ON THE STABILITY OF STEADY STATES IN A GRANULOMA MODEL

AVNER FRIEDMAN!2 AND KING-YEUNG LAM!

ABSTRACT. We consider a free boundary problem for a system of two semilinear parabolic equations. The
system represents a simple model of granuloma, a collection of immune cells and bacteria filling a 3-
dimensional domain (¢) which varies in time. We prove the existence of stationary spherical solutions
and study their linear asymptotic stability as time increases to infinity.

1. INTRODUCTION

Granuloma is a medical term for a collection of immune cells known as macrophages. Granulomas are
formed when the immune system attempts to wall off bacteria or other foreign substances that is unable
to eliminate. A typical example is the granulomas of tuberculosis. When a person inhales Micobacteria
tuberculosis, macrophages in the lung surround the bacteria, engulf them and attempt to digest them.
However, once inside macrophages the bacteria multiply so that instead of a macrophage killing the bacteria,
the bacteria inside a macrophage may end up killing the host macrophage.

Recent review articles [5, 9] describe the involvement of other types of immune cells, e.g., T cells and
dendritic cells, in the formation of granulomas associated with Micobacteria tuberculosis. A PDE model with
several different populations of macrophages, defined by the number of bacteria within them, was introduced
in [6]; an agent-based model was considered in [8], and a more recent hybrid model was developed in [7].

Approximately one third of the human population are infected by Micobacteria tuberculosis, yet only a
few millions are clinically sick. The reason for this disparity is that under small amount of bacteria inhalation
the granulomas formed by the macrophages are small and either remain stable or eventually shrink to zero.

In the present paper we develop a simple mathematical model of granuloma and consider, mathematically,
the linearized stability /instability of small radially symmetric steady states.

The model involves just macrophages and bacteria, and was introduced earlier, in the radially symmetric
case, in [1]. We first establish the existence of radially symmetric steady state granulomas with any radius
R, 0 < R < R,, where R, is given explicitly by one of the model’s parameters. Next we proceed to study
the linear asymptotic stability when R is sufficiently small. To do this we express the linearly perturbed
non-radially symmetric solution in terms of spherical harmonics Y, 1, (6, ¢) (n > 0, |m| < n) and prove that
the steady state is linearly unstable in mode n = 0 and is linearly stable for all modes n > 2. Perturbations
of modes n > 2 do not change the intial volume of granuloma, while the perturbation of mode n = 0
either decreases or increases the volume of the granuloma. Thus, the steady granuloma is stable only under

perturbation that leaves the initial volume fixed.
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In Section 2 we introduce the dynamical model, and in Sections 3 to 6 we establish the existence of steady
radially symmetric solutions for granulomas with any radius R € (0, R.].

In Sections 7 - 9 we consider the stability /instability of the linearized model about the radially symmetric
stationary solution with initial condition expanded through spherical harmonics. Linear stability results of
this type have been proved in [2] for a different PDE system modeling tumor growth.

Finally, in Section 10 we interpret our analytical results in the biological context of our model.

2. THE MATHEMATICAL MODEL

The model variables are
e M(x,t) = density of macrophages,
e B(z,t) = density of bacteria
where x varies in a 3-d domain Q(¢) which evolves with time ¢. The model equations are

{ M + V- (MV) — AM = —p;MB — aM,

21) 95 4 V. (BV) — AB = —u;MB + \B.
Here ¥/ is the velocity by which both macrophages and bacteria are moving within the granuloma, yu; is the
rate by which bacteria kill macrophages, us is the rate by which macrophages kill bacteria, A is the growth
rate of bacteria, and « is the natural death rate of macrophages; we take pu; > 0, g2 > 0, A > 0 and a > 0.
Actually A = A(Bjn, M;y,) is a nonlinear function of the bacteria B, residing in infected macrophages M;,,.
The bacterial population B;, grow in M, and when the M;, die naturally or burst under the pressure
of large bacteria burdens, there emerge new external bacteria B. For simplicity we overlook this complex
process and take A to be a positive constant. We implicitly assumed in the model (2.1) that all the bacteria
reside within the macrophages so that they move with the same velocity and have the same dispersion
coefficient 1.

We assume that necrotic cells and debris are continuously being removed and that the cellular density of

macrophages and bacteria is constant in (¢), and take
(2.2) M+B=1 inQ(t).
Adding equations (2.1), (2.2) we obtain an equation for ¥:
(2.3) V-i=A—A+p+a)M+puM?
where 1 = p1 + p2. In the sequal we shall replace the first equation in (2.1) by (2.3) and set M =1 — B.

Thus we shall consider the following equations:
(2.4) { %’f:ABJrV(BU):—,,Lg(l—B)BJrAB,
V-U=—-u(l—-B)B—a(l—B)+ \B.
We next assume that the granuloma lies in a tissue that has the texture of a porous medium. Then, by
Darcy’s law,
v=-Vp
where p is the internal pressure associated with the mobile cells. Hence the system for B and ¢ takes the
following form:
0B

(2.5) S ~AB=Vp VB=—u(1-B)B+AB—f(B)B inQt),
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(2.6) ~Ap=f(B) in Q)
where
(2.7) flo)=—a+(\—p+a)o+ uc

We assume that macrophages enter Q(¢) from the boundary T'(¢) at rate (3, that is,

oM
CL_B1-M) onT(), >0,
v
where v is the outward normal, so that
0B
(2.8) 5 +B8B=0 onT(t).

The granuloma is held together by adhesive forces between adjacent cells at the boundary, so that
(2.9) p=~k onT(t)

where v is the adhesive force and « is the mean curvature, with the convention that £ > 0 on a sphere.
Finally we assume that the velocity of the free boundary I'(¢) in the outward normal direction, V,,, coincides

with the component of the velocity of ¥ in the normal direction, that is,

__ o
(2.10) V,=-3" onT(t).

We complement the system for (B, p,T") by prescribing initial conditions
(2.11) Q,_o=%, B|,_o=DBo(x), 0<By(z)<1.

