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Abstract

We consider a free boundary problem for a spherically symmetric tumor with free
boundary r < R(t). In order to receive nutrients u the tumor attracts blood vessel at a
rate proportional to a(t), so that % + a(t)(u — @) = 0 holds on the boundary, where @ is
the nutrient concentration outside the tumor. A parameter p in the model is proportional
to the ‘aggressiveness’ of the tumor. When « is a constant, the existence and uniqueness
of stationary solution is proved. For the more general situation when o depends on time,
we show, under various conditions (that are always satisfied if p is small), that (i) R(t)
remains bounded if a(¢) remains bounded; (ii) lim; oo R(t) = 0 if lim;, o a(t) = 0; and
(iii) iminf; ,o R(¢) > 0 if liminf, ,o () > 0. Surprisingly, we exhibit solutions (when
w is not small) where a(t) — 0 exponentially in ¢ while R(t) — oo exponentially in ¢.
Finally, we prove the global asymptotic stability of steady state when p is sufficiently
small.

1 Introduction

In a live tissue with uniformly distributed cells the concentration of nutrients, i, satisfies a
diffusion equation

CZ;L :Aﬁ—l—A(uB —ﬁ) —)\073,

where A(up —1) is the rate of nutrient concentration supplied by the vascular system and Agu
is the consumption rate of nutrients by the cells. This model was proposed in [4] to describe
the evolution of spherical tumors with uniformly distributed tumor cells. As a result of cells
proliferation and death, the tumor region {r < R(t)} varies in time; see also [1, 2, 3, 4, 5, 8],
and the references therein, for other models developed over the last few decades where the
tumor’s evolution is represented in the form of a free-boundary problem.

We assume that the nutrient concentration outside the tumor is a constant @. Let @ denote
the critical concentration below which cells cannot survive in the sense that
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We also assume that the proliferation (or death) rate of cells is proportional to 4 — u, taking
it to be v(a — u) for some positive constant v. The parameter v, in the case of a tumor,



represents aggressiveness of the tumor: large v means faster proliferation rate, provided the
tumor receives sufficient nutrients, i.e. provided @ > .
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we get

ou .
Cop = Au—Au in r < R(t).

Since nutrients enter the sphere by the vascular system, using homogenization [9] it is natural
to assume that

ou _
5, ta®w—m)=0 on r=R()

where a(t) is a positive-valued function which depends on the density of the blood vessels;
this function may vary in time. Noting that v(u — @) = v(u — @), we also have,

dR(t v R(t) .
di) = R(t)Q/O 2 (u(r,t) — @) dr.

By the maximum principle, if 0 < u(r,0) < @ then 0 < u(r,t) < u; hence if @ > u then
the tumor shrinks and R(¢) ~\, 0 as t — co. We shall henceforth exclude this case, and always
assume that o < u.

Tumor cells are known to secrete cytokines that stimulate the vascular system to grow
toward the tumor, a process called angiogenesis, which results in an increase in «(t). On the
other hand, if the tumor is treated with anti-angiogenic drugs, «(t) will decrease and may
become very small and the starved tumor will shrink. In the limiting ischemic case where
a(t) = 0, we expect that R(t) will actually decrease to zero as t — oc.

The above system with the boundary condition v = @ on r = R(t) (which is formally the
case a(t) = oo) was studied in [7].

In Section 3, we first show that for any a > 0 and n = % € (0,1) there exists a unique
stationary solution wu(r) with radius R, which depends only on the parameters o and 7.
Moreover, R, — 0 as @ — 0, and R, approaches the radius of the stationary solution studied
in [7], as a — o0.

We next consider the more general situation when a depends on ¢ and show, under some
conditions (which are always satisfied if < is sufficiently small), that

(a) R(t) remains bounded if «(t) is uniformly bounded (Section 4);
(b) R(t) - 0ast— oo if a(t) — 0 as t — oo (Section 5);

(c) hgéglf R(t) > 0 if htrgg)lfa(t) > 0 (Section 6).
But, surprisingly, we give examples (Section 7) (when < is not small) where a(t) — 0 as
t — oo while R(t) — oo as t — oo. Finally in Sections 8 and 9 we prove, when «(t) — ax for
some «, > 0, that if cv/~ is sufficiently small then the steady state solution corresponding to
the case a = «, is globally asymptotically stable.



2 Preliminaries

We simplify the system of (u, R) in Section 1 by a change of variables:

t
v = \/XT, t' = A/Ct> O/(t/) = ﬂv n= ga u’(r',t') = U(T, t)a R/(t/) = \/XR(t)a
No\ A
and after dropping the “’”, we get the following simpler system:
?;;:Au—u in r<R(), (1)
ou _
E—i—a(t)(u—u):O on r=R(1), (2)
dR po RO N _ _
clt_R(t)2/0 (u—a)r<dr, ae(0,u). (3)
We prescribe an initial condition:
u(r,0) = up(r), where 0<wug(r)<u for 0<r<R(0). (4)

As in [7] one can prove that the system (1) - (4) has a unique global solution, 0 < u(r,t) < @
if 0 <r<R(t), t>0, and

_hu 1dR<,u(ﬂ—u)

— < = for all t > 0. 5
35 SRdt - 3 oraft=> 5)
Next, we introduce the functions
sinh s f'(s) 1 f'(s) _ g(s)
= = = coths — - d h(s)= =
F) =" gl = 5 =coths— L and h() =55 =TT @)
and note, by direct computation, that
2
F(s) + S 1'(s) = f(s). (7)

The following three lemmas will be used in the paper.

