxicants
on the population growth rate or on the environmental carrying capacity, without considering
the spatial movement such as dispersion, transport and spatial avoidance of toxicants, etc.
In fact, individuals may exhibit various toxicant-induced behavioral changes including spatial
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movement (cf. [3, 5, 30]). In the literature, reaction-advection-diffusion equations in one di-
mension have been used to describe the motion and transport process of river pollutants alone
(cf. [27, 31]). The first reaction-advection-diffusion model considering the population-toxicant
interactions with dynamical toxicants in a polluted river was proposed in a paper [39] with
Danckwerts boundary conditions, where sufficient conditions for the population persistence or
extinction were found based on the eigenvalue theory. The model proposed in [39] assumed that
species and toxicants only undertook random diffusion. In reality, many aquatic species can
detect and avoid toxicants (i.e. spatial avoidance) [2, 35]. Taking into account this essential
factor, a spatiotemporal population-toxicant system with (negative) toxicant-taxis model was
proposed in [10] as follows:

up = dAu~+ xV - (uVw) + u(l —u) — ouw, =€, t>0,
wy = eAw + h(x) — pw — Auw, ze, t>0, (1.1)
Vu-v=Vw- -v=0, x e, t>0,

where u(z,t) and w(z, t) represent the density of species and toxicant at location z €  and time
t, and Q denotes the bounded habitat in R"”(n > 1) with smooth boundary 9. All parameters
are positive, where d and ¢ denote the random diffusion coefficients of the species and the
toxicant, respectively. The toxicant-taxis term xV - (uVw) entails that the species can evade
toxicants (i.e., the movement of individuals away from the gradient of toxicant concentration).
The term u(1 — u) — cuw accounts for the population growth under the influence of toxicants
where o is the toxicant-induced death rate. In the second equation of (1.1), h(z) is the toxicant
input rate, u is the decay rate of toxicant due to the detoxification and A denotes the uptake
rate of toxicant by the aquatic species. The global existence of classical solutions of (1.1) in two
dimensions (n = 2) with h(z) € C(Q) was established in [10]. When h(z) = hq is a positive
constant, the global stability of constant steady states and spatial patterns of (1.1) were further
studied in [10] showing that the value of hg is critical for the persistence of species while the
toxicant-taxis may introduce spatial patterns. Recently, the existence of non-constant positive
steady states of (1.1) under certain conditions was established in [9] by the Leray-Schauder
degree theorem when h(x) is a positive constant.

The model (1.1) is based on the following assumptions: (a) the aquatic system under consid-
eration is a closed environment where both the species and the toxicant cannot cross the habitat
boundary due to homogeneous Neumann boundary conditions, which particularly implies that
toxicants are not discharged into the aquatic system through the habitat boundary, but through
other ways like rainfall mixed with toxic emissions (e.g., acid rain); (b) the toxicant input rate
h is independent of time. However, in reality toxicants may enter aquatic systems (lake or
river) through the boundaries such as industrial /agricultural runoff or polluted surface water.
In addition, both anthropogenic activities and environmental changes vary seasonally. Clearly,
these situations violate the assumptions (a) and (b) and are not described by the model (1.1).
To this end, we update the model with toxicants permeating through the habitat boundary via
a Robin-type boundary condition

ur = dAu~+ xV - (uVw) + u(l — u) — cuw, x € Q,t>0,

wy = eAw — pw — Auw, reQ,t>0, (1.2)
(dVu+ xuVw) -v =0, Vw- v=_¢&h(z,t)—w), xe€dt>D0,

u(z,0) = up(z), w(z,0)=wo(x), x €.

The boundary conditions in (1.2) indicate that no aquatic species can cross the habitat boundary,
while the toxicant with ambient density h(z,t) enters or leaves the habitat through the boundary
with an exchange coefficient & > 0.

The main results of this paper include the global well-posedness (global boundedness and
stabilization of solutions), as well as existence and globally asymptotic stability of non-constant
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steady states of (1.2). The global boundedness and stabilization of solutions to (1.2) are asserted
in the following theorem.

Theorem 1.1 (Global boundedness and stabilization). Let Q C R? be a bounded domain with
smooth boundary. Assume that the initial data (ug,wo) € [W1(Q)]? with ug,wy = 0 and the
following assumption on h(x,t) holds:

(Hp) h(z,t) € C®(002 x [0,00)) is a nonnegative bounded function satisfying
[Ae(-5t) || Loo a0y < € for all t > 0,

where C' > 0 is a constant independent of t.

Then the system (1.2) with x > 0 has a unique nonnegative global classical solution (u,w) €

[CO([0,00) x Q) N C%L((0,00) x Q))?, such that
Ju(, )l Lo + lw(-,t)|lwree < M, for all ¢>0,

where M > 0 is a constant independent of t and o. Furthermore, if h(x,t) satisfies

t+1
Jim [ o dr =0, (13
then the solution (u,w) converges to (1,0) uniformly as t — oo.

Remark 1.1. The conditions (Hp) and (1.3) can be fulfilled by a wide range of functions which
decay slowly in time, such as h(z,t) = (1 + t)"P((x) for any p > 0 or non-monotone function
like h(x,t) = e M(sint + 1)¢(x) with A > 0, where ((z) is a bounded nonnegative function.

Theorem 1.1 states that if the ambient toxicant density h(z,t) depends on time and decays
to zero as t — 0o, the global classical solution will converge to (1,0) uniformly as ¢ — co. Below
we aim to consider the asymptotic behavior of solutions if h(z,t) is stationary in time. That
is, we consider h(x,t) = h(xz) 2 0 (i.e. h(z) is nonnegative but not identical to zero) and is
smooth on ). Clearly the global existence and boundedness of classical solutions established in
Theorem 1.1 hold true. We are interested in the existence and global stability of non-constant
steady states of (1.2) which satisfy

0=dAU+V - -(xUVW)+UQ1 -U) — oUW, x € Q,
0=cAW — uyW — AXUW, x € Q, (1.4)
(dVU + xUVW)-v =0, VW . -v=¢h(x)—-W), xcd.

In the sequel, we denote

sup h(z) := hg > 0. (1.5)
€082
It is straightforward to check that if (1.4) admits a solution, then it must be non-constant.
Clearly the system (1.4) has a toxicant-only steady state (0,wy), where w, = wy(z) is the
unique non-constant positive solution of the following system

{0 = e Aw, — [wy, T € €, (1.6)

Vw, -v==~&Mh(x) —wy), x €.

We observe that the solution of (1.6) must be non-constant if exists. Also, the existence of
solutions to system (1.6) can be obtained by the method of upper-lower solutions in view of that
0 and hg are a sub-solution and a super-solution, respectively. The uniqueness is a consequence
of the strong maximum principle and Hopf boundary point lemma.

Apart from the toxicant-only semi-trivial steady state (0,w,), we can show that if hg > 0 is
suitably small, then (1.6) admits a unique non-constant solution which is globally asymptotic
stable, as given in the following theorem.
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Theorem 1.2. Let Q C R" (n > 1) be a bounded domain with smooth boundary. Assume h is
non-trivial, nonnegative and stationary, i.e. h = h(x) 2 0, and that hg = sup,egq h(x) satisfies
1 d
0<hy<h®™:= min{—, —}.
o’ x
Then the system (1.2) admits a positive non-constant classical steady state solution (U(x), W (x)) €
C*(Q) x C?T(Q) satisfying (1.4) with

l, < edV@OU(z) <, 0 < W(z) < ho, (1.7)
where £, = min ((z) and ¢* = max £(z) with /(z) = (1—0oz)ed*. Moreover, (U, W) is unique
0<z<hyg 0<z<hg

and, if n =2 and if hg > 0 is sufficiently small, then it is globally exponentially stable.

Remark 1.2. The condition ohg < 1 is imposed to obtain the positivity of non-constant steady
states. The condition yhg < d is used to prove the continuous dependence of the mapping
V — W[V] in Lemma 3.2, but it can be removed if u is large or A is small (see Remark 3.1).
Particularly if x = 0, the mere condition chy < 1 suffices to warrant the existence of (U, W).

The results of Theorem 1.2 do not address the global dynamics of (1.2) when hg > 0 is not
sufficiently small. The following theorem will partly elucidate this question.

Theorem 1.3. Let Q C R? be a bounded domain with smooth boundary. Assume h is non-
trivial, nonnegative and stationary and denote hg = sup,cgo h(x) > 0. Let (u,w) be the solution
of the time-dependent problem (1.2) obtained in Theorem 1.1, then the following results hold.

(1) If ohy < 1, then u > 0 is uniformly persistent, namely there is a constant oy > 0

independent of initial data such that liminf inf u > dg.
t—oo zEQ

(2) If oMy > 1, then (u,w) converges to (0,wy) uniformly and exponentially as t — oo,

where My, := min . (x) and 0 < w.(x) < hg satisfies
€

(1.8)

0=cAw, — (u+ AM)w,, x €
Vi, -v==~&h(x) — ), €,

and M > 0 is the constant given in Theorem 1.1 and My > 0 is independent of o.

Remark 1.3. Since M}, > 0 is independent of ¢, the condition oM}y > 1 is non-empty as long
as 0 > 0 is large enough. Theorem 1.3(2) implies that, for fixed parameters d, e, u, x, A,
ambient toxicant density h(z) and initial data, the solution (u,w) will exponentially converge
to (0,w,) (i.e., the aquatic species will go extinction) provided that the toxicant’s lethality o is
strong. The global dynamics of system (1.2) with h(z,t) = h(z) 2 0 remains open for the case
1/h0 S (o2 S 1/Mh

1.1. Discussion and biological interpretations. In this paper, we analyze a spatiotemporal
population-toxicant model with toxicant-taxis in a bounded domain. In previous work, toxicants
are introduced into the model at a positive rate inside the domain. Here we study the system
under the assumption that the toxicant enters the model only via the boundary, which can
be more realistic in many situations when the domain represents a lake and pollutants are
introduced into the lake due to human activities in surrounding areas. Under the assumption
(Hyp), we first establish the well-posedness of the time-dependent problem in Theorem 1.1. In
case the ambient toxicant density is independent of time (i.e. h = h(x)), we demonstrate in
Theorem 1.2 the existence of non-constant equilibrium solutions (U(x), W (x)). Furthermore,
we also prove the global attractivity of such nonconstant equilibrium solutions when | hl| is
sufficiently small. This means that the long-time dynamics of the system, and particularly the
population level of the organism, can be estimated using the solution to the stationary problem.
Finally, we inquire the situation when ||h||o is not necessarily small, and obtain a sufficient
condition which says that (i) the organism population persists when ||h|| is small while (ii) a
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large ambient toxicant density h (in some appropriate sense according to Theorem 1.3) leads to
the extinction of the organism.

Sketch of proof ideas. The inhomogeneous Robin boundary conditions incapacitate the direct
L?-estimate method as in [10] to obtain the global existence of solutions to system (1.2). Instead,
inspired by some ideas in [7, 24], we first use change of variables to reformulate system (1.2)
with homogenized boundary conditions. Then we study the reformulated problem based on
subtle energy estimates and semigroup theory to derive the global boundedness of solutions by
frequently switching between the estimates of the original and changed variables (see Section 2).
To study the global stability of the constant steady state (1,0), we first use the condition (1.3)
to derive that tliglo |lw(-,t)]|Lee = 0. Then we show ||u(-,t) — 1|z — 0 as t — oo by constructing

a Lyapunov energy function based on the generalized relative entropy inequality associated with
Jo(w —1 —1Inu). To achieve this, we use Harnack’s inequality to show that insf_2 u(x,t) has a
BAS

positive lower bound for large time, by which we show that the entropy energy [,(u —1—Inu)

is equivalent to the L2-energy fQ (u — 1)2. With this crucial finding, we employ the dissipation

of Lyapunov energy function to show that tlim |lu(-,t) — 1|,z = 0. By deriving the boundedness
—00

of ||ul|ge for t > 1, we finally obtain that « — 1 uniformly as ¢ — oo and complete the proof of
Theorem 1.1.

