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Résumé

Cette these est dédiée a I’étude des propriétés de propagation de différents systémes de réac-
tion — diffusion issus de la dynamique des populations.

Dans la premiere partie, on étudie la limite de forte compétition de systemes compétitifs diffu-
sifs & deux espéces. A l'aide de la ségrégation spatiale, on détermine le signe de la vitesse de 'onde
progressive bistable. La généralisation aux ondes pulsatoires bistables en milieu spatialement pé-
riodique est ensuite envisagée afin d’étudier le role de 'hétérogénéité spatiale. Apres avoir donné
une condition suffisante pour l'existence de telles ondes ainsi qu’une condition suffisante pour
lexistence d’états stationnaires stables susceptibles au contraire de bloquer la propagation, on
montre que quand une famille d’ondes pulsatoires fortement compétitives existe, on peut établir
un résultat tres semblable & celui obtenu en milieu homogene.

Dans la seconde partie, des systémes de type KPP a un nombre arbitraire d’especes sont
considérés. On étudie I'existence d’états stationnaires et d’ondes progressives, les propriétés qua-
litatives de ces solutions ainsi que la vitesse asymptotique de propagation de certaines solutions
du probléme de Cauchy. Cela résout notamment plusieurs questions ouvertes sur les systémes de
mutation — compétition — diffusion, qui constituent le prototype de systeme de type KPP.

Dans la troisiéme et derniére partie, on revient aux systémes compétitifs diffusifs a deux
especes. Considérant cette fois-ci le cas monostable, on étudie les vitesses asymptotiques de
propagation de certaines solutions du probléme de Cauchy et, ce faisant, on montre ’existence
de terrasses de propagation décrivant 'invasion d’un territoire inhabité par un compétiteur faible
mais rapide suivie de I'invasion de ce territoire par un compétiteur fort mais lent.

Mots clés : systemes de réaction — diffusion, phénomeénes de propagation, dynamique des popu-
lations.

Abstract

This thesis is dedicated to the study of propagation properties of various reaction—diffusion
systems coming from population dynamics.

In the first part, we study the strong competition limit of competition—diffusion systems with
two species. Thanks to the spatial segregation, we determine the sign of the speed of the bistable
traveling wave. The generalization to bistable pulsating fronts in spatially periodic media is then
considered in order to study the role of spatial heterogeneity. We find a condition sufficient
for the existence of such fronts as well as a condition sufficient for the existence of stable steady
states which might on the contrary block the propagation. Then we show that whenever a family
of strongly competing pulsating fronts exists, we can establish a result very similar to the one
obtained in homogeneous media.

In the second part, systems of KPP type with any number of species are considered. We study
the existence of steady states and traveling waves, the qualitative properties of these solutions as
well as the asymptotic speed of spreading of certain solutions of the Cauchy problem. This settles
several open questions on the prototypical KPP systems that are mutation—competition—diffusion
systems.

In the third part, we go back to competition—diffusion systems with two species. Considering
this time the monostable case, we study the asymptotic speeds of spreading of certain solutions
of the Cauchy problem. By so doing, we show the existence of propagating terraces describing
the invasion of an uninhabited territory by a weak but fast competitor followed by the invasion
by a strong but slow competitor.

Keywords: reaction—diffusion systems, propagation phenomena, population dynamics.
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Introduction

Cadre général, état de I'art et objectifs

Définition mathématique des systéemes de réaction — diffusion

Un systéme de réaction — diffusion tel qu’entendu dans cette these est un systeme d’équations
aux dérivées partielles (EDP dans la suite, PDE en anglais) de la forme

88—1: —DAu="f(utx),

ou le vecteur colonne u est une fonction d’une variable temporelle réelle t € R et d’une va-
riable spatiale euclidienne z € R", % désigne la dérivée partielle par rapport a ¢ (on privilégiera
Pécriture compacte 0; dans la suite), A, désigne le Laplacien spatial, c’est-a-dire la somme des
dérivées partielles secondes 88725 avec & = (Zi);e(y, .. ny (on privilégiera I'écriture compacte A
dans la suite), D est une matrice diagonale & coeflicients diagonaux strictement positifs appe-
lée matrice de diffusion et f est une fonction possiblement non-linéaire en u appelée terme de
réaction. La matrice D étant diagonale, I’éventuel couplage entre les équations est réalisé par
le terme de réaction et n’implique aucune dérivée partielle de u : le systéme est dit faiblement
couplé. Par ailleurs, le systeme peut étre vu comme un systeme d’équations de la chaleur avec
second membre et est donc dit parabolique.

Plus généralement, le systéme peut ne gouverner I’évolution de u qu’a partir d’un certain
temps initial ty € R, que jusqu’a un certain temps final 7" € R ou encore que dans un certain
domaine spatial @ C R"™. Dans ce cas, ’ensemble de définition de (¢, ) — u (¢,x) est restreint
en conséquence et I'on adjoint au systéme de réaction — diffusion des conditions initiales, finales
ou de bord. En particulier, un probleme formé d’un systéeme de réaction — diffusion posé dans
(to, +00) x R™ accompagné d’une condition initiale est appelé probléme de Cauchy. Les solutions
définies sur R x R™ sont appelées solutions entiéres.

Dans le cas ou u est en fait une quantité scalaire, on obtient une unique équation de réaction —
diffusion de la forme

Ou — dAu = f (u,t,x).

Dans le cas ou u et f ne dépendent pas de x, on obtient un systeme d’équations différentielles
ordinaires (EDO dans la suite, ODFE en anglais) de la forme

u' =f(u,t).

Dans le cas ou u et f ne dépendent pas de t, on obtient un systeme d’EDP elliptiques faiblement
couplé de la forme
—DAu="f(u,z).
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Si f ne dépend que de sa variable u, le systeéme est dit posé en milieu homogéne. Dans le
cas contraire, le systéme est dit posé en milieu hétérogéne (spatialement ou temporellement).
De la méme maniére, un systéme pourra étre posé en milieu (spatialement ou temporellement)
périodique, aléatoire, et ainsi de suite. Un milieu homogene est un cas (treés) particulier de milieu
périodique ou aléatoire.

Les systémes de réaction — diffusion en tant que modeéles de dynamique des
populations

La branche de I’écologie, et donc de la biologie, qui s’intéresse a la fluctuation dans le temps
du nombre d’individus au sein d’une population d’étres vivants non-humains est la dynamique
des populations non-humaines (ci-apreés simplement dynamique des populations; la dynamique
des populations humaines, qui doit prendre en compte des aspects socio-économiques, n’est plus
a proprement parler de la biologie et n’est pas l'objet de cette thése). De par son caractére
quantitatif, ses origines historiques (lire & ce sujet 'ouvrage de Bacaér [9]) et sa tendance & 1’abs-
traction, il s’agit d’une des branches les plus mathématisées de la biologie. Deux grandes familles
de modeles mathématiques existent en dynamique des populations (et plus généralement en bio-
logie) : les modeles déterministes et les modeles stochastiques. Parmi les modeles déterministes,
on trouve de nombreux systémes de réaction — diffusion.

Les systemes de réaction — diffusion émergent en tant que modeles de dynamique des popu-
lations essentiellement de deux manieres : soit a la suite des équations de réaction — diffusion
scalaires, soit a la suite des systemes d’EDO. Dans le premier cas, il s’agit de prendre en compte
des couplages entre différentes populations, tandis que dans le second cas, il s’agit d’ajouter
une structure spatiale au probléme et de prendre en compte la dispersion des individus. A titre
d’exemple et parce qu’il s’agit cependant d’exemples particulierement importants pour la suite,
la modélisation sous-jacente a une équation de réaction — diffusion particuliere, I’équation de
Fisher — Kolmogorov — Petrovsky — Piskunov (Fisher — KPP ou simplement KPP dans la suite),

Ou—Au=u(l—u),

ainsi que la modélisation sous-jacente a un systéeme d’EDO particulier, le systeme de Lotka —
Volterra compétitif a deux especes,

{u’:u(l—u—av)

vV=rv(l—v—"bu)’

ou a, b et r sont des constantes strictement positives, vont maintenant étre détaillées.
Les hypothéses suivantes sont communes aux deux modeles :

1. le nombre d’individus dans une population ainsi que les échelles spatiales et temporelles
sont suffissamment grands pour que le nombre d’individus, qui est par essence une quantité
discrete, soit correctement approché par une densité de population continue;

2. les nouveaux-nés deviennent instantanément adultes ou, de maniére équivalente, les nou-
veaux nés n’influencent pas la démographie et les individus ne sont comptés qu’a partir de
lage adulte (pas de structure en age);

3. si la reproduction est sexuée, la distribution des maéles et des femelles est homogene, de
sorte qu’il suffit de connaitre la densité totale pour connaitre exactement la population
(pas de structure sexuée).

Pour aboutir a ’équation de Fisher — KPP, on se dote d’une unique densité de population u et
on suppose que :



1. la population diffuse dans I’espace avec un taux d > 0, ou en d’autres termes le flux de po-
pulation est proportionnel au gradient de population avec un coefficient de proportionnalité

—d:
2. en un point de 'espace donné, la partie de la variation de la densité de population 8*7“ due
aux naissances et aux morts est logistique, c’est-a-dire a la forme r ( — %) avec 7 > 0 et

K > 0. Cette hypothese implique la présupposition suivante, que les écologistes appellent
absence d’effet Allee : du fait de la compétition pour les ressources entre individus, le
taux de croissance de la population est une fonction strictement décroissante de la densité,
positive si et seulement si v < K et maximale en u = 0 ou elle vaut r. Par conséquent, les
constantes r et K sont respectivement appelées taux de croissance intrinseque et capacité
de charge.

Population size, N

Time

FI1GURE 0.0.1 — Courbe de croissance logistique

Ces hypotheses conduisent a 1’équation

u
&gu—dAu:r(l—?)u.
En posant les quantités adimensionnelles u = %, t=rtetd= \/gx puis en se débarrassant des
~, on obtient bien I’équation de Fisher — KPP normalisée.
Pour aboutir au systéme de Lotka — Volterra compétitif, on se dote de deux densités de
population u et v et on suppose que :

1. en l'absence de 'autre densité, chaque densité croit de maniere logistique;

2. quand les deux densités sont présentes, du fait de la compétition interspécifique, on re-
tranche a chaque taux de croissance un terme supplémentaire positivement proportionnel
a la densité du compétiteur (autrement dit, chaque taux de croissance est désormais une
fonction affine strictement décroissante d’une certaine combinaison linéaire, a coefficients
strictement positifs, des deux densités).

Ces hypotheses conduisent au systéeme :

- _u _ v
u =rull oo L1)

vVi=rv (1 - g -
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F_ =4 q=5x ,_1m2 5_ v — K1 4y 2 ~
Enposauntt—rlt,u—Kl,a—Ll,r—rl,v—K2 etb—L2 puis en se débarrassant des ~, on

obtient bien le systeme de Lotka — Volterra compétitif a deux espéces normalisé.

Toutes ces hypotheses faites a 1’échelle de la densité de population, dite macroscopique, ont
également des interprétations a 1’échelle des individus, dite microscopique. Pour plus de détails
sur les hypothéses microscopiques ainsi que 'histoire de la compétition entre modélisation ma-
croscopique et modélisation microscopique, lire par exemple 'ouvrage d’Israel [98]. Discuter le
bien-fondé de ces hypothéses est évidemment crucial lors de mises en application mais n’est pas
I’objet de cette these.

En couplant de maniére compétitive deux équations de Fisher — KPP, ou encore en ajoutant
de la diffusion spatiale dans le systéme de Lotka — Volterra, on obtient finalement un premier
exemple de systeme de réaction — diffusion : le systéme de compétition — diffusion de Lotka —
Volterra a deux especes,

Ou—Au=u(l—u—av)
{&w—dAv:rv(l—v—bu) ’

On précise d’ores et déja qu’en autorisant a et b a changer de signe, on obtient deux autres
importants exemples de couplage : prédation (ab < 0) et mutualisme (¢ < 0, b < 0). Plus
généralement, un couplage est dit de Lotka — Volterra s’il a la forme uo (Cu) avec C une matrice
carrée et o le produit composante par composante de deux vecteurs, dit produit de Hadamard.

On note également que, 1a ou les motivations de Fisher [72] et de Kolmogorov, Petrovsky
et Piskunov [104] relevaient de la génétique des populations et plus précisément de problémes
de compétition entre deux alleles, la dérivation purement démographique proposée ci-dessus in-
troduit directement 1’équation de Fisher — KPP en tant qu’équation logistique diffusive. Cette
dérivation plus tardive est due & Skellam [134]. L’immense majorité des études récentes de ’équa-
tion de Fisher — KPP dans la littérature de mathématiques appliquées ou d’écologie est motivée
par le modele de Skellam et non par le modele génétique originel.

Réaction — diffusion et phénomeénes de propagation

Une des principales raisons du succes des modeles de réaction — diffusion en dynamique des
populations est leur capacité a décrire des invasions.

Ondes progressives, méthodes EDO, méthodes EDP

\

S’intéresser a des invasions a vitesse et direction constante et en milieu homogene conduit
naturellement & s’intéresser aux solutions entiéres de la forme u : (¢,2) — ¢ (x-e — ct), avec
e € S"~! une direction de propagation, ¢ € R une vitesse de propagation et ¢ un profil de
propagation. Les solutions de cette forme sont généralement appelées ondes progressives (ou plus
précisément ondes progressives planes quand on considere un milieu multidimensionnel pouvant
également accueillir des ondes progressives plus variées, comme les ondes progressives radiales
ou coniques).

Une telle onde progressive satisfait un systeme d’EDO de la forme

D" —cp' = (p).

Grace a cette observation, 'existence et les propriétés de telles solutions peuvent étre traitées
avec des méthodes issues de la littérature sur les EDO (théoréme de Cauchy — Lipschitz, méthode
de tir, variétés stables et instables, et ainsi de suite) ou avec des méthodes issues de la littérature
sur les EDP elliptiques (théorie de Schauder, calcul variationnel, principe du maximum et de
comparaison, inégalités de Harnack, et ainsi de suite).



La littérature sur les ondes progressives peut donc étre scindée en deux familles, selon le type
d’arguments (EDO ou EDP) utilisé. Le parti pris de cette these est d’utiliser autant que possible
des méthodes EDP afin de pouvoir généraliser les preuves a des milieux hétérogenes convenables
et afin également de pouvoir traiter dans la foulée les propriétés de propagation des problemes
de Cauchy, qui elles ne peuvent étre abordées qu’avec des arguments de type EDP.

Dimension du milieu

Lors d’études d’ondes progressives en milieu homogene, on peut supposer sans perte de gé-
néralité que le milieu est unidimensionnel et que e = +1, ce qui simplifie les notations et sera
donc systématiquement fait dans la suite. Dans ce cadre, 'unicité d’une onde progressive doit
étre entendue comme unicité a rotation de e et a translation de ¢ pres.

Evidemment, de telles simplifications ne peuvent étre réalisées dans le cadre d’études de pro-
bléemes de Cauchy avec des données initiales non-unidimensionnelles, pour lesquelles sera donc
précisée la dimension du milieu.

