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ABSTRACT. In order to study the evolution of conditional dispersal,
we extend the Perthame-Souganidis mutation-selection model and
consider an integro-PDE model for a population structured by the
spatial variables and one trait variable. We assume that both the dif-
fusion rate and advection rate are functions of the trait variable, which
lies within a short interval I. Competition for resource is local in spa-
tial variables, but nonlocal in the trait variable. Under proper con-
ditions on the invasion fitness gradient, we show that in the limit of
small mutation rate, the positive steady state solution will concentrate
in the trait variable and forms the following:

(i) a Dirac mass supported at one end of I

(ii) or a Dirac mass supported at the interior of I
(iii) or two Dirac masses supported at both ends of I, respectively.
While cases (i) and (ii) imply the evolutionary stability of a single
strategy, case (iii) suggests that when no single strategy can be evolu-
tionarily stable, it is possible that two peculiar strategies as a pair can
be evolutionarily stable and resist the invasion of any other strategy in
our context.

1. INTRODUCTION

An important question in ecology and evolutionary biology is how the dispersal
of organisms evolves [22,51,52]. For the evolution of unconditional dispersal,
there is selection for slow dispersal in spatially varying yet temporally constant
environments [29, 38, 41], while higher rates of dispersal can be favored when
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the environments are both spatially and temporally varying [39, 55]. However,
note that the dispersal of organisms often depends upon local biotic and abiotic
factors, and thus it is often conditional, for example, a combination of random
diffusion and directed movement. Recent studies on the evolution of conditional
dispersal suggest that conditional dispersal strategies can be evolutionarily stable
(see [3,4,14-16,19,20,23,33,37,45,46,48, 53] and references therein).

A common approach to study the evolution of dispersal is the adaptive dy-
namics approach [26,27,34], in which it is assumed that the resident species is at
equilibrium, and a mutant phenotype is introduced to the population. The main
questions are the following. Can the mutant invade when rare? If it can invade,
will it coexist with the resident or competitively exclude the resident? Most, if
not all, of these mathematical models thus assume that there are only two pheno-
types in competition. Very recently, Perthame and Souganidis introduced a novel
approach to studying the evolution of unconditional dispersal [60]. They con-
sidered an integro-PDE model for a population structured by the spatial variables
and a (continuous) trait variable which is the random diffusion rate. In a sense,
the Perthame-Souganidis model is a coupled system of infinitely many PDEs, and
can be viewed as a competition model for infinitely many phenotypes. By the
Hamilton-Jacobi approach, Perthame and Souganidis showed that in the limit of
small mutation rate, the steady state solution forms a Dirac mass in the trait vari-
able, supported at the lowest possible diffusion rate (see also [47] for a similar
result on the Perthame-Souganidis model).

The goal of this paper is to extend the Perthame-Souganidis model to a case
of conditional dispersal. In contrast to the case of unconditional dispersal, the dy-
namics and structure of evolutionarily stable dispersal strategies seem to be much
richer for conditional dispersals. For instance, it was shown in [44] that the steady
state found in [47] is supported at a single dispersal strategy and is unique. In
the presence of a biased movement, we give sufficient condition for the steady
state to be supported at two distinct dispersal strategies, which is connected to the
branching phenomena in evolutionary biology. Our methods will be based upon
the Hamilton-Jacobi approach, while also drawing on the connections with the
adaptive dynamics framework.

The dynamics of a single population with combined random diffusion and
directed movement can be described by the following scalar reaction-diffusion
equation (see Belgacem and Cosner [5]):

Ur = Vy - (UVxu—ocuVoem) + u[r(x) —u] inD X (0,00),
UOpuU — xu 0,m =0 on 0D x (0, o),
u(x,0) = ug(x) in D.

Here, u(x, t) is the population density at location x € D and time t > 0, where D
represents a bounded domain in RN with smooth boundary 0D. We have that n is
the outward unit normal vector on 0D, with 0, := 1 - V. Parameters p > 0 and
« = 0 are diffusion and advection coeflicients, respectively, and 7 (x) is a given
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function of the environment. Besides random diffusion, the population is also
assumed to move upward along the gradient of some function m(x). Belgacem
and Cosner considered the case 7 (x) = m(x) in [5] (see also [24,42,43,49] for
further developments).

Throughout this paper, unless otherwise specified, we assume

M) m € C2(D) and 3,m < 0 on dD; 7 (x) is Hélder continuous in D.
Suppose that p, o« are both smooth real-valued functions of some phenotypic
variable &, such that y(&) > 0 and x(€) = 0 forall € € R := (0, ). Then, the

dynamics of the species, consisting of a continuum of phenotypes, as parameter-
ized by the single real variable §, can be described by

U = Vx - (UE)Vxu — x(EuVvVym)

+sza§u+u(r(x)—ﬁ) inDxIxR*,
(1.1) U(E) opu — x(E)uo,m =0 on 0D X I x RT,
u=0 onD x 0l X R™,
u(x,&,0) = ug(x) inD X1,

where I is a bounded open subinterval of R*, and
= a0, 0) = [ wx €0 dg
I

is the total population density at a given location x € D and time ¢.

Remark 1.1. Our choice for Dirichlet condition on the boundary of the trait
space in (1.1), instead of the no-flux condition that was considered in [47, 60],
is made so that the boundary condition remains consistent in the corners of our
cylindrical domain D X I. We also note that because of the vanishing viscosity in
the trait variable, the boundary condition has little effect on the dynamics of (1.1).
For instance, if 0,m = 0 on 0D, then the Neumann boundary condition for the
trait variable will satisfy the consistency conditions, and all the results in this paper
can be similarly established.

For each & € R™, let O¢(x) be the unique positive solution of the equation
(1.2) Vi (U(E)Vx0 —x(§)OVm) + 0(r(x) —0) =0 inD,
' u(€) 0,0 — x(£)00,m =0 on 0D.

We note that (1.2) has a positive solution if and only if the trivial solution is

unstable and the positive solution is unique whenever it exists (see, e.g., [13]).
The family of phenotypic traits is parameterized by & > 0, where distinct §

correspond to different phenotypes, as distinguished by their respective diffusion
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rates and advection rates. Formally speaking, {60(§ — &")0g (x)} g~ gives a one-
dimensional manifold of steady states of (1.1) when € = 0, where d¢(§ — &) is
the Dirac measure concentrated at . More generally, (1.1) with € = 0 contains,
as subsystems, k-species competition systems for any k € N. To see this, note
that forany 0 < §; < & < -+ - < &, Zle 00(& — &) ui(x) gives a steady state
of (1.1) with € = 0, concentrated at &1, ..., &, if and only if (uy, ..., ux) satisfies
the k-species system

Vi - (U(&)Vxui — x(E)uiVym)
k

+ui(r(x)—zuj) =0 inD,
Jj=1
u(&;) Opu; — x(Ei)u; 0pym =0 on dD.

The goal of this paper is to determine which of these concentrated steady state
solutions of (1.1) with & = 0 will persist for small positive mutation rate €.
For &1, &, € R*, consider the eigenvalue problem

Vi (&) VY — x(E)YyVm)
(1.3) +Yr(x)—0g) +Apy =0 inD,
U(E) opyp — (&)W o,m =0 on 0D.

For fixed &1, &>, it follows from standard variational arguments that eigenvalues of
(1.3) are real and ordered. We denote the least eigenvalue of (1.3) by A(&1, &),
which in the adaptive dynamics framework is termed the invasion fitness. More
precisely, an invader with phenotype &, can (cannot, respectively) invade an es-
tablished phenotype &; at equilibrium when rare if A(&1,82) < 0 (A(&1,82) > 0,
respectively).

We start the discussion in the most generic case.

Theorem 1.2 (Evolution of Extreme Strategies). Suppose that for some closed
interval Iy € R*,

(1.4) inf 8522\(5,5) > 0.
g€l

Then, there exists 6 > 0 such that for each interval I = (§4,&*) C Iy with |I] =
&* — &« < 0, any positive steady state We of (1.1) satisfies

Ue(x,8) — 60(& — E4) 0, (x) in distribution sense

as € — 0, where 60(E — E) is the Dirac measure concentrated at Ex = infl. Here,
O, denotes the unique positive solution of (1.2) with & = &x.
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If the inequality sign in (1.4) is reversed, then a similar conclusion holds with
&+« being replaced by &* = supI. This shows that if the selection gradient does
not vanish, it gives rise to a single Dirac-concentration at one of the two most
extreme phenotypes, determined by the sign of the selection gradient dg,A(E, &).

In adaptive dynamics, the canonical equation is derived to indicate the evolu-
tionary dynamics of monomorphic populations. A consequence of such dynamics
is that the phenotypic trait of monomorphic populations evolves towards conver-
gence stable strategies [31], which are characterized by the following relations:

(Cv) o5,A(E,8) =0 and %[8§2A(t,t)]t:$>0.

This leads to two generic cases:

(i) Continuously stable strategies (CSS)

(ii) Branching points (BP).
The next two results show the first case produces an interior Dirac-concentration,
and the second produces two “balanced” boundary Dirac-concentrations. In a
sense, CSS gives an evolutionary attractor where a monomorphic population adopt-

ing the superior/optimal strategy §A is able to equilibrate while withstanding the

onset of all small and rare mutations. On the other hand, if a trait € is a branch-
ing point, then although it is capable of invading any resident adopting a different

trait & # &, it is prone to invasion by small mutations, and instead a population
consisting of a combination of two distinct strategies emerges.