The existence of non-constant positive solutions determined by (1.4) was proved in virtue of
Schauder’s fixed point theorem. To this end, we first transfer the no-flux boundary condition
of U into the homogeneous Neumann boundary condition and split the system (1.4) into two
subsystems to construct a solution map. Based on suitable estimates for the solutions of two
subsystems, we show that this solution map is continuous and relatively compact and hence
yields a fixed point by the Schauder fixed point theorem. With the method of energy estimates,
we further prove the solution of (1.4) is unique and globally asymptotically stable if hg > 0 is
small, which proves Theorem 1.2.

To show the persistence result asserted in Theorem 1.3-(1), we derive an inequality

u—/ (1—u—ow) >5/

form some small constant ¢ > 0 under the condition ohy < 1. Then the persistence is obtained

by repeatedly using Harnack’s inequality. To study the global asymptotic stability of toxicant-

only state (0, w,) with large o, the key is to show that insf]w(a:,t) has a positive lower bound
xe

independent of ¢ as time is large. In fact, using the comparison principle and energy estimates,
we find o inf w(z,t) > % for large time and hence

€
d 1— oM,
7 u—/ 1—u—aw)<gh/gu, (1.9)

which implies [Ju(-,t)||;,1 — 0 exponentially ¢ — oo if oM}, > 1. Then |Ju(-,t)||f~ — 0 as t — oo
follows by the interpolation inequality and boundedness of |ju(-,t)|ce for ¢ > 1. Finally using
the energy estimates, we derive ||w(-,t) — wy| L= — 0 exponentially as ¢ — oo, which completes
the proof of Theorem 1.3-(2).

The rest of this paper is arranged as follows. In Section 2, we reformulate the problem
(1.2) into a problem with homogenous Neumann boundary conditions and establish the global
boundedness of solutions (i.e. Theorem 1.1) by the delicate bootstrap argument. The existence
and stability of non-constant steady states asserted in Theorem 1.2 are proved in Section 3.
Finally, we prove Theorem 1.3 in Section 4.

2. BOUNDEDNESS AND STABILIZATION: PROOF OF THEOREM 1.1

In this section, we shall prove the global boundedness of solutions to the system (1.2), which
consists of the local existence of solutions and the global a priori estimate of solutions. To
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this end, we first homogenize the boundary conditions by introducing some transformations
and establish the local existence of solution for the transformed system, from which the local
existence of solution for the original system (1.2) follows.

2.1. Reformulation of the problem with homogenized boundary conditions. To prove
the boundedness of solutions, we first introduce a transformation to homogenize the boundary
conditions. Noting the assumptions on h(z,t) in (Hp), and using [24, Theorem 9.4 in Chap. 1],
we can find some bounded functions g; € C*°(£2) and g2 € C*>° (€ x [0, 00)) satisfying
lgillzee + IVarlzee + [[Agille <71 in £, (2.1)

and

lg2llzoe + IV g2l + [[Agallzee + [lg2tllzoe <72 in % (0, 00), (2.2)
with some positive constants 7;(i = 1,2) such that v - Vg;(z) = £ on 092 and

g2(x,t) = h(z,t) and Vgz-v =0, on 9Q x (0,00).

Motivated by an idea of [7], we introduce the following transformation

i=ued” and W= e (g2 —w), (2.3)
and then using the facts (dVu + xuVw) - v =0 and Vw - v = {(h — w) on 9f, we have
Vi-v=Vw-v=0, ondQx(0,00). (2.4)

Using the transformation (2.3), we have
Uy :e%wut + %ueﬁwwt =: 11 + I». (2.5)
On the other hand, with some simple calculations, we have
dVu + xuVw = dff%wVﬂ,
which implies that
dAu+V - (xyuVw) = de” i Adi — xe~ i“Vw - Vil
Then we can rewrite I7 as follows

I = eduy =ed[dAu + V - (xuVw)] + ed%u(l — u) — oed“uw

X (2.6)
=dAU — xVw - -Vi+ua(l —e 4“a) — ouw.
Similarly, we can rewrite I as follows:
I, = %ue§wwt zgueﬁw[sAw — pw — Auw]
2.7)
A (
:%V (aVw) — %Vw -V — %ﬂw — %6_%“10112.

Substituting (2.6) and (2.7) into (2.5), and using the fact w = g — e7 91w =: (W), we obtain

iy = dA@ + XV - [aVy(@)] — XD T4(@) - Va+ Fi(@, @), =€ Q,t>0,
Wy = eAW — pw — 2eVgy - Vo + Fy(a, ), x €N, t>0,

S=%=0 z €00t >0, (2:8)
u(x,0) = up(x), w(x,0) =wo(z), x € €,
where
Fy (i, 0) =i — S22 ;r 99 () — <1 + ij@) =30 2
and
Fy(ii, 1) = £(|Vg1[* — Agr)i + 7 [gar — eAgs + pga + Ae™ 27D ()],
as well as

lip = uped™ and o = e (ga(-, 0) — wp).
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Then for the transformed system (2.8), we can invoke the semigroup estimates method as in
[7, Proposition 2.6] to establish the local existence of classical solutions with the fixed-point
theorem. We skip the proof details for brevity and state the local existence result for the
original system (1.2) as follows.

Lemma 2.1 (Local existence). Let Q C R? be a bounded domain with smooth boundary and
the hypotheses (Hy) hold. Assume (ug,wo) € [Wh*(Q)]? with ug,wo = 0. Then there exists
Trnaz > 0 such that the problem (1.2) has a unique classical solution (u,w) € [CO([0, Traz) X
Q) N C*Y(0, Trnaz) x Q)]? satisfying u,w > 0 for all t > 0. Moreover

if Tinaz < 00, then ||u(-,t)||re + |w(-, t)|lwie — 00 as t 7 Tiag.
Moreover, we can show the solution (u,w) of (1.2) has the following basic estimates.

Lemma 2.2. Let (u,w) be the solution of (1.2) obtained in Lemma 2.1. Then for all t €
(0, Thnaz ), it holds that

(s 8) 0 < Mo = /Q uo + 192, (2.9)

and
Hw(-,t)HLoo S M1 = maX{HwOHLoo, Hh<x7t)||L°°(89><(0,oo))}- (210)

Proof. Integrating the first equation of (1.2) by parts, we have

/u+/u:2/u—/u —a/uw_—/ u—l)z—a/ﬂuw%—]mg\m,

which gives (2.9) by Gronwall’s inequality. Moreover, (2.10) follows directly from the comparison
principle. O

Below, we recall two basic results.

Lemma 2.3 ([26]). Let Q C R? be a bounded domain with smooth boundary and u € WH2(Q).
Then for any € > 0, there exists a constant C. > 0 such that

lullzs < ellVullZalluin fulllr + Ce(lfullFlluin fulll + [[ullz:).
Lemma 2.4 ([37]). Let y(t) € C([0,00)) and g(t) € C°([0,00)) be nonnegative functions
satisfying
t
y(t) < y(0)e ™ +/ e M=) g(s)ds, for all t >0,
0

with some A > 0. Then if g(t) is bounded on [0,00) and satisfies

t+1
/ g(s)ds -0 as t— oo,
t

we have
y(t) -0 as t — oo.

2.2. A priori estimates. In this subsection, we derive some a priori estimates of solutions based
on the coupled energy estimate method. Noting the no-flux boundary condition on u and the
fact [|w(-, )|l < c1||@(-,t)|lj1.00 + c2, we are motivated to establish the a priori estimates
of solutions for the following system:

= dAu+ xV - (uVw) + u(l — u) — cuw, x €N t>0,
Wy = eAW — pw — 2eVgy - Vo + Fs(u, w), x € O,t>0, (2.11)
(dVu+ xyuVw) -v =0, Vi -v=0, z €0t >0, '

u(z,0) = uo(z), w(z,0) =wo(r) = e"(g2(,0) —wo), €,
with @ = €9 (g2 — w) and

Fy(u,w) = e(|Va1]* — Ag1)w + e (gar — eAga + p1ga + Auw). (2.12)
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Lemma 2.5. Let (u,w) be the solution of (2.11). Then it holds that

/ulnu<K1/ ]Vw|4 /u lnu+/ulnu+K2,
Q

where K1 and Ko are positive constants independent of t and o.

(2.13)

Proof. Multiplying the first equation of (2.11) by Inu+ 1 and integrating the resulting equation

by parts, along with the fact —ulnu < l for all u > 0, and Young’s inequality

2
—X/Vw Vu<d/ [Vu | / u|Vwl|?,
d [Vul® 2
— [ ulmu=—d [ —— —x [ Vw-Vu— [ (Inu+1)u
dt Jo o u 0 0

—|—/Q(lnu+1)u—0/ﬂu(lnu+1)w

2
SX— u|Vw\2—/(lnu+1)u2+/ulnu+/u+a/w
4d Jo Q Q o ¢€lJo

which, together with facts [, u < My in (2.9) and [Jw(-,t)||p < My in (2.10), gives

i g [yt = [t [ |
— [ ulnu<Z= [ ulVw|*— [ v" Inu— [ v"+ [ ulnu+e,
dt Jo 4d Jo Q Q Q

where ¢; := My + %ﬂﬁl Using Young’s inequality, one has

2
X 2 4
Qu|Vw| /Qu —|-6 2/‘ w’

Substituting (2.15) into (2.14) gives

d 4
dt/ﬂulnugGZCF/Q\VUJ]ZL—/QUQInu—i—/Qulnu—i—cl.

Using (2.1), (2.2) and noting ||w(-,t)||ze= < M, one can derive that

we derive

[@(, 0)][Loe = [[€7" (g2 — w)[Loe < [[€7 [ oo ([[g2| o0 + [[w][Loe) < €7 (72 + Mi) =t 73,
and hence
IVw| = |Vga — e Vi + we Vg1 | < |Vga| + el |Va| + el9| Vg, |||
< eMVD| + 2 + y1y3e™,

which gives

4 4
_ xX* (2 + 71173e7) Q|
< \Vw]4 + )
2 o d2

which substituted into (2.16) gives (2.13) and thus completes the proof of Lemma 2.5.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

O

Lemma 2.6. There are some positive constants K3, K, and K5 independent of t and o such

that the solution of (2.11) satisfies

d
d/ va\2+2u/ \vw2+K3/ vay4gK4/u2+K5.
tJa Q Q Q

(2.19)
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Proof. Integrating the second equation of (2.11) multiplied by —Aw and using the homogeneous
Neumann boundary condition V& - v = 0 on 012, we find that

2dt/ ]Vw|2—|—6/ |Aw|2+u/ |V |? —25/ V- Vg Aw — /F3 u, W) (2.20)

With (2.1) and Young’s inequality, we have
%/\mwvaw<5/}Am2+%/ﬁvmmvwﬁ<E/WAm2+%ﬁ/ﬁvm? (2.21)
0 4 Ja 0 4 Jo Q
Using the definition of F3(u,w) in (2.12), and the estimates in (2.1), (2.2) and (2.17), one has

|Fy(u, )] <e(IVg1]* + [Agi]) @] + €9 (|g20| + el Aga| + pilga| + Nuw)
<e(m + Dmys + € (2 + €72 + pyz + AMiu) (222)
§’74(1 +u)7

with 4 1= e(y1 + 1)y173 + €7 (72 + €72 + py2 + AM;). Then using Young’s inequality, one can
derive that

_4pawmaws/¢&mwMAw<wg/u+wmm

2 2
/WA|2 '“/' L Dig),
£

Then substituting (2.21) and (2.23) into (2.20), we obtain

)
d 4~2 4~2
/ |va2+5/ |Aﬁ)|2+2u/ V| gsmf/ |V1D|2—|—%/u2+%1|§2]. (2.24)
dt Jq Q Q Q € Ja €

Using the Gagliardo-Nirenberg inequality and the fact || (-, t)||z~ < 73 in (2.17) again, we have

(2.23)

/QIV@D!4 = IVllzs < e2(|AD]| 22 [0][700 + @] 1) < 203 AD]72 + 273,

which gives

5/ AD? > 52/ V|t — eq2. (2.25)
C273

Substituting (2.25) into (2.24), alongside Young’s inequality, one has

/]Vw|2+2u/ |Vw|2+/ |V |*
§85ﬁ/ |th|2—|—%‘/u2~l—74|§2|+57§
Q € Ja €

< 20;/:.% /Q |Va|* + 4Z‘%/ﬂu2 + 32ecoviva | + 4’€YZ’Q| + 73,
which gives (2.19). Then we complete the proof of Lemma 2.6. O
Lemma 2.7. Let (u,w) be a solution of (2.11). Then we have
ol g1 + [Vl < Ko, (2.26)
where Kg > 0 is a constant independent of t and o.