Equations scalaires

Les recherches sur les invasions produites par des équations de réaction — diffusion ont débuté
en 1937. Les résultats fondateurs sont les théorémes suivants.

Théoréme. [104] La solution u d’un probléme de Cauchy associé d l’équation de Fisher — KPP
unidimensionnelle avec donnée initiale bornée positive non-nulle & support compact satisfait

lim sup u(t,z) = 0 pour toute vitesse ¢ > 2,
t—+oo |$|>Ct

lim sup w(t,z) = 1 pour toute vitesse ¢ < 2.
=400 g <ct

Les écologistes s’intéressent bel et bien a des invasions de population initialement confinées
dans l'espace, introduites a un endroit précis. En établissant qu’une telle invasion se déroule
asymptotiquement a vitesse constante, ce premier théoréme montre que les solutions entieres
intéressantes sont en effet les ondes progressives et conduit donc & un second théoréme.

Définition. Une onde progressive de vitesse positive décrivant I'invasion de 0 par 1 pour 1’équa-
tion de Fisher — KPP est une onde progressive dont le profil est strictement décroissant et a pour
limite en —co et +o0 1 et 0 respectivement.

Théoréme. [104] L’équation de Fisher — KPP admet une solution sous forme d’onde progressive
a vitesse ¢ > 0 décrivant l’invasion de 0 par 1 si et seulement si ¢ > 2. Cette solution est unique.

En retour, il est ensuite possible de démontrer le théoréeme suivant.

Théoréme. [104] Soient u la solution du probléme de Cauchy associé d l'équation de Fisher —
KPP unidimensionnelle avec donnée initiale 1)_ o €t 2 le profil de I’onde progressive de vitesse
2 pour cette méme équation.

Alors il existe m : R — R telle que, quand t — 400,

m(t) =o(t),

sup |u (t,z — 2t — m (t)) — 2 (z)| — 0.
z€R
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FI1GURE 0.0.2 — Une onde progressive pour I’équation de Fisher — KPP

Autrement dit, & une correction m (t) pres, 'onde progressive de vitesse minimale correspond
bien au comportement en temps long de la solution du probléeme de Cauchy. Le développement
asymptotique de m (t) a aprés 1937 fait Pobjet de nombreuses recherches, initiées par Bramson
[29, 30] avec des méthodes probabilistes. L’article récent de Hamel, Nolen, Roquejofire et Ryzhik
[90] revient sur les résultats de Bramson avec des méthodes EDP et donne quelques références
bibliographiques.

Rappelant que les variables t et x sont adimensionnelles, on trouve en revenant aux variables
physiques que la vitesse 2 est remplacée par ¢* = 2v/rd. Grace a la simplicité inattendue de cette
formule, le modeéle mathématique peut étre confronté efficacement aux données empiriques.

\/Area

ill § y ¥

1 [ T ]
1910 1920 1930

FI1GURE 0.0.3 — Graphiques issus de larticle de Skellam illustrant la propagation a vitesse

constante du rat musqué en Europe centrale et motivant 1'utilisation de 1’équa-
tion de Fisher — KPP pour la modélisation.

En particulier, cette formule ne dépend pas de la capacité de charge K. C’est une conséquence



immédiate du fait que ¢* est linéairement déterminée : elle coincide avec la vitesse minimale
d’existence de solutions positives non-nulles pour I’équation

—dy" —cp' =ro,

qui n’est autre que ’équation satisfaite par le profil o d’une onde progressive de vitesse c linéarisée
en 0. Cette équation, qui n’indique a priori que le comportement du profil 1a ou la densité de
population est encore négligeable, détermine en fait complétement la vitesse c*.

Les travaux de 1937 ont inspiré par la suite une vaste littérature sur les équations de réaction —
diffusion et plus tard sur les systémes de réaction — diffusion. En particulier, étant donné un
nouveau probléeme de réaction — diffusion, les théoremes ci-dessus conduisent a systématiquement
poser la question d’existence d’ondes progressives ainsi que la question du lien entre la vitesse non-
linéaire et la vitesse linéaire. Sans s’engager dans une impossible revue exhaustive des résultats
existants a ce jour, on cite tout de méme un résultat marquant de Fife et McLeod [71] qui servira
par la suite.

Théoréme. [71] L’éguation
Ou — Au=wu(u—0)(1—u)

avec 0 € )0, 1[ admet une unique solution sous forme d’onde progressive connectant 0 et 1.
De plus, la vitesse ¢ de cette onde progressive a le signe de fol u(u—10)(1—u)du= % (% - 9).

Définition. Une onde progressive connectant 0 et 1 pour I’équation
O — Au=u(u—0)(1—u)
est une onde progressive dont le profil a pour limite en —oo et 400 1 et 0 respectivement.

Le signe de la vitesse est aisément obtenu par intégration par parties de ’équation satisfaite
par le profil ¢ multipliée par ¢'.

Ce résultat est fondamentalement différent de celui obtenu pour le terme de réaction u (1 — u) :
I’onde progressive est unique, la vitesse n’est pas linéairement déterminée et méme son signe
dépend des parametres. Pour les écologistes, un terme de réaction de la forme u (u — 0) (1 — u)
modélise un effet Allee, c’est-a-dire un effet de dépendance positive en la densité : le taux de
croissance (u — ) (1 — u) est strictement croissant en u si u < £

Mathématiquement, une différence importante entre u (1 — u) et u(u — 6) (1 — u) est la clas-
sification des états stationnaires constants. Dans le premier cas, les états stationnaires constants

sont exactement 0 et 1 et, pour FEDO sous-jacente,
u=u(l—-u),

0 est instable et 1 est localement asymptotiquement stable (et méme globalement attractif pour
les données initiales positives non-nulles). Dans le second cas, les états stationnaires constants
sont exactement 0, 6 et 1 et, pour 'EDO sous-jacente,

u=u(u—0)1—u),

0 et 1 sont localement asymptotiquement stables tandis que 6 est instable.

Cette observation conduit a une classification des termes de réaction f réguliers, dépendant
seulement de u, s’annulant en 0 et dont I’ensemble des zéros strictement positifs admet un
maximum. A renormalisation prés, on peut supposer que ce maximum est 1. De plus, on exclut
le cas ou f est strictement positive a droite de 1 afin de n’obtenir que des solutions globalement
bornées et ainsi f’ (1) < 0.
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S’il existe 6 € ]0,1] tel que f est nulle sur [0, §] et positive dans |6, 1], f est dite ignition.
Si 0 et 1 sont les seuls zéros positifs de f, f est dite monostable.
Si f est monostable et satisfait f' (0)u > f (u) pour tout u € [0,1], f est dite KPP.

Si f admet exactement trois zéros positifs 0, 8 et 1 et si f/(0) <0, f/(8) >0et /(1) <O,
f est dite bistable.

=~ W N

5. Si les zéros positifs de f sont tous isolés et s’il y en a au moins quatre, f est dite multistable.

Cette classification n’est pas exhaustive mais couvre cependant 'immense majorité des cas inté-
ressants du point de vue des applications.

Le cas monostable non-KPP modélise lui aussi un effet Allee, dit faible par opposition a l'effet
Allee fort du cas bistable. Le théoréme de base sur ce cas est le suivant.

Théoréme. [8] Il existe ¢* > f'(0) telle que I’équation monostable
Ou — Au = f (u)

admette une solution sous forme d’onde progressive a vitesse ¢ > 0 décrivant l’invasion de 0 par
1 si et seulement si ¢ > c¢*. Cette solution est unique.

La question de légalité ¢* = f'(0), c’est-a-dire de la détermination linéaire de la vitesse
minimale, revét dans ce cas une importance évidemment toute particuliere. Bien que dans le cas
KPP elle soit vraie, dans le cas général elle est fausse.

Systémes

La classification des termes de réaction multidimensionnels f est évidemment bien plus com-
plexe. D’un c6té, il est possible de généraliser la classification scalaire (voir par exemple 'ouvrage
de Volpert, Volpert et Volpert [139]), mais une telle classification n’est pas toujours appropriée
pour traiter les systémes intéressants du point de vue des applications. D’un autre coté, il est
possible de suivre la classification induite par les applications, dont trois cas seraient par exemple
Lotka — Volterra compétitif, Lotka — Volterra prédatif, Lotka — Volterra mutualiste, mais une
telle classification échoue parfois & mettre en exergue la proximité mathématique de différents
modeles.

Les deux classifications sont parfois utilisées conjointement. Cela conduit par exemple a la
classification standard pour le systéeme de Lotka — Volterra compétitif a deux especes détaillée
ci-dessous et a laquelle on se réferera par la suite.

1. Sia < 1oub < 1, le systéeme est monostable : le systeme d’EDO sous-jacent possede
un unique état stationnaire localement asymptotiquement stable. On distingue ensuite les
sous-cas suivants :

a) a=>b=1: cas dégénéré généralement écarté;

b) a < 1etb<1: casde coexistence, I’état stable est (11—;;1;’ 11::b) ;

c) a>1,b<1etasb: cas de semi-extinction, I’état stable est (0,1);
d) b>1,a<1eta#b: cas de semi-extinction, I’état stable est (1,0).

2. Sia > 1letb > 1,lesysteme est bistable : le systéme d’EDO sous-jacent possede exactement
deux états stationnaires localement asymptotiquement stables, qui sont (1,0) et (0,1). On
parle aussi du cas d’exclusion mutuelle.



Dans cet exemple, 'augmentation de la complexité par rapport a une équation scalaire provient
de 'amenuisement des contraintes topologiques en dimension 2 et intervient déja dans le systéme
d’EDO sous-jacent, dépourvu de structure spatiale.

Cependant, la richesse topologique due a la dimension du systéme n’est pas la seule cause des
difficultés rencontrées lors de ’étude des systemes de réaction — diffusion. Des phénomeénes plus
subtils, tels que les instabilités de Turing [138] dues & I'interaction entre des diffusions inégales et
des termes de réaction particuliers, peuvent émerger. Les systemes concernés par ces phénomenes
présentent un défaut de structure par rapport aux équations scalaires, bien souvent un manque de
principe de comparaison ou de structure variationnelle. L’étude de ces systémes, parmi lesquels
se trouve la majorité des systemes issus de la dynamique des populations, est particulierement
difficile.

En particulier, pour I’étude des ondes progressives des systémes dépourvus de principe de
comparaison, les méthodes EDO paraissent parfois incontournables. Réussir a n’employer que
des méthodes EDP devient alors un enjeu en soi, puisque cela ouvre par la suite des directions de
recherche difficilement abordables avec les méthodes EDO. Cela explique par exemple pourquoi
les résultats sur le systéme de Lotka — Volterra prédatif a deux especes

Ou— Au=u(l —u— av)
O — dAv = v (—1+ bu)

(avec a > 0 et b > 0), d’abord obtenus griace a des méthodes EDO par Dunbar dans les années
80 [63, 64], ont été établis de nouveau avec des méthodes EDP par Fu et Tsai en 2015 [75]. Le
délai de plus de trente ans illustre d’ailleurs tout a fait les difficultés auxquelles les spécialistes
des méthodes EDP doivent faire face quand le principe de comparaison fait défaut.

Au contraire, les exceptionnels systemes monotones, c’est-a-dire doté d’un principe de compa-
raison, ou variationnels peuvent bien souvent étre traités comme des EDP scalaires et vérifient
donc des propriétés de propagation similaires. C’est par exemple le cas du systeme de com-
pétition — diffusion de Lotka — Volterra a deux espéces, qui est en effet monotone et dont les
cas monostable et bistable sont fortement analogues aux cas scalaires correspondants. Cepen-
dant, dés qu’un troisiéme compétiteur est introduit, la monotonie du systeme est perdue et des
phénomeénes nouveaux surviennent (par exemple, sous certaines conditions, Kishimoto [102] a
montré l'existence d’états stationnaires stables non-constants et Chen et Hung [95] ont montré
I'inexistence d’ondes progressives).

Il faut également pointer le fait que le systéme suivant est a la fois monotone et variationnel
et pourtant encore tres incompletement compris :

8tu—Au:u(1—u2—av2)
O — dAv = rv (1—v2—bu2)'

Ce systéme trés important, issu de la physique quantique et appelé systéme de Gross — Pitaevskii
pour les condensats de Bose — Einstein a deux espéces, est ’objet d’innombrables articles. Bien
qu’il puisse passer pour une simple modification variationnelle du systéme de compétition —
diffusion de Lotka — Volterra a deux espeéces, certaines questions posées par les applications et
certains arguments de preuves ne peuvent se transposer d’un systéme a l'autre. Les littératures
sur ces deux systémes ont en fait tendance a se développer indépendamment 1'une de 'autre et
les rapprochements sont désormais rares (des efforts récents étant dus par exemple a Dancer,
Wang et Zhang [48, 50, 51] ou Soave et Zilio [135]). Ceci est révélateur de la complexité accrue
des systémes (les termes de réaction scalaires u (1 — u) et u (1 — u?) étant au contraire tous deux
traités conjointement, en tant que termes de réaction KPP).

Sans plus s’attarder sur ces généralités, on présente maintenant les systémes étudiés dans cette
these ainsi que les résultats obtenus.
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Contributions

Les contributions de cette these a I’étude générale des propriétés de propagation des systémes
de réaction — diffusion issus de la dynamique des populations sont de deux ordres.

1. La premiere direction est ’étude de questions ouvertes précédemment posées par la vaste
littérature sur le systeme de Lotka — Volterra compétitif a deux especes.

a) Pour le systéme bistable, quand un des deux états stables envahit l'autre, duquel
s’agit-il 7 L’hétérogénéité spatiale est-elle susceptible de bloquer cette invasion ou de
la renverser ?

b) Pour le systéme monostable avec semi-extinction, ’état de semi-extinction instable
est-il susceptible d’envahir un territoire inhabité avant de se faire remplacer par 1’état
de semi-extinction stable, et si oui quelles sont les deux vitesses en jeu?

2. La seconde direction est 'ouverture d’un programme de recherche sur une large classe
de systemes non-monotones et non-variationnels mais analogues, par bien des aspects,
a équation de Fisher — KPP et survenant dans de nombreux modeles de dynamique
des populations. Apres les vérifications d’usage (positivité et bornitude des solutions), un
critere nécessaire et suffisant pour la persistance des populations est établi et les propriétés
de propagation sont étudiées. Mise a part 'unicité des ondes progressives, qui reste un
probléme ouvert et a la solution tres certainement complexe, on découvre bien des propriétés
de propagation évoquant celles de ’équation de Fisher — KPP.

Sur le systeme de Lotka — Volterra compétitif a deux espéces

Dans toute cette sous-section, le systéme

(0.0.1)

ou—Au=u(l—u— av)
O —dAv =rv (1 —v — bu)

est simplement dénoté (0.0.1).

En régime bistable avec forte compétition

Dans toute cette sous-sous-section, on suppose que (0.0.1) est bistable, c¢’est-a-dire que a > 1
et b> 1.
En 1982, Gardner [77] a démontré le théoréme suivant.

Théoréme. [77] (0.0.1) admet une solution sous forme d’onde progressive connectant (0,1) et
(1,0).