Using the method developed in [3] and the estimates of [4], one can prove the existence of a unique solution
to the system (2.5)-(2.11) for a small time interval. In the case of radially symmetric data, global existence
and uniqueness of radially symmetric solutions was proved in [1]. In the present paper we establish the
existence of spherically symmetric stationary solutions with any radius 0 < R < jo/ ()\1/ 2) where jg is the
smallest zero of the zeroth-order Bessel function. We then consider the time-dependent system (2.5) - (2.11)
linearized about a radially symmetric steady state with small enough radius R, and study its asymptotic

stability when the initial data are perturbed by a series of spherical harmonics Y, ,,, (0, ¢).

3. SPHERICALLY SYMMETRIC STEADY STATES

In this section we state three theorems regarding the existence of spherically symmetric stationary solu-
tions. Setting
x
T:‘IL B:B(T)v 17:7”(7,)
r

and denoting the radius of free boundary by R, we have the following system:

10 (,0BY 10 4,
10
(82) S5, 70) = f(B)
where the function f(o) was introduced in (2.7),
0
(3.3) EB(O) =v(0) =0,

(3.4) 0<B(r)<1l if0<r<R,
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(3.5) v(r) >0 f0<r<R,
and
(3.6) v(R) = 0.

Actually instead of (3.5) we could assume, more generally, that v(r) # 0 for 0 < r < R but, as we shall see
later on, the inequality v(r) < 0 for 0 < r < R is not biologically reasonable, and certainly cannot occur
mathematically if gy < A (see Theorem 3).
We also need to impose the boundary condition
%B(R) + BB(R) =0.
However, the solution will be constructed by a shooting method with o = B(0), the bacterial density at the
center of the granuloma, as the shooting parameter. Thus the values of B(R) and B, (R) will be determined

by o, and so will 5. Hence we shall prescribe

(3.7) B(0)=0o
and then determine 8 = (o) by
(39 5= - BR)/B(R).

The biological interpretation of (3.8) is that in order to have a steady state with radius R the influx of

macrophages from the healthy tissue {r > R} into the granuloma has to be at a specific value 3, namely,

0
EM:ﬁ(l—M) atr=R
where 8 = (o) is determined by (3.8). We denote by o the positive root of f(0), i.e.,
1
(3.9) JO:E[7(A7u+a)+\/(x\7u+a)2+4au}.
Then
- >0 if o> og,
(3.10) f(">_{<0 if 0 < o < 0.
Note that 0 < op < 1. Note also that if 4 > X and 0 < o < “%)‘ then
1 - —-A
(3.11) f(J):U(U—M)-I-a(U—l)SU(U—M><O,
I Iz I [
so that o < 0g. It follows that
—A
(3.12) 0o > max {O, H/l} .
We denote by jo the smallest zero of the zeroth-order Bessel function Io(r), and set
Jo .
(3.13) Ro=<75 (o >24048).

Theorem 1. Assume either o > 0, or =0 and u > X. Then there is a mazimal interval (0¢,01) C (09,1)
such that for each o € (0¢,01) there exists a unique solution of (3.1)-(3.7), and the range of the radii
R = R(0) covers the interval 0 < R < R,; furthermore, the mapping c — R(c) is continuous, and for each
solution there holds: By.(r) <0 for 0 <r < R.
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Note that when o = 0 the condition g > A is necessary for the existence of a solution. Indeed, multiplying
(3.2) by r? and integrating in r, we obtain,
r 2 _ A
v(r):u/ S—QB B—u> ds >0 forallr>0
o T H
if 4 < A, so that the free boundary condition (3.6) cannot be satisfied.

The next theorem asserts that the mapping o — R(0) is 1-1 if 0 — 0q is small enough.

Theorem 2. The mapping o — R(0) is strictly monotone increasing in the interval oy < o < oo + €g for

some small enough constant €y, and

o) = 10N + i + ) 1z o — o)l/2 o — on)3/2
(314 1) = G s e ) o0 (190,

Notice that (3.12) implies that psog — (2 — A) > 0 (since p = pq + po > po).
From (3.14) we deduce that the inverse function o(R) to R = R(r) satisfies:
[1200 — (p2 — N)](a + pog)
10\ + 1+ @)
Biologically one can expect that the density of macrophages will increase toward the boundary, i.e.,
M, > 0 or B, < 0. The next theorem says that this indeed holds if pus < A, and then v(r) must necessarily

o(R) =00 + R? + O(RY).

be positive:
Theorem 3. If iy < A then any solution of (3.1)-(3.4) with v(r) # 0 for 0 <r < R, v(R) = 0, must satisfy:
B.(r)<0 4f0<r<R, v(r)>0 if0<r<R
and B(0) € (09,1).
We shall first prove Theorem 2 (in the next section) and then prove Theorems 1 and 3 (in Section 5)

Remark 3.1. In the course of proving Theorems 1 and 2 it will be shown that any solution of (3.1)-(3.5)
in 0 <r < rgwith B(r) >0 for 0 < r < rg, satisfies the inequality B,.(r) < 0 for 0 < r < ry. Hence the
condition B(r) < 1in (3.4) is always satisfied in this case.

4. PROOF OF THEOREM 2

We introduce the function

(4.1) filo) =[(p2 = A) — p2o] + f(o)
: = —(A\—pa+a)+ (A= p—pz+a)o+ po.