Proof. Multiplying (2.19) by , and combining it with (2.13), we obtain

d K
- (/ulnu—FK;/ \va) + 2 </Qulnu+K;/Q\Vﬁ1]2)

KKy KiK.
S/ —u?lnu+ —=u? +(1+2p)ulnu ) + Ko + 1725
Q K3 K3

(2.27)
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Define F(u) := —u?Inu+ K1K4 u?+ (14 2p) ulnwu. Then F(u) is a continuous function in [0, o)
such that

lim F(u) =0 and lim F(u)= —oo,

u—0 U—00

which implies that there exists a constant ¢; > 0 such that

/ (—u2 Inu+ @uz +(1+ 2u)ulnu> = / F(u) <. (2.28)
Q K3 Q

Substituting (2.28) into (2.27) and letting ¢o := ¢1 + Ko + K}(i[f, we have

d , K, i
i — <
yr (/ulnu+ /|Vw\ > + 2 </Qulnu+K3/Q|Vw\ > 2,

which, together with Gronwall’s inequality, gives

K
/ulnu+1/ IVi|? < 3. (2.29)
0 K3 Jo

Ksc
P < =35 2.30
[ vae < 2 (2:30

Noting the fact —ulnu < 2 for all u > 0, from (2.29) we have [, ulnu < c3 and hence

1 1 2|9
\ulnu| ’ulnu%—f—f’i ulnu—i—g + <03+— (2.31)
Q¢

Then the combmatlon of (2.30) and (2.31) gives (2 26). The proof of Lemma 2.7 is finished. [

From (2.29), one derives

Next, we shall use the coupled energy estimate method to establish the boundedness of
|lu(-,t)||z2. To this end, we first show the following results.

Lemma 2.8. Let (u,w) be a solution of (2.11). Then it holds that

d
/u2+/u2+d/ |V §K7/“2|V@|2+K7a (2.32)
dt Q Q Q Q

where K7 > 0 is a constant independent of t and o.

Proof. Multiplying the first equation of (2.11) by 2u, integrating the result with respect to x
over {2, one has

c;lt u +2d/]Vu|2——2x/uVu Vw+2/ (1—u)—20/u2w

(2.33)
/|Vu|2 / 2|Vw|2—i-2/u —2/
Using (2.18), we can derive that
X’ 2 2 X 2 = 7112
d/u [Vw|* < d/u [ V| + 72 + y1v3e™]
@ i (2.34)

221 22 712
< x‘e /u2|V1D|2+ X~ (2 +71y3e™) /uQ.
d Ja d Q

Substituting (2.34) into (2.33), we can find a constant ¢; := 2X2(“/2+71;l736“)2+2d such that

d 2271
K +d/ yw|2+2/ W < Xe/u2|V7I)|2—|—cl/u2. (2.35)
dt 0 /g 0

Using the Young’s 1nequah‘cy7 we have

(cl+1)/u2§2/u3+02,
Q Q
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which, substituted into (2.35), gives

2v2e2M
K +/u +d/|V P 2T / 2|V + 2,

which yields (2.32). O

Lemma 2.9. Let (u, ) be a solution of (2.11). Then there exists a constant Kg > 0 independent
of t and o such that

d
/ |V1D4+/ |Vﬁ)|4+5/ |vva|2|2+a/ |Vw|?| D% |? gKS/u2|vw|2+K8. (2.36)
dt Jo Q 0 Q 0

Proof. From the second equation of (2.11), we have

(IV@|*); = 2eVa - VAD — 2u|Vi|* — 4eVio - V(Vgr - Vw) + 2V - V Fy (u, )

- 5 - ~2 ~ R o (2.37)
= eA|V0|* —2¢|D*w|* = 2u|Vw|* —4eVw - V(Vgy - Vw) + 2V - VF3(u, W),

where we have used the identity 2V - VAW = A|Vi@|? — 2|D?w|?. Then multiplying (2.37) by
2|V|? and integrating the results by parts along with the boundary conditions, we have

CZ/ |va4+4”/ va|4+25/ ]V|Vu7|2|2+45/ V| D22
Q
2
:25/ Vi 128’%" ds — 45/ Vo2V - V (Vg - Vi)
o0

4 / Va2V -V Fy(u, ) (2.38)
Q

v
_4/(vva\2-vw)p3(u,w) _4/ AV |2Fy (u, ).
Q Q

oV |?
:25/ |V |? Vol s —4e /Aw\Vw[ V- Vg — 4€/A91Vw|4

Noting the fact Vw - v|gq = 0, from [25, Lemma 4.2], we have a'gifﬁ < Cq|Vw|? on 09, for
some constant Cq > 0, which, combined with the following trace inequality [29, Remark 52.7]

£l z200) < 0V fllz2) + csll fllL2(q), for some constant § > 0

enables us to estimate the first term on the right hand of (2.38) as follows:
0 Vw 2 -
/ Yol ’ 48 < 2:Co ||V 20, / V|V +cl/ ol (2:39)
Moreover, we can use Young’s inequality, (2.1) and the fact |Aw| < /2| D% to derive
_45/ Ad|Vi|*Vi - Vi 34\/5571/ D2 |V
@ @ (2.40)
5/ |D2w|2|vw\2+8m%/ |V |*
Q Q

and

—45/ Agy|Va|* §45HAngLoo/ V|t §45’yl/ |Vt (2.41)
Q Q Q
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Using (2.22) and Young’s inequality again, one has
—4/ V|vw\2-vwF3(u,w)—4/ AD| V| Fs(u, D)
Q Q
§4’y4/ ]V|V1D\2]\Vw](1+u)—i—4\/§’y4/ D?|| V(1 + )
Q Q
€ . . . 207 .
<5 [ wIvalp e [ (prapwal+ 2 [ vl (2.42)
3 Ja Q e Ja
403 4073
< 5/ \vva|2\2+s/ \D%?wu%/ \vwm'“/u?\vw?
3 Ja Q e Ja e Ja
£ ~122 2,127,752 4, 409% 210,52
< - [ |VIV@|*|*+¢ [ |D*0|*|V@|* +4p | |[VO|* + —= [ w*|VO|* +
3 Ja Q Q e Ja
Then substituting (2.39), (2.40), (2.41) and (2.42) into (2.38), it follows that

d 4

/ va\4+/ \va4+€/ \vvaﬁﬁmg/ V|2 | D22

dt Jo Q 3 Ja Q

1074(9]
pe?

10749
pe?

L0m2 (2.43)
< (1+c1+857%+4ml)/ \vw|4+g4/u2vm|2+
Q Q)

Using the Gagliardo-Nirenberg inequality along with the fact ||[V@|?|,: = ||[V@|3, < K from
(2.26), we have

(1 897 +4em) [ [Val! = (L1 + 8ot + de)[V P
Q
< 2| VIVEP 2|V 1 + e2ll[Val?] 7, (2.44)
€ ~
< / V|V 2|2 + c3.
3 Ja
Substituting (2.44) into (2.43), we obtain (2.36) directly. The proof of Lemma 2.9 is complete.
O
Lemma 2.10. Suppose (u,w) is a solution of (2.11). Then it holds that
[u(, )|z + [V, )]l s < Ko, (2.45)
where Kg > 0 is a constant indenpendent of t and o.

Proof. Combining (2.32) and (2.36), we can find two positive constants ¢; and ¢y such that

d ~ N
yr (u? + Vo)) +/ (u? + [V [*) +d/ Vul?
@ & @ (2.46)
+s/ vawy?y?+a/ V|| D2 Scl/ 2|V + .
Q Q Q
Using the Holder inequality and Young’s inequality, one can find a positive constant k1 small
enough (which will be chosen later) such that

¢ / PV < erlul 3 Val2s < 1l VallSs + esllulds. (2.47)
Q

Noting the facts ||ulnul||;1 < K and |Ju||;1 < My, and using Lemma 2.3, one has
esllull3s < d||Vul3z + s (2.48)
Then substituting (2.47) and (2.48) into (2.46), it holds that
d
— | (v + |Vl +/ (u* + [VD|!) +e/ |V\V1D[2|2+e/ V@[ Do)
Q Q Q

dt Jo (2.49)

§/<51/ IV|® + co + 4.
Q
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Using the Gagliardo-Nirenberg inequality and the fact ||V@| ;2 < Kg in (2.26), we obtain

/vamﬁ = [IVwPllzs < es (IVIV@ P2Vl + [V@*]7:)

(2.50)
< es KG|I VIV (|72 + s K.
Substituting (2.50) into (2.49), and choosing k1 = %—i{g, we can derive that
% i (u? + |Va]*) +/Q(u2 + [Va|!) < cg,
which gives (2.45) directly by using Gronwall’s inequality. Then we complete the proof of Lemma
2.10. ]

Lemma 2.11. Let (u,w) be a solution of the system (2.11). Then we can find a positive constant
Ko independent of t and o such that

[u(, )]l e < Kio. (2.51)
Proof. We multiply the first equation of (2.11) with u? and integrate it by part over ) to have

1d
- u4——3d/u2]Vu\2—3x/u3Vu-Vw+/u4—/u5—a/u4w
g—d/ w?|Vul? + / ut | Vw|? + / /
Q

which, together with the fact |Vw| < e |V@| + 2 + 7173€™ in (2.18), gives

u+/u —i—d/]VuQ]z Zd/ 4]V’w|2+5/u— / 5
(2.52)
§cl/u4|VlD]2+cz/u —4/u
Q

where ¢ = 9X; and ¢y : (Vﬁﬂm‘“’eﬁ) 54 From (2.45), we have [|u?|[;1 = ull2, < K2
and ||[V@l|/ra < Kg. Then using the Gaghardo—Nlrenberg inequality and Young’s mequahty, we

can derive that
1 1
2 2
01/u4!vw|2§c1 (/ u8> (/ !W!‘*)
Q Q Q

3 1
< e (uw?u 32 + WH%I) Va2 (253)

3
< CgKSHVUQHEQ + CgKg
< d|Vu?||32 + ca.

Again, using Young’s inequality, we have

CQ/ ut < 4/ u’ + cs. (2.54)
Q Q
Substituting (2.53) and (2.54) into (2.52), we have
d
dt u+/U<C4+C57
which together with Gronwall’s inequality gives (2.51). Then the proof of Lemma 2.11 is finished.

