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Abstract We consider a two-species competition model in which the species have
the same population dynamics but different dispersal strategies. Both species dis-
perse by a combination of random diffusion and advection along environmental gra-
dients, with the same random dispersal rates but different advection coefficients.
Regarding these advection coefficients as movement strategies of the species, we
investigate their course of evolution. By applying invasion analysis we find that if
the spatial environmental variation is less than a critical value, there is a unique
evolutionarily singular strategy, which is also evolutionarily stable. If the spatial
environmental variation exceeds the critical value, there can be at least three evo-
lutionarily singular strategies, one of which is not evolutionarily stable. Our results
suggest that the evolution of conditional dispersal of organisms depends upon the
spatial heterogeneity of the environment in a subtle way.

Keywords Evolutionarily stable strategy - Adaptive dynamics - Evolution of
dispersal - Reaction-diffusion-advection
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1 Background

The dispersal of organisms plays a fundamental role in their life histories. Despite
its importance, understanding the evolution and ecological impact of dispersal re-
mains a challenging issue [7,8,16,38,39,41,42]. In recent years there have been
extensive studies on the ecological effect of dispersal in heterogeneous environ-
ments; see [4,5,28,34,35] and references therein. Much less is known about the
evolution of dispersal. For instance, a question that has attracted considerable
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attention in recent years is whether conditional dispersal can evolve in a spatially
varying but temporally constant environment [1,2,11,12,24,37].

To study the evolution of dispersal, a popular and powerful approach is that
of Adaptive Dynamics [17,18,21,22], which connects the selection of a particular
trait with the underlying population dynamical processes that drives selection. An
important concept in Adaptive Dynamics is that of Fvolutionarily Stable Strategy
(ESS), introduced earlier by Maynard Smith and Price in [36]. A strategy is said
to be evolutionarily stable if a population using it cannot be invaded by any small
population using a different strategy. We shall frame our analysis within this paper
in terms of Adaptive Dynamics. We will adopt the standard abbreviation ESS for
“Evolutionarily Stable Strategy”.

Our line of research begins with Hastings [25], who considered the outcome of
the competition when a small number of invaders using a novel dispersal strategy
are introduced into a resident population with a different strategy; see also [32].
It is shown [25] that in a spatially varying but temporally constant environment,
an exotic species can invade when rare if and only if it has the smaller random
dispersal rate. It is later shown in [19] that an invader with a smaller random
dispersal rate always replace the resident species. Hence, unconditional dispersal
is selected against in a spatially varying but temporally constant environment.
It should be noted that in spatially and temporally varying environments faster
random dispersal rates may sometimes be selected [27,33,37].

Unconditional dispersal alone, however, does not usually explain well the move-
ment of many organisms. Following the modeling approach in [19], by replacing
unconditional dispersal with a combination of unconditional dispersal and directed
movement, the following reaction-diffusion-advection system is introduced in [12]:

ut = uV - (Vu —uVP) +u(m—u—wv) in 2 x (0,00),

v =vV - (Vo —oVQ)+v(m—u—wv) in 2 x (0,00), (1)
g—z—ug—izg—z—v%: on 012 x (0, 00),

u(z,0) = uo(x), v(z,0)=wvo(x) in £2,

where u and v denote the population densities of two species in a habitat {2, which
is a bounded domain in RY with smooth boundary 942; a% is the outward normal
derivative on 02, and the boundary conditions in (1) mean that there is no net
flux across the boundary of the habitat for either of the two species; P and @) are
two non-constant functions of the spatial variable x. The advection terms —uV P
and —vVQ represent the directed movement upward along the gradients of P and
Q, respectively. Throughout this paper, we assume

(M) m € C?(£2), and it is non-constant and positive in 2.

It is observed in [12] that if P = Inm, then (m,0) is a semi-trivial steady state
of (1). Moreover, if 4 = v and Q = Inm + eR for some non-constant R € C%(12),
then (m,0) is globally asymptotically stable for all € > 0 sufficiently small. In
terms of adaptive dynamics, the strategy P = Inm is a local ESS. Subsequently,
it is established in [2] that P = Inm is a global ESS in the following sense:

Theorem 1.1 ([2]). Given any p,v > 0. Suppose that P =1nm and Q — lnm is
non-constant. Then, the steady state (m,0) is globally asymptotically stable among
non-negative, not identically zero initial data.



Evolution of Conditional Dispersal: ESS in Spatial Models 3

These results are closely connected to the fact that when P = Inm, at equilib-
rium the population density of u perfectly matches the local carrying capacity m.
That is, the strategy P = Inm is capable of producing an ideal free distribution
(IFD) [20], a verbal concept in the ecology literature believed to be a sufficient
condition for evolutionary stability. We refer to [12] for further discussions about
the connections between ideal free distributions and evolution of dispersal.

As illustrated above, strategies which can produce ideal free distributions are
obvious candidates of ESS. What if one is restricted to the situation where an
ideal free distribution is not possible? This is the case if we consider the following
system proposed in [9,13]:

ug = pV - (Vu —nuVm) + u(m —u —v) in 2 x (0, 00),

vy =vV - (Vo —&Vm)+v(m—u—v) in 2 x (0,00), 9
%—nu%:%—év%zo on 912 x (0, c0), (2)
u(m70) = UO({E), U(II}‘,O) = ’Uo(IE) in Qa

where 7, £ are non-negative parameters which represent the “strategies” of u and
v, and measure the ability of u and v to move upward along the gradient of m.

Different from the case when P = Inm or Q = Inm, it can be shown that
for any 7, &, neither species u nor species v in system (2) can reach an ideal
free distribution at equilibrium. In this situation, is there still a strategy (e.g.,
parametrized by 1) which is an ESS? If so, is it unique? In this paper, we are going
to give a partial answer to these questions when the diffusion rates are equal and
sufficiently small. As we shall see in the next section, the existence and uniqueness
of an ESS depend crucially on the spatial environmental variation, characterized
by the ratio rrnn?r’fg;" We shall show that if the spatial environmental variation is
less than a critical value, there is a unique evolutionarily singular strategy, which
is also evolutionarily stable. If the spatial environmental variation exceeds the
critical value, there might be three or more evolutionarily singular strategies, one
of which is not evolutionarily stable.