Lemma 2.1. The function g(s) has the following properties:
1
(i) g(0) =0, (i) lim g(s) =1, (iii) ¢'(0) ==, (iv) ¢'(s) >0 for s > 0.
500 3
Lemma 2.2. The function h(s) has the following properties:

(i) W'(s) <0 for s >0, (ii) lim h(s) = % (iii) Jim h(s) = 0.

A direct consequence of Lemma 2.2 is the following:

Corollary 2.3. For any 0 < @ < @, there exists an ag > 0 such that

 fla)  1a
Mao) = 2 Flan) ~ 3

Lemma 2.4. The following identity holds for any k € [0,1] :
R 3
2 ﬂ) d — i !/ _ k?2 / k
| () dr =25 [/ @) = 2 r (ha)].
The proofs of Lemmas 2.1, 2.2 and 2.4 are given in the appendix.




3 «a(t) = constant

In this section we consider the case where «(t) = const. = «, and establish the existence of
a unique steady state solution. A (radially symmetric) steady state solution of (1) and (2)
(with a(t) = «), must have the form

at_ f(r)
Uk(T) = for 0 < r < Ry, 8
) B (R )
where by (3)
1 R
AR = / wy(r)r? dr. 9)
3 0
Substituting (8) into (9) and using Lemma 2.4, we find that
g(R) g(Rx)
h «) = = — 1 s 1
()= 20 =0 (1424 (10)

where 7 = £ and g(s) is defined in (6).

In [7] the problem (1) - (3) was considered with the boundary condition (2) replaced by
the boundary condition v = w. This corresponds formally to the case o = co. The existence
of a unique steady state was proved, with u, = uf(r)/f(R) and radius R = R, p given by

(10) with a = co.

Theorem 3.1. For any o > 0, and 0 < @ < u, there exists a unique steady state solution
of (1) - (3), given by (8), (10), i.e. there exists a unique solution R, of (10). Furthermore,
setting n = %, the function R, = R.(a,n) is strictly increasing in o and strictly decreasing in
n. Finally, for each n € (0,1), R, =0 as « = 0, and R, — R, p, as o — 0.

Proof of Theorem 3.1. Define a function A : [0,00) — R by
A(s) ::g(s)—ﬂ 1+® s
3u a ’
Lemma 3.2. There exists R, > 0 such that

i (s) 0 when s =0, or s = Ry,

A(s) = g(s) — = o >0 when 0< s < Ry, (11)

<0 when s> R,.

Moreover, A'(0) > 0> A(R,).

Proof. Clearly, we have A(0) = 0. To prove the rest of (11), we first recall that, by Lemma
2.2, g(s)/s = h(s) satisfies

/
<g(s)> < 0 for s >0, limﬁz1 hmﬁzo.

S s—0 8 3’ s—oo 8§

Using also the facts that ¢’(s) > 0 for all s > 0 and lims_, g(s) = 1, we deduce that
(A(s)/s)’ < 0 for all s > 0. Also, since lims_,o g(s) =1,

Jim A S0, qm A _ @ <1 + 1) <0,
(6%

s—0 S 500§ 3u
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Hence there exists a unique R, > 0 such that (11) holds. Moreover,

N(O) = Tim 23 L <1 - ﬂ) >0,

s—0 8 3 U
and that , )
A A
N(R.) = [()} _ R, (()) <0.
$ s=Rx« s s=R.

O]

By (10), for each o > 0, the system (1) - (3) has a steady state solution with radius R, if
and only if A(R,) = 0. Hence the theorem follows, by (11) and the monotonicity of A(s)/s
with respect to a and 7.

4 R(t) is bounded
Theorem 4.1. If a(t) is uniformly bounded, and
- <1, (12)
then R(t) is uniformly bounded.
Proof. Integrating (1) and using (2), we get

(t) t . (0)
/0 M ety dr = / R2(t)u(R()1)E(t) dt + / " )

0

v [ roawure.o ol [ [ o aa

R(t) 1 . 1
/ r2u(r,t)dr = = R*(t)R(t) + §R3(t)ﬂ.
0 K

Setting p(t) = $R3(t) we can then write

;pl(t) = - (a + ;) p(t)—ﬂ/otp(t) dt—i—/ﬂta(t)RQ(t)[u—u(R(t),t)] dt—i—/otu(R(t),t)p’(t) d(t+;41
13

and, by (3),

where
R(0) 1
A= [ () dr+ 5 p0),
0 H
Claim 4.2. Suppose for some to, R(to) = 0 and R(to) > 0, then R(tg) < B := %

To prove the claim, we differentiate (13) at ¢ = ¢y to obtain

L0/ = = (14 1) #(00) = ip(to) + a(to) (e[~ (k). )]+ u(R(t). ) ()

< —gR?’(to) + Oé(t())R2(t0)ﬂ

_ gRZ(tO) (—R(to) + 30‘%““) .

Noting that p”(tp) > 0, we conclude that R(ty) < B.




Lemma 4.3. Suppose that for some 0 < 71 < T3, R(t) > 0 in (r,7) and R(m) >
3(SUp,, <p<r, @) 5, then

1 1
fpr‘:j < (a—ﬂ—)pz. (14)
,u,

Proof. We set t = 7; (i = 1,2) in (13), and subtract, to obtain (after canceling A;)

lp’}: = (a + ;) P~ /72 p(t) dt+/T2 a(t)R?(t)[a—u(R(t),t)] dt+/T2 u(R(t),t)p (t) dt.