It will be convenient to write (3.1) in the form

(4.2) By = 2B, +vB, + B2~ \) ~ j2B] + Bf(B)
and equation (3.2), after multiplying by 72 and integrating in r, as

(4.3) Uy = —%v + f(B).

Recalling that

(4.4) B.(0) =v(0)=0 and B(0) =o,
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we claim that
(4.5) Brn(0) = Sh(0) <0 ifog <o <L,
Indeed, the equality follows from (4.2) by taking » — 0. To prove that f1(c) < 0 we observe that fi(o) is a
quadratic polynomial, f1(1) =0, f1(1) = A+ pu1 +a > 0, and
fi(oo) = (2 — A) — p2og <0
by (3.12). It follows that fi(0) < 0if o9 <o < 1.

We next expand B(r) and v(r) into power series in r. It is easily seen that B contains only even powers

of r and v contains only odd powers of r:
o0 o0
B(T) = Z ka’l"2k, U(T) = Z U2k+17"2k+1,
k=0 k=0

where by = 0. Substituting these series into (4.3) we get

0 00 0 k
Z(Qk‘ + 3)1}2k+1’l“2k =—a+A—p+a) Z bopr?F 4 w Z (Z bggbg(kg)> r2k.
k=0 k=0 k=0 \/4=0

Hence we can express vgpy1 in terms of by, ..., bog:

1
U1 = gf(a)
1 k
Vok+1 = m ()\ — + Ck)bzk + qungg(k_g)] (k > 1).
=0

In particular

b B (0

o = o+ + 100)] = 22 0+ o + (o)

Using (4.5) we get
(4.6) vz = flg(g) [+ po? + f(o)] forog <o <1,

and, in particular, for each ¢’ € (0, 1), there exists §; > 0 such that
(4.7) v3 < =91 <0 ifog<o<o.

On the other hand, if 0 = 0¢ + €, € positive and small, then
_Atputa

3¢+ 0(€);

1
v = gf’(oo)e + O(€?)
hence v(r) > 0 for r small enough.

In order to determine the smallest root of
v(r) = vir +vsr® + O(r%),
we set 0 = oy + €, consider v as a function of two variables, r and ¢, and introduce a function
w(F,e) = v(F/2)/(F/?).
Then
w(F,€) = %f’(ao)e + V3] om0, T + O(* + 72)

and
ow

w(0,0) =0,

(0,0) < —65.
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By the implicit function theorem it follows that the zero set of w near (0,0) is given by a curve (R, €) where

R, is a smooth function of €, and

dR.|  0w/de
de |._,  Ow/oF| _,
Hence R, is given by
- f'(00)/3 2 A+p+a)/3 2
Ro= 11905 L o2y = +O().
w3lmer < T O = TR b T floo/mo” O

Noting that the radius R(o) corresponding to o = o + € is equal to Riﬂ, the assertion (3.14) follows.

5. PROOF OF THEOREMS 1, 3
Multiplying (3.1) by r? and integrating in r, we get
(5.1) B, = Bv+ /0 :—zB[(uz —\) — pa Bl ds.
In the same way we derive from (3.2) the equation
(5.2) v(r) = /OT i—jf(B(s)) ds.
We need several lemmas.

Lemma 5.1. If (B,v) is a solution of (3.1)-(3.4) with 0 < B(0) < 1 and v(r) > 0 in some interval (0, R],
then By(r) < 0 in (0, R).

Proof. Since v > 0 and B < 1, we obtain from (5.1)
" s? " s? «
B.(r) <v(r) + — Bl(p2 = A) — p2Blds = — (1 =B)(B+—)ds
o T o T H
by (5.2), and the definition of f, and the right-hand side is negative. a

Lemma 5.2. If (B,v) is a solution of (3.1)-(3.4) and 0o < B(0) < 1,
B(r)>0 in(0,R], v(r)>0 in(0,R)
and v(R) =0, then v,(R) < 0.

Proof. As long as B(s) remains strictly larger than g the function f(B(s)) is strictly monotone increasing
in B(s), while B(s) is strictly monotone decreasing in s € (0, R) (Lemma 5.1). Assume for contradiction
that B(R) > o9, then B(s) > og for all s € (0, R). But this contradicts the following consequence of (5.2):

R
/ s2f(B(s))ds = R*»(R) = 0.
0
It follows that B(R) < ¢, which implies that f(B(R)) < 0. Then, by (4.3), v.(R) < 0. O

Lemma 5.3. If (B,v) is a solution of (3.1)-(3.4) such that B(0) = o with ¢ > o and
B(r)>0, wv(r)>0 n]0,R], B(R)=0,
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Proof. Multiplying (3.1) by 72B and integrating in r, 0 < r < R, we get, after some rearranging,
R R R R
(5.4) / s*B?ds — / s’B,Bvds = ,ug/ s2B3ds — (g — \) / s2B? ds.
0 0 0 0

The integral fOR s2B,Bv ds turns out to be negative; indeed
- fOR s’B.Bvds = = — OR s*vd (B?/2)
R
- _ 52’0372‘0 + % fOR 82328%(521))3 ds
R
(5.5) =3 )y 2B (s%0)s ds
= %2 o *B*—a+ (A —p+a)B+puB?lds by (3.2)
%2 fOR s?[~a+ (A —p+a)B+ pB?ds
=2 R*(R) >0
the strict inequality holds since the terms in the bracket (which is f(B)), satisfies
[ >0 if B(s) € (00,1);
F(B(s)) = { <0 if B(s) € (0,00);
whereas the last integral coincides with R*v(R), by (5.2).