Much work has been devoted to the understanding of positive steady states
of system (2) when n — oo and & = 0; see [6,10,13-15,29-31]. In particular, it is
proved in [31] in one dimension and subsequently in [30] in higher dimensions that
if £ = 0 and n — oo, then (2) always possesses a stable positive steady state which
concentrates on a selected subset of the local maximum points of m. Different from
all of the previous works on system (2), in this paper we are able to for the first
time determine the existence and uniqueness of ESS for system (2).

2 Statement of Main Results

For the rest of this paper we assume that p = v. Then, (2) becomes

ug = pV - (Vu —nuVm) + u(m —u —v) in 2 x (0, 00),

vy = pV - (Vo —&uVm) +v(m —u —v) in 2 x (0,00), 3
g—g—nu%—?:g—z—év%—zzo on 92 x (0,00), (3)
u(z,0) = uo(z), v(z,0)=vo(x) in £2.
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We first prepare with some definitions. Let @ = @(u,n) be the unique positive
solution of the single species equation

pV - (Vi —nuVm) +a(m — @) =0 in £2, (@)
%—nﬁ%—’gzo on 0f2.

If assumption (M) is satisfied, then it is proved in [3] that @ exists for all n > 0; see
also [15]. It is well known ([13]) that the stability of the steady state (@, 0) of (3)
is determined by the principal eigenvalue A = A(n, &; 1) of the following problem:

uV - (Vo —E&oVm) + o(m —4) + Ap =0 in £2, 5)
g—ﬁ — fcp%—:? =0 on 012,

where we denote the (positive) principal eigenfunction by ¢, which is normalized
by

/Qe’”mﬁ(n,&;u)=/967"m112(w7)- (6)

Notice that for all g > 0, if £ = n, then ¢ = 4, and A(n,n; u) = 0 for any 1. By
Taylor’s theorem,

A
- g—g(sfnwoogw).

Hence if %(n, 7n; 1) is positive (resp. negative), then a rare mutant v with strategy
¢ slightly less than (resp. greater than) n can invade the resident u with strategy n
successfully. We first seek the existence and multiplicity of evolutionarily singular
strategies, defined as follows:

Definition 2.1. Fiz u > 0. We say that n* is an evolutionarily singular strategy

if
a>\ * *, —
Fg(” 15 ) = 0.

For the sake of simplicity we shall abbreviate g—g‘ as A¢. Our first main result
states that if the spatial variation of the inhomogeneous environment is suitably
small, then for sufficiently small migration rates, there is precisely one evolution-
arily singular strategy.

Theorem 2.2. Suppose that ﬁ?r):g;l < 3+ 2v2. Given any A > 0, for all small
positive p, there is exactly one evolutionarily singular strategy, demoted as n =
n(p), in [0, A]l. Furthermore, 1 — no as p — 0, where no is the unique positive root

of

go(n) == /Q mVm - V(e ""m), 0<n<o0. (7)

In fact, it holds that
n
Ae(mymsp) =40, n=1; (8)
n e (

If the underlying domain is one-dimensional, then we have a better result.
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Corollary 2.3. Suppose that 2 = (a,b), m,mgz > 0 in 2, and % < 34 2V2.
Then for all small positive u, there is exactly one evolutionarily singular strategy
in [0, 00).

A natural and important question is whether the singular strategy 7 is a Nash
equilibrium, or evolutionarily stable. For the sake of completeness we first recall
the definition of local ESS.

Definition 2.4. Fiz > 0. A strategy n* is a local ESS if there exists 6 > 0 such
that AX(n*, & p) >0 for all § € (n* —0,n" +6) \ {n"}.

We say that n* is a local Nash equilibrium if there exists § > 0 such that
A(n*, & p) > 0forall € € (n*—4§,n"+3). Hence, an ESS is a strict Nash equilibrium.

Our next result implies that 7 is indeed a local ESS under some further re-
strictions on {2 and m.

Theorem 2.5. Suppose that §2 is convex with diameter d and d||V Inm|| (o) <
oo, where ag ~ 0.814 is the unique positive root of the function t — 4t + e~ % +

2Int —1—2Innw. Then for p > 0 sufficiently small, i given in Theorem 2.2 is a
local ESS.

The assumptions of Theorem 2.5 are more restrictive than that of Theorem
2.2, as can be seen from the following:

MAXGN (I VInmlzoe < o009 957 < 3 1 2¢/2.
mingm N

Finally, we show that the critical constant 3 + 2v/2 in Theorem 2.2 is sharp,
and that Theorem 2.5 fails for general m.

Theorem 2.6. Let 2 = (a,b). For any L > 3 + 2v/2, there exists m € C*(0)
with m,my > 0 and 28 = L such that for all p > 0 small,

m(a) —

(i) there are at least three evolutionarily singular strategies;
(ii) there exists one evolutionarily singular strategy, denoted as 7], which is not a
local ESS. In fact, we can find some § > 0 so that (@,0) is unstable for all

e (m—90,7+0)\{n}

We suspect that two of these singular strategies found in Theorem 2.6 are local
ESS. A bit surprisingly, the function m constructed in Theorem 2.6 is monotone.
On the other hand, we will show that if {2 is an interval and m is a linear function,
then for sufficiently small p, there is exactly one evolutionarily singular strategy.
These results suggest that even if {2 is an interval, the exact multiplicity of singular
strategies is a subtle issue and the answer depends upon the shape of function m.

This paper is organized as follows. Section 3 is devoted to the study of evolu-
tionarily singular strategy and Theorem 2.2 will be established. In Section 4 we
determine whether the evolutionarily singular strategy from Theorem 2.2 is also
evolutionarily stable and prove Theorem 2.5. Finally in Section 5 we establish
Theorem 2.6.
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3 Evolutionarily singular strategies

In this section we investigate the existence and uniqueness of evolutionarily sin-
gular strategies.We first derive the formula of A¢ (7, n; 1) in Subsect. 3.1. Subsect.
3.2 is devoted to the study of asymptotic behaviors of @ for sufficiently small u.
The results from these two subsections enable us to obtain a limiting expression for
Ae(n,m; 1) as o — 0. This limiting expression is investigated in Subsect. 3.3, which,
together with results from previous subsections, will yield the proof of Theorem
2.2 and Corollary 2.3 in Subsect. 3.4.