Our next result says that if there is a CSS &, then the phenotype in I that is
closest to £ dominates the competition.

Theorem 1.3 (Evolution of Intermediate Strategy). Suppose thar (Cv) holds
and ang(é, é) > 0 for some §A € R*; then, there exists 6 > 0 such that for each fixed

interval I = (€4,E%) C (EA -6, EA + 0), any positive steady state We of (1.1) satisfies,
as € — 0,

Ue(x) — O (x) in C(D),

Ue (X, &) = 60(E —&")Og (x) in distribution sense,

where the point of concentration &' is the point in [Ex, E*] closest to &; that is,

£ ifEel5.E,
£ =& if& <& =infl,
&x* ifé > &* =supl.
The next theorem says that in the neighborhood of a branching point, no

single phenotype can dominate. Instead, the two extreme phenotypes form a
coalition that together dominates the competition.
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Theorem 1.4 (Evolutionary Branching Point). Suppose thar (Cv) holds and
6%22\(5, é) < 0 for some é € R*. Then, there exists 5 > 0 such that for each interval

I=(&,8%) C (EA - 5,é + 8) such that &, < EA < &*, there is a sequence g — 0
such that any positive steady state we, of (1.1) satisfies

Ug (X, &) — 80(E — Ex) U1 (x) + 00(E — E¥)Tia(x)  in distribution sense
as k — oo. Furthermore, (W1, W2) is a positive steady state of

Vi (1 Vxlty — i Vem) + i (r(x) — i —%2) =0 inD,
(1.5) Vi - (12Vxlly — 0o, Vem) + U (r(x) — i —12) =0 in D,
U1 0Tl — X1y Oy = 0 = Ly Optly — 0T Onm on 0D

such that i(x) £ 0 fori = 1,2, and that &1 = &(Ex), &2 = x(&*), p1 = pu(E4),
and py = p(&*).

We briefly sketch the key ideas in the proofs. Consider the WKB-Ansatz,
we(x,&) = elogue(x, ). We first establish, in Sections 2 and 3, appropriate #
priori Lipschitz estimates on we. Our first contribution is to drop the convexity
assumption on D, which was needed in [60] to apply Bernstein’s argument. Our
proof relies on blowup arguments and Liouville theorems of elliptic equations in
cylindrical domains (see Appendix A).

The a priori estimates allow the passage to (subsequential) limits of

n(x) = lirréﬁg(x) and w(&) = lirréwg(x,E).

An important fact is that the limit function w () satisfies, in the viscosity sense,
the following constrained Hamilton-Jacobi equation:

{_|a§w|2 = -H(ED) inl= (&, &%),
(1.6)

Here, the Hamiltonion H (&; ) is defined as the principal eigenvalue of

Vi - (ME) VY —x(E)YVm) + (r(x) —)¢ + Hp =0 inD,
(1.7) 1HE) oy — x(E)Y onm =0 on 0D,
Dtpzdx = 1.
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The main difficulty in solving (1.6) is yielding information (and possibly unique-
ness) concerning the subsequential limit functions % (x) and w(§). In [60], the
corresponding Hamiltonian H (&, %) is the principal eigenvalue of

HE)AxY + (r(x) -y +HYy =0 inD,
ony =0 on 0D,

J Prdx = 1.
D

It is a classical fact in PDE that, provided ¥ (x) — #(x) is non-constant in x, the
monotonicity properties of H in € are exactly the same as that of u(E) in . This
shows that w (&) attains its maximum at the minimum point of p(-), at which
the concentration of u¢ (x, ) occurs; that is, it = 0, .

In contrast, the dependence of the principal eigenvalue H of (1.7) on param-
eters 4 and & may not possess monotonicity [17, 18]. In this work, we infer the
behavior of H(&;1t) based on the assumptions regarding the invasion fitness func-
tion A(&1,&2) = H(&2; 0%,), which arises in the study of two-species competition
models [45,46]. For this purpose, we only consider fixed, narrow intervals I in
the trait variable, for which we can quantify how close an arbitrary subsequential
limit % is to O¢. This approach partially decouples (1.6) and (1.7), and is done in
Appendix B.

In Sections 4 to 6, we impose three most generic assumptions on the inva-
sion fitness function: specifically, non-vanishing selection gradient, Continuously
Stable Strategies (CSS), and Evolutionary Branching Points (BP). We show that
the resulting solutions to the mutation-selection model exhibit one or two Dirac-
concentrations at those strategy or strategies that are evolutionarily stable. This
establishes the connection of (1.1) to the framework of adaptive dynamics. In
Sections 7 and 8, we provide some concrete examples in which those generic as-
sumptions on the invasion fitness function can be verified. To complement Sec-
tions 7 and 8, we present some numerical computations concerning the dynamics
of (1.1) in Section 9.

This paper serves as an initial exploration of the class of mutation-selection
models arising from evolution of conditional dispersal. Our results suggest that,
as a consequence of the interplay between ecology and evolution, the dynamics
of (1.1) are indeed quite rich. Biologically, our results give a classification of the
equilibria of evolutionary dynamics in generic situations, when the possible mu-
tations are restricted to a small interval I.

Finally, we provide some references to background and related works. One
of the first works to connect mutation-selection dynamics with adaptive dynamics
is [12]. For earlier mathematical works on mutation-selection models, we refer
to [11,56]. For the pioneering Hamilton-Jacobi approach we refer to [28, 59].
For pure selection dynamics, see [1,25]. The involvement of spatial structure
is more recent (see [40, 57] for works on models related to cancer therapy; and
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see [2,06-10, 61] for works on unbounded domains concerning spreading front
solutions).

2. A PRIORI ESTIMATES OF 11,

For the rest of this paper, we set
In:=(§,8), I:= (58",

where &4, &%, E, £ are positive numbers. In addition, we always assume that I C I.
For each bounded open interval I ¢ R* and each € > 0, let ue = u¢(x, &) be
a positive steady state of (1.1); then, it satisfies

Vi - (UE)Vxue — x(E)usVim)
+528§u5+u5(r(x)—ﬁe) =0 inDXxI,

U(E) Onue — x(E)us 0ym =0 on 0D X I,

u: =0 on D x dlI,

(2.1)

where

Te(x) := Lug(x,E)dE-

The following result is the only place where the assumption (M) is needed.

Lemma 2.1. Let ue be any positive solution of (2.1). Then, there exists some
positive constant C, which depends on Iy but is independent of I and € € (0, 11, such
that

supite < C.
D

Proof- Let ue(x, &) be a positive solution of (2.1). Define

Ve(x,E) = e~ MMy (x E),  De(x) = L Ve(x, E) dE.

Then, there exist the positive constants ¢;, ¢, depending on Iy, but independent
of I and &, such that

2.2) Cills(x) < Ve(x) < calls(x) forall x € D.

Moreover, v, satisfies

UAx Ve + gZ{aévg +mOg (%) Og Ve

2
m (& mo (&
() [Fee(R)] vl
«? N .
—@|me|2+1’—ug>=0 inD x1I,

x
OnVe = —V:0ym <0 on oD X I,
2u

(Ve =0 on D x 0dI,

64
+ Ug( - zAxm
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where we used (M) to ensure 0,m < 0 on 0D. Dividing the equation of v, by
p = p(E), and integrating in the variable & € I = (§«,&*), and using the facts
that

[ 300 () eueae = [ e (5) e« [23s () o]
oo () e

(since Ve(+, &%) = ve(+,&«) = 0) and
g*

J —82v5d§ Jaz( )vgd§+[ia§vg] Laz (IJ)vng
E=Ex

(since OgVe(+,&*) = 0 = 0gVe(+, E4) in D), we have

AxDe + Ve fzho(x) + T(X) - Ue(X) inD,

(2.3) infu  supp
Io I

Onle <0 on oD,

where hg can be expressed in terms of y, m, « and their derivatives, and is inde-
pendent of the interval I and € € (0, 1]:

hotx) = sup {3( ) - m(x) 2 [1 2 <ﬁﬂ
tel, H H H
1 m(x) 2(0() l[m(x) (a)]z}
+ = Oz — | +— Og| — .
w2 E\w) Tl 2 B\
Suppose that supp, U¢ = D¢(xo) for some xg € D. Then, apply the maximum

principle (see [54, Proposition 2.2]) to (2.3): there exists C; > 0 independent of
£ € (0,1] such that

supr
Ue(x0) < Cp := (supp) (supho + f )
I Hu

By combining this with (2.2), we have

crsuple(-) <supDe(-) = De(xp) < C2lhe(x0) < 2C.
D D

Hence, sup, e < Cj, where the positive constant C; depends on Iy but is inde-
pendent of the open interval I C Iy and € € (0,1]. O
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Lemma 2.2. Let1 = (§,E%) and 61 := |I| = ¥ — &,.
(i) There exists C > O independent of O, € such that if € < 81/2, then

sup |a§u5| < C£72||1/A£5||L1(D) < Ce2.
xeD, &eol

(ii) For each fixed open interval I = (Ex,E*) C Iy, there exists 63 > 0 indepen-
dent of € such that

inf Jsue >0 and sup Osue < 0.
DX (&, &+ +028) DX (E%—5,6,E%)
In particular,
(2.4) sup  Ug = sup Ue.
Dx(&x,&*) Dx(Ex+0268*~028)

Proof. We first show (i). Set

TUe(x,E) i= e ¥Hy(x,E) and Qe(x,T):= Ue(x,Ex + €T).