Définition. Une onde progressive connectant (0, 1) et (1,0) pour (0.0.1) est une onde progressive
dont le profil a pour limite en —oo et 400 (1,0) et (0,1) respectivement. L’onde progressive est
dite monotone si son profil (¢, 1) est tel que ¢ et — sont toutes deux décroissantes et est dite
strictement monotone si ¢ et — sont toutes deux strictement décroissantes.

Ce résultat a par la suite été raffiné par Kan-on [100].

Théoréme. [100] (0.0.1) admet une unique solution sous forme d’onde progressive connectant
(0,1) et (1,0).

De plus, cette onde progressive est strictement monotone et sa vitesse ¢ satisfait —2vrd < ¢ <
2.
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Déterminer le signe de ¢ devient alors d’une importance fondamentale, puisque cela donne le
sens de l'invasion :

1. si ¢ <0, alors (0,1) envahit (1,0);

2. sl ¢ > 0, alors (1,0) envahit (0,1).

Autrement dit, le signe de ¢ permet de comparer dynamiquement la stabilité de (0, 1) et celle de
(1,0).

Contrairement & I’équation bistable scalaire étudiée par Fife et McLeod [71], on ne peut pas ici
déterminer le signe de ¢ par une simple intégration par parties (du fait de ’absence de structure
variationnelle). A vrai dire, a ce jour, aucun résultat parfaitement général n’est connu. Quand
les recherches de cette theése ont démarré, le seul résultat partiel était celui de Guo et Lin [83].

Théoréme. [85] Le signe de la vitesse ¢ de 'unique onde progressive solution de (0.0.1) satisfait
les propriétés suivantes.

1. Sir =d, alors c a le signe de b — a.

Sir>deta> (g)Qb, alors ¢ < 0.

Sir<detb> (%)Za, alors ¢ > 0.

Quel que soit A > 0, changer (d,r) en A(d,r) ne change pas le signe de c.
Sir>d,a>2 etbgl—l—%, alors ¢ < 0.

Sir>d, a>32 et (3rb—d)b< (4r —d)a, alors ¢ < 0.

Sir=12 et (a,b) = (5, %), alors ¢ = 0.

et (a,b) # (%, %), alors ¢ < 0.

et (a,b) # (%, %), alors ¢ > 0.

NS I I I S R

La preuve de ce résultat repose sur les propriétés de monotonie de ¢ par rapport a (r,a,b)
établies par Kan-on [100].

Dans cette these, on propose une approche complétement différente pour aborder ce probléme.
Il s’agit de s’appuyer sur les propriétés d’un régime asymptotique particulier, appelé régime de
forte compétition : (r,a,b) = (7", k, 0‘7’“) avec a > 0 et k — +o00. Ce régime correspond ainsi a la
limite singuliére £k — +o00 du systeme suivant :

8tuk — Auk = Uk (1 - uk) - kukvk
8tvk - dAUk = Trvg (1 - ’Uk) — akuk’uk ’

Dans ce régime, le théoreme de Guo et Lin laisse une large zone d’incertitude. Non seulement
les conditions des points 5 & 9 ne peuvent pas étre remplies si k est assez grand, mais de plus les
points 1 a 4 ne donnent que le résultat partiel suivant.

Corollaire. Le signe de la vitesse ci satisfait les propriétés suivantes.

1. Sir =d, alors c a le signe de o — r.

2. Sir>detd®>ar, alors ¢, < 0.

3. Sir<d etar>d? alorsc, > 0.

4. Quel que soit X > 0, changer (d,r,«) en \(d,r,«) ne change pas le signe de ck.

Par exemple, si @ = r = 1, le signe de ¢ reste completement indéterminé hormis dans le cas
d =1 (trivial par symétrie).

Les premiers articles sur le régime de forte compétition remontent aux années 90 et sont dus
a Dancer et & ses collaborateurs [45, 46]. Le principal résultat, trés générique et naturellement
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déduit du systeme, est le suivant : a la limite & — +o0, les solutions ((ux,vr)),~, convergent
vers une paire (oo, Vo) dont les deux composantes sont positives et spatialement ségrégées,
c’est-a-dire satisfaisant usovs = 0.

Par ailleurs, pour un systéme a deux espéces tel que celui ci-dessus, on peut utiliser la forme
particuliere du couplage de Lotka — Volterra pour combiner linéairement les deux équations et
obtenir

O (qu, — v) — A (auy, — dog) = aug (1 —ug) — 1ok (1 — vg) .

Dans cette équation, la dépendance en k n’est plus qu’implicite, et on peut raisonnablement
espérer que l'on puisse passer a la limite. En utilisant la relation us,vs = 0 et en notant we, la
limite de (qug — vk)j~, on peut identifier cuq, = wl et voo = w, ol les parties positive et
négative de wy, sont définies de sorte que wo, = wl —wy, et ainsi écrire 'équation limite :

I,wﬁ

OrWeo — A ((]-woo>0 + d]-woo<0) woo) = w; ( o

) — 1w (1 +ws) -

Sous réserve que wq, ne s’annule que sur un ensemble négligeable, cette équation est une équation
parabolique quasilinéaire. La limite w, peut donc gagner une certaine régularité et un probléme
de frontiere libre émerge, régissant le mouvement de I'interface.

Ce raisonnement formel sera développé rigoureusement plus loin dans cette these. L’idée ici est
simplement de montrer comment un systeme de deux équations couplées est réduit, en régime
de forte compétition, & une unique équation quasilinéaire. Etant donné que lon sait calculer
aisément le signe de la vitesse d’une onde progressive bistable scalaire, cette réduction devrait
par conséquent révéler le signe de la limite co, des vitesses (cx)j<q-

Plus précisément, le premier résultat obtenu dans le cadre de cette these, en collaboration avec
Grégoire Nadin, est le suivant.

Théoréme. [GN15] La famille de vitesses (ck);~, converge vers une limite coo € ]—2\/rd,2[

ayant le signe de o — rd.
De plus, la convergence est localement uniforme par rapport a d et coo est continue par rapport
ad.

La continuité de ¢, par rapport a d étant encore une question ouverte a ce jour, la continuité
de cs n’est pas une simple conséquence de la convergence localement uniforme.

Dans le cas simplifié ou o = r = 1, le signe de ¢y, est celui de 1 — d. Autrement dit, I’espece
ayant le plus fort taux de diffusion chasse l'autre : I'important n’est pas d’étre tres concentré
au voisinage de l'interface mais plutét de pouvoir envoyer des éclaireurs loin dans le territoire
adverse. Par conséquent, ce résultat a été nommé « L’union ne fait pas la force ».

Il est aisé de vérifier que notre résultat est compatible avec celui de Guo et Lin. Par exemple,
si 'on suppose r > d et d*> > ar, qui impliquent ensemble d’aprés Guo et Lin ¢; < 0 (et donc
Coo < 0), on a bien o? < rd, et méme a? < rd :

a2_a2r2<d3<1
rd  dr3 — 3 '

En montrant qu'un fort taux de compétition interspécifique favorise ’espece la plus mobile,
notre résultat souléve plusieurs questions intéressantes. En particulier, il met en perspective un
résultat célebre de type « L’union fait la force » pour le systeme en milieu borné hétérogene

Ou—Au=u(r(z) —u—wv) dansQ
v —dAv=wv(r(z) —v—u) dansQ (0.0.2)
Opu = Opv =0 sur 02
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dt & Dockery, Hutson, Mischaikow et Pernarowski [58]. Ce renversement du résultat est-il di
avant tout a I’hétérogénéité spatiale ou 'affaiblissement considérable de la compétition interspé-
cifique est-il également responsable ?

Afin d’aborder cette question, nous avons étudié le role de ’'hétérogénéité spatiale en considé-
rant le cas particulier, mathématiquement agréable, d’hétérogénéités spatiales périodiques unidi-
mensionnelles. En effet, tandis que les phénomeénes de propagation en milieu hétérogene général
sont considérablement complexes, en milieu périodique ils se simplifient grandement et de nom-
breuses similitudes avec les milieux homogenes se dégagent. En particulier, la notion d’onde
progressive est naturellement généralisée par celle d’onde pulsatoire.

Définition. Une onde pulsatoire connectant (0,1) et (1,0) pour

{ O — Opgu = p () u (1 — u) — kuw

Ov — dOpv = v (z)v (1 —v) — akuv’ (0.0.3)

ou pu et v sont deux fonctions régulieres positives périodiques de méme période L > 0, est
une solution entiere de la forme (u,v) : (t,z) — (p,¥) (x — ct,z), avec ¢ € R une vitesse de
propagation et (¢,1) un profil de propagation satisfaisant les propriétés suivantes :

1. ¢ et —1 sont toutes deux strictement décroissantes par rapport a leur premiere variable ;
2. @ et 1 sont toutes deux L-périodiques par rapport a leur seconde variable ;

3. les limites uniformes suivantes sont satisfaites :

lim sup [(p,%) (& 2) —(1,0)] =0,
=00 z¢(0,1]

lim — sup |(¢,9) (§,2) = (0,1)] = 0.
£—+0 10,1

Avant d’aller plus loin, on précise que I’on se restreint dans cet exposé introductif aux systémes
de la forme (0.0.3) mais que les résultats ci-dessous issus de [Girl7, GN18] sont en fait démontrés
sous des hypotheses légerement plus générales sur le terme de réaction. La comparaison entre
(0.0.2) et (0.0.3) est bel et bien pertinente. Les hypotheéses exactes seront énoncées dans les
chapitres adéquats.

Les recherches sur les ondes pulsatoires en réaction — diffusion ont démarré beaucoup plus
récemment que celles sur les ondes progressives (les travaux pionniers sur les ondes pulsatoires
scalaires étant ceux de Gértner, Freidlin [79] et Xin [143, 144] et remontant aux années 80 et 90).
Lorsque nous nous sommes penchés sur cette question, nous avons réalisé que ’existence d’ondes
pulsatoires pour le systéme bistable (0.0.3) n’avait encore jamais été abordée.

Une telle question peut cependant étre traitée grace au cadre théorique tres général élaboré
récemment par Fang et Zhao [69]. Sans entrer ici dans les détails techniques, leur conclusion
générale est la suivante : les solutions sous forme d’onde progressive ou pulsatoire pour des pro-
blemes bistables existent pourvu que tous les états stationnaires intermédiaires, respectivement
constants ou périodiques, soient instables et puissent étre envahis par les deux états stables ex-
trémaux (c’est-a-dire qu’il existe des ondes monostables de vitesse au signe adéquat). C’est ainsi
qu’en démontrant le résultat suivant, on déduit immédiatement ’existence d’ondes pulsatoires
pour (0.0.3).

Théoréme. [Gir17] Soient A > 0, B >0 et L =7 <\/1Z + \/g). Supposons que L < L,
max = A et maxv = B.
[0,L] [0,L]

Alors il existe k* > 0 tel que, si k > k*, tout état stationnaire L-périodique de coexistence pour
(0.0.3) est instable et peut étre envahi par les états stables (1,0) et (0,1).
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La condition L < L permet en fait de garantir que le probléme limite

Woo

A (im0 + dlu <o) woo) = (@) w (1= 22) = v (@) wx, (14 we)

o
n’admette aucune solution périodique, non-nulle et changeant de signe. Elle est déduite des deux
observations suivantes :

— une solution périodique, non-nulle et changeant de signe peut étre vue comme une succes-
sion de solutions de problemes de Dirichlet posés dans des intervalles de tailles strictement
inférieures a L;

— un tel probléeme de Dirichlet n’admet une solution positive que si I'intervalle dans lequel il
est posé est suffisamment grand, la taille minimale pouvant étre estimée explicitement.

Il est parfaitement naturel de se demander si ce résultat est optimal, c’est-a-dire si I’on peut
construire des contre-exemples ol L < L n’est pas satisfaite et ol un état stationnaire pério-
dique de coexistence stable ou ne pouvant étre envahi existe. Cette question a fait I’objet d’une
collaboration avec Alessandro Zilio et a conduit au résultat suivant, dont la démonstration est
encore une fois basée sur le passage a la limite £ — +o0.

Théoréme. [GZ18] Soient A >0, B> 0etrg>0,r,>0etr, >0 tels que 2ro+2r,+2r, = 1.
On définit les deux fonctions 1-périodiques pu* et v* satisfaisant

(") 0.1] = ALjo.r) + Alfr, 12rg420,.1]5

(V*)\[O,l] = Bl[ru+ro,ru+To+27‘,,] 5

ainsi que, pour tout L > 0, la fonction L-périodique
x
(esve) i (w7,0") (7).

Il existe L > 0 tel que, pour tout L > L, il existe k* > 1 tel que, pour tout k > k*, (0.0.3)
avec (u,v) = (pr,vr) ou (u,v) = (ur, + v, pur + vr) admet un état stationnaire L-périodique
de coexistence linéairement stable.

De plus, pour tout L > L, il existe un voisinage U, de (ur,vr) dans la topologie de ( i"_pw)Q
et un voisinage Vi, de pr, + v, dans la topologie de L7’ .. tels que, pour tout (1,v) € Ur et tout
p € Vi, il existe k* > 1 tel que, pour tout k > k*, (0.0.3) avec (u,v) ou (p,p) admet un état

stationnaire L-périodique de coexistence linéairement stable.

L’existence d’un tel état de coexistence empéche d’appliquer le résultat de Fang et Zhao mais
pourrait méme bel et bien bloquer la propagation et assurer la non-existence d’ondes pulsatoires.
Pour ce faire, il faudra vérifier dans des travaux ultérieurs le signe de la vitesse de ’'onde pulsatoire
bistable connectant cet état & un des deux états de semi-extinction. Quoi qu’il en soit, ce résultat
compléte de maniére intéressante un résultat de Ding, Hamel et Zhao [57] montrant que pour
une classe particuliere, mais naturelle, de termes de réaction, 'existence d’état de coexistence
stable n’est possible que si la période n’est ni trop grande, ni trop petite.

Le contre-exemple du précédent théoréme repose sur un choix particulier de (ur,vy) décri-
vant une situation ou se succeédent périodiquement des territoires fertiles (ol uy, et vp sont des
constantes positives) et des territoires neutres, ni fertiles ni déléteres (on puy = v = 0). L’état
stationnaire obtenu dépeint alors la possibilité pour u et v de s’installer dans les territoires fer-
tiles & numéro pair et impair respectivement. Autrement dit, ce résultat admet une interprétation
biologique intéressante : une forte hétérogénéité de I’habitat est susceptible de conduire & une
forte ségrégation spatiale et, sur le long terme, & une véritable spéciation. Ce résultat est ainsi,

14



en soi, un premier complément intéressant au résultat de Dockery et al. : en milieu hétérogene,
la ou une faible compétition interspécifique ne laisse aucune chance a la coexistence, une forte
compétition interspécifique peut au contraire la favoriser.

L’existence d’ondes pulsatoires sous hypothése de haute fréquence étant néanmoins établie, la
méthode développée avec Grégoire Nadin dans le cas homogene peut étre appliquée au systéme
périodique (0.0.3) sur des bases non-vides. De nouveau, le signe de la vitesse peut étre déterminé
grace au probleme limite.