3.1 Formula for A¢

Taking derivative with respect to £ in (5), denoting g—‘g = ¢ and g—é‘ = A¢, We see
that ¢ is the unique solution to

{/N (Ve = EpeVm) + pe(m — 1) + Ape = puV - (pVm) — Aep in £2, (9)

2] —nm
%—fgpg%—’::@%—? on 92, [e "o =0.

Multiplying (9) by e ™y and integrating by parts, we have

A€/6,5m¢2 = —u/son-V(efgmsO)- (10)

Since ¢ = @ when £ = 7, we obtain

Lemma 3.1. For any pu > 0 and n > 0, the following holds:

W/e—nmff _ _/avm.we—"may (11)

3.2 Estimates

First we consider the limiting behavior of @ as u — 0.

Lemma 3.2. For any A > 0, there exists positive constants ca,Ca such that for
all p > 0 and n € [0, 4],

ca <da(x) <Cp in 2. (12)
Moreover, as 1 — 0, [|i — m/|| (o) — 0 uniformly for n € [0, A].
Proof. Set w = e~ "4, then w satisfies

{MV - (eMVw) + (m—e"w)e"w =0 in {2, (13)

g% =0 on 0f2.
By the maximum principle, if w(z1) = maxgs w, then

w(z) < e_"m(xl)m(xl) < max (e_"mm) for all z € £2.
Q
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Similarly, w(z) > ming (e~ ""m) for all z € §2. Therefore, if we take
cA = min (eiAmm> and C, = max (eAmm) ,
2 2

then (12) holds.
Lastly, ||& — m|| (o) — 0 as u — 0 follows by applying the arguments in the
Appendix of [26] to (13). O

Lemma 3.3. There exists C > 0 such that for all ¢ € H'(£2),

[ 1V = Yl < Clla - mllu (o ol o)

where C = C(n) is independent of p, ¢, and is uniformly bounded on compact
subsets of [0, 00) in n.
Proof. Write (4) as

—uV A" V[e " (m — @)]} + alm — @) = —pV - [e"V (e m)).
Multiply the above by e~ "™ (m — @)$?, where ¢ is any given function in H'(2),
and integrate by parts (applying the boundary conditions of @), we deduce

o [ eIVl = @] 420 [ 6(m - @)V (m - @) Vo

0

<u [ gple " ml(m = @)¢” - /#/ V€MV (e m)le” ™ (m — )¢

And hence by Holder’s inequality and the Trace theorem for Sobolev spaces (see,
e.g. [23]),

/ V(e (m — )] 26
<c [/e*"mw?(m a+ [Fm-il+ [ fa@
N
< Cllm — ]| oo ()10l (2) -
This completes the proof. O

For later purposes, we state the following corollary, which follows from Lemmas
3.2 and 3.3.

Corollary 3.4. For all ¢; € H*(R2), i =1,2,
29192

L2 < Clli—mll~ o) (6113 (2 + o2l ) -

/ Vi — Vm)|
where C' = C(n) is independent of u and uniformly bounded on compact subsets of
[0, 00) in 7.

Next, we prove a result on ?T:;_L'
Lemma 3.5. Aspu— 0, %Z — 0 (strongly) in H*(£2) on compact subsets of [0, 00)
mnn.
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Proof. Denote %Z = @' and differentiate (4) with respect to 7, we have

{MV (V' —n@’'Vm) — (m — 2a)d’ = uV - (aVm) in £,

n- (V@' —na'Vm) = n - (aVm) on 0f2. (14)

Multiply (14) by e~"™4%’ and integrate by parts, we find

M/e"mw(e*"%’)ﬁ +/(2ﬂfm)eﬂ7m(ﬂ')2 :u/wm-we*’?ma’). (15)

By Hélder’s inequality and Lemma 3.2, we see that for each n, [ |V(e™""d')|* =

O(1) and [(e”"™@')*> = O(u). Hence e~ "% — 0 (weakly) in H'(£2). Upon
considering (15) again, e "%’ — 0 in H'(£2). O

Next, we show the following lemma.

Lemma 3.6. As u — 0,

e (Javm v ) - [ngme e,

uniformly on compact subsets of [0,00) in 7.

Proof. By Lemma 3.5, as u — 0,

d (. I
an (/ aVm - (e u)>
= /@Vm V(e "a) — /ﬁVm V(e "ma) + /ﬂVm -V e—nm@
) oy n
- — /me V(e m?).
This completes the proof. O

By Lemmas 3.3 and 3.6, we have the following result.

Corollary 3.7. As u— 0,
/ﬂVm V(e "a) = go(n) := /me V(e " m) in Clhe(]0,00)).  (16)
Rewriting (7) as go(n) = [ e " m|Vm|*(1 — nm), we have

1
go(n) >0 forn e [07 } and go(n) <0 forne€ {7 ,oo) . (17
ming m

maxp m

And we see that for p small, the roots of A¢(n,n; 1) = 0 and the roots of go are in
one-to-one correspondence, provided that the latter roots are non-degenerate.
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3.3 Limit Problem for A¢

By Lemma 3.1 and Corollary 3.7, the first step in establishing the existence of
singular strategies is to study the roots of go(n) = [mVm - V(e”""m). In this
connection we have

Proposition 3.8. Let 2 C RY. Suppose that 222™ < 3 4 21/2. Then there

ming m

exists no > 0 such that (1) go(n) > 0 if n € [0,m0); (ii) go(n) = 0 if n = no; (iii)
go(n) <0 if n € (no,0). Moreover, go(no) < 0.

Proof. By (17) it suffices to focus on n € [maxln 0 ming m} We first consider the
. maxgm
case L := mmgm < 3+ 24/2. Since
/ |Vm|*m?(nm — 2)e” "™,
go(n) is strictly decreasing in [m,}”m, mt |- And we are done if il <

maXnm Therefore, in the following we assume L € (2,3 + 2v/2). It remains to
show that for all n € [W, m}
strictly decreasing in some interval [a, b] containing 1. First we compute

there exists p € R such that nPgo(n) is

g o) = oL ([ 19m P 1 = gy

/|Vm| P~ [(rm)? — (p+ 2)nm + .