Then, Q; satisfies

UAX Qe + &V - Vi Qg + 02Q¢ + 26m 0 (%) 01 Q¢

2
+ & [mag (%) +m? <6§%) ] Qs

(2.5) 1
+Qe(r—1e) =0 in D x (0,6 1(&* — &),
0nQe =0 on aDX(O,fil(g*_g*)),
Q. =0 on D x {0, (E* - E)},

where the coefficients p = p (&« +¢€T) and & = x(Ex+&T) are uniformly bounded
for T € (0,67 1(E* —&*)). Then, we extend Q¢ in the direction of x by reflecting
along the boundary 0D x (0,2), and we apply the boundary elliptic estimate on
D x {0} to get

(2.6) &sup |a§ue(X,§*)| = ||Qe||cl(D><[o,1]) = Cl”Qs”L‘”(Dx[O,Z])-

xeD

On the other hand, by the local maximum principle at the boundary for strong
(sub)solutions [36, Theorem 9.26], we have

(2.7) 1QellL=x10,21) < ClIQellLi(Dx(0,3) < C&  UellL(Dx(E, Er+36)-
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It follows from (2.6) and (2.7) that

sup [0gue (x, &) | < Ce 2| UellLi(Dx(E, E0+30)) < CE 2N Uello(D)-
xeD

By repeating the same proof for & = £*, we obtain

sup  [0gue| < Ce 2|l Mell L= )-
xeD, &eol

Assertion (i) thus follows from Lemma 2.1.

For the first inequality of (ii), we consider

Qe(x,T) De(x, 84 + €T)
NQellL=dx(0,2))  NVe(x,Ex + T ILo(Dx(0,2))

(2.8) Qe(x,T) :=

on D x (0,2), where Q¢ is defined in the beginning of the proof. Then, we
have that Qg is a positive solution to the uniformly elliptic equation (2.5) such
that [|Q¢ll 2~ (px(0,2)) = 1. Moreover, the second inequality of (2.6) and the Hopf
boundary lemma imply

1Qcllci(Bxpoy < C  and igfaTQg(x,O) > 0.

This shows that for some ¢’ > 0, independent of €, we have

inf 3D (x,§)

D %y Gk 5') . A 14
D8, Brr0e — inf 3:0:(x,T)> 6.
1De(x, &« + €T)llL>(Dx(0,2)) Dx(0,8)

(2.9)

Thus, the first inequality of assertion (ii) is proved. The proof for the second
inequality of (ii) is analogous and is omitted. O

Lemma 2.3. First, fix a bounded interval Iy. Then, there exist the constants
y € (0,1) and C > 0 independent of I C Iy and 0 < &€ < 1 such that

||ﬁe||cy(D) <C.

Remark 2.4. Lemma 2.3 asserts the precompactness of U () in C(D) as
€ — 0. One can therefore pass to a sequence & — 0 so that ¢, converges in
C(D).

Proof of Lemma 2.3. By dividing the equation (2.1) by u = u(§) and inte-
grating in § € I, while treating the terms involving derivatives in & in a similar
fashion as in the proof of Lemma 2.1, we obtain

—Axle = =V - (1Vm) + (¥ —Qe)q2 + €2q3 + €2q4 in D,
Onlle = q1 Opm on oD,

(2.10) {
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where

@ (x) = L %u d, @2 (x) = L %dz,

1 deue ]*
a3(x) = L GEz (;) usdg, q4(x) = [%L:g :

By Lemmas 2.1 and 2.2, it is easy to see that

2.11)

lgillcqpy <C forl=<i<3,
(2.12) , .
e llasllcpy < C, a4(x) <0 inD,

for some constant C independent of &.
Fix p > N. By Proposition C.3, there exists a linear (extension) operator
T:C®(0D) — C®(D) such that

0n(Tg)|3p =9 and [ITgllwirp) < Cllgllir@p)-
Take G = T[q,0,m]; then,
(2.13) IGllwir ) < Cllgr OnmllL=(op)
and U := 1t — G satisfies

_AxU: _VX . (qlem_vXG)
+ (r —0le)q2 + €2q3 + €2q4 in D,
0,U =0 on oD.

By extending U by the reflection method so that U satisfies a similar equation
in an open set containing D, we may apply De Giorgi-Nash-Moser interior esti-
mates [21, Theorem 2.3] so that for some 0 <y < 1and C > 0,

(2.14) 1Ulley 5y = C[IUNL=m) + 1| = 41 Vm + VxGllr o)

+ I = )z + £2a3 + E2a4ll pyoiven ) |-
Since U = 1t — G, we can apply Sobolev embedding to get
(2.15) MU=y < lfelliep) + 1G>y < 1ell=) + CIGllwrr (D).

Hence, we deduce by (2.14) and (2.15) and also Morrey’s inequality in Sec-
tion 5.6.2 of [32] that

||ﬁe||cy(D) < Ullevpy + 1Gllevp)



Concentration Phenomena in an Integro-PDE Model 893
< C(|lttellr=(p), max il (D), € max laill =Dy, 1Gllwir(D))-
i=1, i=3,

By combining with (2.13), we have (for € € (0, 1])

||ﬁs||cy(1j) = C(||7/AL5||L°°(D),¥H§D§||6li||c(1j),52 I,ngvi laillcpy)-
i=1, i=3,

The righthand side of the last line is bounded independently of &, by Lemma 2.1
and (2.12). O

Lemma 2.5. Ler I = (§+«,8%) be given. Suppose that for each compact set
K € D X (&4,&%), there exists Sg > 0 such that

(2.16) luellcx) < exp

In such event, fix an arbitrary é € I, and define

3
ag’I (X) = [ ug d§ and ﬁg,z(X) = Jé ug dg.

*

Then, there existy € (0,1) and C > 0, both independent of €, such that
||ﬁs,1||cy(D') + ||ﬁs,2||cy(D') <C.

In particular, passing to a subsequence if necessary, We,i — Wi in C(D) fori=1,2,
and ue(x, &) — 65(E — EL)U1(x) + 6(E — EX) iy (x) in the distribution sense.

Proof. We first prove the estimate for ;. In order to do this, we first inte-

grate (1.1) over & € (&, é). We may repeat the proof of Lemma 2.3, provided
the following estimate is proved:

o=u
€2 sup (‘ S
xeD,Ezé H

By (2.16), it therefore suffices to show

2.17) lim [ sup [9guee (x, )] =o.
& D

In order to show (2.17), we first must let Q:(x,T) = ﬁg(x,é + £T), where
Ve(x, &) = e MMy (x,E). Then, Q¢ satisfies a uniformly elliptic equation in
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D x (—1,1) with L*-bounded coeflicients similar to (2.5); hence, we may apply
the interior L? estimate to obtain

£sup |9gUe (X, E)| < Csup [0: Qe (x,0)| < CllQell L= (—1.1))
D D

= C”uE”Lm(DX(é—E,é-FE))'

Thus, (2.17) follows from (2.16). This enables us to repeat the proof of Lemma 2.3
to show that [[7e1llcy(p)y < C. Since Uey = e — 1,1, the other inequality
I1fte2llcy(py < C follows automatically. O

For later purposes, we will also need the following result.

Lemma 2.6. Let1 = (§4,8*) C R* be a bounded open interval. Suppose that,
along a sequence (&,1) = (&x, Ix), we have

i) /111 -0, )
(i) I — {&}, for some & > 0, in the Hausdor(f sense.
Then, any positive solution We of (2.1) satisfies

Ne(x) — 05 (x) weakly in H'(D) and strongly in C(D).

Proof. See Lemma B.1 in Appendix B. O

3. WKB ANSATZ AND A CONSTRAINED HAMILTON-JACOBI EQUATION

Definition 3.1. Denote, for each & > 0 and h(-) € C(D), by H(&;h) the
principal eigenvalue of

Vx - (H(E)VXW - O((E)vam)
+(rx)-hx)y+Hypy=0 inD,
(3.1) U(E) ny — (E) Y dpm = 0 on 3D,

J wrdx = 1.
D

Next, set h = 1t and denote the eigenfunction corresponding to H(&; 1) by
Ye(-,8).

Recall the Holder estimate of Lemma 2.3, and the normalization of @, (-, &).
One can deduce from standard elliptic estimates that for each bounded interval
Iy € R*, there exists a constant C = C(Ip) > 1 independent of ¢ such that

%s Ye(x, &) <C inD X1,

sup [|a§qJE(X,§)| + |a§(lje(x;§)| + | Vape(x,8)|] <C

DXxIy

(3.2)

(see, e.g., [47, Lemma 4.1]).
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By Remark 2.4, we may pass to a sequence & — 0 so that g, (x) — ©(x)
for some non-negative function #t € C(D). We suppress the subscript k for con-
venience. Define

(3.3) We(x,8) := elogus(x, &) — elogwe(x, &).

Then, a direct computation shows that

\% [0
(3.4) - %|VXWS|2 - 2%v'xw$ " J}Zje - %Axwé‘ + ;v'xm . VXWS
d oFp
— |0gwe|* — 26 Opwee tWe _ eaéwg 22 HE )
Ye Ye

in D X I, with boundary conditions

anw‘g:O OnaDXI,
we = —00 onD x0dl.

We show that we(x, &) converges locally uniformly in D x (£4,E%) toa viscosity
solution w (&) of a certain constrained Hamilton-Jacobi equation in the variable

& only.
Proposition 3.2. Given any fixed interval 1 C R*. Suppose that, for some co > 0
independent of &, we have J Uedx = co. Then, by passing to a sequence € — 0, the
D

Jollowing hold:

Ug (x) — U(x) in C(D),

We, (%, &) = w(E) in Coc(D x 1),

where W (&) is a viscosity solution of the constrained Hamilton-Jacobi equation

(3.5) supw = 0.