We also have

R R R R R
ug/ s2B% — (g — )\)/ s’B? < [Lg/ $2B? — (g — /\)/ s’B? = )\/ s2B2.
0 0 0 0 0

Substituting these inequalities and (5.5) into (5.4) we get the estimate

R R
(5.6) / s?B? < /\/ s?B2.
0 0

We next note that if

V

VullL2(Bg)
u(R)=0 ||UHL2(BR)

where B = {r < R}, then the infimum is attained by the function u = Iy (£7) and A = jo/R. Hence

R R2 R
/ s’B% < —2/ s2B2.
0 Jo Jo

Substituting this into (5.6), the assertion (5.3) follows. O

A:

Proof of Theorem 1. For any o € (09, 1) we construct a solution (B,v) of (3.1)-(3.3), (3.7) for all » > 0 by
existence and uniqueness of ODE. We say that o € (09, 1] belongs to the set P if there exists an R > 0 such
that (3.4)-(3.6) hold. By Theorem 2, P contains a small interval (og, 00 + €y). The set P is an open set.
Indeed, if & € P with the corresponding solution (B, #, R), then

B(r)>0 in[0,R] o(r)>0 in(0,R), #(R)=0

and, by Lemma 5.2, ,(R) < 0. It follows that
9(R—0)>0, 9(R+6)<0, B(r)>0 if0<r<R+94
for some small positive numbers §. By continuity of solution (B,v) in the parameter o it follows that if
|o — & is sufficiently small then the solution (B,v) with B(0) = o satisfies:
B(r)>0 ifr <R+,

v(R—6)>0, v(R+6)<0.
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Hence v(R) = 0 for some R = R(0) in the interal (R — 6, R + §), and thus P is an open set. It follows that
‘P consists of a union of open intervals. The above proof, and especially Lemma 5.2, also shows that the
mapping ¢ — R(c) is continuous.

We denote by (0¢,01) the largest interval contained in P. Then either (i) R(c) — oo as ¢ — oy, or
(ii) R(o) — Ry < oo for a subsequence o — o7. It suffices to show that Ry > R, in Case (ii). The first
case clearly occurs if oy = 1 for then B(r) = 1 and v(r) = (Av)/3. Hence, in the second case, o1 < 1 and
by the maximality of the interval (og,01) and the continuity argument above it follows that the solution
corresponding to B(0) = o7 satisfies the conditions of Lemma 5.3, so that Ry > R.. Thus, in both cases, by
the Intermediate Value Theorem, the continuous function R(o) takes all the values in (0, R1) D (0R.] as ¢

varies in the interval (og, o1). O

Proof of Theorem 3. We may assume that 0 < B(0) < 1. Indeed if B(0) = 1 then by uniqueness of solutions
of (3.1)-(3.3), B(r) =1 and v(r) = % so that v(R) # 0. The assertion that B, < 0 now follows by rewriting
(5.1) in the form
" 52 Q " 52
B, = —MB/ =(1-B) <B+> ds+(1—B)/ = Bl(p2 — ) — p2Blds < 0
o T H2 o T
using the assumption that us < A.
Next, we note that if a solution of (3.1)-(3.4) satisfies B, < 0, then B(0) cannot belong to [0, og], for then
f(B(s)) <0 for all 0 < s < R and from (5.2) we would have v(R) < 0. Hence B(0) € (o, 1). O

6. THE LINEARIZED SYSTEM

The rest of the paper is concerned with the linear asymptotic stability of the radially symmetric stationary
solution satisfying (3.1) - (3.8) for small radius R. Let us first recall some of the estimates derived in Section
4, and add a few others for the steady state solution (Bg,ps,vs, R) with Bg(0) = o, 0 — o( positive and
small and 0 < r < R:

(6.1) o — oy = 1200 1o(éLA2+ :Tjj 1ot) 2 O(RY) := 01 R* + O(RY),
(6.2) Bs(r) = o + % Fi(0)r? + 00 = 0 + O(R?),
2O' 1\o 3

6 sl e O — o0 R+ O() = AR+ O(RY)

3J1\0
(6.4) )= ustr) = g~ 5o o 1 ) + 00

= —%f’(o'o)o'le’f' — %(;-O)[Q + Mag]rs + O(R5)>

2 v rr
(6.5) TS r) = 25 (r) = 2 (o) - 3%[& + po® + f(o)]r* +0(r)
= _%f/(00)01R2 - @(a + uog)r? + O(RY).

Since 0 = v5(R) = v1 R + v3R3 + O(R?), we have

0B =~ + O(R') =~ f(9) + O(RY);
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hence
82

(6~6) ﬁps

(R) = f%v(R) — vy — 3R+ O(RY) = ;f(a) +O(RY = %f’(ao)ale +O(RY.

To derive uniform stability estimate for all steady states with sufficiently small radius, it will be convenient

to make a change of variables replacing the ball with radius R by the unit ball. Accordingly we set

B(x,t) = Bs(RF) + ew(7, 0, ¢,1t),
p(x,t) = ps(RF) + eq(7,0, ,1),
o t) : 7 =1+ ep(0, p,t)

where (Bg(r),ps(r), R) is the steady state solution satisfying (3.1) - (3.8). Substituting these variables into

the system (2.5) - (2.11) and dropping all the O(€?) terms, as well as the bar “ ~” from all the variables, we
obtain, after multiplying by R?, the following linearized system for (w(r, 8, ¢,t),q(r,0,¢,t), p(0, p,t)):
(6.7) w; — Aw — (pg)rw, — (Bs)rgr + R*g' (Bs(r))w =0 for x € By, t >0,
(6.8) gw+ﬁRw =— 8—231 +5RQB| for t >0

’ or —1 or2 " Slr=1 ar Slr=1) P ’
(6.9) — Aq = R*f(Bs)w for x € By,t > 0,

-1 1
(6.10) q’rzl = f([H_ iAwp) for x € 0B;,t > 0,
(6.11) 9 _ p2|Ovs| %4 for t > 0,
ot or |._, Or|,_,

with initial conditions

(6.12) w‘t o = wo(r,0,9), p‘t o = Po(l ).