So

p+2—+vp*+4 p+2+/p*+4

2ming m 2maxgnpm

nPgo(n) is strictly decreasing if n €

(18)
Define x90 =2, z1 =1+ (1 — %)71 and p1 = QL((QE:QQ)). In general, if ;1 > L, we

stop; else if ;1 < L, we define

Ti—1

L

—1 i— 2], — e Ti—1 2 Ti—1
) and  pi= " 1( zi-1) _ g ( i ).
T L

1 (1 _
me=1t L(L —zi_1) 1

Claim 3.9. For any i > 1 such that x;,p; are defined as above, nPgo(n) is strictly

decreasing m[ Timl __Ti }
maxgps m’ maxg m

The claim follows from (18) by observing that for each i,
zi1 _ pi+2—/p; +4 pi+2++/p;+4
= and ;= , (19)
L 2
which are consequences of the definitions of p; and x; respectively.
Next, we observe that x1 =1+ (1 - %)_1 > xo, so by the identity

L(:Ei — xz-,l)
(L — xl)(L — xi_1)’

Titl — Ti =

one can conclude that {x;} is strictly increasing in i.
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Claim 3.10. [f2 < L < 3+ 2v/2, then there exists io such that i, > L. That is,
{z;} is a finite sequence.

Suppose not, then {x;}{2 is an increasing infinite sequence such that z; < L
for all 4. Then s = lim; o z; < L exists, and hence

1+ (1=
s = +( _f) or some S.

This is equivalent to —s® + (1 + L)s — 2L = 0 being solvable, i.e.,
(1+L)*>—8L>0.

But this implies that L < 3 — 2v/2 or L > 3 4+ 24/2. This is a contradiction.
Hence, by Claim 3.9, for each i = 1,...,i0, n"go(n) is strictly decreasing in

[ Tiol s } with z;, > L = max“:; This proves the Proposition for the

maxgp m’ maxgm ming
case L < 3+ 2V/2.
Now we take up the remaining case L = 3 + 21/2. By the same method above,
one can show that {z;} forms an infinite increasing sequence such that z; * 2++/2.
Here z; < 2+ v/2, since z1 < 2+ /2 and

1 1
$i+1—(2+\/§):<1+1_zi>— 1+1_ﬁ

3422 312v32

_ —(2+v2) _
(3+2v?2) (1 - 3+x21\/§> (1 o 32:2\\//%)

Then one may similarly show that for all n; € [ L 242 ), there exists ¢

maxgs m’ maxg m

LTi—1 x;
maxg m’ maxg m maxgs m’ maxgm |°

Also, if one set yo = 3 + 2v2 and yir1 = (3 + 2v/2) (1 + ﬁ) and ¢q; =
%, then one can prove similarly that y; \, 2 + v/2 and that for all
n2 € ( 242 L } there exists ¢ such that ns € [7 Yi-1 } and that

maxn m’ ming m maxgs m’ maxg m

such that 1 € [ L Li ] and that & [nplgo(n)] < 0in [

F[n%go(n)] <0 in [maf“i; o Fi’i}fm]
This shows that even if L = 3 + 2v/2, function go(n) has a unique root 1o €
[ L L } Moreover, gh(no) < 0 if no # —2EV2

maxgp m’ ming m maxgp m”

Lastly, we are going to argue that 7o is also non-degenerate for the remaining

case 1o = m%;‘fm One can compute that

abaom] = [ 1Vmlem)* = 4tgm)? + 20m)].

242

maxga m’

Setting n = no = then nom(z) € [2 — V2,2 + /2] in 2 and hence

/IVmI (nom)® — 4(nom)* + 2(nom)] < 0.

16.90(1m0) = C;[

This completes the proof. O
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Remark 3.11. The above proposition remains true if go(n) = [, K(1—nm)e™ "™
for any non-negative function K € L* ().

3.4 Proofs of Theorem 2.2 and Corollary 2.3

Proof of Theorem 2.2. By Proposition 3.8, go(n) = [mVm - V(e”"™m) has a
unique, non-degenerate root in [0, 00). Since

/ﬂVm V(e ") — /me -V(e7"m)

in Cl.([0,00)) as u — 0, we see that for any (large) A > 0, [aVm - V(e ")
has a unique positive root in [0, A] for all p sufficiently small. By Lemma 3.1,

_Javm V(e ")
fe—nm,aQ :

1
7>\ s 15 =
m e(n,m; 1)

Therefore, given any A > 0, for sufficiently small p, A¢ also changes sign exactly
once in [0, A]. Moreover, denoting the unique root by 7j, we see that 7 — no as
1 — 0, where 7o is the unique positive root of go(n). O

Finally, Corollary 2.3 follows from Theorem 2.2 and the following result:

Lemma 3.12 (Lemma 6.4 in [24]). Let 2 = (0,1). Suppose that m,mgz > 0 in
[0,1] and n > 1/ ming m. Then (e~ 1), < 0 for all z € (0,1).

Proof of Corollary 2.3. Without loss of generality, assume {2 = (0,1). In view of
Lemma 3.1 and Theorem 2.2, it suffices to show that

Ae /e_mnﬂ2 =— /ﬂmm(e_”mfb)x >0 for all p > 1/minm.
e}

But this follows from the monotonicity of m and Lemma 3.12. O

4 Evolutionarily stable strategies

In this section we determine whether the singular strategy established in Theo-
rem 2.2 is also evolutionarily stable. We first derive the formula of Aee(n, n; p)
in Subsect. 4.1. Subsect. 4.2 is devoted to various estimates of eigenfunctions for
sufficiently small p. The results from these two subsections enable us to obtain
the limit of Aeg (7, 7; ) /1 as p — 0. The sign of this limit is then determined in
Subsect. 4.3, which plays the essential role in completing the proof of Theorem
2.5.
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4.1 Formula for Age

Differentiate (9) with respect to &, denoting % = @¢¢ and g%‘ = A¢g, we have

BV - (Vpee — Epee V) + pee(m — @) + Apee

B = 2/LV . (¢5Vm) - 2/\5(,05 - /\gggo in Q, (20)
wgi 590&5 = 2905%? on 9f2.