0

Lemma 2.12. The solution (u,w) of (2.11) satisfies
V(- t)]|ee < K, (2.55)

where K11 > 0 is a constant independent of t and o.
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Proof. Applying the variation-of-constants formula to the second equation of (2.11), we have

t t
B 1) = eEA-mtg) _ 9 / (A3 g, Vi + / e EA=1)(=5) 3 (. 1),
0 0
which gives

t t
V(- t) = VeEA Mg — 2¢ / VelEA=WE=)y g . Vi + / VelEA=ME=S) py(y, ). (2.56)
0 0

Applying the well-known semigroup estimate with homogeneous Neumann boundary conditions
to (2.56), we can derive that

t
IV (-, 1) <[ Vel g | oo + 25/ [VeEA= =g, - V| oo
0

t
+/ | VeEA=mE=9) By (4, 1) || oo
0 t (2.57)
gc1||vw0||Loo+25q/ (144D EHNE9 g, - Vi 0
0

t
+o / (14t 7)™ )| By (0, D) 14,
0

where A1 is the first nonzero eigenvalue of —A with homogeneous Neumann boundary condition.
Using (2.1) and (2.45), we have

Vg - Vi s < n||Vd|[ps < 11 Ko. (2.58)
On the other hand, from (2.22) and (2.51), one can derive that
[E3(u, 0)[[ps < yall1 4wl s < co. (2.59)

Substituting (2.58) and (2.59) into (2.57), and using the fact [;(1 + tfg)e_(a’\l“'“)(t_s) < 00,
we have

o0
V(- t)|| L <erl| VoL + c1(2e71 K9 + 02)/ (14t 1)eEtmi=s) < ¢
0

which gives (2.55). O
Proof of Theorem 1.1 (global existence). From Lemma 2.12, we have | V@ (-, t)| L~ < 1,
which together with the fact w = go — e791W gives
IVw(, D)l = Vg2 — €™ Vi + e 7 V| <72 +71y3€" + €|V || Lo
<2+ yse’t +eltar

With (2.60) and the Moser iteration (cf. see [17, Lemma 1]), from the first equation of (1.2),
we can derive the boundedness of ||u(-,t)||z=. Then the existence of global classical solutions
follows from the extensibility criterion in Lemma 2.1. O

(2.60)

2.3. Global stabilization. In this subsection, we show that if h(z,t) satisfies (1.3), then every
solution (u,w) of (1.2) converges to (1,0) uniformly in Q as t — co. Before embarking on this,
we first improve the regularity of v and w by the standard parabolic regularity theorem.

Lemma 2.13. Let (u,w) be the nonnegative global classical solution of (1.2) obtained in Theorem
1.1. Then there exist § € (0,1) and C > 0 such that

||uH097%(QX[t7t+1]) <C foral t>1 (2.61)
and

loll oo g ey <€ Torall £ 1. (2.62)
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Proof. We can rewrite the first equation of (1.2) as follows
u =V - Az, t,u, Vu) + B(x,t,u)
with
A(z,t,u,Vu) = dVu + xuVw, B(z,t,u) =u(l —u) — cuw.

From the boundedness results obtained in Theorem 1.1, we know that there exist two positive
constants ¢ and cg such that ||u(-,t)||re < ¢1 and [Jw(+, t)||j1.00 < c2. Then we can check that

Az, t,u, Vu) - Vu = (dVu + xuVw) - Vu
> d|Vul* — xu|Vu||[Vw|

> g|Vu|2 _ ;‘jluﬂwwﬁ (2.63)
2.2.2
and
|A(z,t,u, Vu)| = |[dVu + xuVw| < d|Vu| + x|u||Vw| < d|Vu| + cieax, (2.64)
as well as
|B(z,t,u)| = |u(l —u) — cuw| < c1(1+ 1 + oca). (2.65)

Then applying [28, Theorem 1.3] and using (2.63)-(2.65), we obtain (2.61). Moreover, we can
use the standard parabolic regularity with (2.61) to derive (2.62) directly. O

Then we have the following results on the global convergence of w.

Lemma 2.14. Let (u,w) be the solution obtained in Theorem 1.1, and assume (1.3) holds.
Then it follows that
lim [|w(-, )|z = 0. (2.66)
t—r00

Proof. We integrate the second equation of (1.2) alongside boundary condition Vw - v 4+ {w =

&h(x,t) to have
d
— wzs/Aw—,u/w—)\/uw
dt Jo 0 Q Q

et [ weee [ net-p[w-x [

d
G [ [wsee [ bt =che ol
Q Q o0N

which gives

and hence .
/ w< e / wo + &€ / e (1) oy (2.67)
Q Q 0
Then with (1.3), and applying Lemma 2.4, we can derive from (2.67) that
Jim flw(., )|z = 0. (2.68)

On the other hand, from Theorem 1.1, we know ||[Vw(-,t)||z < ¢1. Then using the Gagliardo-
Nirenberg inequality, we can derive that

2 1 2 1
[wl[ree < co[[Vwl|Zoe [wli 7 + wlizr) < cacfllwl|Fy + collwl| s,

which together with (2.68) gives (2.66).
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Next, we show ||u(-,t) — 1||p~ — 0 as t — oco. To this end, we first apply the Harnack’s
inequality to show that wu(-,¢) has a lower bound for large ¢, which will be essentially used later.
More precisely, we have the following results:

Lemma 2.15. Let (u,w) be the solution obtained in Theorem 1.1, and assume that (1.3) holds.
Then there exists a Ty > 0 such that for all t > Tj

Helf u(z, t) > (1, (2.69)

where (1 > 0 is a constant independent of t.

Proof. Using the transformation 4 = ued®™, from the first equation of (1.2), we can derive that
i = dAT — XV Vi + @ |1+ 5 Aw - 2570y - (14 Q) edva], zeq, 2.70)
91 _ o, redN.
From Theorem 1.1, we know there exists a constant ¢; > 0 such that
ey )l + [, Dl < e, (2.71)
Moreover, from Lemma 2.13, we know that
lAw(-,t)||pe < cg, forall t>1. (2.72)
Hence using (2.71) and (2.72), we can find a constant c¢3 > 0 such that
d A
Hl + XgA W%—:Uw (1 + de> e*%“”ﬂHL <cg, forall t>1. (2.73)

With (2.73) in hand, and applying Harnack’s inequality (see [20, Theorem 2.5] and [23, Page
12]), from (2.70) we can find a constant ¢4 > 0 such that

sup t(x,t) < ey 1nf a(x,t), forall ¢>1. (2.74)
e

Noting that @ = ued® and using (2.71), one derives from (2.74) that
supu(x,t) < cs mf u(zx,t), for all t > 1. (2.75)
z€eQ)

On the other hand, since ||w(:,t)||rc — 0 as t — oo, there exists t; > 0 such that for all
t >t > 1, we have

1
ollw(-,t)||pe < 7 (2.76)
Integrating the first equation of (1.2) and using (2.76), then for all t > ¢; > 1 one has

/u—/u—/u—a/uw

(l—anHLoo)/u—/u2 (2.77)
Q Q

1

foe o

2 Jo 0

Furthermore using (2.75), we can derive that

2
/ u? < supu(z,t) - / u < ¢5 inf u(x t)- / u < 5 </ u) , forallt >t >1. (2.78)
Q 2€Q Q 2€Q o 19 \Ja

Substituting (2.78) into (2.77) yields

/ —2/ \Q!(/ >2’

liminf/ u > 12 > 0. (2.79)
Q 2

t—o00 Cs

v

Y

which allows us to obtain
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Using (2.75) again, we can derive that for all ¢ > ¢; that
/ u(x,t) < supu(x,t) < cs 1nf u(w t), (2.80)
‘Q’ z€eQ
which together with (2.79) gives

1
liminf inf u(z,t) > — >0

t—oo zef 205
and hence (2.69) holds. O
Lemma 2.16. Assume the assumption (1.3) holds. Then the solution (u,w) of (1.2) satisfies
Tim ffu(-1) = 12 = 0 (281)

Proof. Multiplying the first equation of (1.2) by “T_l, and integrating the results by parts, we
have

2
d (u—l—lnu +d/]Vu| —|—/(u—1) :—X/vuvw—a/uw—i-a/
dt Q
2
<a [ 04 /|w|2+g/

d 2 X 2
_ — < 4 \V4 . 2.82
(u 1 lnu)+/(u 1) /| w| —|—a/w ( )

Using Taylor’s expansion, we have

which gives

1
u—l—lnu:@(u—l)QZO, (2.83)

where ¢ between 1 and u. Using the boundedness of ||u(+,t)||z~ and Lemma 2.15, we know that
for some T} > 1, there exist two positive constants ¢; and ¢y such that

c1 <u,t) < co for some t> Ty,
which combined with (2.83) gives

1 1
2/(u—l)Qg/(u—l—lnu)g2/(u—1)2, for some ¢t > T7. (2.84)
C Ja Q 1 Ja
Substituting (2.84) into (2.82), we can derive for all ¢ > T} that
d 2
— (u—l—lnu)—l—c?/(u—l—lnu)gx/|Vw|2+cr/w. (2.85)
dt Jq Q 4d Jq Q

On the other hand, using the Gagliardo-Nirenberg inequality and (2.62), we can derive that

2 1 1
IVwllze < es(ID*wllfalwlF + lwlp) < eallwlFa + wlip)  for ¢ > 11,
which together with (2.68) gives

t+1 t+1
-~ / |Vw|2+a/ /w—>0, as t — oo. (2.86)
t Q t Q
With (2.86), we apply Lemma 2.4 to (2.85) and get
/(ullnu)%O, as t — oo. (2.87)
Q
Then the combination of (2.84) and (2.87) gives
/(u—l)QSC%/(u—l—lnu)%O as t — oo,
Q Q

which gives (2.81). Then we complete the proof of Lemma 2.16. O
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Next, we show that ||u(-,t) — 1|z — 0 as t — oo.
Lemma 2.17. Assume the assumption (1.3) holds. Then the solution (u,w) of (1.2) satisfies
tli>ngo |lu(-,t) — 1||pee = 0. (2.88)

Proof. By Lemma 2.13, we have

sup [[u(-, 1)) < c1-
t>1

Thanks to the Arzela-Ascoli Theorem, we may pass to a sequence t = t, — 0o and assume that
u(-,tx) — v uniformly in C°(Q).

But then v =1 due to Lemma 2.16. Hence, by the uniqueness of subsequential limit, it follows
that u(-,t) — 1 as t — oo uniformly in Q. Then we complete the proof of Lemma 2.17. ([l

Now we are in a position to prove global stability result asserted in Theorem 1.1.

Proof of Theorem 1.1 (global stabilization). The global stability of (1,0) stated in Theo-
rem 1.1 is a consequence of Lemma 2.14 and Lemma 2.17. O

3. NON-CONSTANT STEADY STATE: PROOF OF THEOREM 1.2

3.1. Existence. In this section, we first use the Schauder fixed point theorem to prove the
existence of non-constant positive solutions to the system (1.4) under some conditions on pa-
rameters. Then we show that the solution is unique if hg = sup,cgyq h(x) is small. Before proving
our main results, we first use the transformation

V=Ued" (3.1)
to rewrite the elliptic system (1.4) as follows:

0=dV- (e d"VV)+e dVV(1—-e dVV)—ge dWWV, zeQ,
0=cAW — uW — Ae d VWV, z €, (3.2)
VV.-v=0, VW .v=¢nh(x)—-W), x € 0N.