Here B; denotes the unit ball in R?, A,, is the Laplace-Beltrami operator on 0B,
Bs = Bs(Rr), ps=ps(Rr), vs=vs(Rr)

where (Bgs(r),ps(r),vs(r); R) is the steady state solution with radius R, and

(6.13) 9(B) = [(42 = \) — n2BIB + Bf(B).

In the following two sections it will be shown that the system (6.7) - (6.12) has a unique solution. However
the main focus is on the question whether the solution converges to zero as ¢ — oo, which means asymp-
totic stability of the linearized problem. We shall expand the initial data in terms of spherical harmonics
Y,.m(0, ), and prove that the zero order modes are unstable whereas all modes of order n > 2 are stable.

These results will be proved for R sufficiently small.

7. ZERO MODES ARE UNSTABLE

It will be convenient to introduce the following constants:

Ag = —200f1(00), = f'(00), As = =3 f1(00),
Ao = ¢'(00), = 2f'(00)on
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(00,01 are defined in (3.9) and (6.1) respectively.) Note that, with the possible exception of A, all other
constants are positive. We first consider the stability of the zero mode, that is, the system (6.7) - (6.12) with
(7.1) w|t:0 = wo(r), p|t:0 = po, where wy is a given radial function and py is a constant.

Then the corresponding solution of (6.7) - (6.12) is radially symmetric and its global existence can be
established as in [2].

Theorem 4. If R is sufficiently small then there exists a pair (w(r), p) for which the corresponding solution
has the form
(e w(r), e q(r),e"p)

a= % [—A,, /A2 4+ 4pA, + O(R)} .

Thus, the steady state solution is linearly asymptotically unstable with respect to zero modes.

with a > 0, namely,

Proof. We can take p = R~2 and, after replacing g by ¢ — %p, we obtain for w and the new ¢ the following

system:
(7.2) — Aw — (ps)rw, + [a+ R*g'(Bs(r))Jw = (Bs)rq. in By
(7.3) Qw +BRw=—-R? 8—23 + 5RQB on OB

’ or N or2"° 1 or® 1 b
(7.4) — Aq= R*f'(Bs)w in By
(7.5) q,_, =0
where

v 0
_p2(9% _Y

(7.6) a=R ( 5 T_1> ar|

We introduce a set
T'r= {z € C:Rez € (eR, ealR)7 [Im 2| < eo_lR}

for small but fixed ¢y > 0 (hence ¢;'R ~ R will be sufficiently small) and take a to be in T'g; from
the proof which follows it will be seen that €y depends only on A\, and Ag),;. We wish first to solve for
(w,q) = (w(a),q(a)) from (7.2) - (7.5), and then determine a from (7.6).
Lemma 7.1. For any a € v there exists a unique solution of (7.2) - (7.5) satisfying the following estimates:

C CR
7.7 N < > N S _—.
(7.7) fullwes < =0 lallwas <

Proof of Lemma 7.1. The existence can be proved by iteration: Let wg solve
— Aw — (ps)rw, + [a 4+ R%g'(Bs(r))]w = 0,

) L[

(note that 5R%Bg|7_:1 = O(R?)). Set

0
R—B
1+5 5, 05

) = Ap + O(R?)

r—= r=1

wo = u+iv, W = |wyl® = u?®+ 02

Then
1
AW+ [Rea+ B2/ (Bs(r)]W = (ps), (e +v0,) — ([Vuf’ +[Vof).
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Since
Re{a+ B¢/(Bs(r)} > yeoR
and (pg), = O(R?), W satisfies the inequality
—%AW + (ieoR) W <0 inB;
and the boundary condition

<1aw+ﬂRW) <WAs +O(R?)].

2 0r

. =u (;ru + ,BRu)

. . 2. .
We can then easily verify that Eo%eeom is a supersolution for some constant C'. Hence

r=1

fuollze < -
olliz= = =5
and by LP estimates, we get the stronger bound
ol <
W= R’
We next define successively, for ¢ = 0,1,2,..., sequences ¢;,w; where ¢; is a solution of (7.4),(7.5) with

w = w;, and w = w;41 is the solution of (7.2) with ¢ = ¢;, satisfying the boundary condition

2w + Brw=0 on dBj.
or

We then have the estimates
lgillw2r < CR?||lwi| Lo

and
C C C CR? CR*\'
i o < = Brz'r p<7R2i ,p<7R4 ille) < e < D.
Jussalhwes < (B lr) < o (B llwnn) < (Rl < S oo < (2 ) ol
If R is chosen sufficiently small, then the functions w = Y wy and ¢ = Y g form the solution of (7.2) -

(7.5) and the estimates in (7.7) hold. O

Lemma 7.2. The following estimate holds in the C' norm:
1w BT o 00

r A R2I o (Va + A R2) + Va + R?AyI30(Va+ R?\y)
where I;/5(r) is the (modified) Bessel function of order j/2.

+ O(R?)

Proof of Lemma 7.2. We write (7.2) in the form
—Aw + (a + R*Ay)w = (ps)rwr + R*(g'(00) — g'(Bs))w + (Bs)r4y-
By (6.4), (ps)r = O(R®), and by (6.1), (6.2),
g'(00) — ¢'(Bs) = O(R*), (Bs), = O(R?).
Recalling the estimate (7.7) and % = O(R), we find that
(7.9) —Aw + (a+ R*\,)w = O(R?).
Next we note, by (6.2), (6.3), that the right-hand side of (7.3) is equal to

—-R7Z. R22§f1(o) +O(R?) = Ap + O(R?),
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and, by (6.3),
BRw = \gR?w + O(RY)w = Agw + O(R?).