A (u,v)

FIGURE 0.0.4 — Ségrégation d’ondes pulsatoires (k1 < ko < k3 < +00)

Théoréme. [GN18] Il existe cs € R tel que :

1. ¢ € ]—cg’y, i, [, ot cgyp > 0 est la vitesse minimale des ondes pulsatoires pour l’équation
de Fisher — KPP périodique unidimensionnelle

Oz — 0002 =p(x)2(1—2) ;
2. Coo = 0 si et seulement si 0‘72 € I, ou I est un intervalle fermé non-vide satisfaisant

I B B
{0 }CL»C - ’

L I .
i W

o?
d
2

3. Coo <0 st %
4. Coo >0 si % >max I, ;

< min I, ;

5. coo est la limite, localement uniforme par rapport d d, de toute famille (ci),~,- de vitesses
d’onde pulsatoire pour (0.0.8); -

6. coo est continue par rapport a d.
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Comme le laisse transparaitre I’énoncé ci-dessus, I'unicité de 'onde pulsatoire (uy,vy) : (¢, z) —
(pr, Y1) (T — cxt, ) n’a pas été rigoureusement établie lors de ces travaux dont I'objet était plutdt
I’étude de la limite singuliere. Toutefois, elle peut bel et bien étre démontrée par des arguments
de glissements tres similaires & ceux qui seront présentés plus loin dans cette these.

Etablir le théoréme précédent est considérablement plus difficile qu’établir son analogue en
milieu homogene. En effet, la ou le profil d’'une onde progressive vérifie un agréable systéme
elliptique, le profil d’une onde pulsatoire vérifie un systéme elliptique dégénéré, ce qui oblige
de fait & repasser régulierement en coordonnées paraboliques (¢, x) et implique notamment une
disjonction des cas selon la nullité de c¢y.. De plus, dans le cas ¢y, # 0, la frontiére libre induite par
le probléme limite ne se réduit plus trivialement a un point. Une véritable étude de ce probléeme
de frontiere libre est donc nécessaire pour caractériser le profil limite. Cette étude est conduite
en utilisant le principe du maximum, la monotonie en temps de la position de la frontiere libre
(dont la vitesse moyenne est bien ¢, ) et des procédures régularisantes. Méme dans le cas coo = 0,
une difficulté supplémentaire émerge du fait de la possible multiplicité des solutions du probléme

limite (cet obstacle ayant déja été mis en exergue par Ding, Hamel et Zhao [57]). Cependant,

ces solutions existent si et seulement si %2 € I,.. Un résultat d’exclusion mutuelle déduit de la

caractérisation des profils quand ¢, # 0 permet d’établir que co, # 0 si et seulement si %2 ¢ 1.,
ce qui permet finalement d’obtenir le signe de c.

On constate qu’encore une fois, le résultat est de type « L’union ne fait pas la force ». Une
telle généralisation montre que l'inversion du résultat pour (0.0.2) repose fondamentalement sur
l’affaiblissement de la compétition interspécifique. Bien que I’hétérogénéité spatiale favorise le
compétiteur le plus sédentaire, son effet est négligeable face a celui de la compétition, qui elle
favorise au contraire le plus mobile.

Le résultat de Dockery et al. sur (0.0.2) est donc loin de trancher la question du lien entre taux
de diffusion et avantage compétitif. D’autres recherches devront étre conduites. Ceci a par la suite
été confirmé par Risler [130] qui a su démontrer avec des techniques complétement différentes
un résultat supplémentaire de type « L’union ne fait pas la force », cette fois-ci pour le systéeme
perturbatif en milieu homogeéne

Ou—Au=u(l—u)—(1+vy)uw
{&tv—(1+€)Av:v(1—v)—(1+'y)uv

oue > 0 et v > 0 sont deux parametres infinitésimaux. Contrairement au régime de forte
compétition, ce systéme n’est qu’une modification marginale de (0.0.2) et pourtant suffit bel et
bien a inverser la conclusion.

En régime monostable avec semi-extinction

Dans toute cette sous-sous-section, on suppose que (0.0.1) est monostable avec semi-extinction,
c’est-a-dire que a < 1 et b > 1 (quitte & inverser les roles de u et v) . L’état stable est donc (1,0)
tandis que (0, 1) est instable.

Les ondes progressives de ce systéme, définies comme dans le cas bistable, ont d’abord été étu-
diées en 1989 par Hosono [92] et Okubo, Maini, Williamson et Murray [123] sous des hypotheses
restrictives sur les parameétres puis de maniére générale en 1997 par Kan-on [101]. Le résultat de
ce dernier, évoquant fortement le cas monostable scalaire, est le suivant.

Théoréme. [101] Il existe ¢* > 2+/1 — a telle que (0.0.1) admette une solution sous forme d’onde
progressive monotone d vitesse ¢ > 0 décrivant U'invasion de (0,1) par (1,0) si et seulement si
c>cr.

Par analogie avec les équations scalaires monostables, il a été naturellement conjecturé que :
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(a) 1945 (b) 2000 (c) 2010

FIGURE 0.0.5 — Invasion de I’écureuil gris dans le territoire des iles Britanniques de l’écureuil
roux, classiquement modélisée par un systeéme de la forme (0.0.1) avec a < 1 < b.
Quadrillage fin : écureuil gris; quadrillage moyen : zone tampon; quadrillage
grossier : écureuil roux.
Source : Red Squirrel Survival Trust (couleurs modifiées).

— ¢* est également la vitesse de propagation asymptotique des solutions avec données initiales
. . 2 R
unidimensionnelles de la forme (ug,1 —vg) € [0,1]" avec (ug,vg) & support compact et
ug # 0;
— la détermination linéaire ¢* = 24/1 — a est parfois, mais pas toujours, vérifiée.

Les travaux du début des années 2000 dus & Lewis, Li et Weinberger [108, 110, 142] ont confirmé la
premiére conjecture et ont donné des conditions suffisantes pour la détermination linéaire. Plus
récemment, Huang et Han [94] sont parvenus & fournir un contre-exemple a la détermination
linéaire, achevant ainsi la confirmation de la seconde conjecture. Ainsi la question de I'invasion
de u dans un territoire initialement occupé par v est aujourd’hui plutét bien comprise, méme
si les conditions sur les parametres équivalentes a la détermination linéaire ne sont pas encore
connues.

Au contraire, I'invasion conjointe de u et v dans un environnement initialement inhabité était
un probleme largement ouvert avant cette theése. Les travaux les plus proches concernaient soit
le cas bistable, traité trés récemment par Carrére [35], ou le cas monostable avec coexistence,
partiellement traité en 2012 par Lin et Li [112]. La conclusion générale de ces deux articles est
la possibilité d’obtenir plusieurs vagues d’invasion successives :

— dans le cas bistable, si les conditions initiales sont convenables et si 2v/rd > 2, (0,0) est
envahi par (0, 1) qui est ensuite lui-méme envahi par (1,0);

— dans le cas monostable avec coexistence, si 24/rd (1 —b) > 2, (0,0) est envahi par (0,1)
qui est ensuite lui-méme suivi par une zone d’incertitude elle-méme suivie par une invasion
de <1fa 17b)

1—ab’ 1—ab J*
On note que, tandis que le résultat de Carrére parait optimal (la bistabilité rendant les hypo-

theéses sur les conditions initiales nécessaires), celui de Lin et Li peut étre clarifié. Dans la zone

l—a 1-b
1—ab’ 1—ab

d’incertitude, assiste-t-on simplement & une invasion de (0,1) par ( ) ou bien a une
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(a) Cas c(1,0)-(0,1) > 0 (b) Cas c(1,0)-(0,1) <0

FI1GURE 0.0.6 — Simulations numériques de Carrére [35] illustrant les deux invasions successives,
de vitesses respectives 2vrd et c(1 0y (0,1) (vitesse de I'onde progressive bistable
connectant (0,1) & (1,0)).

invasion de (0,1) par (1,0) puis & une invasion de (1,0) par (lljaab, 11:;17) ?

Quoi qu’il en soit, ces vagues d’invasion successives évoquent les terrasses de propagation de
la littérature sur les équations de réaction — diffusion scalaires. Ces solutions, décrites mathé-
matiquement pour la premiére fois par Fife et McLeod [71] dans le cadre de termes de réaction
multistables, nommées systémes d’ondes par Volpert, Volpert et Volpert [139] et renommées suite
aux travaux de Matano, Ducrot et Giletti [62], ont bénéficié récemment d’une certaine attention.

Mais le résultat de Lin et Li montre que le prisme des équations scalaires multistables ne
suffit pas pour comprendre le type de terrasses qui est a l'ceuvre ici. En effet, alors que seul le
premier état stationnaire d’une terrasse scalaire multistable est susceptible d’étre instable, Lin
et Li démontrent le remplacement de 1’état instable (0, 0) par I’état lui aussi instable (0, 1). Deux
ondes monostables se succedent donc. Les ondes monostables ayant typiquement une demi-droite
de vitesses admissibles tandis que les ondes bistables n’ont qu’'une unique vitesse admissible,
lensemble des terrasses potentiellement engendrées par (0.0.1) est considérablement plus grand.

Il s’avere qu’adopter le point de vue des terrasses de propagation pour étudier I'invasion
conjointe de u et v permet d’obtenir des résultats complets et novateurs, y compris dans le
cas de données initiales a support compact. Une collaboration avec Adrian Lam a ainsi conduit
aux résultats suivants.

On définit la fonction auxiliaire

fo [2vVT=a,+00] — ]2va,2(vVI—a++a)]
c = c—+/c2—4(1—-a)+2/a

Celle-ci est décroissante et bijective et satisfait en particulier

f2) =2,

1 2(1-a)
- = +
f Vatzooo
Dans I’énoncé qui suit, I’espace sous-jacent est unidimensionnel et ¢* est bien la vitesse minimale
des ondes progressives monotones décrivant I'invasion de (0,1) par (1,0).

18



1)\ {0} dont le support est inclus dans une demi-droite

Théoréme. [GL18] Soient ug € € (R, [0, 1])
Y\ {0} @ support compact et (u,v) la solution de (0.0.1)

dirigée vers la gauche, vy € € (R, [0, 1]
avec données initiales (ug,vo)-

1. Supposons 2v/rd < 2. Alors

\
(dm sup lv(t,z)] =0,

lim sup  |u(t,x) — 1| =0 pour tout ¢ € ]0,2[,
t=+00 o<z (2—e)t

lim sup |u(t,x)| =0 pour tout € > 0.
t—+o00 (24e)t<z

2. Supposons 2v/rd € |2, f (c*)[. Soit

Cace = f1 (2@) =\/7Td—\/a+\/%__a\/a €le,2[.

Alors
lim sup (Ju(t,x) = 1|+ |v (¢, z)|) = 0 pour tout € € ]0, cace|
t—r+o0 0<z<(cqec—€)t
2\/ d— acc
lim sup (Ju(t, )| + |v (t,x) — 1|) = 0 pour tout & € O,A ,
240 (peote)tas (2vrd—e)t 2

lim sup (lu(t,z)| + v (t,z)]) = 0 pour tout & > 0.
PO (2vrdte)t<a

3. Supposons 2v/rd > f (¢*). Alors

lim sup  (Ju(t,z) = 1|+ |v (¢, z)]) =0 pour tout e € ]0,c*[,
t—+o0 0<z<(c*—e)t

2vrd — c*
lim sup (Ju (t,2)| + o (t,2) = 1)) = 0 pour tout ¢ e]o, S [
t=too (c*+e)t<a<(2vrd—e)t 2

lim sup (lu(t, )| + |v (t,x)]) = 0 pour tout € > 0.
HO (2vrdte)t<a

Ce résultat est remarquable pour au moins trois raisons.

— Le second cas montre que Pinvasion de u est accélérée (cqe. > ¢*) si celle de v est trop lente
2Vrd < f ().

— La vitesse accélérée c,.. est donnée par une formule algébrique explicite.

— L’énoncé ne dépend pas de la détermination linéaire de c*.

La fonction f, qui donne pour tout ¢ > 24/1 — a la plus grande racine de I’équation en ¢
& —4x(e)é+4(N(c)e—1) =0,

ou

apparait naturellement dans le probléeme.

19



Introduction

Supposons que v envahit le territoire inhabité a vitesse 2v/rd et que u chasse v a vitesse
cy € [c*, 2vVrd [ Dans la zone ou v ~ 1, u ressemble a la queue exponentielle de ’onde progressive

monostable connectant (0,1) a (1,0) a vitesse ¢z, ¢’est-a-dire
w(t, ) ~ e~ Me2)(@—cat)
Si ’on se place alors dans un voisinage de x = ét, avec ¢ € :|C2, 2v/ rd[, on ne peut observer des
quantités non-négligeables qu’a condition de considérer la fonction redimensionnée
w: (t,x) = u(t,x) eMe2)(E—e2)t

plutét que u elle-méme.
Or, dans un voisinage de x = é avec ¢ > 2vrd, ou (u,v) =~ (0,0), w satisfait au premier ordre

w — Opgw = (1 + A(c2) (E— ) w
et Pansatz exponentiel w (t,z) = e~ A¢2:8@=¢) conduit a ’équation
(A (c2,8)* = EA (€2,8) + (14 A(e2) (6= ¢2)) = 0.
La racine minimale étant
Ao, @) = % (5— V& =41+ A (c2) (E—cz))> :

on déduit que ¢ doit précisément satisfaire

& —4X(ca)é+4(N(ca)cg —1) >0,

soit &> f (c). Prenant la limite & — 2v/7d, on trouve bien 2v/rd > f (c2).

L’essentiel de la preuve consiste donc a rendre rigoureuse cette observation a ’aide de sur-
solutions et sous-solutions finement construites.

Le théoréme précédent est complété par deux autres qui seront présentés en détail dans le
chapitre adéquat mais qui caractérisent I’ensemble des paires de vitesses possibles pour les ter-
rasses de propagation engendrées par des données initiales exponentiellement décroissantes. La
fonction f joue de nouveau un role essentiel et, de ce fait, ’ensemble est parfois strictement plus
petit que I’ensemble maximal

{(Cl,CQ) € {2\/@,—}—00{ X [¢*, +o0[ | 1 > 62}.

Sur les systemes KPP non-monotones

Dans cette sous-section, les inégalités vectorielles > 0, > 0 et > 0 sont respectivement com-
prises comme positivité de toutes les composantes, positivité de toutes les composantes avec
inégalité stricte pour au moins une composante et stricte positivité de toutes les composantes.
De plus, la notation [N] désigne 'ensemble {1,..., N}.

On appelle systéme KPP un systéme de réaction — diffusion de la forme

Opu—DAu=Lu—c(u)ou, (0.0.4)

avec u € RY L € RV*N une matrice carrée irréductible et essentiellement positive (c’est-a-
dire dont seuls les termes diagonaux sont possiblement strictement négatifs) et ¢ un champ de
vecteurs de RY vérifiant les propriétés suivantes :
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1. ¢(u) > 0siu >0, avec égalité si u=0;
2. il existe « > 1, § > 1 et ¢ > 0 tels que, pour tous a > @, i € [N] et n > 0 satisfaisant
[n| =1, on ait
N
Zli,j”j >0 = a‘sgi < ¢; (an).
j=1

La seconde hypothése est en particulier satisfaite si ¢ (v) croit au moins linéairement quand
|v| = 400, donc en particulier si ¢ (v) = Cv avec C > 0.