H 1 ™ T
‘ (15)
Using the inequality f:f u(R(t),t)p'(t) dt < ﬂp‘z, which follows from R > 0, we deduce that

Ly < (u—ﬁ— 1) o7 _a/m o(#) dt+u/72a(t)R2(t) dt. (16)

o u - -
Since R(71) > 3(sup; a)2, the sum of last two terms is non-positive, and (14) follows. O

We proceed to show that R(t) is uniformly bounded. Suppose to the contrary that sup, R =
400, then one of the following two scenarios holds:

(a) There exists a Ty > 0 such that R(t) > 0, for all ¢ > Tp.
(b) There exists a sequence of intervals (s,,t,) such that

R(t)>0 in (sp,tn), R(sy)<B, R(s,)=0, R(t,)— +oo.

3

]

where B = =% (sup, ).

:x‘

To see that this exhausts all the possibilities, suppose that (a) does not hold, i.e., there
exists a sequence t,, — oo such that R(fn) < 0. This, together with sup; R = 400, imply that
there is a sequence of local maximum points ¢, — oo such that R(¢,) — oo. Hence we can
choose, for each n, a maximal interval (s,, t,) such that

R(t,) > max{R(t,_1),n, B}, R(sp)=R(t,) =0, R(t)>0 in (sp,tn).

Noting that R(s,) > 0, we conclude by Claim 4.2 that R(s,) < 380(s,) < B, which yields
the case (b).
We proceed to treat each case separately.

Case (a). By increasing Ty, we may assume without loss of generality that R(Tp) >
3(sup; a)z. Therefore, for any ¢ > Tj, by setting 71 = Ty and 7 = ¢, Lemma 4.3 yields

p(t) = p'(To) < =B(p(t) — p(Tp)), where =1+ p(a—a)>0,
Multiplying both sides by e, and rearranging, we have
(e”p(1))" < (¢ (To) + Bp(Tv)).

Integrating both sides from Ty to t, we get

eBp(t) — T p(Ty) < ;«ﬁ — ) (/(Ty) + Bo(Th)),



so that for any t > Tp,

plt) < T p(Ty) (1= T/ (Ty) + Bp(Th).

But this implies that p(t) = 1R3(t) remains uniformly bounded for all ¢ > T, which is a
contradiction to sup, R = +o0.

Case (b). By replacing s,, by some s, € (sy,t,), we may assume that R(s,) = B. Lemma
4.3 then implies that

§(8) < —B(p(t) = plsa)) + p'(sn)  for any s, < ¢ < t,.
Multiplying both sides by e, we get

(€ p(t)) < €™ (Bp(sn) + p(sn)) = ™ (BB1 + p (s4)),

_ 3
where B; = %B?’ =9 (%) . Using also the inequality p’ < u(@ — @)p, which follows from
(3), we find that

(™p(t)) < e™[BB1 + p(@ — a)p(sn)] = " Bi[B + p(a — a)).

Integrating from s, to t,, we deduce that

eﬁtnp(tn) - eBSnBl < (eﬁtn — eﬁsn)Bl |:1 4 M] :

p
so that
p(tn) < e—ﬂ(tn—sn)Bl + (1 B e—B(tn—sn))Bl |:1 + N(uﬁ_ u):| < B |:1 + /'L(UB— U):| ‘
This implies again that p(t,) is bounded uniformly in n, which is a contradiction. This
completes the proof of Theorem 4.1. O

Remark 4.4. The last inequality implies that if R(t) is uniformly bounded in t but is not
monotone increasing for all large t (that is, we are in Case (b) with R(t,) — oo dropped) then

Indeed this follows by taking the t,, such that tlim R(t,) = limsup R(t).
—00

t—o00

In the next theorem we prove the uniform boundedness of R(t) under different assumptions
than in Theorem 4.1, and by an entirely different method. Recall that h(s) = % — S%, and
that, by Lemma 2.2, h~! is well-defined in the interval (0, ).

Theorem 4.5. Let n =% € (0,1) and h be given as in (6). If

(@ — i) < 77,19(3) (17)

then R(t) remains uniformly bounded.



Remark 4.6. [t is interesting to compare Theorem 4.5 with Theorem 4.1. If n = % is near 1
then a = h='(n) is near 0 so that (17) is less restrictive than the condition (12) assumed in
Theorem 4.1. On the other hand, if 1 is near O then a = h='(n) is near oo, and the condition
(17) is more restrictive than the condition (12). Note also that, in contrast with Theorem 4.1,

Theorem 4.5 does not require the uniform boundedness of a(t) in t.

Remark 4.7. The case when formally a(t) = oo, that is, when the boundary condition is
u = u, was considered in [7] where it was proved (see [7, Theorem 5.1)) that R(t) is bounded
if (@4 e~ Y#) < 1. The proof of Theorem 4.5 is completely different from the proof in [7],
and it extends also to the case where u = u on the free boundary (under different conditions
than in [7]).

Proof of Theorem 4.5. Let ag = h_l(g). By the assumption (17) and the monotonicity of h
(Lemma 2.2), we may choose a positive constant a slightly greater than ag such that

_fa) @
~af(a) <3

(@ —@)a’h(a) <1 and h(a) (18)

wl=

To prove the theorem, we suppose that limsup R(t) = 400, and derive a contradiction.
t—o00

Claim 4.8. For any My, Ty > 0, there exist positive numbers T, T such that
-1 >Ty, Rt)>My foralte (r,m), and R(r)>0.