I

{—|agw|2 = -HEW) inl= (£,
We prepare for the proof of Proposition 3.2 with a series of lemmas.
Lemma 3.3. For each 6 > 0, there exists C > 0 independent of & such that

1
sup [|5§we(X,§)| N —|vxw5<x,§)|] <C.
Dx(Ex+58,E*—5¢) €
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Proof: Let Ds(x, &) = e ¥M/Hy(x,&); it suffices to show that for each fixed
0 > 0, there is some C > 0 independent of € > 0 such that

(3.6) IVxDe(x,&0)| + €|0gVe(x, &) | < CU:(x, &)
forall (x,&) € D x (E4 + 8¢&,&E* — d¢).

Fix 6 > 0and & € [E4 + 06,&E* — O¢] and define Q:(x,T) = D (x, & + €T).
Then, Q¢ is a positive solution of the homogeneous linear elliptic equation (2.5)
(with (&) = pu(& + 1) and x(&§) = x(&p + 7)) in the domain D X (-6, 6),
and satisfies the Neumann boundary conditions on 0D x (-6, §). By the Harnack
inequality, we have

(3.7) su Q:<C inf Q..
Dx(fé/g,ﬁ/z) ¢ Dx(-6/2,6/2) ¢

Also, elliptic L? estimates with p > N + 1 (with N being dimension of D) imply

(3.8) sup [|vas(x;0)| + |aTQ£(X10)|]

xeD
< CllQellrpx(-5/2,612) <C  sup Q.
Dx(=8/2,6/2)

By combining equations (3.7) and (3.8), we conclude that for some positive con-
stant C = C(6) independent of €, x € D, and & € [E4 + d¢&,E* — d¢],

[VxQe(x,0)] +[0:Qe(x,0)| = C inf Qe < CQ:(x,0);
Dx(-6/2,6/2)

that is, (3.6) holds. This proves the lemma. |

We develop a property of w similar to Lemma 2.2 (ii).

Lemma 3.4. Fix an open interval I = (§«,8*) C R*. There exists 55 > 0
independent of € such that, in addition to the conclusion of Lemma 2.2, we have

(3.9) inf Oswe >0 and sup Oswe < 0.
DX (E4,Ex+0628) DX (E%—8,6,E%)
In particular,
(3.10) sup  We = sup We.
Dx(&x,&%) DX (&x+028,E*—02¢)

Proof. Recall the definition of we in (3.3), where ¢ is the principal eigen-
function of (3.1). Also recall ¥ = e~ *™/Hy,. Then,

x(&)
u(&)

We(x,8) = elogDe(x,8) + em(x)—2- — elogPe(x, &4 + €T).
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By differentiating with respect to &, we have

ag%amg):525;55{%ﬁ5+ﬁgknag(%)-%ﬁf}}.

Recall the definition of Q¢ (x, T) in (2.8); we have (setting & = &« + €T)

~ _ O
agWS(X,E* +ET) = m {5_16TQ5 +Q: [m5§ <%> - qu: :|}

&

T Qx,T)

for T € (0,6’) and for 0 < &€ < 1, where we used (2.8), (2.9), and (3.2). Hence,
we can deduce that, by taking 8, smaller, dgwe (x,&) > 0in D X (&4, &« + 026).
Similarly, Ogwe (x, &) < 0in D x (§* — 62¢,&*). Therefore, there exists 6, > 0
such that for € > 0 small, (3.9) holds and the maximum point of we(x, &) is
attained within D X [E4 + 02&, E* — 8,¢]; that is, (3.10) holds. O

{718 +0(1)} > 0,

Lemma 3.5. For each constant A > 1,

sup  we < Aglloge|  for all sufliciently small €.
Dx(&x,8%)

Proof. Let A > 1 be a given constant. Set (&) = (&« + 02&,&* — 02¢€), where
0> is given in Lemma 3.4. Again, by Lemma 3.4, it suffices to show

(3.11) sup we < Agllogel.
DxI(¢)

Fix x € D and let M,(x) := Sup; () We (X, ). If M¢(x) < 0, there is nothing
to prove. Suppose that M¢(x) > 0 and choose some &:(x) € I(¢) such that
M¢(x) = we(x,Ee(x)). By Lemma 3.3, w, is Lipschitz continuous in D X I(&);
hence, there exists an interval I’ (x, &) C I(¢) such that for some ¢; > 0,

B el (e, inf w8 > TX e s oM (x),

el (x,¢) A

where ¢; depends only on the Lipschitz constant of w, and is independent of x
and € (Lemma 3.3). Hence, by using Lemma 2.1 and (3.2),

C1M¢(x) exp (%) < L,(X’S) exp (%) d€ < lie(x) < sgpﬁg.

This implies that, for some constants ¢; and C; independent of & but depending
on supy, e (Lemma 2.1) and on the Lipschitz constant of w, in the cylinder



898 WENRUI HAO, KING-YEUNG LAM ¢ YUAN LOU

D X (&4 + 026, & — 5,6) (Lemma 3.3),

C1

M (x) M (x) G
Ag eXP( Ag )S?

where ¢ and C; are independent of € and x € D. This proves
M¢(x) < Aelloge| forall x € D
and all sufficiently small € > 0; that is, (3.11) holds. O

Lemma 3.6. If J Nedx = g for some co > 0, which is independent of €, then

there exists C > 0 independent of € such that

supwe = —Ce,  where I = (§4,&%).
DxI

Proof- By the hypotheses of the lemma,

sup We
a w DxI
co < udx=J <—E>dxd <C = |,
0 JD ¢ o PEEP e £=Cop &

and the assertion follows. |

Proof of Proposition 3.2. In this proof, we omit for the sake of clarity the sub-
script k in &¢. By Lemmas 3.5 and 3.6, and (2.4), we have

-Ce< sup We= sup we < Cellogel,
DX (&+,8%) DX (Ex+0,6,E*—0,¢)

where 6, is given in Lemma 3.4. This and the uniform Lipschitz estimate in
Lemma 3.3 imply that, up to a sequence, we converges uniformly to some (Lip-
chitz) function w € C(D X [E4,E*]) in compact subsets of D x (&4, &%), such
that supp, (g, g+) W = 0. Furthermore, Lemma 3.3 implies that

IVxWellz=(Dx (g, +6,6,8%—5,6)) < CE.
Hence, w = w (&) is a function of & but is independent of x, and such that

sup w(§) =0.
(E,8%)

It remains to show that w satisfies equation (3.5) in the viscosity sense. Let
p(&) be a C? function of € such that &; is a local maximum of w — p. Then,
w —p — (§—&p)* has a strict local maximum at some interior point & € (4, &*).
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We can then deduce that for all € > 0 small, we(x,&) — p(§) — (E - &)* has a
local maximum (x¢, &) € D x I such that & — &j as € — 0. Hence,

ViwWe(xe, &) =0, Axwe(xe, &) <05

OsWe(Xe, &) = 0gp(&e) + 4(& - §0)3;

aéws(xﬁgs) = aép(gs) +12(&¢ - §0)2-

Now, we can deduce, by evaluating (3.4) at the point (x¢, &), that

— 10gp (Ee) + 4(Ee — £0)° 1> — 2€[0gp (Ee) + 4(Ee — E0)?10g (log We) (xe, Ee)

Og e
— £02p(Ec) — 126(E: — §0)> - £ ‘fp

(Xe, &) < —H (&g ).

&

By letting € — 0, we have & — & and #¢ — 1t in C(D), so that

—[0gp(&0)1* = —H (Ep; ).

Next, if w — p has a local minimum at a point py, we can show with a similar
argument that

—[0gp(&0)1* = —H (Eo; ).
Hence, w is a viscosity solution of (3.5). O

In general, the viscosity solution of the nonstandard, constrained (3.5) may
not be unique. The following lemma enumerates two additional properties of
those solutions of (3.5) that are realized as the limits of wy, .

Lemma 3.7. Suppose that along a sequence & — 0, We, — W uniformly in D,
and we, — w locally uniformly in D X (Ex,&*). Then, the following hold:

(1) H(E,ﬁ) > 0fb7&l”§ S [E*, §*] andmin[g*’g*] H(,ﬁ) =0.

(i) If (xk, &) is a local maximum of e, , then

dist(&k, {E: H(E, 1) = 0}) — 0.

Proof- First, it follows from equation (3.5) that H (&, @) = 0 for all §. Second,
notice that at any local maximum point (x¢, &) of we, (3.4) implies

2 8%(,[/5

= 0(&?).
(IJE (X,E):(Xg,gg)

H(&EsMe) <€

Hence, any limit point &y of {&} satisfies H (&p; 1) < 0, and thus H (&p; 1t) = 0.
This proves (ii). Furthermore, it follows that the set {§ : H(&;%) = 0} is non-
empty; this proves (i). O
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In some cases, we can determine the limit w = limg—» Wg, uniquely, as the
following result shows.

Proposition 3.8. Given a sequence ex — 0, let We, be a positive steady state
of (1.1), and we, be defined by (3.3). Suppose that

fle, — 0 in C(D),
We — W in Cloc(D X (E*JE*))

Iif
=0 when&=¢;

3& € [E4,&]: H(E W) {> 0 when & € [&,,E%]\ {&},

that is, H(-, W) has a unique minimum point &' € [Ex, E* ], then
N(x) = 0g(x) and uUg(x,8) — 60(E — &) 0g (x)
in the distribution sense. In particular, N(§,&') = H(E; 1) = 0 forall§ € I.