Ainsi, exemple typique de systéeme KPP est le systéeme de Lotka — Volterra compétitif avec
mutations :

Oyu — DAu = diag (r) u+ Mu — Cuou,

our > 0, C > 0 et M est une matrice carrée irréductible essentiellement positive satisfaisant
N
> m;; = 0 quel que soit j € [N], comme par exemple une matrice de la forme M;p,,diag (w)

i=1
avec w > 0 et M, le laplacien discret avec conditions de Neumann :

-1 1 0o ... 0
1 -2

Mrap=1¢9 . . . 0
: . oo=2 1
o ... O 1 -1

L’essentiel de la littérature et des travaux contemporains se concentrant sur le systeme de mu-
tation — compétition — diffusion présenté ci-dessus, celui-ci suffit tout a fait pour un exposé
introductif de ’état de I’art et des résultats. Toutefois, le cadre général des systemes KPP per-
met d’aborder des probléemes issus d’applications fort différentes : introduction de classes d’age
dans I’équation de Fisher — KPP, systeme de Gross — Pitaevskii pour les condensats de Bose —
Einstein & deux espeéces avec couplage de Rabi, et ainsi de suite. Ces systémes ainsi que les
questions de modélisation sous-jacentes seront abordés dans les chapitres adéquats.

Les premiers travaux traitant des phénomenes de propagation pour les systéemes KPP sont
dus & Freidlin [74]. A l'aide de méthodes probabilistes, ce dernier a étudié un systéme KPP &
deux composantes admettant un état stationnaire non-nul globalement attractif. Inspirés par
cette étude, Barles, Evans et Souganidis [10] ont traité en 1990 un cas beaucoup plus général
a l'aide de méthodes EDP. Grace au changement de variables WKB et a la limite de viscosité
évanescente, ils ont su caractériser la vitesse de propagation des solutions du probléeme de Cauchy
initialement & support compact. Bien que leur méthode, tres utilisée aujourd’hui notamment pour
traiter les modeles issus de la dynamique adaptative, n’emploie pas le cadre des ondes progressives
mis en avant dans cette these, elle fournit donc le méme genre de résultat et souleve ainsi tres
naturellement la question des ondes progressives.

La pertinence biologique des systemes KPP a elle été rendue claire en 1998 par Dockery et
al. [58] quand ils ont introduit des mutations de faible amplitude dans (0.0.2) afin de vérifier si
« L’union fait la force » restait vrai dans un tel contexte. Néanmoins, a cause d’obstacles théo-
riques majeurs (pas de structure variationnelle, pas de principe de comparaison), un traitement
plus exhaustif de ces systémes était alors hors de portée, ce qui les a conduit a suggérer que
le seul cas mathématiquement abordable était celui du systéme a deux composantes avec des
mutations évanescentes. En effet, dans un tel cas, le systéme limite est précisément (0.0.1) et est
donc bien mieux compris du fait du principe de comparaison.
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Par conséquent, a de rares exceptions pres, les recherches qui ont suivi se sont concentrées sur
ce cas particulier. En 2012, Elliott et Cornell [65] ont publié une étude heuristique et numérique
renouvelant I'intérét, notamment pour la question des ondes progressives. En 2014, la question
de la détermination linéaire a été posée formellement par Cosner [39]. En 2016, Griette et Raoul
[82] ont montré pour la toute premiére fois qu'une onde progressive existe bel et bien et ont
caractérisé la forme de son profil dans un régime particulier. En 2017, Morris, Boérger et Crooks
[115] ont établi avec des techniques encore différentes un résultat d’existence plus général et
ont également obtenu un résultat sur la propagation de données initiales unidimensionnelles a
support compact.

Cependant, ces résultats restent cantonnés au cas particulier du systéme a deux composantes
avec petites mutations. Le cas général restait, avant le début de cette theése, complétement ouvert.

L’approche employée dans cette theése pour traiter le cas général est différente de celles précé-
demment employées. Elle repose sur 'observation suivante : le terme de réaction Lu — (Cu) o u
est analogue au terme de réaction ru — %, c’est-a-dire a un terme de réaction de type KPP. En
particulier, les solutions du probleme linéarisé d;u—DAu = Lu peuvent former des sur-solutions,
bien que le systeme non-linéaire ne bénéficie pas d’un principe de comparaison.

Gréace a cette observation, les résultats suivants peuvent étre démontrés.

Théoréme. [Gir18b] Toute solution positive u de (0.0.4) posé dans ]0,+oc0[ x R telle que x —
u (0, ) soit non-nulle satisfait u (t,z) > 0 pour tout (t,x) € |0, +oo[ x R.

Théoréme. [Gir18b] Il existe une fonction g : [0,+oo] — RY continue, dont toutes les com-
posantes sont croissantes et satisfaisant g (0) > 0 telle que toute solution positive u de (0.0.4)
posé dans 10, +oo[ X R satisfasse

u(t,z) < <g¢ (sup U; (O,z))) pour tout (t,x) € [0,4+o0[xR
zeR i€[N]

et si de plus x — u(0,x) est bornée, alors

(hm sup sup u; (t, x)) <g(0).
t—+4o00 z€R i€[N]

Dans ce qui suit, App (L) désigne la valeur propre de Perron — Frobenius de L et npp (L)
désigne son vecteur propre satisfaisant npp (L) > 0 et npp (L)| = 1.

Théoréme. [Gir18b] Supposons App (L) < 0. Alors toute solution bornée positive de (0.0.4)
posé dans |0, 4+o00[ X R converge en temps long, uniformément en espace, vers 0 pourvu que l'une
des conditions suivantes soit satisfaite :

1. Apr (L) <0, et dans ce cas la convergence est exponentielle en temps ;

2. Apr (L) =0 et c(anpp (L)) > 0 pour tout o > 0.

Ce théoreme correspond au cas dit d’extinction et sa preuve, relativement élémentaire, repose
sur la comparaison avec la sur-solution formée par la solution du systeme linéarisé. Au contraire,

le cas dit de persistance, donné par le théoréme suivant, est prouvé a I’aide d’un habile jonglage
entre 'instabilité de 0 et I'inégalité de Harnack établie en 2009 par Foldes et Polacik [73].

Théoréme. [Gir18b] Supposons App (L) > 0. Alors il existe v > 0 tel que toute solution bornée
positive non-nulle u de (0.0.4) posé dans]0,+oo[ xR satisfasse, pour tout intervalle borné I C R,

t—+o0 xecl

(lim inf inf u; (¢,2) — y) >0.
1€[N]
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De plus, il existe un état stationnaire constant positif non-nul, qui est donc a valeurs dans

N

TT (v.0: (0]

i=1

Une fois ces théorémes basiques établis, on peut laisser de c6té le cas d’extinction, se concentrer
sur le cas plus intéressant de persistance et se tourner vers les phénomenes de propagation.
On constate rapidement que le comportement en temps long est difficile a caractériser plus
précisément en toute généralité (en particulier, de multiples états stationnaires localement stables
peuvent exister). On adopte donc une définition plus faible des ondes progressives, énoncée ci-
dessous.

Définition. Une solution sous forme onde progressive pour (0.0.4) est une solution entiére,
positive, bornée, de la forme u : (¢,2) — p(x — ct), avec une vitesse ¢ > 0 et un profil p €
©? (]R, RN ) satisfaisant

(lim inf p; (§)> >0et lim p(§)=0.
£ i€[N] §—rtoo

——00

[11d 10
w0

0 > &

FI1GURE 0.0.7 — Exemple de profil d’onde progressive pour un systeme KPP a quatre compo-
santes. Le comportement a 'arriere est volontairement représenté comme non-
convergent, en 'absence de résultat plus probant.

Le théoréme suivant est ensuite prouvé en adaptant des idées dues a Berestycki, Nadin, Per-
thame et Ryzhik [19] permettant de contourner le défaut de principe de comparaison.

Théoréme. [Gir18b] Supposons App (L) > 0. Soit

()\pF (u2D+L)> .

1

¢* = min
n>0

La quantité c* est strictement positive et est la vitesse minimale des ondes progressives ainsi
que la vitesse de propagation des données initiales unidimensionnelles d support inclus dans une
demi-droite dirigée vers la gauche, dans le sens suivant :

23



Introduction

1. pour toute ¢ € [0,c*[, il n'existe pas de solution de (0.0.4) sous forme d’onde progressive
de vitesse c;

2. st Dc(v) > 0 pour tout v > 0, alors pour toute ¢ > c*, il existe une solution de (0.0.4)
sous forme d’onde progressive de vitesse ¢ ;

3. pour tout zy € R et toute fonction continue, bornée, positive, non-nulle v, la solution u de
(0.0.4) posé dans ]0,+oo[ x R avec donnée initiale V1 _ 5,y satisfait

( lim supuw; (¢, 2+ ct)) = 0 pour toute ¢ €]c*, +o0[ et tout y € R,
fteoa>y i€[N]

<lim inf inf w; (¢, 2+ ct)) € KT pour toute c € [0,c*[ et tout R > 0.
t—+0c z€[~R,R) ie(N]

De plus, le profil p de toute onde progressive satisfait

p<g(0) et (lim infp; (§) — V) > 0.
1€[N]

§——o0

A partir de la formule explicite donnant ¢*, diverses estimations peuvent également étre dé-
duites. Celles-ci seront détaillées dans le chapitre adéquat.

Tandis que les résultats ci-dessus sont démontrés en utilisant exclusivement les sur-solutions et
sous-solutions classiques de la littérature sur I’équation de Fisher — KPP, 'emploi de méthodes
plus variées permet de raffiner les résultats qualitatifs sur les profils d’ondes progressives.

On définit, pour toute ¢ > ¢*, les quantités

,uc:min{u>0|

App (1?D +L) c}
'[j, )

1 sic=c".

kc:{O sic> ¢,
La quantité u. est bien définie et strictement positive (voir les chapitres adéquats).

Théoréme. [Girl8a] Pour toute onde progressive de profil p et de vitesse ¢, il existe A > 0 tel
que, quand & — 400,
p (&) ~ AgFeetetnpp (u2D + L),
P’ (§) ~ —uep (§),
p" (&) ~ uZp (€).

Par conséquent, les composantes de p sont toutes, dans un voisinage de +o0o, strictement
décroissantes et convezxes.

De multiples preuves de ce théoréme sont envisageables. Ayant fait le choix d’éviter les mé-
thodes EDO mais ne pouvant appliquer une méthode purement EDP du fait de I’absence de
principe de comparaison, on propose dans cette thése une preuve utilisant des résultats généraux
d’analyse réelle (un théoréme d’Tkehara et les propriétés de la transformée de Laplace bilaté-
rale). Il est raisonnable d’espérer que cette preuve puisse étre généralisée au contexte des ondes
pulsatoires en milieu spatialement périodique.

Sous des hypothese restrictives sur les parametres, on peut utiliser la forme de Jordan de L
et la projection de Perron — Frobenius pour réduire le systéme KPP a une simple équation de
Fisher — KPP. Ceci est indiqué par les deux théorémes suivants.
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Théoréme. [Gir18a] Supposons Apr (L) > 0, D =1 ainsi que l'existence de b : RN — R telle
que, pour tout v > 0 et tout i € [N], ¢; (v) =b(v) et la fonction w — b(we; + v) est strictement
croissante dans ]0, +00].

Soient a* > 0 l'unique solution de b(anpp (L)) = App (L) et v¥ = a*npp (L).

Alors toutes les solutions bornées positives non-nulles de (0.0.4) posé dans |0, +o0o[ xR convergent
en temps long, localement uniformément en espace, vers v*.

Par conséquent, l’ensemble des solutions stationnaires bornées positives est exactement {0, v*}.

Théoréme. [Girl8a] Supposons que les hypothéses du théoréme précédent sont toujours vérifiées.
Pour toute ¢ € [c*,+00], soit p. € € (R) tel que u : (t,x) — p(x — ct) est l'unique onde
progressive solution de l’équation de Fisher — KPP

Optt — Opzt = App (L) u — b (unpr (L)) u
connectant 0 d o* et satisfaisant p. (0) = %*
Alors tout profil d’onde progressive pour (0.0.4) de vitesse ¢ a la forme

pP:{—pe(§—&)npr (L) avec § € R
et par conséquent, l’onde progressive de vitesse ¢ est unique et connecte 0 a v*.

Puisque D =T implique ¢* = 24/ App (L), cette quantité est bien a la fois la vitesse minimale
des ondes progressives de (0.0.4) et celle pour I’équation de Fisher — KPP scalaire apparaissant
dans I’énoncé.

Enfin, pour le systeme a deux composantes, 'idée selon laquelle la limite de mutations éva-
nescentes vérifie un principe de comparaison peut étre rigoureusement appliquée en considérant
la limite 7 — 0 du systeme suivant :

Oyur — d10yu1 = rug — (c1,1u1 + c1,2u2) ur 4+ nmy (ug — uy)
Opug — doOypia = ToUg — (C21U1 + C22U2) Ug + Nma (U1 — U2)

On dénote (ay,2) = (-, 22 ) les capacités de charge en absence de mutations et, si
’ c1,17 c22 y

€1,1C2,2 7# €1,2¢2,1, on dénote

v, — 1 T1C2,2 — T2C12
m =
C1,1C2,2 — C12C21 \T2C1,1 — T1C21

I’état de coexistence en absence de mutations. On suppose en outre que le systéme sans mutations
est monostable, c’est-a-dire qu'il existe i € {1,2} tel que

T Ci,3—i
> P

T3—i  C3—i3—i

L’état stable est alors

Cii

Qe si Tii > Cii
— v T3—i — C3—i,i’
Vs = T Cii

v S1 .
m r3_q Cc3_i,i

Théoréme. [Girl8a] Soient (Py), -, et (¢y), s, telles que :

1. pour tout n > 0, (t,x) — py, (z — cyt) soit une onde progressive pour le probléme avec taux
de mutation n ;

2. ¢y — co quand n — 0.

25



Introduction

Alors il existe (gn)n>o telle que, quand n — 0, (£ — py (§+Cn)acn)n>o converge da extraction

pres dans ‘Kﬁ)c (RRQ) x R wvers la paire profil — vitesse (p,co) d’une onde progressive pour le

systeme sans mutations

Opuy — d10ypun = riug — (C11u1 + €1 2U2) Uy
Opug — daOypig = Tous — (C2,1U1 + C2,2U2) Uz

réalisant l'une des connections suivantes :
1. 0 a vy,
2. az_ije3_; 4 Vs,

3. 0 d a;e; avec p3_; = 0.

Dans le chapitre adéquat, on présente quelques simulations numériques qui conduisent a une
conjecture générale couvrant également le cas bistable. Cette conjecture permettra d’orienter
efficacement les futures recherches.

Perspectives

Les perspectives de recherche future ouvertes par cette thése sont nombreuses. On ne présentera
ici que les plus intéressantes, susceptibles d’étre étudiées dans un avenir tres proche.