Set £ =n, we have A =0, ¢ = @ and

uV - (Vpge — W&VW) + @ee(m — 1) = 2uV - (peVm) — 2Xepe — Aget in {2,
34/?5& —np -9 a0
ce G = 20e 5 on 042.
(21)

Multiplying (21) by e™ "™, we obtain
A ; _ _ A _
Ace (1,1 1) /e g2 = —2/g05Vm V(e ") — 2—£/e ety (22)
i
where ¢ = ¢(n,n; 1) is the unique solution to
uVv - (thg — ng05Vm) +e(m —a) = pV - (AVm) — Ae@t  in £2, (23)
awg — e 21 = u%:': on 82, [e "pea=0.
Hence, we have the following formula for Ag:
Lemma 4.1. Suppose that n is a singular strategy, i.e., Ae(n,m; 1) = 0. Then
A ; _
55(77777,#) /6 nma2 _ / §Vm v( 77m~)’ (24)
i
where @e = pe(n,n; 1) is the unique solution to

{/N (Vg =1 Vm) + ge(m — @) = pV - (aVm) in £,

d - - (25)
LE— e %n = u%n on 92, [e "peu=0.

4.2 Estimates

Let (Ak, k) be the eigenpairs of (5) with € =n and A1 < A2 < A3 < ... . By the
transformation ¢ = e~ "¢ and (4), (5) becomes

(26)

V- (") — Meﬂmqg + %enm¢ =0 in £,
n-Vo=0 on 0f2.

Then A /p is the k-th eigenvalue of (26). The following result determines the
asymptotic behavior of \;, as u — 0.

Proposition 4.2. As p — 0, % — ok locally uniformly in n, where A\, =
Ak(n,n; p) is the k-th eigenvalue of (5) when n = &, and o, = oi(n) is the k-th
eigenvalue of

{V (e"Ve) — we”m¢+aenm¢ 0 in £, (27)
(

. v¢_m(¢,)_o on 92,

m

satisfying o1 < o2 < 03 < ... .
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Remark 4.3. One can check that all o, are real, o1 = 0, and me™ "™ is an
eigenfunction corresponding to o1. In particular, o > 0 for k > 2.

Proof of Proposition 4.2. Let <%, ¢k> denote the k-th eigenpair of (26), with ¢y
normalized by [e"™¢7 = 1. Let

J el — [ Ve ) - (o)

e~ "My
JIJ‘((Z)) = f enm¢2
e~ My 2 m e~ My
eV + e el g — g f e VT >¢V¢>
- fenm¢2
Then by variational characterization,
Ak :
= inf J,,(¢) = inf max J,.(¢) (28)

where the first infimum is taken over all ¢ € C*(£2) such that J " pp; = 0 for all
i=1,....,k — 1. Whereas on the right hand side of the last equality, the maximum
is taken over a given subspace X, C C'(£2) of dimension k, and the infimum is
taken over all such k-dimensional subspaces of C'(£2). In particular, % > 0 as
Ju(¢) >0 for all € CH(2).

Similarly, let

fenm|v¢‘2 +‘]‘enm|V(6_m"m)\2 2fenm V(e~ ”"Lm)¢v¢

(e—"mm)?2 T
J =
O(¢) f enm¢2
Then the k-th eigenvalue of (27) satisfies
o, = inf max Jo(¢), (29)

where the maximum is taken over a given k-dimensional subspace of C'(£2) and
the infimum is taken over all such subspaces.

For any (fixed) ¢ € C'(£2), one can show by Lemma 3.3 that J,(¢) — Jo(¢)
as u — 0. Hence for all k,

lim sup s < ok. (30)
p—0 H

In particular, for any k, % is uniformly bounded for all small u. Since we have
normalized the eigenfunction ¢; by [e"™¢z = 1, then by (28), lowll (o) is
bounded uniformly for all small p. And we may assume, along a (diagonal) subse-
quence g = pj — 0, that for all k, =& — lim mf#_)o 9 and ¢y, converges weakly
in H'(£2) to some non-zero ¢y. -

On the other hand, multiply the equation of ¢, by a test function p € C°°(§2)
and consider the weak formulation of (26):

—/e”mV¢k -Vp+ /(Vﬂ —navVm) -V (%) + %/e"mdmp =0. (31)
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Claim 4.4. For each k > 1, letting p = p; — 0, we have

—/e”mV$k-Vp+/[(1—nm)Vm]-V (%) + (li;an_igf %) /e"mg)kp = O).
(32

Firstly, by Lemma 3.3 it is easy to see that the first and third terms of (31)
converge to the corresponding limits in (32).

—/e”mV¢k-Vp—> —/eanQBk'Vp; &/enmqﬁk/}% (liminf A—k) /e"mqgk/).
K =0

Next, we rewrite the second term of (31) in the following way.

/(va—nan) : w—l—/m}Vm- <em;#va> /|v |26 ¢kp

Then by Lemmas 3.2 and 3.3, the entire expression minus the last term converges.

/(Vu—anm) v( d”“”) /|v e onp “bkp
n nm o
—>/(1—nm)Vm-V<%) +/|Vm|2€m#.

It therefore remains to show that
nm
/|V\ ‘b’“"%/w P,

which follows readily from

‘/lv |2€ ¢kP /|V ¢kﬂ‘

<| favar - [wup 2|+ [ gmpermy| % - 2]

m2
<C (|u — m‘Loo(Q) + |¢]C — (ﬁk‘LZ(Q)) — 0.

Here we applied Corollary 3.4 to yield the last inequality. This proves Claim 4.4.

As a consequence, ¢ is the principal eigenfunction of (27) corresponding to o1.