Proof. We claim that w(E’) = 0. Let the maximum of we, in D X (£, &%)
be attained at some (xk, Ek) € D X (&4, &*), then by Lemmas 3.5 and 3.6,

—Cée < We, (xk, k) < Cellogel.

By Lemma 3.4, & € [« + 626k, &* — 026k ], we can then use the equicontinuity
of we, (Lemma 3.3) and the fact that & — &’ (Lemma 3.7 (ii)) to pass to the limit
to obtain w(&’) = 0.

Claim 3.9. w (&) is strictly increasing (respectively, decreasing) for & < &' (re-
spectively, & > E').

Proof. Suppose not; then, w (&) has another local maximum point §” # &'.
We claim that & € {&«,&*}. Forif & is an interior local maximum point of
w; then by the property of w being a viscosity solution of (3.5), we must have
H(E",1) < 0; that is, H(E",1) = 0, and thus &’ = &', by the hypotheses of
the proposition. Hence, w has at least two (and at most three) distinct, strict
local maximum points. This implies that for k large, we, has another sequence
of local maximum points (x}/,&;/) such that &' # &'. This contradiction to
Lemma 3.7 (ii) establishes the claim. O

As a consequence of Claim 3.9, w(&') = 0 and w < 0 for & # &'. Hence,

(3.12) U(x, &) = 85(E — ENMi(x) in the distribution sense.
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It remains to show that @ = ¢ in D. First, we note that for the g; defined in
(2.11),

(&) . 1.
u(E’)u(X)’ d2(x) - —~1u(x),

u(&")
a5 (x) — 82 (ﬁ) 0,

a1 (x) —
(3.13)

uniformly in D as € — 0.
Claim 3.10. If (3.12) holds, then 1L(x) < Og (x) in D.

Proof- Multiply (2.10) by a non-negative test function p(x), and integrate by
parts; then, we have

jD{vxp (Ve — 1Vxm) + pl—(r — 1)z — €431} dx
= ezj pqsdx <0,
D

where we used g4 < 0 (from (2.12)). By passing to the limit and using (3.13), we
deduce that 7t is a weak subsolution of (1.2) with & = &’. Hence, #t < 6¢/, the
latter being the unique positive solution of (1.2). This proves the claim. O

On the other hand,
0<H(E, %) <H(E, 0g) =0,

where the first inequality follows from Lemma 3.7 (i), the second from the eigen-
value comparison principle such that the equality holds if and only if &t = 6%,
and the third equality by definition of the principal eigenvalue H(E'; 0¢') (as O¢
clearly gives the positive eigenfunction). In particular, the equality holds, and
hence, 1t = 0g. By (3.12), we deduce

Ue(x, &) = 60(E — & )Og (x) in distribution as € — 0.

Although we have passed to a sequence € = & in the above procedure, the
fact that the limit @t = ¢ is uniquely determined implies that the convergence
lime_o fte = Og is independent of sequences. 0

4. NON-VANISHING SELECTION GRADIENT

In this section, we consider the case when the selection gradient does not vanish

in a closed bounded interval Iy = (€, £] c R*. For definiteness, we discuss the
case when

(4.1) O5,A(E,8) >0 forallE<E<E.
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Theorem 4.1. Suppose (4.1) holds for some closed bounded interval Iy = [E, £].

Then, there is 61 > 0 such that for any subinterval I = (Ex,E%) C Iy such that
\I| < &1, any positive steady state we of (1.1) satisfies e — Og, uniformly in D and

Ue(X, &) = 60(& — &4) O, (x) in the distribution sense, as € — 0.

Lemma 4.2. Suppose (4.1) holds for some closed bounded interval Iy = [E, £].

Then, there is 51 > 0 such that for each subinterval I = (§+,&*) C Io with |I| < 68,
there exists ¢o > 0 independent of 0 < € < 1 and steady state u¢ of (1.1) so that

(4.2) infOsH(E, fie(-) = co and J fie dx > co,
gel D

where Ne(x) = Lus(x, &) dég.

Proof. Suppose to the contrary there is a sequence of open intervals Iy C I
such that 6x = [Ix| — 0, but the associated solution {7ix¢}e>0 of (2.1) does not
satisfy (4.2). By passing to a further subsequence, we may assume that Iy — {&o}
in the HausdorfF sense for some & € Iy. Now, by (4.1) and the smoothness of
H(E, 0%,) = A(&, &) in &, there exists 62 > 0 such that

min 0cH(E,0% (-)) >0 and J@ dx > 0.
ceig, im0t (8, 05,() ¢ p o

Now, by Lemma 2.6, we may choose 6; € (0, 92] so that for each open interval
I C (& — 01,80 + 01); then, 1, is close enough to O, in C(D) for all small ¢.
This implies that for k large enough, (4.2) holds for the solution {#ix¢}e>0 of (2.1)
associated with I. This is a contradiction. |

Proof of Theorem 4.1. Fix 6; small enough as in Lemma 4.2 and choose any
open interval I C Iy such that |I| < §;. Then, for &€ small, (4.2) holds. Pass
to a sequence so that it converges uniformly to some % in D. By Lemma 4.2,
H(-;7) has a unique minimum point at &« in the closure [E«,&*] of I. By
Proposition 3.8, 1t = 0¢, and

Ue(X,8) — 60(& — &4)Og, (x)
in the distribution sense as € — 0. This proves the theorem. O

5. INTERIOR CSS €

In this section, we consider the case when the adaptive dynamics has an interior
continuously stable strategy (CSS), denoted as &.
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Definition 5.1. We say that EA € Iy is a local CSS if (Cv) holds and
(5.1) 0LAEE) > 0.

Theorem 5.2. Suppose that & € Iy is a local CSS in the sense of Definition 5.1.
Then, there is 51 > 0 such that for each fixed I = (§+,&*) C (é - 51,$ +01), any
positive steady state ws of (1.1) satisfies, as € — 0, Ne(x) — Og (x) in C(D) and

Ue(x,8) — 60(E — &')0g (x) in the distribution sense,
where the point of concentration &' is the point in [Ex, E* ] closest ro EA; that is,

§  ifEe[E &,
g =&, ifE <&, =infl,
&* ifé> E* =supl.

Lemma 5.3. Suppose thﬂté € Iy is a local CSS in the sense of Definition 5.1.
There exists 51 > 0 such that

>0 forall & e (§,€+5y),

(5.2) 9g,A(& ’E)LO forall & € (£ -6,,8).

Moreover, for each fixed interval I C (é -01, é +01), there exists co > 0 independent
of € < 1 and steady state we of (1.1) such that

(5.3) infO2H (£, 1:()) > ¢ and J fie dx > co,
gel D

E*
where Ne(x) = L U (x, &) dE.

Proof. First, (5.2) follows from (Cv), by choosing 6; > 0 small. Inequal-
ity (5.1) implies that for some 6, > 0,

_inf 8§H(§,9§A(-))>0 and Qédx>0,
Ee€[E-02,8+62] D
since H (&, 95(-)) = A(é, E)isC?in €. By Lemma 2.6, we may choose 9, € (0, 6,1

smaller if necessary so that for each fixed open interval I C (f - 61,5 +01), and
for all € small, i, is close enough to 95 in C(D) so that (5.3) holds. 0
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Proof of Theorem 5.2. Fix 6; small enough as in Lemma 5.3 and choose any
open interval I C (€ — 81,€ + 51). Then, for € small, (5.3) holds. Next, use
Remark 2.4 to pass to a sequence so that @ — @ in C(D).

By Lemma 5.3, H(-;1) has a unique minimum point & € [&,&*], and
by Proposition 3.8, us(x,&) — 09(& — &')0g (x) in the distribution sense, and
= 0g.

Claim 5.4.

(@ If & > §A, then &' = &..

(b) If & <&, then & = &*.

Proof- Suppose that &' > EA; then, by (5.2),

0g,A(E,8)>0 and A(E,E)=0

so that A(§’, &) < 0 for all € less than but close to . As A(§', &) = H(E,0¢) = 0
in I (by Lemma 3.7 (1)), this shows (£,€') NI = @. Since & € [E4,E*], we
deduce that & = &, and thus é < &x. This proves part (a) of the claim. Part (b)

can be similarly handled and we omit the details. O

To finish the proof of the theorem, suppose first & + é; then, by the above
claim, we deduce that §A & [&«,&* 1. This says that ifé €[&4,E*],then & = §A

Next, leté < &4; then, & > é (as & € [&«,&*]). Then, Claim 5.4 (a) implies
that &' = &x. Similarly, é > &* implies & = &*. This completes the proof. O

6. EVOLUTIONARY BRANCHING

In this section, we consider the case when the adaptive dynamics has a branching
point, denoted as &.

Definition 6.1. We say that € € Iy is a branching point if (Cv) holds and
0z,A(€,8) < 0.

The following theorem is the main result of this section.

Theorem 6.2. Let §A be a branching point in the sense of Definition 6.1. There
exists 01 > 0 such that, for each interval I = (&, E*) satisfying

(6.1) IC(E-6,E+61), A(E+,E*) <0, and A(E*,E) <0,
there is €x — O such that any positive steady state Ug, of (1.1) satisfies
(6.2) Ug (x,8) — 00(& — &)1 (x) + 60(E — EF)UUa(x)

in the distribution sense. Furthermore, (W1, W2) is a positive solution of (1.5).
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Remark 6.3. In fact, one can show that for 81 small and €, < &*, chosen
as above, (1.5) has a unique positive steady state. In that case, the conclusion of
Theorem 6.2 can be strengthened to be independent of sequences &x — 0. We
leave this issue for future studies.