Tout d’abord, concernant la limite de forte compétition et les théorémes de type « L’union ne
fait pas la force », il pourrait étre intéressant d’étudier comment des stratégies de mouvement
plus complexes qu'une simple diffusion influencent le résultat. Par exemple, Potts et Petrovskii
[127] ont récemment illustré numériquement qu'un résultat de type « L’union fait la force »
pouvait émerger pour le systeme

O — Au+ 51V - (uVv) =u(l —u— av)
O — dAv + $2V - (vVu) =rv (1 —v — bu)’

ou les termes s1V - (uVv) et s2V - (vVu) modélisent, si s1 > 0 et s2 > 0, un tactisme agressif
poussant un compétiteur vers I’habitat de I'autre. Il serait intéressant de déterminer un régime
de parameétres dans lequel une confirmation analytique rigoureuse est possible. La piste la plus
évidente est le régime s = s, s5 = 08, s — 400, analogue d’une certaine maniére a la limite
de forte compétition. Toutefois I'existence d’ondes progressives pour un tel systeme, fortement
couplé, est un probléme réellement difficile.

Les résultats obtenus avec Adrian Lam sur les propriétés de propagation de systéme de Lotka —
Volterra compétitif monostable pourraient étre renforcés en prouvant la convergence localement
uniforme des solutions vers des ondes progressives. Des avances ou retards a la Bramson [30,
29] sont évidemment attendus et posent de remarquables obstacles. Il pourrait également étre
intéressant de se tourner vers la classification des solutions entieres du systeme, dans laquelle les
terrasses de propagation que nous avons exhibées joueront un roéle central.

Ensuite, concernant les systémes KPP, la limite de mutations évanescentes pour le systéme
a deux composantes et la conjecture susmentionnée méritent une étude plus approfondie. La
principale difficulté lors du passage a la limite est de trouver une normalisation correcte : ou
centrer 'observation pour que la limite ne soit pas un état stationnaire constant? La ou le
théoreme cité ci-dessus utilise une normalisation connue du cas monostable, le cas bistable semble
bien plus mystérieux.

Toujours au sujet des systemes KPP, il parait également important d’étudier la possible gé-
néralisation des théoréemes réduisant le systeme KPP a une équation scalaire : est-il possible
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de supprimer ’hypothése D = I? Est-il possible de changer ¢; (v) = b(v) en ¢; (v) = b(v)a;
avec a > 07 Nalvement, toutes les réponses paraissent envisageables a ce stade. Des simulations
numériques devront donc étre réalisées.

Enfin, une autre direction de recherche sur les systemes KPP serait la généralisation des résul-
tats obtenus dans cette theése aux milieux périodiques unidimensionnels et aux ondes pulsatoires.
Une telle généralisation résoudrait de nombreuses questions laissées en suspens par Alfaro et
Griette [2].
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General setting, state of the art and goals

Mathematical definition of a reaction—diffusion system

A reaction—diffusion system as understood in this thesis is a system of partial differential

equations (PDEs hereafter) of the form

Ou

— —DAu=f(u,t,zx

at xr ( y ) )
where the column vector u is a function of a real time variable ¢ € R and of a Euclidean space
variable z € R"”, % denotes the partial derivative with respect to ¢t (the compact notation 9
will be often used hereafter), A, denotes the spatial Laplacian, that is the sum of the second
order partial derivatives 8‘% with z = (z;),¢ (...} (the compact notation A will be often used

hereafter), D is a diagonal matrix with positive diagonal entries referred to as the diffusion
matriz and f is a function possibly non-linear with respect to u referred to as the reaction term.
The matrix D being diagonal, any coupling between the equations is due to the reaction term
and involves no partial derivatives of u: the system is referred to as weakly coupled. Furthermore,
the system can be understood as a system of heat equations with internal heat generation and
is therefore referred to as parabolic.

More generally, the system can govern the evolution of u starting from some initial time ¢y € R,
until some final time 7" € R or in some spatial domain 2 C R™. In such a case, the domain
of definition of (¢,x) — u (¢, ) is accordingly restricted and the reaction—diffusion system is
supplemented with initial conditions, final conditions or boundary conditions. In particular, a
problem formed of a reaction—diffusion system set in (g, +00) x R supplemented with an initial
condition is referred to as a Cauchy problem. Solutions defined in R x R™ are referred to as entire
solutions.

Provided u is actually a scalar quantity, we obtain a single reaction—diffusion equation of the

form
Ou — dAu = f (u,t, ).

Provided u and f do not depend on x, we obtain a system of ordinary differential equations
(ODEs herefater) of the form
u =f(ut).

Provided u and f do not depend on ¢, we obtain a system of weakly coupled elliptic PDEs of
the form
—DAu=f(u,z).

If f depends only on its variable u, the system is referred to as set in homogeneous media. The
contrary case is referred to as set in (spatially or temporally) heterogeneous media. Similarly,
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a system can be set in (spatially or temporally) periodic media, random media, and so on. A
homogeneous medium is a (very) particular case of periodic or random medium.

Reaction—diffusion systems as population dynamic models

The branch of ecology, and therefore of biology, concerned with the evolution in time of
the number of individuals in a population of non-human lifeforms is the non-human population
dynamics (hereafter simply population dynamics; human population dynamics, which takes into
account socio-economical aspects, is not proper biology and is not the subject of this thesis).
Due to its qualitative side, its historical origins (read on this subject the book by Bacaér [9])
and its inclination for abstraction, it is one of the most mathematized branches of biology.
Two main families of mathematical models exist in population dynamics (and more generally in
biology): deterministic models and stochastic models. Among deterministic models, we find a
lot of reaction—diffusion systems.

Reaction—diffusion systems arise as population dynamic models mainly in two ways: either as a
refinement of scalar reaction—diffusion equations or as a refinement of ODE systems. In the former
case, the point is to account for coupling between different populations, whereas in the latter case,
the point is to introduce a spatial structure in the problem and to take into account the dispersal
of individuals. Let us now present the underlying modeling for one example of reaction—diffusion
equation, the Fisher-Kolmogorov—Petrovsky—Piskunov (Fisher-KPP or simply KPP hereafter),

Ou—Au=u(l—u),

as well as that for one example of ODE system, the Lotka—Volterra system of two competitive

species,
v =u(l—u-—av)
v =rv(l—v—>bu)’
where a, b and r are positive constants. These two examples will turn out to be very important
examples hereafter.
The assumptions shared by the two models are:

1. the number of individuals in a population and the spatial and temporal scales are so large
that the number of individuals, which is really a discrete quantity, is correctly approximated
by a continuous population density;

2. newborns become instantly adults or, equivalently, newborns do not influence the demog-
raphy and only adult individuals are counted (no age structure);

3. if the reproduction of individuals is sexual, the distribution of males and females is homo-
geneous, so that it suffices to know the total density to know exactly the population (no
sexual structure).

In order to obtain the Fisher—-KPP equation, we consider one population density u and we assume
the following:

1. the population is diffusing in space with a rate d > 0, or in other words the population flux
is proportional to the population gradient with a proportionality constant —d;

2. at a given point in space, the part of the variation of the population density &T“ due to
births and deaths is logistic, that is has the form r (1 — %) with » > 0 and K > 0. This
assumption implies the following presupposition, referred to by ecologists as absence of
Allee effect: because of the competition for resources between individuals, the growth rate
of the population is a decreasing function of the density, nonnegative if and only if u < K
and maximized at v = 0 where it equals » > 0. Consequently, the constants r and K are

respectively referred to as intrinsic growth rate and carrying capacity.
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Time

Figure 0.0.1 — Logistic growth curve

These assumptions lead to the equation

U
8tu—dAu=r<1—?>u.
Setting dimensionless quantities @ = 4, t=rtand ¥ = \/gx and then getting rid of the ~, we
obtain indeed the normalized Fisher-KPP equation.
In order to obtain the competitive Lotka—Volterra system, we consider two population densities
u and v and we assume the following:

1. in the absence of the other density, each density grows logistically;

2. when both densities are present, because of the interspecific competition, we subtract
from each growth rate an additional term positively proportional to the density of the
competitor (in other words, each growth rate is now a decreasing affine function of some
linear combination, with positive coefficients, of the two densities).

These assumptions lead to the system

uw =ru I—KLI—LL]
v=r(l- g -
Setting ¢ = rt, u—K— a—% r—— ﬁ—KLandb—IL%and then getting rid of the ~, we

obtain indeed the normalized Lotka Volterra system of two competitive species.

All these assumptions done at the population density scale, referred to as the macroscopic scale,
can also be interpreted at the individual scale, referred to as the microscopic scale. More details
on the microscopic assumptions and on the history of the competition between macroscopic
modeling and microscopic modeling can be found for instance in the book by Israel [98] (in
French). Of course, discussing the assumptions is crucial when applying the models but this is
not the point of this thesis.

By coupling competitively two Fisher-KPP equations, or by introducing spatial diffusion in
the Lotka—Volterra system, we finally get a first example of reaction—diffusion system: the two-
species competition—diffusion Lotka—Volterra system,

Ou—Au=u(l—u—av)
v —dAv=rv(l —v—"bu)’
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We point out right now that by letting a and b have any arbitrary sign, we obtain two other
important types of coupling: predative (ab < 0) and mutualistic (a < 0, b < 0). More generally,
a coupling is of Lotka—Volterra type if it has the form u o (Cu) with C a square matrix and o
the Hadamard product, namely component-by-component product.

We emphasize also that, although the motivations of Fisher [72] and of Kolmogorov, Petro-
vsky and Piskunov [104] came from population genetics and more precisely from problems of
competition between two alleles, the above purely demographic derivation directly presents the
Fisher-KPP equation as the logistic equation with diffusion. This later derivation is due to
Skellam [134]. Nowadays, most studies of the Fisher— KPP equation in the applied mathematics
literature or in the ecology literature are motivated by the model of Skellam and not by the
original genetic model.

Reaction—diffusion and propagation phenomena

One of the main reasons of the success of reaction—diffusion models in population dynamics is
their ability to describe invasions.

Traveling waves, ODE methods, PDE methods

Investigating invasions with constant speed and direction in homogeneous media naturally
brings forth entire solutions of the form u : (t,z) — ¢ (z - e — ct), with e € S*~1 a direction of
propagation, ¢ € R a speed of propagation and ¢ a profile of propagation. Such solutions are
generally referred to as traveling waves (or, more precisely, traveling plane waves, when having
in mind multidimensional media in which more various traveling waves, like radial or conical
traveling waves, can exist).

Such a traveling wave satisfies an ODE system of the form

~Dy" —cp' =f(p).

Thanks to this observation, the existence and the properties of such solutions can be addressed
with methods coming from the ODE literature (Picard-Lindelof theorem, shooting method,
stable and unstable manifolds, and so on) or with methods coming from the elliptic PDE literature
(Schauder theory, variational calculus, maximum principle and comparison principle, Harnack
inequalities, and so on).

The literature on traveling waves can therefore be separated into two families, according to the
type of arguments (ODE or PDE) that are used. In this thesis, we try to use as much as possible
PDE methods, in order to be able to generalize the proofs to suitable heterogeneous media and
also in order to be able to study concurrently the propagation properties of the Cauchy problem,
which truly require PDE arguments.

Dimension of the medium

When studying traveling waves in a homogeneous medium, we can assume without loss of
generality that this medium is one-dimensional and that e = +1. These assumptions simplify
the notations and therefore will be always assumed hereafter. In this setting, the uniqueness of
a traveling wave is understood as uniqueness up to rotation of e and up to translation of ¢.

Of course, such simplifications cannot be performed anymore when studying Cauchy problems
with non-one-dimensional initial data. For such problems, the dimension of the medium will
always be precised.
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Scalar equations

Research on invasions produced by reaction—diffusion equations started in 1937. The founding
results are the following theorems.

Theorem. [104] The solution u of a Cauchy problem associated with the one-dimensional Fisher—
KPP equation with bounded nonnegative nonzero compactly supported initial data satisfies

lim sup w(t,x) =0 for all speeds ¢ > 2,
t—+o0 |z|>ct

lim sup w(t,x) =1 for all speeds ¢ < 2.
E= 400 g <ct
Ecologists are indeed interested in invasions of initially spatially confined populations, in-
troduced at some precise place. By establishing that such an invasion occurs asymptotically at
constant speed, this first theorem shows that the relevant entire solutions are indeed the traveling
waves and therefore leads to a second theorem.

Definition. A traveling wave with nonnegative speed describing the invasion of 0 by 1 for the
Fisher-KPP equation is a traveling wave whose profile is decreasing and has limits 1 and 0 at
—o0 and +oo respectively.

Theorem. [104] The Fisher—-KPP equation admits a traveling wave solution with speed ¢ > 0
describing the invasion of 0 by 1 if and only if ¢ > 2. This solution is unique.

u

Figure 0.0.2 — A traveling wave for the Fisher-KPP equation

In return, it is then possible to prove the following theorem.

Theorem. [104] Let u be the solution of the Cauchy problem associated with the one-dimensional
Fisher—KPP equation with initial condition 1(_ oy and @2 be the profile of the traveling wave
with speed 2 for this equation.

Then there exists m : R — R such that, as t — +00,

m(t) =o(t),

sup |u (t,z — ct —m (t)) — @2 (x)] — 0.
z€R
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In other words, up to a correction m (t), the traveling wave with minimal speed corresponds in-
deed to the long-time behavior of the solution of the Cauchy problem. The asymptotic expansion
of m (t) became after 1937 an important research subject, first considered by Bramson [30, 29]
with probabilistic methods. The recent paper by Hamel, Nolen, Roquejoffre and Ryzhik [90]
offers a PDE proof of the main result of Bramson and provides some bibliographical references.

Recalling that ¢t and x are dimensionless variables, we find by going back to the physical
variables that the speed 2 is replaced by ¢* = 2v/rd. Thanks to the unexpected simplicity of this
formula, the mathematical model can be efficiently compared to empirical data.

VArea

y v
I T —1
1910 1920 1930

Vo
I

——

Figure 0.0.3 — Graphics from the article by Skellam illustrating the propagation at constant
speed of the muskrat in central Furope and motivating the use of the Fisher—-KPP
equation as model.

In particular, this formula does not depend on the carrying capacity K. This is an immediate
consequence of the fact that ¢* is linearly determined: it coincides with the minimal speed of
existence of positive solutions for the equation

—de" — ¢ =rp,

which is actually the equation satisfied by the profile ¢ of a traveling wave with speed ¢ linearized
at 0. This equation, which a priori governs only the behavior of the profile where the population
density is negligible, determines in fact completely the speed c¢*.

The vast literature on reaction—diffusion equations, and then systems, developed after 1937 is
largely influenced by the founding papers on the Fisher- KPP equation. Especially, given a new
reaction—diffusion problem, the existence of traveling waves as well as the relation between the
nonlinear speed and the linear one are nowadays systematically investigated. Without trying to
provide an exhaustive overview of existing results, we cite nevertheless an important result of
Fife and McLeod [71] that will be used hereafter.