Our idea of using the Schauder fixed point theorem to prove the existence of positive solutions to
the system (3.2) can be roughly described below. Given any non-negative function V € C°(€),
we first consider the following elliptic problem

= eAW — W — Xe~aV Q0
{0 EAW — yuW — Ae 3WWV, z€Q, 53)

VW v =¢(h(x) — W), x € 00

and show that (3.3) admits a non-negative solution W € C'*%(Q). This generates a solution
map 71 : CO(Q) — C1*2(Q) such that 7;(V) = W. With this generated solution W (x), we
further consider the problem

{o =dV - (e iVVV) + e iV (1 — e dWV) —ge dWWV, 2 €Q, 5.0

VV.v =0, x € 00,

and show that (3.4) admits a non-negative solution V. This generates another solution map
T : C1e(Q) = C%(Q) such that T2(W) = V. Now we define a composite map 7 = T 0 T :
C°%(Q)) — C°Q) and show that 7 has a fixed point, namely there is a V € C°(Q) such that
T(V)=V and W = T1(V). Then this pair (V, W) yields a classical solution to (3.2).

In the following, we shall denote 71(V) =: W[V] and To(W) =: V[W]. We first show the
existence of solutions to (3.3) for given V € C°(Q).
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Lemma 3.1. For any given non-negative function V. € C°(Q), system (3.3) has a solution

W[V] € CHH(Q) with0 < a < 1 — 7 satisfying

0<W[V] < hg, forall xe€, (3.5)
where ho = sup,con h(z).

Proof. Take a sequence V; € C%(Q) with 6, € (0, 1) such that V; — V uniformly in . Observe
that 0 and hg form a pair of strict sub/supersolutions for (3.3). It follows by monotone iteration
scheme that there exists a minimal solution W; = W[V;] € W2P(Q) such that 0 < W; < ho; see,
e.g. [23, Corollary 1.2.4]. Moreover, by LP estimate, we see that W; is bounded uniformly in
W2P(Q). Passing to a subsequence, we may assume that W; converges weakly in W2P(Q) and
strongly in C1t%(Q) to a strong solution W € W2P(Q) to (3.3). This proves the existence of
W = WI[V] € C*2(Q) satisfying (3.5), where 0 < a < 1 — 7 due to the Sobolev imbedding (cf.
[21]) for p > n

. n
IWllcrs@) < allWllwer) < e with B=1-— L (3.6)
O

Lemma 3.2. If hox < d, then the solution obtained in Lemma 3.1 is unique, and the mapping
V — WI[V] from C°(Q) to C1+%(Q) is continuous.

Proof. Our proof is divided into the following two steps:
Step 1. We first prove the uniqueness of solutions under the condition hgx < d. Assume
that W1 € HY(Q) and Wy € HY(Q) are two different solutions of (3.3). Then it holds that

AWy — Wa) = p(Wy — Wa) + AV (e~ a MWy — e~ a2 Wy), € Q, 3.7)
V(Wl—WQ)-V+§(W1—W2):0, x € 0fD. .
Multiplying (3.7) by Wi — Wy, and integrating the resulting equation by parts, we have
- 5/ VW)~ W) — e [ (W) — Wa)?
Q o0
= u/ (Wy — Wy)? + )\/ Ve dWiWy — e= aW2 W) (W — W) (3.8)
Q Q

= /Q[“ + AV (W) (W — Wa)?,

where f/(z) = (1 — X) e~d* and W = 0, W + (1 — 6;)Ws with 6; € (0,1). Since 0 < W; < hg
for i = 1,2, we have 0 < W < hgy and then f/(W) > 0 in the case of hgx < d. On the other

hand, since V € C°(Q) is a nonnegative function, we know there exists a constant K > 0 such
that 0 <V < K and then

pA+ AV (W) > >0, (3.9)
if hox < d. Then combining (3.8) and (3.9), we have p [o,(W1 —W5)? < 0, which gives Wy = W.

Step 2. We show the mapping V — W[V] is a continuous function from C%(Q) to C1+*(Q).
In fact, if we assume that {V;};cn is a sequence in C%(Q) satisfying lim V; =V, but
1—00

lim W[V;] # W[V], in C'T(Q). (3.10)

1—00

Then there exists a subsequence {V;, }jen and a constant 6 > 0 such that
HW[VIJ] — W[V”|Cl+a((z) > forall jeN. (3.11)

From (3.6), we know that there exists a 8* € (a,1) with 0 < o < 8 such that the sequence
{W[V;,]}jen € C*P7(Q). Then by the Arzeld-Ascoli theorem there exists a sub-sequence
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{W[Vi, I}ken converge to W in C't(Q). Since for any k € N, the function W[V, ] is a
weak solution of

_ : — WV v v
AWV, | = uWVi, | +ae " Valwy, v | zeq, 312)
VW[V, 1-v=E&h(z) - WV, D), x € 0N.
Then sending k& — oo in (3.12), we obtain that W is a weak solution of
AW = M/W + Ae‘gW/WV, T € €, (3.13)
VW -v = &(h(z) — W), x € 0Q. '

Noticing Lemma 3.1 with Step 1 implies that (3.13) admits a unique solution W[V] in C*+*()

for any given non-negative function V € C°(€Q), it hence follows that W = WV], which contra-
dicts (3.11). This asserts that the mapping V — W[V] is continuous from C°(2) to C1+*((Q).
The proof of Lemma 3.2 is finished. U

Remark 3.1. To prove the mapping V- — W{[V] is a continuous function, we used the uniqueness
of solutions to (3.4), which is ensured by (3.9). Here xho < d is a sufficient condition to prove
(3.9). Howewver, for all 0 < W < hy we can easily derive that f'(W) > —e™2, which together
with the fact 0 <V < K gives

ANV (W) > p— AKe 2, (3.14)

Then from (3.14), we know that if p > A\Ke™2, the results in Lemma 3.2 are still hold. Hence
the condition xhg < d in Lemma 3.2 can be replaced for large p or small .

Next, we shall study the existence of solutions for the system (3.4). First, we construct the
sub- and super-solution of the problem (3.4) as follows.

Lemma 3.3. Let W € C%(Q) be a given function with 0 < W < hq for all z € Q and suppose
that chy < 1. Define two constants

V, = min(ed" — ged"W W) = mined"V (1 — oW), (3.15)
z€Q) z€Q
and . . .
V* =max(ed"V — gedV W) = maxea"V (1 — oW). (3.16)
e €S

Then Vi and V* are sub-solution and super-solution of (3.4), respectively
Proof. The proof follows by a straightforward computation and is omitted. O

Next, we shall show that system (3.4) admits a unique solution between V, and V*. Precisely,
we prove the following results.

Lemma 3.4. Let W € C'*(Q) be a given function. Then system (3.4) admits a unique positive
solution V[W] € C?**(Q) satisfying

Vi <V[W(z) <V* for all z € Q, (3.17)
where V. and V* are defined by (3.15) and (3.16), respectively.

Proof. First, we introduce a solution space as follows:
X={Vel(Q):V,<V<V*},

which is closed and convex. For given V € X, we assume that V € H L(Q) is a weak solution of
the following problem

{—dV (emdVVV)+ kY =kV 4+ e dVV (1 —e dVV) —oe dVWV, zeQ,

3.18
VV.v =0, T € 042, ( )

where k > 0 is a constant chosen later. This defines a solution operator ®;[V] = V. Next, we
show the operator ®; is continuous and ®;[X] C X is relatively compact in X.
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We first show the operator ®; is continuous. Since W € C'*%(Q), we can rewrite the first
equation of (3.18) as follows

~de iV AV + xe VYV . YW + KV = <,<; +emd% - o—e*%WW) V—e VR (3.19)

Then using the LP-estimate together with the Sobolev imbedding theorem and Agmon-Douglas-
Nirenberg theorem, it follows from (3.19) with the boundary condition VV - v = 0 on 052 that

11[V2] — @1 (V) <[ @1[V1] — B1[Va] cnes
<cill(r+e W —oe VW) (Vi — Th) — e W (V2 — V)|
<1k + 1+ | W=)Ih = ol + er([Villzee + [ Vallze) [V — Vol o
§02H‘71 — ‘72HL°<>7
where
e2 =1+ 1+ oWl + Vil + [Vl ) < o

due to W € C1+(Q) and V; € C%(Q) for i = 1,2. Hence the continuity of the operator ®; is
proved.

Second, we show that ®;[X] is relatively compact in X. In fact, due to W € C'*%(Q) and
V € C%Q), we have

Ik + e 8" —ge 3V — e @V T2 oo < (5 + L+ 0| W]|zoe + [V ]| 200) [V || 2o < €3
and
Ixe” dVVW || < X|VW || < ca.
Then by the elliptic regularity applied to (3.19), we have V € C'*#(Q) for all 5 € (0,1), which
implies that ®,[X] is relatively compact in X.

At last, we show that ®1[X] C X for large . If V(x) > Vi, we let V(z) = Vi + g(z), where
g(z) is a continuous non-negative function satisfying 0 < g(z) < V* — V, for all x € Q. Then
from (3.18), we have

—dV - [e VYV = V)] + K(Vi = V)
= —Kg — e*QTXWXN/(f%W —V —oed"W)

—kg— (Ve + g)e” W (edW — Vi — 0edWW) + g(Vi + g)ea W (3.20)

where we have used the facts 0 < V, < ea" (1 — ¢W) and 0 < g(z) < V*. Then multiplying
(3.20) by [(Vi — V)4]? and integrating the result by parts, we have

2d [ e VIV = V)P(Ve = V)i + 5 [ (Vi = V)]
/Q ’ /Q " (3.21)
gL@QH”—@NK—VMF

By choosing  large enough such that £ > k1 := Vi,+V*, from (3.21), we have [o[(V.—V)4]* =0,
and hence V > V,.

Using similar arguments as above, we can find a constant ko > 0 such that V < V* if k > ka.
Hence, choosing k > ks := max{r1, K2}, we have V, <V < V* which implies ®;[X] C X for
K > K.

In summary, we have proved the operator ®; : X — X is continuous and ®1[X] C X is
relatively compact in X. Then by the Schauder fixed point theorem, there exist a fixed point
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V € X such that ®[V] = V. That is, for a given W € C1T%(Q), there exist a solution V € X
to the system (3.4) and hence
—de”dVAV + xe dVVV . VW + V = H(V,W), z €, (3.22)
VV.-v =0, x € 09, ’
where

HV, W)=V (1 e iW e EWy ae*%WW) .

Since V € X and W € C'*%(Q), we have that ||H(V,W)||z~ < c5. Then applying the elliptic
regularity estimate to (3.22), we can derive V[W] € C'*%(Q) with some a € (0,1). Then
using again the fact W € C'T%(Q), one has ||H(V, W)llge @)y < c6, and hence VW] € C* ()
follows by the elliptic regularity again. Moreover the p081t1V1ty of V[W] follows from the fact
V>Ve>0.

Finally, we shall show the uniqueness of solutions for the system (3.4) with given W € C'+((Q)
based on some ideas from [8]. We assume that the problem (3.4) has two different positive
solutions V; and V5. Then they solve the following equations weakly

N L (avars
_dV - (71T VVi) —(1—oW)e d"V — e‘%XWVi for i=1,2,

Vi
and hence . .
d —aVVvV) AV - (emdVVV
v(ed V) V(e; VV2) _ - BW(y — 1), (3.23)
2
Multiplying (3.23) by V2 , and integrating the result by parts, we have
e ) (Vl +V5)
Q
V2 V
=d/ N V<V1‘}> +d/e—§va2.v<v vl)
1 0 2
_x Vz V2
— d/ e~ aW (\vvl\z — 2V2vv1 Vs + éyvvﬁ)
Q 1
Vi V2
+ d/ e~aV (yvvz\2 — 271VV1 VVa + 12|vv2|2)
Q
- d/ e IW ((vvl - ﬁvva] + |V - Evvl\ )
Q Vo Vi
which implies that V73 = V5. This completes the proof. O

Lemma 3.5. The mapping W — V[W] is a continuous function from C1T%(Q) into C°().