Lemma 6.4. Suppose & is a branching point in the sense of Definition 6.1. Then,

there is some 61 > 0 such that for each subinterval I = (&4, &*) C (é - 01, §A +01),
for all € sufficiently small,

sup 0ZH (E,71¢) < —co and J Nedx = co,
Ee(E«.E%) b

for some co > O independent of €.
Proof. The proof is analogous to that of Lemma 5.3 and is omitted. O

Proof of Theorem 6.2. Let 61 be chosen as in Lemma 6.4 and the interval I
chosen satisfying (6.1).

Claim 6.5. There is a sequence &k — 0 such that we, — W locally uniformly
in D X (Ex, &%) and (6.2) holds in the distribution sense, for some non-trivial non-
negative functions Wi € C(D), i = 1,2.

Proof- Recall that, as shown in the proof of Lemma 3.7, if a viscosity solution
w of (3.5) has an interior maximum point &, then necessarily H(Ep;1t) < 0.
Since H(-;1) is non-negative (Lemma 3.7 (i)) and strictly concave (Lemma 6.4),
we deduce that H(E;1) > 0 in (§x,&*) and thus w cannot have any interior
local maximum point. Therefore, we conclude that exactly one of the following
alternatives holds:
(i) w(&x) =0and w(§) <0in (&, &E*].
(i) w(&*) =0and w(&) <0in [E, E*).
(iii) w(Ex) =w(E*) =0and w(§) <0in (&4, &").
In each case, w (&) < 0in (&4, E*), and hence, for each K; € (&4, &*),

Ue(x,8) = Pe(x, &) exp (M) =0 (CXP (_%{»

holds for (x, &) € D x K1, where we have used (3.2). Thus, Lemma 2.5 is appli-
cable and implies that (6.2) holds in the distribution sense, for some non-negative
functions 1; (i = 1,2). It remains to show that neither of the ; is identically
zero. Suppose % = 05 then, by arguing as in the proof of Proposition 3.8, one
deduces that 1; = 0¢_, and hence, by Lemma 3.7 (i)

A&, &) =H(&0g,) =H(EN) 20 forall &4 < & < &7,

but then, we have A(E4,&*) = 0, contradicting (6.1). Similarly, 1; cannot be
identically zero. This proves Claim 6.5. O
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Claim 6.6. (i11,11,) is a positive steady state of (1.5).

3
Proof. Let Tl (x) = L usd€ and i (x) = L Uusd§. By Lemma 2.5,

Qe — Wi uniformly in D for i = 1,2. By arguments similar to Claim 3.10, we
have

6.3) {Vx- (Ui Vlli — xiiiVoem) + (v (x) =) =0 inD,

Ui OnTli — 0T Opym = 0 on oD,

where i = 1,2, py = p(&4), &1 = x(Ex), M2 = u(&*), and &z = x(&*). Also,
obviously, @ = i + ;. This implies, by properties of the principal eigenvalue,
that

H(E;0) <0 and H(ESD) <O.

By Lemma 3.7 (i), H(&s;%) = 0 and H(E*;11) > 0. Hence, we have that
H(&4;1) = H(E*;1) = 0. Therefore, by arguments similar to Claim 3.10, the
equalities in (6.3) hold. O

This completes the proof of Theorem 6.2. O

Next, we derive Theorem 1.4 as a special case of Theorem 6.2.

Proof of Theorem 1.4. Suppose that £ is a branching point in the sense of Def-
inition 6.1. It remains to show that for &, &* such that

(6.4) E.<E<E and & -El+[EF ¢l <1,

then A(E,, E%) < 0 and A(E%, &) < 0.
Denote fori,j = 1,2

ZA o oo
Ajj = m(g,g)-
From the fact that A(£,€) = 0 for all &, we dlﬂ:erentlate once at § and deduce

Og,A + 0g,A = 0 at (§,8) = (E E) By (Cv), (E E) is a critical point of A.
Differentiate again, and we have Aj; + 2412 + A2, = 0. Based on these facts, we

may Taylor expand A near (f, §A) as

§§2

(6.5) A(E1,&) = A (& —&) —An(E - &) +0(I1& — €l + & — ED)].

Also, the second condition in (Cv) says that Aj2 + Az > 0. Together with Defini-
tion 6.1, we deduce that

(66) 7\22 <0 and 7\11 = —2(?\12 + Azz) + 7\22 < Azz < 0.
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Therefore, for &4, &* satisfying (6.4), we have

A(E*’E*)
= g*z;g*[All(g* _ é) — AZZ(E* — é) + 0(|§* o é| n |§* _ §A|)]
= _L;g*'[Ml” |E* — §A| + A 1€4 — é| +o(|E* - §A| +IE, - é|)]
< 0.

Similarly, one can show that A(&«,&*) < 0 as well. Thus, one can apply Theo-
rem 6.2 to obtain the desired conclusion. O

Next, we prove that evolutionarily stable dimorphism can occur even if the
branching point & is not contained in the interval I.

Corollary 6.7. Under the assumptions of Theorem 6.2, there exist E* > &y > §A,
so that if we choose I = (&, &™), then the conclusion of Theorem 6.2 holds.

Proof- It remains to choose &* > &, > é so that (6.1) holds. Note that
by (6.6),

A 2(A+An) —An ~ A (E E)
Ay "My >1 — arctan Ay S ARYE

So, we may choose T € (arctan(A;1/A22,7/2), and choose
(%, &%) := (EA + Tcos'r,g +¥sinT).

Then, &* > &, > é, and by (6.5),

r(cosT —sinT)

A(E*,E4) = 3 - (A117 cos T — Agpp¥ sinT + 0(7))
_ 2(qy _
_ Ap¥4(sinT — cosT) cos T (h —tan'r+0(1)> <0
2 A2
and
A(E,, E%) = M (A7 sinT — Apa¥ cosT + 0(¥))
< M - (A117 cosT — AprcosT +0(7))
2 : _
_r cosT(51r21T COST)(A11—A22+O(1))
2 : _
_r cosT(51r21T COST)[—2(A12+A22)+0(1)]<0

for v < 1, where we have used Aj; + 2A12 + Az = 0 for the last equality, and
A12 + Az > 0 (from (Cv)) for the last inequality. O
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7. EXAMPLE 1: EVOLUTION OF ADVECTION

In this section, we apply our results to the case u = py for some positive constant
Mo, (&) = & and Iy = R*:

Vi (MoVxu —EuVym) + Eugg + u(r(x) — ) =0 inD X1,
Ho Ot — EUuoym =0 on 0D X I,
u=0 onD x 0lI.

Then, the invasion exponent A(&1, &) is the principal eigenvalue of

(7.1) Vi (MoVxd —EpVim) + (r(x) — Oyg) +Adp =0 inD,
' Ho On — E2p Onm = 0 on dD.

Theorem 7.1 ([45]). Suppose that v (x) = m(x), and D C RN s convex with
diameter d and d||V x logml|1~p) < A1, where A1 = 0.814 is the unique positive
root of the function t — 4t + et + 2logt — 1 — 2log . Then, for each oy > 0

sufficiently small, there exists a local CSS é > 0 with respect to the selection gradient
A given by the principal eigenvalue of (7.1).

Proof. From [45, Theorem 2.2], we verify (Cv). Also, (5.1) follows from
Theorem 2.5 of [45]. O

8. EXAMPLE 2: EVOLUTION OF DIFFUSION RATE

In this section, we apply our results to the case (&) = &, x(§) = o for some
positive constant &g, and Iy = R*:

Vi (EVxu — xouVym) + Euge +u(r(x) —) =0 inD x1,
(8.1) Eo0pu — xgu oym =0 on 0D X I,
u=90 on D x oI.

The invasion exponent A(&1, &) is the principal eigenvalue of

(8.2) Vx - (&2VxP — xopVem) + (r(x) — 951,0(0) +A¢p =0 inD,
' £20np — xoPp 0ym =0 on dD.

Theorem 8.1 ([46]). Lerv(x) = m(x), D C RN be convex with diameter d
and d||Vxlogmlli=p) < Az, where Ay = 0.615 is the unique positive root of the

Sfunction
t2 (2t
b (ﬁ a 1) '

Then, for each positive small o, there exists a local CSS §A > 0 with respect to the
selection gradient X given by the principal eigenvalue of (8.2).
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Theorem 8.2 ([48]). Suppose @ = (0,L), m(x) = x, v,¥x > 0in [0,L], and
(logr)x(x) <2(logr)x(y) forall x,y € [0,L].

() If logv)x is decreasing and non-constant, then for each small xo > 0, there
exists a local ESS & > 0 with respect to the selection gradient X given by the
principal eigenvalue of (8.2).

(i) If (log¥)x #s increasing and non-constant, then for all small o > 0, there
exists a branching point EA > 0 with respect to the selection gradient A given
by the principal eigenvalue of (8.2).