Theorem. [71] The equation
O — Au=u(u—0)(1—u)

with 6 € (0,1) admits a unique traveling wave solution connecting 0 and 1.
Furthermore, the speed c of this traveling wave has the sign offo1 u(u—0)(1—u)du= % (% — 9).
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Definition. A traveling wave connecting 0 and 1 for the equation
0w — Au=u(u—0)(1—u)
is a traveling wave whose profile converges to 1 and 0 at —oo and +oo respectively.

The sign of the speed is easily deduced by integration by parts of the equation satisfied by the
profile ¢ multiplied by ¢'.

This result is deeply different from the one obtained for the reaction term u (1 —w): the
traveling wave is unique, the speed is not linearly determined and even its sign depends on
the parameters. For ecologists, a reaction term of the form u (u — 6) (1 — u) models an Allee
effect, that is an effect of positive dependency on the density: the growth rate (u — 6) (1 — u) is
increasing with respect to u if u < %.

Mathematically, an important difference between u (1 —u) and w (u — 0) (1 — u) is the clas-
sification of constant stationary states. In the former case, the constant stationary states are

exactly 0 and 1 and, for the underlying ODE,
u =u(l—u),

0 is unstable and 1 is locally asymptotically stable (and actually globally attractive for positive
initial data). In the latter case, the constant stationary states are exactly 0, 8 and 1 and, for the
underlying ODE,

v =u(lu—"0)1-u),
0 and 1 are locally asymptotically stable whereas 6 is unstable.

This observation leads to a classification of the reaction terms f which are regular, depend only
on u, vanish at 0 and whose set of positive zeros admits a maximum. Up to a renormalization,
we can assume that this maximum is 1. Moreover we exclude the case where f is positive on the
right of 1 so that all solutions are globally bounded and hence f’ (1) < 0.

1. If there exists 6 € (0,1) such that f is zero on [0, 6] and positive in (0,1), f is referred to

as ignition type.

2. If 0 and 1 are the only two nonnegative zeros of f, f is referred to as monostable.

3. If f is monostable and satisfies f’ (0)u > f (u) for all u € [0,1], f is referred to as KPP

type.

4. If f admits exactly three nonnegative zeros 0, 6 and 1 and if f'(0) < 0, f'(#) > 0 and

/(1) <0, f is referred to as bistable.
5. If the nonnegative zeros of f are all isolated and if there exist at least four of them, f is
referred to as multistable.
This classification is not exhaustive but covers most of the cases interesting from the application
viewpoint.

The monostable non-KPP case models also an Allee effect, referred to as weak by opposition

to the strong Allee effect of the bistable case. The basic theorem on this case follows.

Theorem. [8] I existe ¢* > f'(0) such that the monostable equation
Ou — Au = f (u)

admits a traveling wave solution with speed ¢ > 0 describing the invasion of 0 by 1 if and only if
¢ > c*. This solution is unique.

Addressing the equality ¢* = f’ (0), that is the linear determinacy of the minimal speed, is of
course highly important in such a case. Although it is true in the KPP case, in general it fails.
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Systems

The classification of multidimensional reaction terms f is of course much more complex. On
one hand, it is possible to generalize the scalar classification (see for instance the book by
Volpert, Volpert and Volpert [139]), but such a classification is not always appropriate to deal
with systems interesting from the application viewpoint. On the other hand, it is possible to
follow the classification induced by applications, which would contain for instance the three cases
competitive Lotka—Volterra, predative Lotka—Volterra, mutualistic Lotka—Volterra, but such a
classification sometimes fails to exhibit the mathematical links between different models.

The two classifications are sometimes used concurrently. This leads for instance to the standard
classification for the Lotka—Volterra system of two competitive species, detailed now and to which
we will frequently refer hereafter.

1. If a < 1 or b < 1, the system is monostable: the underlying ODE system admits a
unique locally asymptotically stable stationary state. The following subcases are then
distinguished:

a) a = b=1: degenerated case usually discarded;

b) a <1 and b < 1: coexistence case, the stable state is (11:;b, 11:;17)3

¢) a>1,b<1and a# b: semi-extinction case, the stable state is (0, 1);
d) b>1,a<1and a# b: semi-extinction case, the stable state is (1,0).

2. If a > 1 and b > 1, the system is bistable: the underlying ODE system admits exactly two
locally asymptotically stable stationary states, which are (1,0) and (0,1). This case is also
referred to as the mutual exclusion case.

In this example, the increased complexity compared to a scalar equation is due to the loss of
topological constraints in dimension 2 and is already effective in the underlying ODE system,
without spatial structure.

However, the topological freedom due to the dimension of the system is not the only obstacle
encountered when studying reaction—diffusion systems. More delicate phenomena, such as Turing
instabilities [138] due to interactions between unequal diffusions and special reaction terms, can
arise. The systems concerned by these phenomena have a default of structure compared to scalar
equations, usually a default of comparison principle or variational structure. The study of these
systems, among which we find the vast majority of systems coming from population dynamics,
is especially difficult.

In particular, to investigate the traveling wave solutions of systems devoid of comparison
principle, the ODE methods sometimes seem unavoidable. Managing to use only PDE methods
becomes then a goal in itself, as these are required for some subsequent research directions. This
explains for instance why the results on the predator—prey Lotka—Volterra system

Ou—Au=u(l—u—av)
{ v —dAv = v (—1+ bu)
(with @ > 0 and b > 0), first obtained by Dunbar using ODE methods in the 80s [63, 64], were
recovered with PDE methods by Fu and Tsai in 2015 [75]. The delay of more than thirty years
illustrates perfectly the difficulties that PDE specialists have to overcome when the comparison
principle is missing.

On the contrary, the scarce monotone systems, that is satisfying a comparison principle, or
variational systems can quite often be dealt with similarly to scalar PDEs and satisfy therefore
similar propagation properties. This is for instance the case of the two-species competition—
diffusion Lotka—Volterra system, which is monotone and whose monostable and bistable cases are

36



strongly analogous to the corresponding scalar cases. Nevertheless, as soon as a third competitor
is introduced, the monotony of the system is lost and new phenomena arise (for instance, under
certain conditions, Kishimoto [102] showed the existence of stable non-constant stationary states
and Chen and Hung [95] showed the nonexistence of traveling waves).

We also point out that the following system is both monotone and variational and is however
still incompletely understood:

8tu—Au:u(l—u2—av2)
0iv — dAv = rv (1fvszu2)'

This very important system, coming from quantum physics and referred to as the Gross—
Pitaevskii system for two-component Bose-Einstein condensates, is the subject of countless ar-
ticles. Although it could be described as a mere variational modification of the two-species
competition—diffusion Lotka—Volterra system, some problems coming from the applications as
well as some proof arguments cannot be transferred from one system to the other. The lit-
eratures on these two systems have actually a tendency to grow independently and links are
nowadays rare (recent efforts being due for instance to Dancer, Wang and Zhang [50, 51] or
Soave and Zilio [135]). This illustrates very well the increased intricacy of systems (the scalar re-
action terms v (1 — u) and u (1 — u2) are on the contrary handled concurrently, as KPP reaction
terms).

Without further lingering, let us now present the systems studied in this thesis as well as the
obtained results.

Contributions

The contributions of this thesis to the general study of propagation properties of reaction—
diffusion systems coming from population dynamics are twofold.

1. First, we study open questions previously raised by the vast literature on the two-species
competition—diffusion Lotka—Volterra system.
a) For the bistable system, when one stable state invades the other, which one is it? Is
it possible to block or revert the invasion by introducing spatial heterogeneity?

b) For the monostable system with semi-extinction, is there a possibility of invasion of an
uninhabited territory by the unstable semi-extinct state followed by a replacement of
this state by the stable semi-extinct state, and if yes what are the two speeds involved?

2. Second, we initiate investigations on a large class of non-monotone and non-variational sys-
tems closely related to the Fisher—KPP equation and arising in several population dynamic
models. After the standard verifications (positivity and boundedness of the solutions), we
prove a necessary and sufficient criterion for the population persistence and we study the
propagation properties. Apart from the uniqueness of the traveling waves, which remains
an open problem and is likely very complex, we find indeed propagation properties remi-
niscent of those satisfied by the Fisher—- KPP equation.

On the Lotka—Volterra system of two competitive species
In this whole subsection, the system

{atuAuu(luav)

Ov — dAv = rv (]_ —v— bu) (001)

is simply denoted (0.0.1).
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In strongly competing bistable regime

In this whole subsubsection, we assume that (0.0.1) is bistable, that is ¢ > 1 and b > 1.
In 1982, Gardner [77] showed the following theorem.

Theorem. [77] (0.0.1) admits a traveling wave solution connecting (0,1) and (1,0).

Definition. A traveling wave connecting (0,1) and (1,0) for (0.0.1) is a traveling wave whose
profile converges to (1,0) and (0,1) at —oo and +oo respectively. The traveling wave is referred
to as monotonic if its profile (p, 1) is such that ¢ and —1 are both non-increasing and is referred
to as strictly monotonic if ¢ and — are both decreasing.

This result was then improved by Kan-on [100].

Theorem. [100] (0.0.1) admits a unique traveling wave solution connecting (0,1) and (1,0).
Furthermore, this traveling wave is strictly monotonic and its speed ¢ satisfies —2v/rd < ¢ < 2.
Determining the sign of ¢ becomes then very important, since it gives the direction of the

invasion:

1. if ¢ < 0, then (0,1) invades (1, 0);

2. if ¢ > 0, then (1,0) invades (0, 1).

In other words, the sign of ¢ gives a criterion to compare dynamically the stability of (0,1) and

that of (1,0).

Contrarily to the scalar bistable equation studied by Fife and McLeod [71], here the sign
of ¢ cannot be determined simply by integration by parts (because of the lack of variational
structure). Actually, to this day, no completely general result is known. When the research for
this thesis started, the only partial result was the one proved by Guo and Lin [83].

Theorem. [83] The sign of the speed ¢ of the unique traveling wave solution of (0.0.1) satisfies
the following properties.

If r = d, then c has the sign of b — a.

If r >d and a > (5)2197 then ¢ < 0.

]fr<dandb2(%)2a, then ¢ > 0.

For any A > 0, replacing (d,r) by A(d,r) does not change the sign of c.
Ifr>d,a22andb§1+%, then ¢ < 0.

Ifr>d, a>5% and 3rb—d)b < (47 — d) a, then ¢ < 0.

Ifr =< and (a,b) = %%),thenc:O.

Ifr:4,a2%,b§ and(a,b)#(%,%),thenc<0.
Ifr:%,agg,bz

and (a,b) # (%, %), then ¢ > 0.

© 2 NS T o e =
[[SArN]

Wik Wl —

The proof of this result relies upon the monotonicities of ¢ with respect to (r, a, b) established
by Kan-on [100].

In this thesis, we adopt a completely different viewpoint. Our idea is to exploit the properties
of a particular asymptotic regime, known as strong competition regime: (r,a,b) = (r, k, O‘Tk) with
a > 0 and k — 4o00. This regime corresponds to the singular limit & — +o0o of the following
system:

8tuk - Auk = Uk (1 - uk) - kukvk
{@vk — dAv, = rvg (1 — vg) — akugvg

In this regime, the theorem of Guo and Lin leaves a large area of uncertainty. On one hand,
the conditions of the points 5 to 9 cannot be satisfied if k is large enough, and on the other hand,
the points 1 to 4 only give the following partial result.
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Corollary. The sign of the speed cj, satisfies the following properties.
1. If r =d, then ci has the sign of a — r.
2. Ifr>d and d®> > ar, then ¢, < 0.
3. If r <d and ar > d?, then cx > 0.
4. For any A > 0, replacing (d,r,a) by A(d,r, ) does not change the sign of cx.

For instance, if a = r = 1, the sign of ¢; remains completely unknown, except in the case
d =1 (trivial by symmetry).

The first papers on the strong competition regime were published in the 90s and are due to
Dancer and his collaborators [45, 46]. The main result, very generic and naturally deduced
from the system, is the following: as k& — +o0, the solutions ((ug,vx)),~, converge toward a
pair (U, Vo) Whose components are nonnegative and spatially segregated, that is satisfying
UooVso = 0.

Moreover, for a two-species system such as the one above, we can use the particular form of
the Lotka—Volterra coupling to linearly combine the two equations and obtain

O (qug, — v) — A (aug — dog) = aug (1 —ug) — rog (1 — vg) -

In this equation, the dependency on k is only implicit, and it seems reasonable to try to pass to
the limit. Using the relation uove = 0 and denoting wee the limit of (qug —vi);~, We can
identify cqus = wk and ve, = wz,, where the positive and negative parts of w., are defined so
that we = wd —wZ,, and by so doing we obtain the limiting equation:

1,w7°°

5 )—rw;(leroo).

a1‘,woo - A ((]-woo>0 + dlwoo<0) woo) = w;Lo (

Provided wy, is null only on a negligible set, this equation is a parabolic quasilinear equation.
The regularity of wy, can therefore be enhanced and a free boundary problem governing the
motion of the interface arises.

This formal argument will be rigorously developed later in this thesis. Here, the idea is simply
to show how a two-component system is reduced, in the strong competition limit, to a single
quasilinear equation. Since the sign of a scalar bistable traveling wave is easily determined, this
reduction should consequently reveal the sign of the limit co, of the speeds (c), ;-

More precisely, the first result obtained in this thesis, in collaboration with Grégoire Nadin, is
the following.

Theorem. [GN15] The family of speeds (ck),~, converges to a limit co € (—2\/7“(17 2) having

the sign of a® — rd.
Furthermore, the convergence is locally uniform with respect to d and cso s continuous with
respect to d.

The continuity of ¢, with respect to d being still an open question, the continuity of ¢, is not
a mere consequence of the locally uniform convergence.

In the simplified case where a = r = 1, the sign of ¢, is that of 1—d. In other words, the species
having the strongest diffusion rate chases the other: what matters is not the concentration near
the interface but rather the ability to send individuals far away in the territory of the competitor.
Consequently, we named this result “Unity is not strength”.

It is easily verified that our result is compatible with that of Guo and Lin. Assuming for
instance 7 > d and d? > ar, which, according to Guo and Lin, imply together ¢ < 0 (and thus
Coo < 0), we find indeed a? < rd, and even o2 < rd:

az_a2r2<d3<1
rd  dr3 — r3 '
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By showing that a strong interspecific competition rate favors the more mobile species, our
result raises several interesting ensuing questions. In particular, it brings forth perspective to
a celebrated result of the opposite type, “Unity is strength”; for the system in heterogeneous
bounded media

ou—Au=u(r(z)—u—v) in§
Ov—dAv=v(r(z)—v—u) inQ (0.0.2)
Optt = Opv =0 on 0f)

due to Dockery, Hutson, Mischaikow and Pernarowski [58]. Is this inversion of the result mainly
caused by the spatial heterogeneity, or is the relatively weak interspecific competition responsible
as well?

In order to address this question, we studied the role of the spatial heterogeneity by consid-
ering the special case, mathematically comfortable, of one-dimensional spatially periodic het-
erogeneities. Indeed, although propagation phenomena in general heterogeneous media are sub-
stantially complex, in periodic media they become much simpler and several similarities with
homogeneous media arise. In particular, the notion of traveling wave is naturally generalized by
that of pulsating front.