Proof. We shall show the conclusion by using the uniqueness of solutions for (3.4). Let {W;};en
be a sequence in C'+*(() satisfying

lim W; =W.
1—r 00
Arguing by contradiction, we assume
lim V[W;] # V[W]. (3.24)
1—00

Then there exist a constant 6; > 0 and a subsequence {W;, }jen such that for all j € N

IVIWi,] = VIW]|lLe > 61. (3.25)
Since {V[W,]}jen is uniformly bounded in C***(€2) and hence equi-continuous in C?(Q), we
can use the Arzeld-Ascoli theorem to find a sub-sequence {V[W; ]}keN and V such that

Jim VIV, ] = Ve = 0. (3.26)
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Since for any k € N, the function V[W;. | > 0 satisfies

Ik

Ik Tk

VV[Wijk] v =0, x € 09,
which together with (3.26) gives

{0 = av- (e vV, )+ e Vv, 10— e VRV, ] - oW, ), z e,

(3.27)

0=dV-(e dVVV)+e dVV(1-e iVV)—ge dWWV, z€Q,
VV v = 0, x € 09,

by taking & — oo. Since the problem (3.27) has a unique positive solution V[W] for given
W e C1*2(Q), we derive that V = V[W], which contradicts (3.25). The proof is complete. [J

Now we are ready to prove the existence and uniqueness of solutions to (1.4) asserted in
Theorem 1.2.

Proof of Theorem 1.2 (existence and uniqueness). We divide the proof into two steps.
Step 1: Existence. Consider the existence of solutions in the following closed and convex
solution space
X:={VvelQ):V.<V <V},

with V, and V* are defined by (3.15) and (3.16), respectively. From Lemma 3.1 and Lemma 3.2,
we know that for any V € X, there exists a continuous operator 7;: C°(Q) — C1T%(Q) such that
W = Ti[V] € C**(Q) which solves (3.3). For this W = T;[V], from Lemma 3.4 and Lemma
3.5, we can define a continuous operator Ta: C1T%(Q) — C%(Q) such that V = T3[W] solving
(3.4). Define a composition operator 7: C?(2) — C°(Q) as follows:

TIV] =T h[V] = T2[ 1 [V]].

Clearly, 7 is continuous since both operators 71 and 7z are continuous.
From Lemma 3.1, we know that 0 < W < hg and W € C***(€2), which together with Lemma
3.4 gives V = To[W] € C*(Q) and

Vi<V <VE

and hence T[X] C X is relatively compact in X. Hence, by the Schauder fixed point theorem,
the operator 7 has a fixed point V' € &, which in fact belongs to C?*2(Q). Moreover, by the
Schauder estimates, we have W = T1[V] € C?T%(Q2). Hence the pair

(TVL, V] = (v, W)

yields a classical solution to the problem (3.2).
Next, we shall prove the solution pair (V, W) obtained above is positive. Since 0 < Vi <V <
V*, we only need to prove W(z) > 0 for all z € Q. To this end, we first rewrite (3.3) as

VW v =¢h(x)—-W), xe€dQ, (3:28)

{OZEAW—C(J:)VV, x €,
with ¢(z) = p+ e~ @V > 0. Using the maximum principle [22, Lemma 3.5], we know that
W can not achieve non-positive minimum in € and hence for all z € €2 it holds that W (z) > 0.
Then to show W (x) > 0 for x € Q, it remains to show W (x) > 0 if z € 9. Assume that there
exist some zg € 0N such that W(zg) < W(x) for all z € 99Q. If W(xg) < 0, we can use the
Hopf’s boundary point lemma [22, Lemma 3.4] to derive &(h(zo) — W (xo)) = VW (z0) - v < 0,
which contradict the fact W (xg) < 0, and thus W (z) > 0 for x € Q. Hence we prove that (3.2)
admits a positive classical solution (V(x), W (z)) € C?T%(Q) x C?T*(Q) satisfying

0<Vi<V(z)<V* and 0< W(z) < hg, for z € Q,
which yields a positive classical solution (U(x), W (x)) to (1.4) satisfying (1.7) by (3.1).
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Step 2: Uniqueness. To show the uniqueness of the positive classical solution (U(z), W (x))
under the assumptions that hg is small, we first show that

IW w1 — 0 as ho — 0. (3.29)
In fact, using [24, Theorem 9.4 in Chap. 1], we can find a bounded function g € C*°(Q) satisfying
g(x) = h(x) and Vg-v =0 on 9.
Letting Z(x) = g(x) — W (x) for x € 2, we can derive from (1.4) that

(3.30)

eAZ — puZ =eAg—ug — \UW, x €,
VZ -v+£Z =0, x € oS

Then applying Agmon-Douglis-Nirenberg L? estimates and using the facts g € C>(Q),U €
C?*(Q) and 0 < W (z) < hg, from (3.30) we have

1Z]lwzr < c1lleAg — pg = AUW ||z < ca2([[Agllze + llgllzee + Uz [[W][Le0)
S 63(1 + ho),
for all p > 1 and hence
IWllw2e = llg = Zllw2s < ca(1+ ho). (3.31)

Choosing p = 2n in (3.31), and using the Gagliardo-Nirenberg inequality and the fact 0 <
W (z) < hg, one has

2 1
IWllwree = IVWlLoe + [Wllzoo < es[|[WllGazn W Ee + [W][Lee

1
< 06(1 + ho)%hg + ho,

which gives (3.29).
Assume (U, W1) and (U, Ws) are two different solutions of (1.4). Then from (1.7), we can
derive that

_xho .
beem d <U; <" for i=1,2, (3.32)

here £, = min {ed*(1— d o= i*(1—oz)}.
where Oglgr}lo{ed (1—-02)} an [ ax {ed*(1—o0z)}

Let U = Uy — Uy and W = Wy — Wy. Then from (1.4) we have
0=V-[dVU + x(UVW) + UsVW)| + U — U(Uy + Uy) — cUW, — cUsW, z € Q,
0=eAW — uW — AXUW; — AU, W, z €,

~ - — 3.33
[dVU 4+ x(UVW1 + U VW)] - v =0, x € 08, (3:33)
VW v+ W =0, x € oS
Multiplying (3.33) by U, and integrating the result by parts, we have
d/ VU2 + / (U, + U)U? + o/ WhU?
@ e Tt - (3.34)
= —x/(UVW1 + Uy VW) - VU+/ U? —0/ U, WU.
Q Q Q
On the other hand, we can use the Holder inequality and Young’s inequality to derive
- x/ (UVW) + Uy VW) - VU
Q
d 712 X2 =7 5712
<= [ |VU*+ %= | [UVW; + UaVW| (3.35)
2 Jo 2d Jq,

<4 [ vop X—va 2 U2 X—2U 2 \vark
< IVU|" + = [[VW1 |1 + =027 | VW],
2 Ja d Q d Q
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and
o 2 =5 1 ~9
—o | UyWU <o U, W= + 1 UsU=. (3.36)
Q ) )

Substituting (3.35) and (3.36) into (3.34), we have
d _ 3 2 22U — —
2/ VU |? +/ <U1 + 02 —1- ’;\vwluioo> U? < X”;”L/ VW |? + 02/ Uy W2,
Q Q Q Q

which, together with (3.32), gives

d/\vﬁh e X o /172
d (P G
2 Jo 4 d L o

(3.37)
2 0* 2 __ —~
§X| | /|VW]2+02/U2W2.
d Q Q
We multiply the second equation of (3.33) by W to obtain
/ |VW]2+M/ W2+ et W2+)\/ UQWQ:—)\/ WAOW
Q
<M/W2+A2||W1|%w/ 0
—Ja 4p o
which yields
—~ —~ 22 ~
5/ |VW|2+)\/ U, T2 < ||W1\%oo/ 02, (3.39)
0 Q 4p Q0
Let 7, := X |f ? + 2 )\ Then multiplying (3.38) by 74, and adding the result to (3.37), we have
ho
d . e 2 A2y, .
/ VOPR+ (2 - X owy 2. — 7 HWIHLOO /U2 <0. (3.39)
2 Ja 4 d Q

Noting that £, = min {ed*(1 — h
oting that ¢, ngug%zo{e (1 —02)}, we have

e —1 as hg— 0. (3.40)

On the other hand, from (3.29) we have ||Wi||y1,00 — 0 as hg — 0, which together with (3.40)
gives

hq
Tl d x> A2 ’y* 3
lim | 2¢ T X 2, - ] =2
h;glo< 1 7 IVWlz HW1||L 1

This yields a small constant h, < h* := min { L i} such that the following holds if hg < h,

d ~ ~
2/Q|VU|2~|—C7/QU2 <0, (3.41)

for some positive constant c; € (0,3). Then (3.41) implies U =0, that is Uy = Us.
~ h,
Finally with U = 0 and the fact Us > 5*6_¥ > 0, from (3.38) we obtain

5/ \VWP—}—A&@J?/WQgO,
Q Q

which gives W = 0 and hence W1 = Ws. Then the uniqueness of solutions to (1.4) is proved. O
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3.2. Global stability. In this subsection, we further impose that €2 is two-dimensional and
show that the positive non-constant steady state (U, W) is globally asymptotically stable if
ho > 0 is sufficiently small. We first use the Harnack inequality again and the fact chg < 1 to

derive that inf u(z,t) has a positive lower bound as time is large.
z€N

Lemma 3.6. Let (u,w) be the solution of the system (1.2) with h(x,t) = h(x) obtained in
Theorem 1.1 and hg = sup,epn h(x). If chg < 1, then

liminf inf u(z,t) > (o, (3.42)

t—oo zeQ)

where (2 > 0 is a constant independent of t.

Proof. Let w(z,t) be the solution of the following problem

Wy = eAW — pw, zet>0,
Vw-v=¢h(x) —w), xe€dt>D0, (3.43)
w(z,0) = wo(z), x € €.
Then using the comparison principle, one has
0 < w(z,t) < w(x,t). (3.44)
Using the method of energy estimates, we can derive from the system (3.43) that
lim (@, 1) - w. (@)= =0, (3.45)
where w,(z) € C?(Q) is the solution of (1.6). In fact, letting v(z,t) = @(z,t) — wy(x), then
from (3.43) and (1.6) one has
Uy = e AU — v, reN,t>0,
Vu-v+ €& =0, x € 00, t >0, (3.46)

U(x,0) = vp(x) = wo(x) —wi(x), z €.
Then we multiply the first equation of (3.46) by v and integrate the result by parts to obtain

d
A2+€/]Vv]2+u/v +§5/ 7% =0,
dt o9

1B, 8)ll2 < lwo(@) — wel|2e™ 2" < cre™ 2", (3.47)
Applying the parabolic regularity, we can derive from (3.46) that ||v(-,t)||y1.00 < c2. Then we
use the Gagliardo-Nirenberg inequality and the fact (3.47) to derive

which gives

. ~ ~ 1 —~ 1 B
1B(,8) = wellzee =[50 Oz < esllOC, )51 10C, )17z < cae™ 1,
which proves (3.45).
Noting that 0 < wy(x) < hg and using (3.44)-(3.45), we can find ¢t* > 1 such that for all
t>1t" > 1 that
1-— O'hg 1+ O'ho

0 < wz,t)<h _
w(z, t) < ho + — 2

and hence
1+o ho

2
Integratlng the first equation of (1.2) and using (3.48), one has

G L= [a= [0 [ww=a-cfule) [o- [@ze [u [

with ¢ = % > 0.
Then the remaining proofs are the same as those for Lemma 2.15 and will be omitted for
brevity. This completes the proof. U

ollw(-,t)||pe < <1, forall ¢t>1t*>1. (3.48)
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Next, we shall study the global stability of the positive (coexistence) steady state under the
smallness assumptions on hg. More precisely, we have the following results.