Proof- Assertion (i) follows from [48, Corollary 6.6 (i)]. Assertion (ii) follows
from the proof of Theorem 6.5: specifically, equation (57) and the sentence that
follows. O

Remark 8.3. Although m(x) = x does not satisfy the requirement (M) that
dnm < 0 on 0D, we may approximate m(x) by #(x) € C*(D) in the C(D)
topology, and notice that A(1, &) is defined by the variational formula

JD eMIE 5|V | + (Og),0 — r(x))$?dx
A&, &) = inf

peH! (D)\ {0} J etmIE b2
D

which implies that the mapping T : C(D) — C*yxIy) given by m(-) — A(+,-)
is smooth. Hence, if for some o, m(x) = x and ¥(x), we have a branching
point &, then we may find a smooth 11(x) ~ x in the topology C(D) so that
37 /on < 0 on 3D for which there is a branching point £ ~ .

9. NUMERICAL RESULTS

In order to illustrate Theorem 8.2, we present some numerical results of the corre-
sponding time-dependent system of (8.1) in one-dimensional case with m(x) = x
and g = 1 on D x I = (0,1) x (0.5,1.5), specifically, the case related to Theo-
rem 8.2:

ur = (Eux — u)x + *uge

+u(r(x)-u) forxe(0,1), £ (0.51.5), t>0,
Euxy—-u=0 onx=0,1,t>0,
u=0 on&=0.5,15,t>0.

9.1)

2 . e .
Here, we choose ¥(x) = ell-a)x+ax* and ¢ = 1073. First, we take initial
conditions in the form of one Dirac mass on the phenotypic space, and investigate
their evolution for a = i%. We use the second-order finite difference schemes to
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i 1
¢ ¢

FIGURE 9.1. Contour plot ofju(x, &,t) dx as a function of €

and time (log(time) for vertical axis) for a = % (left) and a = —%
(right), with € = 1073.

log(time)
log(time)

1 1.5 05 1
& &
FIGURE 9.2. Contour plot of Ju(x, &,t)dx as a function of
€ and time fora = % (left) and a = —% (right), with € = 1073.
1 T T : 5
—a=0.25 . —a=0.25
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a=-0.1 = a=-0.1
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FIGURE 9.3. Left: Profiles of resource distribution In(7(x))
with respect to various values of the parameter a; Right: Phe-

notypic distributions of the steady state solution J U (x, &) dx
D

with respect to various values of the parameter a.
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discretize [&, x] domain, and use the adaptive backward Euler method to solve
the time-dependent system (9.1) numerically. We take 50 X 50 uniform grids on
both x and & directions, and the final time is 10°.

By Theorem 8.2, there is an ESS é when a € (—%, 0), so that Theorem 1.3
predicts the existence of a positive steady state concentrating at § = é (see the
right picture of Figure 9.1).

On the other hand, there is a branching point when a € (0, %), so that The-
orem 1.4 applies to predict the existence of steady states with two Dirac masses,
respectively. This is illustrated by the left picture of Figure 9.1. Note that the in-
terval I = (0.5, 1.5) may not need to be small, as seen from the numerical results.

Next, we take initial conditions in the form of two Dirac masses on the phe-
notypic space, and investigate their evolution for a = i%. The simulation results
are illustrated by Figure 9.2.

In addition, we also explore the steady state solution of (9.1) with different
values of a. Figure 9.3 shows that the one Dirac mass becomes two Dirac masses,

as a varies from —% to %

APPENDIX A. A LIOUVILLE-TYPE RESULT
In this chapter we prove a Liouville-Type result in cylinder domains. Our proof is
inspired by arguments in [58].
Proposition A.1. Let ¢ € C2(D) be strictly positive on D and h € C(D),

where D is a bounded smooth domain in RN, Suppose W(x,y) € C2(DXR)isa
non-trivial, non-negative solution of

—@2(x)Vx - (@2(x) VW)
—8§,W+h(X)W:0 forx € D, y €R,
onW =0 for x € oD, y € R.

Let (01, 1) be the principal eigenpair of

2 . 2 _ .
A1) { P 2(x)Vyx - (Q2(X) Vi) + h(x)p = o inD,

onp =0 on 0D.
Then, o = 0 and for some Cy,C, = 0,
W(x,y) = (C1eVTY + Ce™V7Y) ¢y (x).

Remark A.2. For the convenience of the readers, we supply some basic facts
concerning the eigenpairs {(0k, pi)}y_; of (A.1): it can be arranged so that

(1) ox € Rforall k suchthato; < 0, <03 <--- and o — © as k — oo.
i) | dbibiop?dx = i,
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(iii) o is a simple eigenvalue and the corresponding eigenfunction ¢ is strictly
positive in D.

(iv) o is the unique eigenvalue with a non-negative eigenfunction; that is, ¢
changes sign on D for all k > 2.

(See, for example, [32, Section 6.5] or Chapters 28 and 29 of [50].)
A special case of Proposition A.1 arises when o = 0.

Corollary A.3. Let p € C? (D) be strictly positive on D, where D is a bounded
smooth domain in RN, Suppose W (x,y) € C2(DxR)isa non-negative solution of

P2(X)Vy - (@HX)VLW) +2W =0 forx €D, ¥ €R,
oW =0 forx € 0D, y € R.

Then, W(x,y) is a constant.
Before we prove Proposition A.1, we establish the following elementary lemma.

Lemma A.4. Let yy, 1 < k < ko be given positive constants, and ay, by,
1 < k < ko be given real numbers; then, the function f : R — R defined by

ko
f() = > (arcos(yry) + bysin(yry))
k=1
has at least one real root.
Proof. Let
ko
ag . b
F(y):= > <_k51n()’ky) - COS()’ky)> :
k=1 \Yk Yk

If F has at least one critical point, then we are done, since f = F’. Suppose not;
then, F is strictly monotone, and since t — oo,

t 0
t‘lLF(y)dy—»F(Jroo) and t‘lJ_tF(y)dy—»F(—oo).

However, by properties of trigonometric polynomials, we also have

t 0
t*lj F(y)dy -0 and t*lj F(y)dy — 0.
0 -t
Hence, F(—o0) = F(+00) = 0 and F = 0. This contradicts the assumption that F
has no critical points. O

Proof of Proposition A.1. Since W is non-trivial and non-negative, the strong
maximum principle implies that W(x,y) > 0 forall x € D, y € R.
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Let (0%, i) be the k-th eigenpair of (A.1) counting multiplicities, so that
01 < 02 <03 < - - -. Then, by defining

ce(y) = JD Wx', y)r (X )@ (x") dx’,

we have W(x,y) = Yr 1 k() pr(x), and that (02/0y?)ck = okck. Hence,
for each k, there exist some Ag, By such that, for y € R,

AgeVoy + Bre VokY if oy > 0,
cx(y) = 1 A + Byy ifor, =0,

Ay cos(\/=0kY) + Brsin(/—oxy) if ox <O.

Now, by applying the Harnack inequality to W (x, »’) on D x[yy—2,vo+2] for
any ¥ € R, there exists some constant C independent of ¥y € R such that

sup wW=<C inf
x€eD, |y-yl<1 x€D,|y-yol=1

Hence, there exist ¢, cs > 0 such that 0 < W(x, y) < c;e®2?! for all x € D and
¥ € R. This implies that

lek(¥)] = ‘ JD W(x,y)pr(x)@?(x)dx| < cje fory e R.

As ox — oo when k — oo, it is necessarily the case that Ax = By = 0 for all
sufficiently large k. We may henceforth choose the largest positive integer ko such
that at least one of Ag,, Bx, is non-zero; that is,

ko

(A.2) W(x,») = > cr(y)Ppr(x).
k=1

Claim A.5. Ifko > 1, then oy, < 0.

Proof- Suppose not; let o, > 0. Then, the term with the highest growth in y
is multiplied to ¢ (x), a function of x that changes sign. This is a contradiction.
Hence, oy, < 0. O

Claim A.6. If'ko > 1, then oy, < 0.

Proof Suppose to the contrary that ko > 1, and there is 1 < k < ko (k > 1, as
the principal eigenvalue must be simple) such that oy =0, =+ -+ = 0%, =0 and

0}_; < 0; that is, W(y) contains the terms Ziik Ardpr(x) +y Ziik Br i (x),
and at least one of Ag,, Bi, is non-zero.
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We claim that By = - -+ = By, = 0. Now, every term of (A.2) is bounded

from below, except possibly ihe term Y ZI;OZE Bipr(x). Suppose not; then, by
pre
(since it is orthogonal in L?(D) to the positive function @?¢;). This implies that
for large 3/, W(x, y) changes sign in x. This is a contradiction, so we conclude
thatB,; =---=By, = OandAkO + 0.

Next, observe that

linear independence of {¢i} Ziik Br i (x) is non-trivial, and changes sign

t ko
C We ) dy = 3 Apilx) ast .
N k=k

Again, we notice that Ziik Axr(x) changes sign, which contradicts the non-
negativity of W. This proves Claim A.6. O

Claim A.7. ko = 1.

Proof. Suppose not; then, kg > 1 and for each 1 < k < ko, 0% < 0%, < 0. For
X0 € D, W(xo,) is a linear combination of trigonometric functions, so we can
invoke Lemma A.4 to find some ¥ such that W(xo, y9) = 0. This is impossible,
as W > 0 forall x € D and v € R. Hence, Claim A.7 holds. O

As ko = 1, we must have 0 = 0, since otherwise

Wi(x,y) = (A1 cos(/=01y) + Brsin(/=01y)) p1(x)

changes sign. Hence, W(x,y) = (A;1e¥?9” + Bie V91Y)¢(x), and we must
have A1, By = 0. This completes the proof of Proposition A.1. O

APPENDIX B. LOCALIZATION

Lemma B.1. Let I = (§4,8%) C R* be a bounded open interval. Suppose
(along a sequence (&,1) = (&x, Ix)) the following:

@) &/l - 0. )

(ii) For some & > 0, I — {&} in the Hausdorff sense.
Then, any positive solution we of (2.1) satisfies

U (x) — Og(x)

weakly in H' (D) and strongly in C(D).