It remains to show the claim for any My > infy;~¢ R(t). To prove the claim, take 7y such
that R(mo) = My and fix 75 > 79 so that R(m2)/My > exp(pu(@ — @)Tp), and R(7y) > 0. Let
7 =inf{ry <t <70 : R(') > My for all ¢’ € (t,72)}, then R(m1) = My and R(t) > M, for all
t € (11, 72). Also, from the fact R(t) < u(@ — @)R(t), it follows that

MO @E;) |

Hence 7o — 71 > Ty by our choice of 7. This completes the proof of the claim.

We are now going to construct a supersolution w for 7 < ¢t < 1 and use it to estimate
the right-hand side of (3) at t = 7 and show that R(73) < 0, which is a contradiction; this
will complete the proof of the theorem. To construct the supersolution w we take My such
that

Ty —T1 =

2
a
M2
02 T h(a)p(u —a)/3
which gives
[ a?
—a*h(a) - g(a —a)+1-— 7 > 0, (19)
and choose (using (18)) a positive constant Tj such that
To > —log (u — 3h(a)> ,
a
which gives
ue t  w
5 T3 +uh(a) <0 for all t > Tp. (20)



Let

w = ae” ") f?a)f <1%) .

We claim that w is a supersolution. We first check the differential inequality: For ¢ € [y, 73],

y — Aw +w
f&)w?%>dggm”+@‘éiﬂf@fQ%Q
u ar f’( m;) ar : a?
fa)( o)[&ﬂgme§$+<lm@Q

(
Setting wy := f f(R( ) we obtain

wy — Aw + w
-— su f/(S)S max @ — Cl2
| Qw&f®)> {QR@}+<1 muﬂ]
@ e _
> | et G-+ (1- )|
[ 2h(a) - P TR
> wy 4 (a)-g( @) + M§]>

by (19). Next, we observe that
[wy + a(t)(w — a)] ‘T:R(t) > 0,

as wy(R(t),t) >0, w—1u >0 and a(t) > 0. Since also u(r,7) < u < w(r, 1), we conclude,
by comparison, that u(r, t) <w(r,t) for 0 <r < R(t) and ¢t € [r, 72]. Hence,

Ny
Ig/ —a)dr
:% ; 'r2 [ue (¢ Tl)—i-fzia)f(i;a) —ﬂ} dr.

By integration, using Lemma 2.4, we then get

3
e —(t—71) _ &~
= { ﬂh(a)} .

(12) e~ () g
() < {3 + uh(a)} <0,

which is a contradiction to the fact that R(72) > 0. O

IN

Hence, by (20),

-

-



5 R(t)—0

Lemma 5.1. If R(t) is uniformly bounded and lim «(t)

=0, then liminf R(t) = 0.
t—0 t—o0
Proof. If the assertion is not true, then

Ry < R(t) < Ry
for some positive constants Ry, Ro and all ¢ > 0. Set

Cy =

sup  f(r), co=
R1<r<Rs

N nggﬁpq %f(r)
where f(r) = Sinl;(r), and note that ¢y > 0.
Let € be a small number such that

U
)

eCy <

and choose a large number ¢y such that

€c
a(t) < epi=—2 ift >t
U
Consider the function

w(r,t) = ae” ) pef(r)  for t > t.
It satisfies (1) and w(r,tg) > @ > u(r,tg). Since also

E;t: + a(t)(w —u) > e%f(r) —a(t)u > ecp —cru =10

on r = R(t),
we conclude that w is a supersolution for ¢ > ty, so that

u(r,t) <w(r,t) if

t > to.
It follows that

u(rt) —a < w(rt) —a=ue ) 4 eC, — i < .
if t > t1, where t; is chosen large enough such that

3
= —(ti—to) _ g
ue 3
Hence, for all t > t1,
dR(t) 1 R(t) . i
d1(f ~ R()? /o (u—ridr < -

?R(t)v

and R(t) decreases exponentially to zero as t — oo, thus contradicting (21).

O
Theorem 5.2. If }ir% a(t) =0 and (12) (i.e. p(a —u) < 1) holds, then R(t) — 0 as t — oo.
%

10



Proof. We first note, by Theorem 4.1, that R(t) is uniformly bounded.
Suppose the assertion of the theorem is not true, then, in view of Lemma 5.1, there exists
a positive constant vy and sequences t,,t, — oo such that for all n

ty <tn < L:n+1a p(tn) > Y0, P(En) <70, p(tn)>0> p/({n)’
where we recall that p(t) = %R?’(t). Let

sp =inf{s’ : s’ < t,, and p'(t) > 0 for all t € (s, t,]};

clearly s, € (tn,tn), $n — 00 as n — o0, p'(s,) = 0 and p”(s,) > 0. By Claim 4.2,
3u
R(sp) < Ea(sn). (24)

We conclude that there exists a sequence of disjoint intervals (sy,?,) such that

B 3
Pt)>0 in  (sp,tn), Sn—00, plsp)<9 g sup a | — 0, (25)
U (sn,00)
and, by taking n sufficiently large, say n > ng,
. 3
p(tn) > v >9 g sup ] >0 forall n > ng. (26)
U (sn,00)
By (25) and (26), we may choose s, € (sp,t) such that
3
, U
o) =9 (% sup o) . (27)
u (S;L7OO)

As n — o0, s, — oo and hence the right-hand side of (27) tends to zero, and so does p(s),).
Therefore, for all n sufficiently large, we have

’ ) 705

P < S e a) .

where =1+ p(a —u) > 0. In view of (25) and (27), the assumptions of Lemma 4.3 hold
with 7 = s, and 7 € [s],,t]. Hence, by (14),

§(1) = §(s,) < —Blp(t) — p(s,))  for all ¢ € [s}, ta]. (29)
By repeating the argument of Case (b) of Proof of Theorem 4.1, we then deduce that
p(tn) < e =) p(s1,) + p(sy,) (1 + (@ — @)/ B).