Lemma 3.7. Let (u,w) be the global solution of (1.2) with h(z,t) = h(z) = 0 and hy =
SUp,ean h(x). Assume (U, W) is the positive non-constant steady state of (1.4) obtained in
Theorem 1.2. Then there exists a h > 0 and t, > 1 such that the following estimate holds for
all0 < hg<h

lu(-,t) = Ullpee + [J[w(-,t) = W]|pee < cre™ 2, for all t>t,, (3.49)
where c¢1 and co are two positive constants independent of t.
Proof. Let u=u—U and w = w — W. From (1.2) and (1.4) we can derive that

uy =V - (dVu+ xuVw + xuVW) +u(1 —u—U) — cuw — cUw,
T = AT — i — i — AW,

- - ~ _ (3.50)
(dVu+ xuVw + xuVW) - v =0, Vw- -v+&w =0,
u(z,0) = ug(z) = U, w(x,0)=wo(x)—W.
Then integrating the first equation of (3.50) multiplied by u, we have
/~2+d/|Vu|2 / (u+U1)+U/wﬂ2
2dt Q
(3.51)

= /qu Vu — /uVW Vu—a/UfEﬂ.
Q Q Q

Noting the facts ||u(-, )|z~ < M and |U|r=~ < ¢; due to U € C?(2), we can use Young’s
inequality to derive that

o~ - d > M
~x [ 4V Vi < xlull | 95V < GVl + 2o vak.  G52)
and
—X/QHVW-VH < XIIVW |z [[al| 2|Vl 2 < *HV 3.+ % HVWHLOOHUHL27 (3.53)
as well as
_ s C2ymqa | 0°CT <o
—o | vwus o|[Ullze @l c2llllz2 < - llullze + ?Hw\lp- (3.54)
Then substituting (3.53), (3.52) and (3.54) into (3.51), we obtain
d [ - ~ ~ -
— u2—|—d/\Vu]2—|—2/u2(u+U—1—@—HVWHLOO>+2U/wu2
dt Q Q Q
2X2M 20%¢2 (3.55)
< 2 Ival. + 22l
2
< C2(HVw||L2 +|@l72),
where ¢y = 2X2dM ’ + 20 Cl . We multiply the second equation of (3.50) by w and integrate the

result by part to obtam

/~2+8/]Vw]2+/¢/w —i—)\/uw + €€ w——)\/W

2 2
S“/@2+)‘ |W|L°°/;UVJ27
2 Jo 2p Q

2 < NIWie [
+26/|Vw\ —i—,u/w +2)\/uw + 2&¢ L/u. (3.56)
Q on © Q

which gives

dt Jq
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Then multiplying (3.56) by c3 = 2 + Qﬂ and adding the result to (3.55), we end up with

d
pn (u + c3w? +d/|Vu]2+02/|Vw|2+cQ/ w2
Q

3.57
c3A2||W||%oo> (3:57)
1

+?/ <u+U—1—@—vam@— <0.
Q

Due to U — 1 as hg — 0 and (3.29), there exists a constant & > 0 such that if 0 < hyg < & one
has

9<U—1<9 (3.58)
and ) ) )
AW |7 0
fﬂvw@w+%”|hg§. (3.59)
Noting the fact litm inf insf)u(a:, t) > (2 in (3.42), we know that there exists T, > 1 such that
—00 €
mf u(z,t) > & forall t>T, >1,
xeQ)
which combined with (3.58) and (3.59) gives
N||W |2 o
u+U—1—9——||VW||2 _ X Wil >y (3.60)
4 I 4
forO< hg<handt>T, > 1.
Substituting (3.60) into (3.57), we can find a ¢4 > 0 such that
d ~ ~ - _
— [ @ + c30?) + 4 / (W% + c3w?) <0, forallt>T, >1,
which gives
u(-,t) = Ullge + |w(-t) = W2 < cse™ 2%, forallt>T, > 1. (3.61)
Next we recall the interpolation inequality
1f Lo (o) < 06||f|!”+9 Hf\l”w for f € LY(Q) N CY(Q). (3.62)
To see that, choose a point Z € 2. Then
T _ / r+7T -
s@ < [ Ao+ dMOLEEM g0 < o (1 + sl
€" JB.(0) ]

1
0+n
By choosing € = (”;HZE‘;Z) , we deduce (3.62).

Along with the facts sup,>q [lu(-t)[|coq) < co from Lemma 2.13 and U(z) € C?(€), and
using (3.61) and (3.62) with n = 2, for all ¢ > T}, > 1 one has

2
u(-,t) — Ullpe < crollul-,t) — U||%5° U”Q
Ju(- ) = Ullz 10]lu(-,t) ||Ce [u(-, ) = Ull} (3.63)

< 011”11,( ) U”2th9 < cioe 2(2+9) .

On the other hand, with the facts ||w(-,t)|yy1.00 < c13 and W (z) € C%(Q), we can use Gagliadro-
Nirenberg inequality to derive

1 1 c
lw(-,6) = Wl < eralw(-t) = WE wllw(,t) = WE, < cize™ . (3.64)
Finally the combination of (3.63) and (3.64) gives (3.49). The proof of Lemma 3.7 is complete.
U

Proof of Theorem 1.2 (global stability). The global stability result in Theorem 1.2 is a
consequence of Lemma 3.7. O
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4. TOXICANT ONLY STEADY STATE: PROOF OF THEOREM 1.3

In this section, we again impose that ) is two-dimensional and study the global dynamics
of toxicant-only steady state (0,w,), where 0 < w, < sup,epq h(x) is the unique non-constant
positive solution of (1.6) (see the statement in the Introduction). We first show that the species
u is uniformly persistent and hence the toxicant only steady state (0,w,) is uniformly strongly
repelling if o sup,cpn h(z) < 1, as described in the following lemma.

Lemma 4.1. Let (u,w) be the solution of the time-dependent problem (1.2) with ug = 0. If
T SUPH0 x [0,00) h(z,t) < 1, then the species u is uniformly persistent, i.e. there exists 6y > 0
independent of initial data such that

liminf inf u(-,t) > do.
t—oo zeQ

In particular, if h(x,t) = h(x) satisfies o sup,egn h(x) < 1, then the toxicant only steady state
(0, wy) is uniformly strongly repelling.
Proof. Fix a solution (u,w) of (1.2) with up = 0 and denote

heo == sup h(z,t).
80X [0,00)

Under the assumption ohs < 1, we may choose ¢ € (0, 1) sufficiently small such that
oheo +30 < 1.

Define B B
N5 == {u(z,t) € C%[0,00) x Q) :u < § for (x,t) € Q x [0,+00)}.
Observe, by the maximum principle, that

w(z,t) < heo + supwoe .

e
So there exists tg > 1 such that
0 1-26
w(z,t) < hsg + — < in Q x [tg, 00). (4.1)
o o
Next, suppose
u(,t) € N5 in (t1,t2) for some (t1,t2) C (to, 00). (4.2)

It is straightforward to see that t9 < 0o, since

d
— u—/u(l—u—mu)Zd/u in (t1,t9),
dt Jo Q Q

bife] Z/U(x,t) zew—tl)/u(x,tl) in (t1,12). (4.3)
Q

Q
Therefore, it follows that

which implies

limsup sup u(-,t) > 4,
t—oco zeQ

which, combined with Harnack’s inequality (2.75), gives
¢s limsup inf u(-,t) > limsupsup u(-,t) > 0, (4.4)
t—oo TEQ t—o0  zEQ
where ¢5 > 0 is the Harnack’s constant in (2.75) and we may assume c5 > 1 without loss of
generality. Since § and ¢5 > 0 are independent of initial data so long as ug #Z 0, the species u is
said to be uniformly weakly persistent [32].

Next we will show that 1itm inf insf2 u > 32’ where ¢5 > 1 is the Harnack’s constant in (2.75).
—00 z€ 5
If supu > 0 for all t > 1, there is nothing to prove due to Harnack’s inequality (2.75).
€

Otherwise, by (4.4) we suppose that (4.2) holds for some t1,ts such that

supu(-,t1) =supu(-,ta) =4, and supu(-,t) <d fort e (t1,t2).
€N €l e
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Then we proceed to derive a uniform lower bound for infq, (4, 1,) u. Indeed, if sup,cq u(-,t1) = 9,
then [, u(x,t1) > ]Q\% thanks to Harnack’s inequality (2.75) again. Then (4.3) implies that

5|Q| > eé(tz—t1)|Q‘£’
cs

which implies
1
|t2 — tl‘ S g 1OgC5.

Applying (4.3) again, we obtain
0 0
/ u(z,t) > S| = > |Q|—  for all t € (¢, 12).
Q C5 C5
By Harnack’s inequality, it follows that
4]
c5|Q) inf u(-,t) > / u(z,t) > |Q—  for all ¢t € (t1,t2).
zeQ Q Cs

This completes the proof that v is uniformly bounded from below, in the sense that

o
liminf inf u(-,t) > —.
t—oo zeQ Cy

This asserts that the species w is uniformly persistent and the proof is complete. O

Next we consider whether (0,w,) is globally stable if chg > 1. In fact, we can show that
(0,w,) is globally asymptotically stable provided oM}, > 1, where M}, := min w,(x) and @, (z)
z€f

is the solution of the system (1.8). More precisely, we have the following results:

Lemma 4.2. Let (u,w) be the solution of the system (1.2) with h(x,t) = h(z) = 0 and (0, wy)
is the corresponding toxicant-only steady state. Then if o My, > 1 with My, is defined in Theorem
1.3, the toxicant only steady state (0,w,) is globally asymptotically stable with exponential decay
rate.

Proof. We divide our proof into two steps:

Step 1: We first show that |u(-,t)||z~ — 0 exponentially as ¢ — oo. From Theorem 1.1,
there exists a constant M > 0 independent of ¢ and o such that 0 < u(z,t) < M. Let w(x,t)
be the solution of the following system

Wy = eAW — (u+ AM)w, =z € Q,t>0,

Vw-v =¢&(h(x) —w), x € 00Q,t >0, (4.5)
w(z,0) = wo(z), x € €.
Then using the comparison principle, we have
w(z,t) > w(x,t). (4.6)
To proceed, we claim that
Jim ([ (-, 1) — () = =0, (4.7)

where 0 < W, (x) < hg satisfies (1.8). The existence of unique non-constant positive solution for
the system (1.8) can be proved by the method of super-lower solutions using the same arguments

as for (1.6).
Let M}, := minw,(z). Then the combination of (4.6) and (4.7) implies there exists ¢, > 1
€2
such that

w(z,t) > w(x,t) > M, — 6, forall t>t,, (4.8)

with §; = % > 0. Integrating the first equation of (1.2) and using (4.8), for all t > ¢, we
have

d 1—0oM,
—= u:/u(l—u—aw)g(l—UMh—f—aél)/u:Uh/u. (4.9)
dt Jo Q Q 2 Q
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Since oM}, > 1, we can derive from (4.9)
(1—o M) (t—ts) (1—o M) (t—ts)

lu(, )| <e 2 /Qu(x,t*) < Mpe 2 , forall t>t,.. (4.10)

Using (4.10) and the interpolation inequality (3.62) with n = 2, we have

0(oMp—1)
[uls Ol Lo < enfful- He“Hu( DI < e 20" fort >t (4.11)

Hence, it remains to show (4.7). In fact, letting o(z,t) = w(x,t) — W«(x), one has
Uy =eAD — (u+ AM)D, x €N, t>0,
Vi-v+E&0=0, x € 00,t >0, (4.12)
0(2,0) = vg(x) = wo(z) — ws(x), x €N,

Then multiplying the first equation of (4.12) by © and integrating the result by parts, we have

d
v+5/|Vv\2 (,u+)\M/v—5/ oV - 1/——55/ 7?2 <0,
dt 0 0

and hence

[5(, 1172 < [Tol|72e™#FAM = Jlwg(z) — () |[Fae” AN, (4.13)
Since w,(x) is the steady state for the system (4.5), using the elliptic regularity estimates, one
has w.(x) € C?(£2). Hence from (4.13), we have

pAAM

[@(,8) = wall g2 = [[(; D)2 < cze™ 2 (4.14)

On the other hand, using the parabolic regularity, from (4.5) we derive that [[w(-,t)|/y1,00 < c4,
which together with . (x) € C?(Q) gives

[@(-,1) = Wil lprie0 < 5. (4.15)

Then we can use the Gagliardo-Nirenberg inequality and (4.14)-(4.15) to derive

B B 5 o1 5 o o3 _BEAM
lo(8) = Wellzoe < eol|D (s t) = Dullfpo0 [D(8) = sl 2 < ere™ 27,

which gives (4.7).
Step 2: Next, we shall show that ||w(-,t) —ws| L~ — 0 with exponential decay rate as ¢t — co.
To this end, we let v(z,t) = w(z,t) — wi(z). Then from (1.2) and (1.6), we see that v satisfies

v = €AV — pv — Auv — dwu, x € Q,t >0,
Vuv-v+&v=0, x €00t >0, (4.16)
v(x,0) = wo(z) — we(x), x € Q.