Hence
0
(7.10) v+ A R?w = A\ + O(R?).
Recalling the identity
d (I1/2(r20) Z
o (21/2 = 7ﬂl%lg/z(rzo) for each 2y € C,
we see that the solution of (7.9), (7.10) with O(R?) dropped is given by (7.8) with the O(R?) terms dropped
out, and the assertion of the lemma then easily follows. O
Introducing the function
I12(§)
Po() =
£l3/5(8)
and setting » =1 in (7.8), we get
AB + O(RQ)

(7.11) + O(R?).

vl = NsR? + (a + R2hy)Po(va + R2hy)
We next turn to the function ¢. Since by (6.1), (6.2) and (7.7),
R*f'(Bs)w — R*f'(d0)w = O(R*)w = O(R?),

the function ¢ satisfies:

(7.12) —Ag =R\ w+O(R*) inBy, gq|_ =0
Hence the function ¢ = ¢ + %w then satisfies the equation
~AY = O(R?) + A‘17}220(1%2) =O(R}) inB
a + My R? b

and, by (7.11), the boundary condition

A\ R? A\ R? Ag + O(R?)
atMR2 | T at AR2 <)\ﬂR2 + (a+ A R2)Po(Va + Ao R2)
We conclude that 9 is a constant up to O(R?), namely,

AgAp R

Y|, = + O(RQ)) .

- + O(R?).
vir) (a+ Ay R?)[(AgR?2 + (a+ My R?) Py(vVa + Ay R?)) ()
Going back to the function ¢ = ¢ — M_Af\i]f}%zw, we have, by (7.10) and (7.11),
8(] - )\q]%2 ow 2
orl,_, S a+ A R2 Or S +O(I)
L A + O(R?) — \gR*w + O(R?)
a+ Ay R? g 1
AqRQ { 2 [ Ap + O(Rz) 2 } } 2
=————— A — R + O(R + O(R
a+ M R2 7T INGR2 4 (0 + M\ R2)Po(Va + A R2) () (")

MR [1_ AsR?

T At AR AsR2 + (a + M\oR2)Py(Va £ A\ R2)

_ AR [ (a+ A R?)Po(Va+ A, R?) } +O(R?)
a+ AR2"P | N3R2 + (a+ M R2)Po(Va + Ao R2) ‘

] + O(R?)
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Hence,
2 ApAR2Py(Va + Ay R?) L o(R?)
orl,_y  AsR%+ (a+ M\R2)Py(Va+ A\ R2) '

From (6.6) and the definition of )\, we also have

9vs

2
R or

|,._, =R (—;f’(ao)olR?’ + O(R4)> = -\ R+ O(R?),

and equation (7.6) for a then becomes

2P / w 2
o—p2s| _% = MR+ ApA R Ro(Va + A B) + O(R?).
or r—1 or r—1 /\B]:f2 + (Cl + )\wRQ)Po(\/a + /\wRQ)

We set a = Ra, so that ¢g < Rea < eal and |Ima| < 661. Then, after canceling R, we obtain the following

equation for a:

A\ Po(vVRa + A\, R?)
AsR + (@ + A\ R)Po(v/Ra + A\, R?)

Consider this equation for R = 0 and use the fact that Py(0) > 0. Then

(7.13) i=—X\+ +O(R).

ABAg

0.

i+ Ay —

It follows that

i= % {=2 %+ 082} +O(R).

Hence the solutions of (7.13) for R small are

a= g {=2 2+ 08A} +O(R2).

Since ApAy > 0, one of the roots is positive, and from the above analysis we see that ey can be chosen from

the beginning to depend only on the parameters A, and AgA;. This completes the proof of Theorem 4. [

8. STABILITY OF HIGHER MODES

In this section we consider the system (6.7) - (6.12) with higher modes in the initial conditions w(r, 8, ¢),

p(0, ) and construct the solution in the form

w = Z wn,m(r, t)Yn,m(97 90)7 q= Z dn,m (7“, t)Yan(‘ga So)a

P = Z pn,m(t)yn,m(aa 30)7

where Y}, ,, are the spherical harmonic of mode (n,m), m = 0,=£1, ..., £n, and we shall take n > 2; the case

n = 1 will be discussed in Remark 8.1 at the end of the section.



STEADY STATES IN A GRANULOMA MODEL 15

Suppressing the subscripts n, m, each triplet (Wn m, ¢n,m, Prn,m) satisfies the following system:

1
(8.1) wy — Aw — (pg)rwy + [n(nr;l—) + Rwa} w = (Bg)rqr for x € By,t > 0,
(8.2) 9 4 BRw - (L5 l,_y + sr2 B | R?p:=b for t > 0
' ar . \orz78l= ar S lr=1 pi=oBp ’
1
(8.3) —Ag+ %q = R?f'(Bs)w for x € By,t > 0,
1 1
(84)  d,_, =5 (”(";) - 1> p for t > 0,
ap _90v dq dq
8.5 - = — - = = —Rb,p — — fort >0
(8:5) ot or|._,  or|._, PP | ort=5

(86)  w(r,0) = wonm(r) pl,_y = Pomm

where we have also replaced p by R™2p (which does not affect the linear stability/instability), and
by =Ay +O(R), bp=Ap+O(R), b,=M\,+O(R)

are positive constants plus an O(R) term. We will make use of the following estimate.

Lemma 8.1. Consider, for any positive number n > 1, the elliptic problem

1
(8.7) {—Aw + %w =0b(r) inDB;, and w|r=1 =0.

If b € L>=(By), then this problem has a unique solution w in H*(By) N CY(By); furthermore, for all p > 3,
(8.8) lwller s,y < CollbllLrs,)

where Cy = Co(p) is a constant independent of n.