Hence, by (28),
p(tn) < p(s,)(2+ p(a —@)/B) < Yo, (30)

and this is a contradiction to the fact that p(t,) > o for all n. O

11



6 liminf R(t) >0

t—0o0

In this section we show that if «(t) 4 0 as t — oo, then R(t) stays bounded away from zero
for all t > 0. Moreover, there is a positive lower bound of lim inf;_,~, R(¢) that is independent
of initial data (ug, Ro).

Proposition 6.1. If liminf, ,o a(t) = a1 > 0, then there exists a positive constant 6y > 0
independent of initial conditions (ug, Ry) such that litm inf R(t) > do.
—00

Proof. Choose a small constant dp > 0 such that

U-+a  SUrefos) (1) T TR T TR
do) < ) < do, d dg < —. 31
%) <=3 (%) 0, an 2 0S99 (31)
This is indeed possible since
. . f(s) ) 1 a+a
1 =1 1 = lim h(s) = - d > 1
R T O L T
Claim 6.2. There exists a sequence t,, — 0o such that R(t,) > do.
Suppose to the contrary that there exists ty > 0 such that
R(t) <&y and aft) > % for all t > to,
and introduce the function
()= 28It (32)

2 f(do)

Then w; — r%(TQwT)T +w =0, w(r,tg) <0 for all r € [0, Ry|, and,

u+a (f'(R(t)) f(R(1)) o —(t—to
(wr—i-aw)‘T:R(t): 5 <f(50) + a(t) F(60) >—a(t)ue( )
)
< oat)u

where the last two inequalities follow from the last two inequalities in (31) and the fact that
a(t) > «a1/2. Hence, by comparison, u(r,t) > w(r,t) for all 0 < r < R(t) and t > to. But
then

) R(t) R®) /744
R(t)*R(t) > /0 (w(r,t) — @)r? dr > /0 (2 f(+50) —ﬂe_(t_t(’)—ﬂ> rdr.  (33)

.. R RO fa+a  \ r? 1l a+a
et = ), (s ) wor s (a7t )

where the right hand side is a positive constant, by the first condition in (31). This contradicts
the assumption R(t) < dp for all ¢ > to, which completes the proof of Claim 6.2

Hence

12



Next, choose dy as above, and 6 € (0,1) such that
;  l[a+u
93/”<_[—a}, 34
u [ 2f(o) (34
which is possible since the right hand side is positive by the first condition in (31).
Claim 6.3. liminf R(t) > ; := 6.
t—00

To prove Claim 6.3, suppose for contradiction that liminf; ., R(¢) < d;. Then, by Claim
6.2, there exists a sequence 7; — 0o such that mj_1 < 7 < ™41,

R(72j-1) > 00, R(my) <01, and R(my) <0

Hence there exist 0 < ¢ty < t; such that «(t) > «;/2 for all t > ty, and

R(tz) =¢; for i =0, 1, 01 < R(t) < g for all t € (to,tl), R(tl) <0, (35)

and 01 = 6dy. By (3), O —%, so that (35) implies the inequality

3
tl — to Z —510g 0. (36)

The function w(r, t) defined in (32) is a subsolution for ¢ € [to,¢1]. This implies, by comparison,
that u(r,t) > w(r,t) for all 0 < r < R(t) and to < t < t1. Hence by (33) and (36),

. Rt) /g +a _
> - 3/u o~ 2 .
R(t1) > /0 <2f((50) uf u) r<dr

But the right-hand side is positive by (34), which contradicts the fact that R(t;) < 0.

7 Blow up solutions

In this section we show a partial converse of Theorem 4.1.

Theorem 7.1. Suppose pu > 1. Then for any @ sufficiently small, there exist a function a(t)
and initial conditions (ug, Ry) such that lim;_,oo a(t) = 0 and the radius R(t) of the solution
(u, R) increases to infinity exponentially fast as t — oo.

Proof. Define
[ f(a) — K*f'(ka) 1= k3 f(ka) @

ek = T ) 3 f@) ) 7

Claim 7.2. There exist numbers a > 0 and 0 < k < 1 such that for any u sufficiently small,
!/

wB(a, k)g(ka)ka = pp(a, k)f (ka) ka > 1. (38)

f(ka)
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To prove the claim, write the left-hand side of (38) as

~ / _ 1.3

B, el 1=K (k)
3u f(a) 3 fla)
Fix some k € ((uu)~!,1) and ¢ € (1, puk), then as a — +o0,

f'(ka)
f(a)

which imply that there exists a positive constant a; such that

puk —c 2 f(kar) 1— k3 f(ka)

pkg(ka) |g(a) —

g(ka) =1, g(a) — 1, — 0, and

ukg(ka ai) — a1| =c>1. 39
piikg(kar) |g(a) puk flar) 3 fla) (39)
If @ is sufficiently small such that
0<q< k= csu
puk ap

then (38) follows from (39).
Now, let a,k and @ be given as in Claim 7.2. Define a continuous function

(o0 for 0 <r < kR(t),
w(r, t) - { % [f <%> — f(akj)} for kR(t) <r< R(t)

Then one may compute, using Lemma 2.4, that

R
% (w(r,t) — a)r?dr = pBa,k) >0 forall t > 0. (40)
0

We claim that for any initial condition uy > w(r,0) and any «(t) satisfying

wpy s J@

e~ B(a,k)t
fka) RO 4D

the radius R(t) of the solution (u, R) increases to oo exponentially fast as ¢ — oco. To prove
it we introduce the set

-

I = {520 : Ei; > uB(a, k) for all t € [O,ﬂ},

and it suffices to show that Iy = [0, 400), since then R(t) > R(0)e*(@R)? for all t > 0.
By using the fact that ug(r) < w(r,0) and (40) in (3), we have

R(O) _ p

R(0)  R(0)3

RO 2 poo (RO NI
/0 (uo(r) — a)rdr > R(0)3/0 (w(r,0) —a)redr = uB(a, k).