Hence (regardless of subsequence), lirr%) % = o01. Next, for k = 2, we observe
n—

similarly that ¢o is an eigenfunction of (27) with eigenvalue lim inf ﬁ satisfying

fe"mq_sgq_sl = 0. So liPILILigf )l‘f > o02. Upon combining with (30) hm % = 0os.
Ak —

Similarly, one can prove that hnb L= Ok for all £ > 3. This completes the
n—

proof. O

Next, we study the asymptotic behavior of ¢ (n,n; 1) as p — 0. Recall that
we(n,m; 1) is the unique solution of (25). We shall assume that n = n(p) is a
singular strategy (i.e., A¢(n,m; 1) = 0) and n — n* as u — 0. Note that if max” uc

3+ 2+/2, then n = 7j(p) is the unique singular strategy as determined in Theorem
2.2, and n* = no is the unique positive root of go(n) = [MmVm - V(e™""m) as
determined in Proposition 3.8.
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Lemma 4.5. Suppose that n = n(p) is a singular strategy and n — n* as p — 0.
By passing to a subsequence, we(n,m;p) — @' as p — 0, where ¢’ is the unique
solution to

{V- (Ve V) = SHEE G = G (mVm) i 2, gy

Ay’ o' dm _ ., Om —nTm o
W—Eﬁ—mﬁ O’I’LaQ, fe gpm—O

Proof. First we estimate ||Ve||[12(0) in terms of ||¢¢||£2(). To this end, multiply
(25) by e” "¢ and integrate by parts, we obtain

/e”m|V(e_nmSD§)|2_/eﬁmV(e_”ma).v [(e_nw} _ /ﬁVm-V(e_"mgpg)

e~nmy,
(34)
which can be rewritten as
m —nm m Ve "4q 2 —nm
/6" V(e 905)|2+/€77 %(6 M pe)?
(35)
7nv ) - V(e "™ —nm ~ —nm
:2/6” (e Z)_nmée <P§)e K <p5+/uVm-V(e M o).

By Holder’s inequality, this yields

1 m —nm
5 [ €IvET e

—nm ~\1|2
2 [ T o [

(e @2 1
o ([maremeor+ [emoo? +1)

c/ [|Vm|2 +|Va— Vm)? + 1} (e " pe)? + C

IN

IN

IN

IN

¢ ([ e+ la = mlumale ™ el +1).

The second and last inequalities follow from Lemmas 3.2 and 3.3 respectively.
Hence, there is some constant C' independent of p small (and bounded locally
uniformly in > 0) such that

J1ve <o ([ +1). (36)

Next, we show that ||¢¢||r2(0) is bounded uniformly as p — 0. By applying
the Poincaré’s inequality and (34), we have

%/e*"m(%f < /e’7m|v(e*"’"eog)|2 - /e"mv(e*"ma) v (e_nmff“”ff)

= /ﬂVm V(e )

< C ([leellaro) +1) -
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Combining with (36), we deduce that
A2 2
;HSOSHL?(Q) < C(llpellezoy +1) -

By Proposition 4.2, % — o2 as 4 — 0. Observe that o1 = 0 and it is simple, one
can deduce that o2 > 0; see also Remark 4.3. So ||¢¢|| 2(s2) is bounded independent
of u small. By this and (36), ¢ converges weakly in H'(£2) to some o € H*(£2)
satisfying [ e " ™pom = 0. Passing to the limit using the weak formulation of
(25), we see that o = ¢’ by uniqueness. This proves the lemma. O

The following result is a direct consequence of Lemmas 4.1 and 4.5.

Corollary 4.6. Suppose that n = n(u) is a singular strategy and n — n* as p — 0.
Then

. >\££(77777;M) _ 2 / —n*m
e 1 AU (R ONC

where ¢’ is the unique solution of (33).

4.3 Limit problem for A¢e

In this subsection we study, for sufficiently small y, the sign of Age (7, 7); ) when
7} is the unique singular strategy determined in Theorem 2.2. By Corollary 4.6, it
suffices to study the sign of [ ¢'Vm-(e~™"™m), where ¢’ is the unique solution of
(33) with n* = no, where no is a positive root of go(n). A sufficient condition for
the uniqueness of 79 is given in Proposition 3.8. The main result of this subsection
is

Proposition 4.7. Suppose (2 is convexr with diameter d. If m is non-constant
and d||VInm||p~(g) < ao, then [ ©'Vm-V(e”™m) < 0, where ¢ is the unique
solution to (33) (with n* = no), ao ~ 0.814 is the unique positive root of t —
dt+e ' +2Int —1—2Inm, and no is given in Proposition 3.8.

Remark 4.8. For a convex domain {2 with diameter d,

In <w> < d|Vinm| - (0.

mings m

We do not expect a better result than d||VInm| p=(g) < In(3 + 2v2) ~ 1.763,
as we shall see in later section that for any L > 3 + 2\/5, there exist some m
and 7 such that 2?::3;1” = L, go(f) = 0 but g4(7) > 0. This will imply that

J¢'Vm-V(e™"™) > 0, by Lemma 4.11.

Let w denote the unique solution to

Gw_wim _mdm  on 9, [, me ""w=0.

It is clear that Proposition 4.7 follows from the following result:
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Lemma 4.9. Suppose that {2 is convex with diameter d. If m is non-constant,
n > 0 satisfies go(n) = 0 and d||V Inm|| =gy < ao, then

/me -V(e”"™m) < 0.

Proof. First we note that by (17), necessarily n € [ 1 1 } Set w =

maxgas m’ ming m

m(z + m). After some tedious but direct calculations we see that z satisfies

V- [e7"m?Vz] + me™ " Vm|*(1 —nm) =0 in £,
&2 =0 on 912 (39)
on :
Multiplying by z and integrate by parts, we have
/e_”mm2|Vz|2 = /zme_"m|Vm|2(1 —nm). (40)

By (40) one can deduce
/me V(e "m) = /efnmm2|Vz\2 + /m2|Vm|2€7"m(1 —nm). (41)

Now let (g, ¢k)req be the eigenpairs of the following problem:

V- [m?e” "V ¢] + yme "¢ =0 in £,
% =0 on 042,

where y1 < 72 < 3 < ... . Note that we have the orthogonality condition

/mefnm@c(ﬁl = Ok

We may expand z = Y, ax¢r. Then as v =0,
—V - (m’e""Vz) = Z agpygme” " g, = me” ™ Z aRVkPh-
k=1 k=2

Similarly, we may expand (1—nm)|Vm|*> = 3272 | bx¢y. Note that by = 0 since
¢1 =1 and go(n) = [(1 —nm)|Vm|*me™"™ = 0. Hence,

(1= nm)|[Vm[* =" begx.
k=2
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So by (39), axvyr = by for k > 2. Therefore, by (39),

/ce_77mr?12|Vz|2 = —/ZV - (mPe” "™V z)

() ()
o —
= /me_"m i": i(ﬁi
p—2 Tk

1 oo
<= [ me™™™ N bish

= i/me*"m(l —nm)?|Vm|*
Y2

Vml||% .