The proof is given in Section 9.

We now state the main result of this section.

Theorem 5. There erists a constant Cy such that, for all R sufficiently small, and 6 = (2R?)~1, the solution
(w,q,p) of (8.1) - (8.6) satisfies:

2
(8.9) 1w, q,p) (-, )| < Con’e™"* (lwommllz= + lponmll=)  for alln>2,|m| < n.
Proof. Fix n,m and choose R small such that

2 .
il [
R2+R ([101711]g)>0

: _ 1
and, with § = 577,

n(n+1)

(8.10) 20?5 < 72

+ R%¢(Bs(r)) foralln>2and 0 <r < 1).



16 STEADY STATES IN A GRANULOMA MODEL

Let 0 = o tw, § =€t and p = " p Then it suffices to show that w and ¢ are bounded uniformly in

t. The equations for w and ¢ and p are

1

(8.11) Wy — AW — (pg), Dy + [ on? + M + R?b } W = (Bs)rGr in By,
(8.12) 3@ + BRW B |, ﬁRﬁB \ R 25 =bgp

' or s ar Slr=1 B
(8.13) — AG+ (" hs 1 #'(Bs in By,

N 1
(8.14) ql,_, = = ( 1) P
_ 31}5 _ 0q . 0

(8.15) 815 (5 RS M) =G| = = (0n® = Rby|,_,) =5 B
(8.16) W(r,0) = wo nm(r), p0) = ponm € R.

Note that b, b and b, are uniformly bounded. We decompose @ = wq + W2 and § = §1 + §o, where (01, G1)

satisfies the system

B17) (- i~ )0, + |00+ D 4 R (Bs(r)| @1 = (Be)u(@), i B,

o 9 o _
= —BS‘T:1+BR6—BS\T:1 R™"p=bpp,
r=1 T

0 . -
(8.18) ((%wl + BRuq) 5,2

n+1 . .
(819) - Aq1 + ¥q1 = szl(Bs)wl m Bl,

1 (nn+1) ~
r=1 a ﬁ ( 2 - 1> &
(8.21) wy (r,0) = 0,

(8200 @

and (s, ¢2) satisfies the system

82 () - Aia - () (o), + |00+ Ry = (B @), B
(8.23) (5@ + 5%) =0
(8.24) — Agp + M Go = R*f'(Bg)ta in By,
(8.25) @ =0,

r=1
(8.26) Wa(r,0) = wo nm(T).

Lemma 8.2. There exist constants C, Ry, 01 independent of n, n > 2 such that for all R € (0, Ry),

sup  [w2| < Csuplwonm| — and  |G2lor (5, x0,00) < CR® 8UD [wo,n,m]-
B x[0,00) B, B,

Proof of Lemma 8.2. To see that Wy and ¢, are bounded, we note that the coefficient of the zeroth order

term of (8.1) satisfies {—5712 + % + R2g’(Bg(r))} > ‘SRL; > 0. Therefore we can apply the maximum
principle to (8.22) - (8.23) and obtain the estimate

Bs)(d2)r ]| CR® i
M<sgp|w0nm|+ sup _ [(G2)r|-

(8.27) sup  |wa| < sup [wopn,m| +
on? B1x[0,T]

By x[0,T] B o on?/R?
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Next, by Lemma 8.1,
(8.28) sup|(Gz)r (-, 1)] < CR?sup | (-, 1)
B1 Bl

with C' independent of n. Combining (8.27) and (8.28), we have

CR3||(g CR®
NG < gup gy + S5 sup i
By

SUp_7a] < p [0 | + A
1 X0,

2
B1x[0,T] B1 on

and boundedness assertion for wy follows if we choose R € (0, Ry) where 6R1 < 5. The asserted estimate

for g» follows by applying Lemma 8.1 to (8.24) - (8.25) and using the estimate on ws. O

To estimate (w1, 1), we decompose §1 = ¢1,1 + ¢1,2 such that

(8.29) —Aq11+ wdl’l =0 inBy, and §¢1= % (n(n;—l) — 1) p on 0B,
(8.30) —Agio+ w&,g = R*f'(Bs)w; in B;, and Gi2=0 on 9dB;.

Then

(3.31) () = s (5 1) e,

Moreover, by Lemma 8.1,

(8.32) G120 )1 By < CoR? |l (-5 8)] Lo (By)
and by the maximum principle (recalling (8.10)),

_ CR?
01| Loe (B, x[0,77) < WH(QI)THOO

2RY . -
= 52 (I@1)rlloc +11(q1,2)r[loc)

2R [nr™=t (n(n+1)
< — — 0
< [ (U )

n3 C()R6
< 41 0

(8.33)

(B[ (by (8:31))

@1l Lo (B, xo,r7)  (by (8-32)).

Hence, if R is sufficiently small independently of n > 2, then

(8.34) [dnllcr (B, xjo.y) < CRR? I[BH%WL
and by (6.3),
(8.35) ld12(, )l (5, < CoR*[@1(, 1) Lo,y < CR’n® I[gaTP]i|ﬁ|'

Therefore, (8 15) becomes for 0 < ¢ < T, T arbitrary,
9q
EL‘ZI
. 0q11 0q1,2 (elip)
2 ; ;
(577, 7Rbp|r:1) p— or }7‘:1 B or |r:1 B E r=1

) n (nn+1) ~ 3 3 - 2
- _nmrr ) sy L O(R%s )
{571 Rbp‘rz1 B ( 5 p+O(Rn )r[g’z%)](|p| ( b}g})|wo7 ml)

(5712 - Rb/’|T:1) ﬁ -
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Hence, choosing R small such that for all n > 2,

3 3
(8.36) n® — Rb, — % (”(";1) - 1) < min{lgR?), - |O(R3n3)|} < —281?,
we deduce that
mas 7] < |poml + S
[0,00) n
This in turn yields, by (8.31), (8.34) and (8.35), the bound
1 - R3 - 1 - ~
s Blil[l(foo) |a1] + por:y Blil[lg?oo) |G1,1] + Rn? Blil[lol?oo) 12 < C [1(1)02013 |5l

Combining this with the bounds on w2 and g3 obtained in Lemma 8.2, the proof of Theorem 5 is complete. [

We now take any initial values

(8.37) w_o= Y Wonm(M)Yam@.0), iy D PommYnm(0,0)
"o "o

such that

(838) A= an (||w0,n7m||L°°(B1) + HpO,n,m||L°°(é)Bl)) < 00.