Hence Iy D [0, ;) for some §; > 0.
Next, suppose to the contrary that Iy # [0,400). By the closedness and connectedness of
I, we may assume that Iy = [0,Tp] for some Ty > 0. We proceed to show that w(r,t) is a

14



subsolution for 0 < ¢t < T + § for some § > 0. In the region of (r,t) where w(r,t) > 0 (i.e.
ER(t) < r < R(t)),

we— () +w
D[ DL (1o 5) - He2 )
< |t () - ﬁii]
< 1 il
B ]

for all 0 < t < T and by our choice of k£, a and @ in Claim 7.2. By continuity, w; — T%(rzwr)r +
w < 0 also if kR(t) <r < R(t),0 <t <Ty+ 6 for some 6 > 0.
Next, by our choice of «(t), the boundary condition for a subsolution is also satisfied:

wr + a(t)(w — @), _py = “{;:((Z)) R((It) al) [u (1 - f;&?) - u]

_af(ak:) f'(a) a W
- @ [f(ak)Rt) <f>]
af(ak) fl(a) a Bk,
= f(a) [f(ak:) R(0) 8 (t)] <0

for 0 <t < Ty and then, by continuity, for 0 < ¢ < T + 9.
Since also w(r,0) < ug(r), we deduce that w is a subsolution for 0 < ¢ < T + J, so that
w(r,t) <wu(r,t) for all 0 <t < Ty + 6 and 0 < r < R(t). Hence,

: R(t)
gg; > iy / (w(r,t) —@)r*dr = up(a,k) forall 0<t<To+8
0

and this contradicts the maximality of T, and finishes the proof. O

Remark 7.3. By the arguments presented in the proof of Theorem 7.1, a sufficient condition
for blow-up of R(t) is given by

f'(ka)
’ua>OS,(l)lfk<1 fla. k) f(ka)

where B(a, k) is given by (37).

ka > 1,

8 Global Asymptotic Stability of Steady State

In this section we prove that the stationary solution (u.(r), Rs) defined by (8), (10) with
a = ay > 0 is globally asymptotically stable provided u is sufficiently small independently of
initial data; for clarity we first consider the case where a(t) = const. = a.
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Theorem 8.1. There exists a number pgy such that for any p € (0, o) and any initial data
ug, Ro, the solution of system (1) - (4) with a(t) = const. = o satisfies:

lim R(t) = Ry, and  lim u(r,t) = u(r).

t—o00 t—o00

Remark 8.2. The case a = 400, i.e. with the boundary condition u = u, was considered
in [7], and the present proof follows the same procedure; however, in [7] the parameter g
depends on initial conditions (namely, on bounds on ||ug||L and Ry), while in the present
case we are able to show (using results from Section 4) that o does not depend on the initial
data.

Lemma 8.3. Let 6y, I" be two given positive numbers, and assume, for some v € (0,T], that
|R(t) — Ri| <7, R(t)>0do, and |u(r,t)—u(r)] <~y forallt>D0.

Then there exist a number ug > 0 and constants A, 3, depending on g, ', but independent of
p, 7y € (0, such that if p € (0, o],

[R(t) = Ru| < Ay(p+e ™), Julr,t) —uu(r)] < Ay(u+e ™). (42)

Proof. Let v =wv(r,t) be defined by

e ()
v t) = TG R®) FRO)
Then
lus(r,t) —v(r, t)] < A|R(t) — Ry|. (43)

Introducing the differential operator L[¢] := ¢; — %2 (er)r)T + ¢, we have

By the assumptions of the lemma,
—Ayp < Llv] < Ayp

where here, and in the remainder of the proof, A denotes a generic constant depending on I'
but independent of p and . This, in turn, implies that for all K > 0 and g; € (0, 1], that

Lo+ Ayp+ Ke P > 0> Ljv — Ayu — Ke™™1), (44)

and (% + a)(v £ (Ayp + Ke 1Y) 2 at on the free boundary.
Next, by (43), (note here that the generic constant A may change from line to line, but
remains independent of p, and v € [0,T)
lu(r,0) = v(r,0)] < |u(r,0) — u.(r)] + |u(r) — v(r,0)|
<~ + A|R(0) — R.| < Ay.
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Taking K = A~ in (44), we get, by comparison,
Ju(r,t) = o(r,t)] < Ay(u+ e ™). (45)

We next note that, by Lemma 2.4,

g(R(t)) @ (Hg(R(t)))]_

(0}

_ 3
a+g(R(t)) ®) [ R(t) 31

Thus, letting E(t) = =7 fOR(t) (u(r,t) — v(r,t))r? dr, and using (3), we obtain

R(t)2
| R
R(t) = (1t)2 /O (u(r, 1) — @) dr
= ow;iz(m [Q(R(t)) - 3% <1 + g(i(t))> R(t)] + E(1).