7” Iz~ (o) /me_nm(nm—1)2|Vm|2
Y2 .

V(nm)|% -

_ VO~ (2 <9)/m2e‘"’”(nm_1)\Vm|2,
ny2

where we used [ me~""|Vm|?(nm — 1) = 0 in the last equality. By (41) it suffices

v 7o . . .
to obtain a sufficient condition for % < 1. Notice that 42 := nvy2 is the
second eigenvalue of

V- [fa(pm)V¢] + 4 fr(nym)p =0 in £2,
9% _ on 942,

on
where f1(t) = te™" and fa(t) := t?e~*. Since fa(t) satisfies
f2(t) >0 in[0,2) and f3(t) <0 in (2,00),

we deduce that for each t > 1, f2(s) > min{fa(t), f2(t~*)} for all s € [t~ *,¢]. In
fact, for each t € [1,3 4 2v/2],

fa(s) > f2(t1) forall s e [t 1].

Hence fa(nm) > fo (minﬁ m) in 2 provided n € [ 1 L } and 2&xe™ <

maxga m maxg m’ ming m ming m —
3 + V2 (see discussion after Theorem 2.5). We also have fi(nm) < e~ ! in £2.
Therefore, by eigenvalue comparison,

. 2 .

. N ming m 7r ming m

Jo=my2 > ppefo | —2— | > —efs | —2— ),
maxp m d maxg m

where Y denotes the second Neumann eigenvalue of the Laplacian of £2. The last
inequality follows from the following optimal estimate of 2 for convex domains
due to Payne and Weinberger.

Theorem 4.10 ([40]). Suppose that 2 is a convexr domain in R with diameter
d, then
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It remains to show

2 .
s ming m 2 1
—efa | ) > |[Vimll~ () for any n € —, —— (42)
d maxgs m maxpsm’ mingm
Let s = [[VInm|| L~ (n), then by the mean value theorem,
In(maxm) — In(minm) < d||VInm| g (o),
2 o)
which is equivalent to
ming m > e~ dIVInmllLe o) _ —ds (43)

maxgm
Now, if ds < o, then 4(ds) + e~ % 4+ 2In(ds) — 1 — 2In7 < 0 and this gives

2
T~ _—4ds 1—e~9¢ 2
—€ e > s°.
d? -

By (43) and the monotonicity of ¢ — t*e*~* in [0, 1],

2 . 4 min 5 m 2

s ming m 1— 200 2 vm

pE < py > e e 2 |[Vinmlie o) = H
maxg m m

Lo (82) '

) 2
Divide both sides by (mmﬁ m) , we have

maxgp m

. 2 in o
w2 ming m jR— R vm
e nlaxn m >
m

d? \ maxpsm

2 - 2
(maxn m)
Leo(0) \ Mingm
and hence

2 .
s ming m 2 1 1
—efa 7(3 > IV(nm) ||z (o) forany ne —, .
d maxps m maxgsm’ ming m

This proves (42) and concludes the proof of the lemma. O

The following result will be needed later in Sect. 5.
Lemma 4.11. Let w denote the unique solution of (38). Suppose that go(n) > 0,
then [wVm -V (e~""m) > 0.

Proof. By (39), z can be characterized as a global minimizer of the functional
1 _ _
J(z) = 5/6 "mmz\V2|2+/e Tz Vm|? (nm — 1).

By (40), we have J(z) = —% [ e™""m?|Vz|?. Hence

—% /e_”me\Vz|2 =J(z) < J(—m) = %/e_"mm2|Vm\2(3 — 2nm)

1 _
< 5/6 2 Vm| (1 — nm),

where we used assumption gi(n) > 0 in the last inequality. By (41), this is equiv-

)
alent to [ wVm -V (e”""m) > 0. O
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4.4 Evolutionarily Stable Strategy

Proof of Theorem 2.5. By the assumptions,

lncggi@>gﬂWhmﬂmmngao<m8+2%ﬂ
ming m
Hence % < 3+2v/2. By Theorem 2.2, for all p sufficiently small, there exists

1 1
maxga m’ ming m

a unique singular strategy, denoted by 7 = 7N(u) € [ } Moreover,

7 — no as u — 0, where ng is the unique positive root of go(n). Then, by Corollary
4.6 and Proposition 4.7, we have

2f<p'Vm -V(em™™m)
/}13}) u/\ss(n S5 ) = Temmm?
Therefore, since A(7) e (1), 7 ) 0, for all p small there exists 6 = §(u) >
p € (-

5 ) =
0 such that (9, & p) > 0if £ )\ {}. Thus, the strategy n = /(p) is
an ESS. 0O

> 0. (44)

5 Counterexample for 22X2™ > 3 4 2,/2

mll’l m

To study the multiplicity of singular strategies when p is small, by (17) it suffices

to consider the number of roots of go(n) for n € [ ! L }

maxg, m’ ming m
Suppose that 2 = (0,1) and m is non-decreasing (i.e. m’ > 0), then by making
the substitution s = nm(z),

2 = ' m' |2 (pm)(1 — nm)e "™ dx = ﬁm(l)m,x s)ds
ngo(n)—/onl 2(m) (1 — pm)e="™ d —/ (2)h(s)ds,  (45)

where h(s) = s(1 — s)e™°.

Proposition 5.1. If 2 = (0,1) and m(xz) = a+ (b—a)x for some 0 < a < b, then
go(n) has ezactly one root in [0, c0).