Proof. Define 61 := |I|. By the proof of Lemma 2.3, [[i¢llcy(p) is bounded
uniformly for small € and &;. It follows that 7i, is precompact in C(D). Next, we
show that it is also bounded, and hence weakly precompact, in H! (D).
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Claim B.2. There exists some constant C > 0 independent of € and I such that
el p) < C.

Proof. In order to see the claim, divide (2.1) by y = u(&) and integrate in
& € (84, &") to obtain (2.10). Multiply (2.10) by ¢, and integrate by parts; we
have

J |vxa5|2dx = J [a1Vxm - Vxlle + (¥ — ae)‘has + 52Q3a5] dx
D D
1 N
< —J |V Tie|?dx + [ a1 |Vym|?dx + C,
2 Jp D

where q1, 4>, q3 are given in (2.11), such that
lgillL~p)y < Csupite < C" fori=1,2,3.
D
Note that we have used in the first inequality 0,7te = @1 0pxm (by (M)) together

with the fact that [0z u,/ u]gig* < 0; and the uniform boundedness of sup, 1,
(Lemma 2.1) throughout. This proves Claim B.2. 0

Hence, by passing to a sequence, there exists ttg € H!(D) n CY (D) such that
Tte — o weakly in H'(D) and strongly in C(D).

Claim B.3. 1y is a weak lower solution to (1.2) with & = EA In particular,
Uy < 95, where 95 is the unique positive solution to (1.2) when & = &.

Proof- We pass to the limit by using the weak formulation. Multiply (2.10)
by a non-negative test function p(x) € C* (D), and integrate by parts; we have

(B.1) L; Vaep - (Ve — a1 Vxm) dx — JD pl(r — W)z + 2431 dx

= ezj pqsdx < 0.
D

Let 61,&/01 — 0 and use the boundedness of sup, i¢; we have (recall the defini-
tion of g; in (2.11))

o ) 1) ‘ .
; _’a - Au!
Ho © g(ld £=¢ °

where &y = a(é), Uo = [J(é). Thus, (B.1) becomes

X0 A
a1 (x) - 2, gy —
Ho

J [pr . <Vxﬁo - %ﬁovxm) — plo(r — ﬁo)} dx < 0.
D 0

Since p is an arbitrary non-negative test function, this implies that % is a weak
lower solution of (1.2) (see, e.g., [30]). This proves the claim. |
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Next, define 07 to be the principal eigenvalue of

(B.2) {‘“OAx(l) —xoVxm - Vxp + (llg—r)p=0¢ inD,

dnp =0 on aD.

Claim B.4. Let 01 be the principal eigenvalue of (B.2); then, o < 0 and
o1 = 0 if and only if Ty = 95 almost everywhere, where 95 is the unique positive

solution of (1.2) with (u(E), ®(E)) = (Mo, Xo).

Proof- To establish the assertion, we observe that the principal eigenvalue of

—HoAxP — xgVxm - Vi + (9§ -r)$¢p=0¢ D,
an¢:0 on 0D

is zero, as a positive eigenfunction is given by e~ %™/Ho 95. Recall that 71y < 95. It
follows by the variational characterization

L) M [ |V + (o — 1) 2] dx
g = inf

quHl(D)\{O} J eD(om/u()(bz dX
D

that 07 < 0 and equality holds if and only if 79 = 0 almost everywhere. The
claim is proved. O

Next, denote the midpoint of I by &', and define

Ve(x, & +eT)

sup Ue(x, &)’
xeD

De(x, &) = e My (x,8), Welx,T):=

then, We(x, T) is a positive solution of

(UA W, + aVem - VW,
2
¥ 52[a§ (3) m+ (agﬁ) mz] W
T U
+ We(r — 1) =0 inD x (=81/(2¢),8:1/(2¢)),

0nWe =0 on 0D x (=61/(2¢),61/(2¢)),
sup We(x,0) =1,
L D

where = (& + 1) and & = x(& + £T) remain bounded.
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By applying the Harnack inequality, for each M > 1, there exists Cy (in-
dependent of small €) such that supp,;_p pyWe < Cu. Hence, we may apply
L? estimates to extract a sequence of 81,&/6; — 0 so that W — W weakly in
WP (D x R) and strongly in C|._(D X R), where W (x, T) is a non-negative, non-
trivial solution of

HoAXW + xgVym - VW + 02W + (r —19))W =0 in D X R,
oW =0 on 0D X R,
supWi(x,0) = 1.

D

By Proposition A.1 (taking @2 = exp(xom /o) and h = ©t — 7), we deduce that
the principal eigenvalue oy of (B.2) is non-negative. Hence, by Claim B.4, we
must have 07 = 0, and that 71y = 0¢ almost everywhere. By the uniqueness of the

limit 79, we deduce that the convergence actually holds for the full family of i
as 61,€/01 — 0. This proves Lemma B.1. O

APPENDIX C. AN EXTENSION LEMMA

In this section we prove an extension lemma that is used in the proof of Lemma 2.3.
Our arguments are adapted from [35].

Proposition C.1. Let R, € be given positive constants,

B :={x' e R"!':|x| <R},
and
By :={(x",xn) €ER™: x| <R +2¢ 0<xy <2¢}.

Then, there exists a linear operator T : C*(B’) — Cy° (B+), Tg = G such that
G(x',0) =0and 0x,G(x",0) = g(x’) forx' €B.
Moreover, for eachv = 1 and 1 < p <nv/(n — 1), there exists C > 0 such that
IGllwre .y < CllglliLr ).

Proof. Fix non-negative test functions ¢ : C5° ([0, %)) and @ : C*(R" 1)
such that ¢ (0) = 1, ¢’ (0) =0,

supp@ C {x" € R" 1 |x'| <1}, J p)dy =1.
R?’l—l
Define for x’ e R"* !, x,, = 0

G, Xn) 1= (X)X | 0 = X0V @ (V) Y.
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It is easy to see that G satisfies the desired boundary conditions when x,, = 0. By
rewriting G as

’ _ , X’ _ / ,
G(x',xn) = W(xn)|xnl? n[ 9@ (73’) dy’,
Rn-1 X’i’l
we may put the derivatives onto @ and get

0, G xn) = W) | 90 = %0 @ () Y

+ 0y’ (xn)xn Jw_l gx" —xny @y dy’,

where
@) =0y,@(y") ifj<n,
and
n—1
Pn(Y) = 2-n@)+ D 3y, @)y
j=1

The proposition thus follows from the following lemma.

Lemma C.2. Let @ € C;° (R"Y) be a test function. For each v > 1, and each
1 <p<rn/(n-—1), there exists C > 0 such that

GO xn) = | 8 = Xy NP ) '

then,
| 16e i ax < Y g1

Proof. Write

Gx, xn)|—\ [ o(X2 a0

1 nJ o 1— 1/,,( )@1/1’<X}C—y >|g~(y/)|dy/

n

o) e [o )
(X J|g(y )|de >1/1’1/]ﬂ <X11L nJ(p(X,X_ y,>|g(y’)|1’dy’>1/p

n
1/r=1/p 1/p
c(xl "j|g<y )|Tdy) (J@(y’ﬂg(x’—xny’nfdy’) ,

IA

I/\
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where we use J(f) (") dy’ = 1 for the second inequality, and the L*-boundedness
of @ in the third inequality. Note that, by using Fubini’s theorem,

ﬂ PG (x" —xpy) " dy dx’
= [#0] [1ax = xavi17ax | ay” < cliglly.
Hence, we may raise both sides of the above inequality to the p-th power, and

integrate in x’ to derive the result. O

By Lemma C.2, we see that foreach 1 < j < n,

|| 9GP ax < Cp adal + o))t Vgl .

By our choice of p < ¥n/(n — 1), the exponent of x, is greater than —1. Inte-
grating with respect to xy, yields the desired result. O

The next result follows from Proposition C.1 via a partition of unity argu-
ment.

Proposition C.3. There exists a linear operator T:C® (0Q2) — C* (Q), Tg=G
such that Glaq = 0, 0yGloq = g (V is the outward unit normal vector on 0Q), and
Joreachv = 1,1 < p <nv/(n — 1) there exists C > 0 such that

IGllwir) < Cligllrea)-

Proof. Now, there exists a locally finite open cover {Ux} of 0Q, and corre-
sponding C2-smooth transformation

Ye:B={y eR": |yl <1} - Uy

such that UynoQ = ¥y (B’) vyith B'={y € B: vy, =0}, and, for each x € 0QNUy
and smooth function @ on Q,

Oy P(x) = aiDip(x) = [0x, (@ o ¥i) ] o Vi 1 (x);

that is, we may straighten the boundary so that the boundary condition becomes a
zero Neumann boundary condition. Take a partition of unity {ni} subordinated
to {Uk}; then, apply Proposition C.1 to (nk o ¥x) (g o Yi). By Proposition C.1,
there exists G € Cy (‘I’,;l [Ux N Q]) satisfying Gk = 0 and

3y, Gk = (koY) (g oY) on ¥ '[Ur N Q1.
Let Gr(x) = (Gr o ¥ 1) (x); we get
Gik(x) =0 and 0yGik(x) = aij0x,G(x) = nk(x)g(x) on Ux N 0Q.
Finally, we set G(x) := > Gk (x). |
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