Thus, the differential equations for R = R(¢) can be written in the form

R(t) = G(R(t)) + E(t) (46)
where
0 b 1) ]
and from (45),
|E(6)] < Ay(p+ e P)R(). (47)

Let G4+,(R) = G(R) £ AuyR, then
G_u(R() — Ave™" < G(R()) + B(t) < Gu(R(0)) + Ave " R(t)

Lemma 8.4. There exists a positive constant g > 0 (depending on T' but independent of ~)
such that for any p € (0, pol, there exist numbers Ry +,, for which the following holds:

>0 when 0 < R < Ry 4y,
Q_LH(R*iu) <0, and Giu(R)=< =0 when R= R, +,, (48)
<0 when R > Ry 4,

Proof. By Lemma 3.2, there exists an R, > 0 such that

G(R)=< >0 when0< R < R,, and  G'(0) > 0> G'(R.).

=0 when R=0,R,,
<0 when R > R,,
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The lemma then follows from this and the fact that

. GR) au U 1
dm S = R (14 <o

From the above proof we also have, for p € (0, po),
R, ,<R.<R,, and O0<R,,—R._,<Auy. (49)

By Lemma 8.4 and by possibly taking po smaller, there exists positive constants cg, Cy such
that for all p € (0, uol,

{ G+u(R) > —co(R — Ry +,) when max{dy, R« — '} < R < Ry 4, (50)

Gipy(R) < —co(R— Ry+p) when R, 4, < R< R, +T.
Using the fact that R, 4, are constants independent of ¢, we combine (46) and (47) to get

4
dt
which, in view of (50) and the boundedness of R(t) < R, + T,

(R(t) = Rup) < Gu(R(t)) + Aye P R(t)

d

&(R(t) — Rip) < —co(R(t) — Rip) + A'Ye_ﬁlt

whenever R(t) > R, ,, with another constant A. By integration, we then conclude that for
some (3 € (0, 31], and another constant A,

R(t) — Ra, < Aye P2t

and deduce, by (49), that
R(t) — Ry < Ay(pu+ e P24,

Similarly, using the lower bound for E(t) in (47), one can prove that
R(t) — R, > —Avy(u+ e 7).

This completes the proof of the first part of (42). The second part of (42) follows by combining
(43) and (45). O
Proof of Theorem 8.1. We take pu < aia so that by Theorem 4.1, R(t) is uniformly bounded.

By Proposition 6.1 and Remark 4.4, we have 0 < uy(r) < @ for all r, and

_ N |
dp < litrginfR(t) <limsup R(t) < By := <3usuptoa> [1 + u(u—u)] ’ (51)

t—o00 U B

U
where 0y > 0 is given in Proposition 6.1. Indeed, if (51) does not hold then, by Remark
4.4 and Proposition 6.1, we deduce that R(t¢) is a monotone function for all large ¢, and
limy oo R(t) > 0. But then, by slightly modifying the proof of [6, Chapter 6, Theorem 5]
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we conclude that lim; o R(t) = Ry and limy_,o u(r,t) = u.(r), where (uy, Ry) is the unique
stationary solution corresponding to c.
We can now proceed with the proof of Theorem 8.1 assuming, for simplicity, that

0 < wup(r) < for all r, %0 < R(t)<By+1 forallt>D0. (52)

We shall establish the stability of the stationary solution by repeated application of the
Lemma 8.3. Indeed, combining (5) and Theorem 4.1 or Theorem 4.5, we know that for some
o (depending on I' = By + 1 and &y > 0 as given in Proposition 6.1), the assumptions of the
lemma hold true. Hence, we have

IR(t) — Ri| < Ay(p+ e PY) <24y fort > Tp = —;log L.

Next, fix any p such that 2Ap < 1 and define 53 > 0 by
2Ap = e P10,
Given T > 0, let n be the largest integer that satisfies nTy <t < (n + 1)Tp. Then
[R(t) = Ra| < 7(24p)" = ye 8770 = yefste=FslnTo=t)
< 7653Toe*ﬁ3t — Boefﬁst' (By = ,.yeBsTo.)

It follows that lim; , R(t) = R. and by [6, Chapter 6, Theorem 5], lim;—,oc u(r,t) = u.(r).
O

We proceed to extend Theorem 8.1 to the case where «(t) is not constant.

Theorem 8.5. Suppose for some positive constant o, lim;_,oo a(t) = . Then there exists
a number ug such that for any p € (0, po) and any initial data ug, Ry, the solution of system
(1) - (4) satisfies:

lim R(t) = R«, and  lim u(r,t) = u.(r).

t—00 t—o0

Lemma 8.6. Let 0y, I" be two given positive numbers, and assume, for some v € (0,T], that
|R(t) — Ri| <7, R(t) >0, and |u(r,t)—u.(r)] <~y forallt>D0.

Then there exist a number ug > 0 and constants A, 3, depending on 6y, " but independent of
w,y € (0,T] such that if u € (0, uol, then

IR(t) — R, < A [(7+19)(M+e*5t) +q9}, (53)

and
fu(r,t) = wa(r)| < A [ (v +9)(u+ =) + 9] (54)

where ¥ = sup;~ |a(t) — axl.
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Proof. Let a = sup;soa(t) and a~ = infy~g a(t), and define v= = v*(r,t) by

a*a flr)
a* + g(R(t) f(R(t)

vt (r,t) =

then
[ (r, ) = 0F(r,1)| < A(R(t) — Ri| +9) < A(y +9). (55)

Proceeding as in Lemma 8.3, with K = A(y + 9), we get, by comparison,

Ju(r, t) — v (r,1)] < A(y +9)(u + e ), (56)
and then also
R(t) = Gi(R(t)) + E* (1), (57)
where
Lo ata ) u @ .
o gt - (+92) ]

E*(t) = ﬁ fOR(t) (u(r,t) — v=(r, t))r? dr, and

[EX()] < Aly +9) (1 + e ) R(). (58)
Let Gf(R) = G*(R) £ Au(y + 9)R, then

G, (R()) — A(y + 0)e ™" < GF(R(t)) + E=(t) < G (R(t) + A(y +9)e .