Then, from Theorem 5 we immediately obtain the more general result:

Theorem 6. If R is sufficiently small then the system (6.7) - (6.12) with initial data given by (8.37), (8.38)

has a unique solution with converges to zero ast — oo, and

2

(8.39) (s ).9C, )Lz 80y + 10 1)l e o8y < Ce™ 7t

where C' is a constant depending only on A.

Remark 8.1. Consider finally initial data of the form

1 1
wl o= Y worm()Yam(0,0), pl_g= D po1mY1im(0,).

m=—1 m=—1
In this case the proof of Theorem 5 does not extend directly. In fact, due to the nature of our free-boundary
problem, the linear system (6.7) - (6.12) is invariant with respect to translation of initial data. Therefore,
we may expect to establish asymptotic stability only after an appropriate translation of the center of the ball

by a small vector, as in [2].

9. PROOF OF LEMMA 8.1

The existence of a solution to (8.7) in H?(By) for any b € L?(B;) follows from Lemma 3.2 in [2]. The
proof goes as follows: Let Bs denote the ball {|z| < 6} and consider the sequence w; of solutions of (8.7) in
B1 \ B;s with the zero boundary condition on d(Bj \ Bs). Then, a uniform (in §) H?-estimate is established,
which shows that a subsequence ws, converges weakly in H' to the unique solution w of (8.7), and the
uniform H? estimate on the ws implies that w € H?2.

It remains to derive the L™ estimate of w,..

Written in radial coordinates, (8.7) becomes

(9.1) —T—(TQwT)T + Mw =b(r) forre(0,1] and w(l)=0.
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Set w(r) = r"z(r), then w, = nr" =1z + r"z,, and
(r*w,)r = n(n+ 7"z + 20" (n 4+ 1)z, +r" 22,
By (9.1) we can then write
b = —(r2w, ), +n(n + Dw = 2" (n + 1)z, — 1" 22, = — (2D 2 ), 077,
so that
(9.2) —(r2(”+1)zT)T = 2,

By elliptic estimates, |w| + |w,| and hence |r2("*1z | is uniformly bounded away from 7 = 0, therefore we

may integrate (9.2) from r to 1 to obtain
1 - N
(9.3) PPtz = C+ / s"2b(s) ds = Cy + /0 s"2b(s) ds = Cy + O(r"HHT)

where we have used the estimate

r T 1 1/p r B
[ semas| = [Cn sz < ([Fppas) ([t
0 0 0 0

From (9.3) we deduce that z, = Cyr=2(n+1) 4 O(r_”‘“%?’) and hence, by integration from r to 1,
Ch
2n+1

(9.4) 2 =Co pm2n=l O (p )

)

so that

C p—
v O 0p )

Since w € H?, we must have C; = 0. By (9.3), (9.4) (with C; = 0) we then get
wy =nr" "z 4"z, = nCor™ ! + O(’I”FT?S).
A review of the proof shows that the right-hand side is actually bounded by
Clnr" = 4+ =2 bl 1oy,
where C' is a constant depending on p > 3, but independent of b, and n > 1. The proof of (8.8) follows.

Remark 9.1. The proof of Lemma 8.1 does not extend to the case n < 1. A counter-example is the function

w=r"—72 (0 <n < 1), which satisfies

{ — oz (rPw,), + %w =-n(n+1)+6,

while |w,| is unbounded.

10. Di1scuUssION

In this paper we have proved the existence of radially symmetric steady state granulomas and analyzed
their linear stability when their radii are sufficiently small. Precisely, steady granulomas of radii 0 < R < R,
are shown to exist, where R, = jo/ A2 with jo being the smallest zero of the zeroth-order Bessel function
and A being the proliferation rate of bacteria. Furthermore, the solution is linearly asymptotically stable
with respect to any perturbation of mode n > 2, but linearly unstable under any perturbation of mode 0.

A perturbation of mode 0 changes the volume (i.e. the radius R) of the steady granuloma, and the

instability that we proved is actually suggested by the underlying biology of the model. For this we recal
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that the macrophages recruitment rate 8 (i.e. %—]‘f = (1 — M) on the boundary) is related to the radius

R of steady granuloma by the relation 8 = —%—E(R) /B(R). Tt can be seen from our previous analysis that
the radius R is a monotone increasing function of the macrophages recruitment rate 5 for all small values
of 8 and R. Thus R = ®(f3) where ® is an increasing function of 5. We may then view a perturbation of
R as a perturbation of 3. Suppose we perturb 5 by increasing it to S+ AS. Then the recruitment rate of
macrophages increases which helps combat the bacterial population, so we expect the granuloma to shrink.
Assuming that the steady state is asymptotically stable, the perturbed system must then converge to a
steady state with radius R’. Moreover, R’ should be strictly smaller than R. But it violates the relation
R = ®(B+Ap), as ¢ is an increasing function. Hence 0-mode perturbation cannot be asymptotically stable.

We conjecture that by increasing 8 to 8+ ApS, the radius R(t) of the granuloma will actually converge to 0.
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