Then multiplying the first equation of (4.16) by v, and integrating the result by parts and using
the fact 0 < wy(x) < hg, we have

v2+/va|2+u/v2+)\/uv2+§ v?
Q Q Q Q a0
A2h2
——)\/w*uvg)\ho/luv|gu/v2+ O/uz,
Q Q 2 Jo 2p Jo

which, together with (4.11), gives

A2h} A2h2|Q —(eMy—1)
— [ v+ ,u/ v? < / u? < ol ‘HuH%m <cge @ t, for all t > t.. (4.17)

Then solving (4.17), one can find a; = 5 min{ (’Mg_l, £} > 0 such that

1
2

lw(-,t) — wallz2 = v, )|l 2 < coe™ @, for all t > t,,
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which along with the Gagliardo-Nirenberg inequality as well as the facts [[w(-,t)[[yy1.0 < ¢1 and
wy(z) € C*(Q) gives

1 1 —aqt
[w( ) — wil[Lee < flw(e,t) — wall {10 |wW( ) — w72 < coe 2, for all t > t,. (4.18)
Then the combination of (4.11) and (4.18) completes the proof. O
Proof of Theorem 1.3. Theorem 1.3 is a consequence of Lemma 4.1 and Lemma 4.2. U

Data Availability Statement. Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.

Conflict of Interest Statement. The authors declare that they have no competing interests.

Acknowledgement. We are grateful to the referee for his/her valuable comments, which help
us considerably improve the precision and exposition of this paper. The research of H.Y. Jin
was supported by the NSF of China (No. 12371203), Guandong Basic and Applied Basic Re-
search Foundation (No. 2022B1515020032). The research of K.-Y. Lam was supported by NSF
grant DMS-2325195. The research of Z.A. Wang was partially supported by Hong Kong RGC
GRF grant No. 15307222 and an internal grant No. ZZPY from the Hong Kong Polytechnic
University.

REFERENCES

[1] P. Amoatey and M.S. Baawain, Effects of pollution on freshwater aquatic organisms. Water
Envir. Res., 91(10):1272-1287, 2019.

[2] C.V.M. Aratijo, M. Moreira-Santos and R. Ribeiro, Active and passive spatial avoidance
by aquatic organisms from environmental stressors: A complementary perspective and a
critical review. Envir. Inter., 92:405-415, 2016.

[3] G.J. Atchison, M.G. Henry and M.B. Sandheinrich, Effects of metals on fish behavior: A
review. Environ. Biol. Fish., 18:11-25, 1987.

[4] S.M. Bartell, R.A. Pastorok, H.R. Akcakaya, H. Regan, S. Ferson and C. Mackay, Realism
and relevance of ecological models used in chemical risk assessment. Hum. Ecol. Risk Assess.,
9(4):907-938, 2003.

[5] J.H.S. Blaxter and C.C.T. Hallers-Tjabbes, The effect of pollutants on sensory systems and
behaviour of aquatic animals. Neth. J. Aquat. Ecol., 26:43-58, 1992.

[6] J.P. Bourguignon and H. Brezis, Remarks on Euler equation. J. Funct. Anal., 15:341-363,
1974.

[7] M. Braukhoff, Global (weak) solution of the chemotaxis-Navier-Stokes equations with non-
homogeneous boundary conditions and logistic growth. Ann. Inst. H. Poincaré C Anal. Non
Linéaire, 34:1013-1039, 2017.

[8] H. Brezis and L. Oswald, Remarks on sublinear elliptic equations. Nonlinear Anal., 10:55-
64, 1986.

[9] J. Chu, Steady states of a diffusive population-toxicant model with negative toxicant-taxis.
Acta Appl. Math., 190, Paper No. 13, 2024.

[10] X. Deng, Q. Huang and Z.A. Wang, Global dynamics and pattern formation in a diffusive
population-toxicant model with negative toxicant-taxis. SIAM J. Appl. Math., 83(6):2212-
2236, 2023.

[11] R.A. Erickson, S.B. Cox, J.L. Oates, T.A. Anderson, C.J. Salice and K.R. Long, A Daphnia
population model that considers pesticide exposure and demographic stochasticity. Fcol.
Model., 275:37-47, 2014.

[12] H.I. Freedman and J.B. Shukla, Models for the effect of toxicant in single-species and
predator-prey systems. J. Math. Biol., 30:15-30, 1991.



TOXICANT-TAXIS MODEL WITH ROBIN BOUNDARY CONDITIONS 33

[13] T.G. Hallam, C.E. Clark and G.S. Jordan, Effects of toxicants on populations: A qualitative
approach II. First-order kinetics. J. Math. Biol., 18:25-37, 1983.

[14] T.G. Hallam, C.E. Clark and R.R. Lassiter, Effects of toxicants on populations: A qualita-
tive approach I. Equilibrium environmental exposure. Ecol. Model., 18:291-304, 1983.

[15] T.G. Hallam and J.T. DeLuna, Effects of toxicants on populations: A qualitative approach.
ITI. Environmental and food chain pathways. J. Theor. Biol., 109:411-429, 1984.

[16] T.I. Hayashi, M. Kamo and Y. Tanaka, Population-level ecological effect assessment: esti-
mating the effects of toxic chemicals on density-dependent population. FEcol. Res., 24:945-
954, 2009.

[17] T. Hillen, K. Painter and C. Schmeiser, Global existence for chemotaxis with finite sampling
radius. Discrete Contin. Dyn. Syst. Ser. B, 7(1):125-144, 2007.

[18] Q. Huang, G. Seo and C. Shan, Bifurcations and global dynamics in a toxin-dependent
aquatic population model. Math. Biosci., 296:26-35, 2018.

[19] Q. Huang, H. Wang and M.A. Lewis, The impact of environmental toxins on predator-prey
dynamics. J. Theor. Biol., 378:12-30, 2015.

[20] J. Huska, Harnack inequality and exponential separation for oblique derivative problems on
Lipschitz domains. J. Differential Equations, 226:541-557, 2006.

[21] L.C. Evans, Partial Differential Equations. Graduate Studies in Mathematics, 19, American
Mathematical Society, Providence, RI, 2010.

[22] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order,
Classics in Mathematics. Springer-Verlag, Berlin, 2001.

[23] K.Y. Lam and Y. Lou, Introduction to Reaction-Diffusion Equations: Theory and Applica-
tions to Spatial Ecology and Evolutionary Biology. Lecture note on Mathematical Modelling
in the Life Sciences, Springer Cham, 2022.

[24] J.L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications,
Vol. I. Translated from the French by P. Kenneth. Die Grundlehren der mathematischen
Wissenschaften, Band 181. Springer-Verlag, New York-Heidelberg, 1972.

[25] N. Mizoguchi and P. Souplet, Nondegeneracy of blow-up points for the parabolic Keller-
Segel system. Ann. Inst. H. Poincaré C' Anal. Non Linéaire, 31(4):851-875, 2014.

[26] T. Nagai, T. Senba and K. Yoshida, Application of the Trudinger-Moser inequality to a
parabolic system of chemotaxis. Funkc. Fkvacioj, 40:411-433, 1997.

[27] B. Pimpunchat, W.L. Sweatman, G.C. Wake, W. Triampo and A. Parshotam, A mathe-
matical model for pollution in a river and its remediation by aeration. Appl. Math. Lett.,
22(3):304-308, 20009.

[28] M.M. Porzio and V. Vespri, Holder estimates for local solutions of some doubly nonlinear
degenerate parabolic equations. J. Differential Equations, 103(1):146-178, 1993.

[29] P. Quittner and P. Souplet, Superlinear Parabolic Problems: Blow-up, Global Ezistence and
Steady States. Birkhduser Advanced Texts: Basler Lehrbiicher, Birkhauser Verlag, Basel,
2007.

[30] G.R. Scott and K.A. Sloman, The effects of environmental pollutants on complex fish be-
haviour: integrating behavioural and physiological indicators of toxicity. Aquat. Toxicol.,
68:369-392, 2004.

[31] T. Simon and P.R. Koya, Modeling and numerical simulation of river pollution using
diffusion-reaction equation. Amer. J. Appl. Math., 3(6):335-340, 2015.

[32] H. L. Smith and H. R. Thieme, Dynamical Systems and Population Persistence. Graduate
Studies in Mathematics, 118, American Mathematical Society, Providence, RI, 2011.

[33] J.A. Spromberg and W.J. Birge, Modeling the effects of chronic toxicty on fish populations:
The influence of life-history strategies. Environ. Toxicol. Chem., 24:1532-1540, 2005.



34 HAI-YANG JIN, KING-YEUNG LAM, AND ZHI-AN WANG

[34] J.A. Spromberg and J.P. Meador, Relating chronic toxicty responses to population-level
effects: A comparison of population-level parameters for three salmon species as a function
of low-level toxicity. Ecol. Model., 199:240-252, 2006.

[35] K.B. Tierney, Chemical avoidance responses of fishes. Aquat. Tozicol., 174:228-241, 2016.

[36] Q. Wang, Dynamics of a spatiotemporal model on populations in a polluted river. Nonlinear
Anal. Real World Appl., 71, 103803, 2023.

[37] C. Wu and Z. Xiang, Asymptotic dynamics on a chemotaxis-Navier-Stokes system with
nonlinear diffusion and inhomogeneous boundary conditions. Math. Models Methods Appl.
Sei., 30(7):1325-1374, 2020.

[38] Y. Yu, Z. Ling and Y. Zhou, Dynamical behavior of a spatiotemporal model in open ad-
vective environments. Acta Appl. Math., 187, Article No. 1, 16 pages, 2023.

[39] P. Zhou and Q. Huang, A spatiotemporal model for the effects of toxicants on populations
in a polluted river. STAM J. Appl. Math., 82(1):95-118, 2022.

SCHOOL OF MATHEMATICS, SOUTH CHINA UNIVERSITY OF TECHNOLOGY, GUANGZHOU 510640, P.R. CHINA
Email address: mahyjin@scut.edu.cn

DEPARTMENT OF MATHEMATICS, THE OHIO STATE UNIVERSITY, COLUMBUS, OH 43210-1174, USA
Email address: lam.184@math.ohio-state.edu

DEPARTMENT OF APPLIED MATHEMATICS, HONG KONG POLYTECHNIC UNIVERSITY, HUNG HOoM, KOWLOON,
Honc Kona
Email address: mawza@polyu.edu.hk