The proof of Lemma 8.4 can now be repeated and together with (57) we obtain, similarly to
(50), the estimate

%(R(t) — Rl,) < —co(R(t) — R )4 + A(y + 9)e PV R(t)

< —co(R(t) = Rf,) + A(y + 9)e ™

whenever R(t) > R:# (R*i’“ being the unique positive root of fo), for some new constant A,
so that for some 35 € (0, 1],

R(t) — R:M < A(y +9)e P2t
and then also
R(t) — R < A(y +9)(u + e 7% + Av.

Similarly,
R(t) — R > —A(y +9)(u + e P2t) — Av.
And the proof of (53) is complete. The proof of (54) follows from (55) and (56). O

Proof of Theorem 8.1. We take y < — so that by Theorem 4.1, R(t) is uniformly bounded.

a—a
By Proposition 6.1 and Remark 4.4, arguing as in Proof of Theorem 8.1, we may assume that

do

0<wup(r)<u forallr, 5 < R(t)<By+1 forallt>0, (59)
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1
where By = (3115%) [1 + W] . We can now establish the stability of the stationary

solution by repeated application of the Lemma 8.6. Indeed, combining (5) and Theorem 4.1
or Theorem 4.5, we know that for some g (depending on I' = By + 1 and Jp > 0 as given in
Proposition 6.1), the hypothesis of the lemma hold true. Taking p small such that 2Ap < 1,
and defining Ty by e P70 = p, we have (recall that A is a generic constant independent of ~y
and v, and may change from one line to another)

IR(t) — Re| < A(y +9) (4 e %) + AY < 2Apy + A9 for t > Tp

Finally, if we define 83 > 0 by
2Apu = e PsTo

and, given t > 0, let n be the largest integer that satisfies nTy < ¢t < (n + 1)Tp, then we have

AY Ad Av
R(t) — R,| < ~(241)" — ~p—B3nTh — ~p— B3t ,—B3(nTo—t)
[R(t) | <( M)+1—2Au ve A, e e 1 oA,
Av AY
S 7@53,1—‘0@76315 —+ m — B067B3t + m, Where BO = ')/eBsTO.

If 9 =0, i.e. a(t) = a, for all large positive ¢, then |R(t) — R.| decreases exponentially in ¢,
and by [6, Theorem 5, Chapter 6], lim;_,o u(r,t) = u«(r) also exponentially.

Otherwise, limsup,_, . |R(t) — Ry| < Asuptle_la(t)_a*| for any T' > 0, and taking 7" — oo,

we deduce that lim;_,o |R(t)— R«| = 0. Finally, as before, it follows similarly from [6, Theorem
5, Chapter 6] that lim;_oo u(r,t) = us(r). O

A Appendix

Proof of Lemma 2.1. From the identity f”(s) + 2 f(s) = f(s), we have

o= 1) (f’(s)>2 _ 206 (f’(s)>27

f(s) f(s) s f(s) f(s)
that is,
2
g(s)=—29(s) +1- g (s)- (60)

From the power series expansions

0 e 3

~1 _s5_5 i 5
kzzo2k:+ ;2k+ A e A VA

we deduce that
1
g(0) =0, ¢(0)= 3’ and ¢'(s) >0 for all small and positive s. (61)

Moreover, since g(s) = coths — 1, we also have

lim g(s) =1. (62)

s—+400
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Let I; := {5 € (0,400) : ¢'(s) > 0 for all s € (0,5)}. We claim that I = (0,00). Otherwise
there is a bounded interval I; = (0, sg, with ¢’(so) = 0 and ¢'(s) > 0 for all s € (0, sg). Then
g"(s0) < 0. But by differentiating (60) at s = sg, we get (by the fact that for all s > 0,
g(s) > 0 and hence h(s) > 0)

2

9" (s0) = —9(s0) >0,

50

which is a contradiction. O

Proof of Lemma 2.2. First, we observe that by straightforward calculations, that

sh!(s) = 1 — 3h(s) — s°h(s). (63)
Also, by power series expansion,
Sy 401 (11 1 s
Wey—8tst--- L L ANo LT
(5) st 3+<30 18)8+ 315

Therefore, h'(s) < 0 for all s positive and sufficiently small. Let
I, ={5€(0,+00) : h'(s) <0 for all s € (0,5)}.

It remains to show that I; = (0,00). Suppose I1 = (0, so], then A'(sp) = 0, h'(s) < 0 for all
s € (0,s0), and h”(s) > 0. Differentiating (63) at s = sq, we get (using the fact that for s > 0,
g(s) > 0 and hence h(s) = g(s)/s > 0)

soh” (s0) = (sh') (s0) = —2s0h*(s0) < 0,
which is a contradiction. O

Proof of Lemma 2.4. For a, R >0 and 0 < k < 1,

/Mirzf (%) dr:ii/a:szf(s)ds

R3 a

=— | (&°f'(s))ds s (sf'(s)) = s*f(s),
a ak
R3
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