Proof. Since go(n) > 0in [0,1/b] and go(n) < 0 in [1/a, o0], it suffices to consider
ne [%, é] Now m’(z) = (b — a). By (45),

(o) = ([
= h(nb)b — h(na)a

= nb(1 — nb)e ""b — na(l — na)e "a
<0

for all n € [% l] Hence 7%go(n) is strictly decreasing in [%, %] and has exactly
one root. O

Proposition 5.2. For any L > 3 + 2v/2, there exists m € C2([0,1]) satisfying

m,m’ > 0 in [0,1], ™ =

) w0y = L such that go(n) has at least three positive roots.
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Proof. Since go(1/ maxgsm) > 0 and go(1/ ming m) < 0, it suffices to construct
m such that

d
o) =0 and = (Pgm)| >0 (46)
n N="Nx
for some 7. € (maxlﬁ pro minlﬁ m) To this end, first fix L > 3+24/2. Set minp m =

a =1 and maxgm = b = L. Choose 1x € (1/L, 1) such that n.a < 2 — /2 and
n«b > 24+/2. Such 7, exists as L > 342+/2. Note that sh/(s)+h(s) > 0 if and only
if s < 2—+/2or s > 2+ /2. Hence, by our choice of 7., (n<a)h’(n.a) + h(n.a) > 0
and (n+b)h’ (n+b) + h(n«b) > 0. Furthermore, as n.a < 1 < n.b, we have h(n.a) >
0 > h(n«b).

Let m(z) be the piecewise linear function given by m(0) = a, m(1) = b, and

L4 T € O,LLI}
m'(z) = { Lo ze|1- 4.1
. (b=O—(ate) € 1_ .
L3.—ﬁ$€(i,1 L2)’

where € > 0 is to be chosen small, and L1, L2 are to be chosen positive and large.
Note that Ls — b — a remains uniformly bounded for small € and Li, L2 > 1. By

. : 1 1
the choices of m and 7., we see that 7. satisfies 7. € (W’ g m). Then
9 n(a+e) nb n(b—e)
n°go(n) = L1/ h(s)ds+ Lg/ h(s)ds+ L3/ h(s)ds
na n(b—e) n(a+e)

= L1117 + Lolo + L3ls.

Both |I3| and |%Ig| are uniformly bounded for € > 0 small:

Is=H(nb-e) - Hmla+e), H(s)=e "(s"+s+1),

%fs = Wb — )b — ) — h(n(a +)(a + ).

It is easy to see that for sufficiently small e,
Ii(n«,€) = eh(n«a) >0 and I2(n«,€) = eh(n.d) < 0.

Therefore, for any L1 > 0 large, there exists Lz > 0 large such that go(n«) = 0.
It remains to show that for sufficiently small € > 0

d d
—I d —I .
dn 1 >0 an dn 2 >0

N="=x N="x

Firstly we compute %Il.

4o = hn(a +9)(a+ ) =~ hn(a))a
= alh(n(a + ¢€)) — h(na)] + eh(na)
= e[nah’(01) + h(n(a + €))]
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where 01 € (na,n(a + €)), and hi% [nah/(61) + h(n(a +€))] = nah’(na) + h(na).
gince (nxa)h’ (nea)+h(n«a) > 0, we see that for sufficiently small € > 0 %11 ln=n, >

Similarly,
d
d—nlg = ¢[nbh’(62) + h(n(b — €))],

where 62 € (n(b—¢),nb) and lir% [nbh/(62) + h(n(b — €))] = nbh'(nb)+h(nb). Since
€E—>
(n«b)R' () + h(n.b) > 0, we see that for sufficiently small € > 0 %Iﬂn:m > 0.
In conclusion, we have found a piecewise C'' function m and some 7. > 0
such that (46) holds. Although the m constructed is only piecewise C*', one can
approximate it by C?(£2) functions 7n such that ﬁ?ﬁg;’: = ﬁ?ﬁg;ﬂ and M — m

in Whoo(90). O

Remark 5.3. Let na = ¢ and nb = d, it actually suffices to choose 0 < ¢ < 1 and
d > 1 so that

A (d)h(c) > b ()h(d) &  h(c)(dh (d) + th(d)) < h(d)(ch'(c) + th(c))

for some ¢ > 0 that minimizes the ratio % = Z—Z = g. This reduces to minimizing

the ratio of the roots of s > sh/(s) + th(s) for various ¢ and the optimal choice is

t = 1, which is done above and gives the optimal ratio % =3+ 2v2~ 5.828.
Proof of Theorem 2.6. For each L > 3 4 2v/2, let 22 = (0,1) and m be the mono-
tone increasing function constructed in Proposition 5.2. By the proof of Proposition
5.2, there exists some 7, such that go(n.) = 0 and gg(n«) > 0. Then by Corol-
lary 3.7 and Lemma 3.1, for sufficiently small p, A¢(n,n; 1) = 0 has at least three
positive roots. Furthermore, there exists some 77 = 7j(p) such that A¢(7,7; 1) = 0
and 7 — 1« as p — 0. It follows from Lemma 4.11, Corollary 4.6, and g,(n.) > 0
that for sufficiently small p, Aee(7,7; 1) < 0. In particular, for each sufficiently
small p, there exists some § > 0 such that A(§,7; ) < O for any £ satisfying
0<|E—7|<d. O

6 Discussion

We studied a two-species competition model in which the species have the same
population dynamics but different dispersal strategies. Both species disperse by
a combination of random diffusion and advection along environmental gradients,
with the same random dispersal rate but different advection coefficients. We re-
gard these advection coefficients as movement strategies of the species and ask
how they will evolve. Results from previous works [10,13,24] on this model show
that both small and large advection rates are selected against, which suggests that
intermediate advection will be selected. In this work we show that the evolution of
intermediate advection depends upon the spatial heterogeneity of the environment
in a subtle way. To be more specific, we find that if the spatial environmental vari-
ation is less than a critical value, there exists an evolutionarily singular strategy,
which is also unique and evolutionarily stable under suitable assumptions. If the
spatial environmental variation exceeds the critical value, there can be at least
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three evolutionarily singularly strategies, one of which is not evolutionarily stable.
We conjecture that there are two or more evolutionarily stable strategies for the
later case.

In this paper the intrinsic growth rate m is assumed to be strictly positive
everywhere. This means that, in the absence of interspecific and intraspecific com-
petition, the birth rate is higher than the death rate in all regions. If we allow m to
change sign, i.e., to incorporate unfavorable regions for the population, our proofs
break down as they strongly rely on the positivity of m. It will be interesting to
see whether comparable results can be obtained when m changes sign.
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