Definition. A pulsating front connecting (0, 1) and (1, 0) for

{ 815“ - aa:xu = u (Jﬁ) u (1 - u) — kuw (003)

0pv — dOggv = v (z)v (1 —v) — akuv’

where p and v are two regular positive periodic functions with period D > 0, is an entire
solution of the form (u,v) : (t,z) — (¢, %) (z — ct, x), with ¢ € R a propagation speed and (¢, )
a propagation profile satisfying the following properties:

1. ¢ and —¢ are both decreasing with respect to their first variable;
2. ¢ and v are both L-periodic with respect to their second variable;

3. the following uniform limits hold true:

lim —sup [(p,9) (€, 2) = (1,0)[ =0,

§——00 z¢(0,1)

lim sup |(p,¥) (& 2)—(0,1)] =0.
€+00 pe[0.1]

Before going any further, let us precise that this introductory presentation only considers
systems of the form (0.0.3) but the forthcoming results taken from [Girl7, GN18] are actually
proved under slightly less restrictive assumptions on the reaction term. The comparison between
(0.0.2) and (0.0.3) is relevant indeed. The exact assumptions will be stated in the adequate
chapters.

Research on pulsating fronts in reaction—diffusion started much more recently than that on
traveling waves (pioneering works on scalar pulsating fronts are due to Gértner, Freidlin [79] and
Xin [144, 143] and go back to the 80s and 90s). When we looked at this question, we realized
that the existence of pulsating fronts for the bistable system (0.0.3) had never been addressed
before.

Such a question can however be addressed with the general theoretical framework elaborated
recently by Fang and Zhao [69]. Omitting the technical details, their general conclusion is as
follows: traveling waves or pulsating fronts for bistable problems exist provided all intermedi-
ate stationary states, respectively constant or periodic, are unstable and invadable by the two
extremal stable states (namely, there exist monostable waves with speed of adequate sign). Con-
sequently, the following result immediately implies the existence of pulsating fronts for (0.0.3).
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Theorem. [Girl7] Let A>0, B>0and L=n <\/12 + \/g) Assume L < L, r{f}%f'“ = A and

max v = B.
[0,L]

Then there exists k* > 0 such that, if k > k*, any L-periodic coexistence stationary state for

(0.0.3) is unstable and invadable by the stable states (1,0) and (0,1).

The condition L < L is in fact sufficient to guarantee that the limiting problem

Woo

~A (Luw0 + dLu <o) weo) = pr (@) wh (1= 22) = v (@) wy, (1+wsc)

!
admits no periodic nonzero sign-changing solution. It is deduced from the following two obser-
vations:

— a periodic nonzero sign-changing solution can be understood as a juxtaposition of solutions
of Dirichlet problems set in intervals of size smaller than L;

— such a Dirichlet problem is solvable only if the interval in which it is set is large enough,
and the minimal size can be explicitly estimated.

It is perfectly natural to wonder whether this result is optimal, that is if it is possible to construct
counter-examples where L < L is not satisfied and where a stable or invadable periodic coexis-
tence stationary state exists. This question was the object of a collaboration with Alessandro
Zilio and lead to the following result, whose proof is again based on the limit k& — +oc.

Theorem. [GZ18] Let A> 0, B> 0 andrq >0, r, > 0 andr, > 0 such that 2ro+2r,+2r, = 1.
We define two 1-periodic functions p* and v* by

(M*)I[O,l] = A]'[Ovru] + Al[’r‘ﬂ-‘r27’o+27‘,,71]7

(V*)HOJ} = Bl[ru+T0,T;L+To+2ry] s

as well as, for all L > 0, the L-periodic function
* * z
(nesve) ia s (07,0") (T)-

There exists L > 0 such that, for all L > L, there exists k* > 1 such that, for all k > k*,
(0.0.3) with (u,v) = (ur,ve) or (u,v) = (pr + vi, pr + vr) admits a linearly stable L-periodic
coexistence stationary state.

Furthermore, for all L > L, there exists a neighborhood Uy, of (ur,vr) in the topology of

(Li‘iper)Z and a neighborhood Vy, of jur,+vy, in the topology of L7 ., such that, for all (u,v) € Uf,
and all p € Vi, there exists k* > 1 such that, for all k > k*, (0.0.3) with (u,v) or (p,p) admits

a linearly stable L-periodic coexistence stationary state.

Because of the existence of such a coexistence state, the result of Fang and Zhao cannot
be applied. In fact, the coexistence state might even block the propagation and ensure the
nonexistence of pulsating fronts. To establish such a blocking, we will have to verify in ulterior
works the sign of the speed of the bistable pulsating front connecting this state to one of the
two semi-extinct states. Anyways, this result completes interestingly a result of Ding, Hamel
and Zhao [57] showing that for a particular but natural class of reaction terms, the existence of
stable coexistence state is possible only if the period is neither too large nor too small.

The counter-example of the preceding theorem relies upon a particular choice of (ur,vr)
describing a situation where fertile territories (where pj; and vy are positive constants) are
periodically separated by neutral territories neither fertile nor deleterious (where py, = vy, = 0).
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The stationary state obtained subsequently describes the possibility for v and v to settle in the
fertile territories respectively evenly numbered and oddly numbered. In other words, this result
admits an interesting biological interpretation: a strong heterogeneity of the habitat can lead to
a strong spatial segregation and eventually to speciation. This result is therefore in itself a first
interesting complement to the result of Dockery et al.: in heterogeneous media, although a weak
competition leaves no chance to coexistence, a strong competition can on the contrary favor it.

The existence of pulsating fronts under the high frequency assumption L < L being in any
cases established, the method developed with Grégoire Nadin in the homogeneous setting can
be applied meaningfully to the periodic system (0.0.3). Again, the sign of the speed can be
determined thanks to the limiting problem.

A (u,v)

Figure 0.0.4 — Segregation of pulsating fronts (k1 < ko < k3 < +00)

Theorem. [GN18] There exists coo € R such that:

1. ¢ € (—cg,y,c’{%), where c§ , > 0 is the minimal speed of pulsating fronts for the one-

dimensional periodic Fisher—KPP equation

Oz = 0050z = p(x) 2(1 = 2);

2. €oo =0 if and only if %2 € I,., where I is a nonempty closed interval satisfying

L minry maxv
{fo V} Crc|Pn o

L T

o M

for " o)

2
3. Coo <0 4f 4 <minl,;

2
4. oo >0 if & > max I,.;
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5. Coo is the limit, locally uniform with respect to d, of any family (ck),s,. of speeds of
pulsating fronts for (0.0.3); -

6. cx is continuous with respect to d.

As hinted by the above statement, the uniqueness of the pulsating front (ug,vy) : (¢, 2) —
(¢k, ¥r) (x — cxt, z) was not established rigorously during these works, whose object was really
the study of the singular limit. Nevertheless, it can be proved indeed by sliding arguments very
similar to those presented later in this thesis.

The proof of the previous theorem is especially more difficult than its homogeneous counter-
part. Indeed, although the profile of a traveling wave satisfies a comfortable elliptic system, the
profile of a pulsating front satisfies a degenerate elliptic system. Hence it is necessary to go back
and forth between the parabolic coordinates (¢, x) and the traveling coordinates (£, z) and this
implies in particular a distinction of cases according to the nullity of c,.. Moreover, in the case
Coo # 0, the free boundary induced by the limiting problem is not trivially reduced to a point
anymore. An involved study of this free boundary problem is required to characterize properly
the limiting profile. This study is performed using the maximum principle, the monotonicity in
time of the free boundary position (whose average speed is indeed c¢s) and regularizing proce-
dures. Even in the case ¢, = 0, we have to face an additional difficulty: the possible multiplicity
of the solutions of the limiting problem (this fact was already pointed out by Ding, Hamel and
Zhao [57]). However, these solutions exist if and only if %j € I,. A mutual exclusion result
deduced from the characterization of the profiles when co, # 0 yields then that co, # 0 if and
only if %2 ¢ I,., which finally leads to the sign of c¢s.

Once again, the result is of “Unity is not strength” type. Such a generalization shows that the
inversion of the result for (0.0.2) relies heavily upon the weakening of the interspecific compe-
tition. Although spatial heterogeneity favors the less mobile competitor, its effect is negligible
compared to that of competition, which favors on the contrary the more mobile one.

The result of Dockery et al. on (0.0.2) is consequently not the end of the story between
diffusion rates and competitive advantage. Further research will have to be done. This was later
on confirmed by Risler [130] who was able to prove with completely different methods a new
result of “Unity is not strength” type, this time for the perturbative system in homogeneous
media

u—Au=u(l—u)— (1+y)uv
{3tv(1+€)Avv(lv) (I+v)uv

where € > 0 and v > 0 are two infinitesimal parameters. Contrarily to the strong competition
regime, this system is just a marginal modification of (0.0.2) and still suffices to invert the
conclusion.

In monostable regime with semi-extinction

In this whole subsubsection, we assume that (0.0.1) is monostable with semi-extinction, that
isa < 1and b > 1 (up to changing the roles of u and v). Therefore the stable state is (1,0)
whereas (0, 1) is unstable.

The traveling waves of this system, defined as in the bistable case, were first studied in 1989
by Hosono [92] and Okubo, Maini, Williamson and Murray [123] under restrictive assumptions
on the parameters and then without such assumptions in 1997 by Kan-on [101]. The result of
Kan-on, strongly reminiscent of the scalar monostable setting, is the following.

Theorem. [101] There exists ¢* > 2/1 — a such that (0.0.1) admits a monotonic traveling wave
solution with speed ¢ > 0 describing the invasion of (0,1) by (1,0) if and only if ¢ > c*.
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(a) 1945 (b) 2000 (c) 2010

Figure 0.0.5 — Invasion of the gray squirrel in the territory of the red squirrel in the British Isles,
classically modeled as a system of the form (0.0.1) with a <1 <.
Fine grid: gray squirrel; intermediate grid: buffer; coarse grid: red squirrel.
Source : Red Squirrel Survival Trust (modified colors).

By analogy with the scalar monostable equations, it was naturally conjectured that:

— ¢* is also the asymptotic speed of propagation of the solutions with one-dimensional initial
data of the form (ug, 1 —vg) € [0,1]* with (ug, v) compactly supported and wug # 0;

— the linear determinacy ¢* = 2/1 — a is sometimes, but not always, verified.

The subsequent works of the beginning of the 2000s by Lewis, Li and Weinberger [108, 110, 142]
confirmed the first conjecture and gave sufficient conditions for linear determinacy. More recently,
Huang and Han [94] achieved the construction of a linear determinacy counter-example which
ends the confirmation of the second conjecture. Hence the question of the invasion of u in
a territory initially occupied by v is nowadays well understood, even though necessary and
sufficient conditions on the parameters for linear determinacy are not yet known.

On the contrary, the concurrent invasion of v and v in a territory initially uninhabited was
a problem mostly open before this thesis. Related works are concerned either with the bistable
case, very recently treated by Carrére [35], or with the monostable case with coexistence, partially
treated in 2012 by Lin and Li [112]. The general conclusion of these two articles is the possibility
to obtain successive invasion waves:

— in the bistable case, if the initial values are suitable and if 2v/rd > 2, (0,0) is invaded by
(0,1) which is itself invaded subsequently by (1,0);

— in the monostable case with coexistence, if 24/rd (1 —b) > 2, (0,0) is invaded by (0,1)

which is itself followed by an area of uncertainty itself followed by an invasion of ( f:(fb , 11:;)1)) .

We notice that, although the result of Carrére seems optimal (because of the bistability, as-
sumptions on the initial values are necessary), the one of Lin and Li could be clarified. In the

l—a 1-0b
l1—ab’ 1—ab

uncertainty area, is there simply an invasion of (0,1) by ( ) or is there an invasion of

: : —a —b
(0,1) by (1,0) followed by an invasion of (1,0) by (11_ab, 11_ab>?
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(a) Case c(1,0y—(0,1) > 0 (b) Case c(1,0y—(0,1) <0

Figure 0.0.6 — Numerical simulations by Carrére [35] illustrating the two successive invasions,
with respective speeds 2v'rd and c(1,0)-(0,1) (speed of the bistable traveling wave
connecting (0,1) to (1,0)).

Anyways, these successive invasion waves are reminiscent of the propagating terraces of the
literature on scalar reaction—diffusion equations. These solutions, first mathematically described
by Fife and McLeod [71] in the multistable setting, named systems of waves by Volpert, Volpert
and Volpert [139] and renamed after the works of Matano, Ducrot and Giletti [62], attracted
some attention recently.

But the result of Lin and Li shows that the prism of multistable scalar equations does not
suffice to grasp the kind of terraces involved here. Indeed, although only the first stationary
state of a multistable scalar terrace is possibly unstable, Lin and Li show that the unstable state
(0,0) is replaced by the unstable state (0,1). One monostable wave follows another monostable
wave. Since monostable waves have typically a half-line of admissible speeds whereas bistable
waves have a unique admissible speed, the set of all terraces possibly generated by (0.0.1) is
considerably larger.

Actually, when studying the concurrent invasion of u and v, the propagation terrace viewpoint
is highly fruitful and leads to complete and new results, enlightening also compactly supported
initial data. Together with Adrian Lam, we proved the following results.

We define the auxiliary function

[+ [2vVT—a,+00) — (2Va,2(VI—a+ Va)]
c = c—y/—4(1—-a)+2a

It is decreasing and bijective and satisfies in particular

f (2) =2,
f »—> 5 Vet 5~ 24 —a)
i-2va’
In the following statement, the underlying space is one-dimensional and ¢* is indeed the minimal

speed of monotonic traveling waves describing the invasion of (0,1) by (1,0).

Theorem. [GL18] Let ug € € (R, [0,1]) \ {0} with support included in a left half-line and vy €
% (R,[0,1]) \ {0} with compact support. Let (u,v) be the solution of (0.0.1) with initial data

(uo,vo).
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1. Assume 2v/rd < 2. Then

1 t,x)| =0,
t;xgwigyv( ;@)

lim sup  |u(t,x) — 1| =0 for each e € (0,2),
t=+00 o< (2—e)t

lim  sup |u(t,z)| =0 for each € > 0.
t=+00 (24e)t<a

2. Assume 2v/rd € (2, f (¢*)) and define

_ =1 *
Cace = f (2\/7Td) \/> \[ + —— \/7 \/, (C ,2) .
Then
lim sup (lu(t,z) = 1|+ v (t,z)|) =0 for each € € (0, cace) ,
t=+oo O<x<(cacc_5)t
2 v acc
lim sup (Ju(t,x)| + v (t,x) —1|) =0 for each € € (0 —c ) ,

EH (eteyt<a< (2vrd—c )t 2

lim sup (lu(t, )|+ v (t,z)|) =0 for each € > 0.
i=o0 (2r+8)t<¢

3. Assume 2v/rd > f (c*). Then

lim sup  (Ju(t,z) — 1]+ |v (t,x)|) =0 for each € € (0,c*),
t—+oo 0<z<(c*—e)t

)

lim sup (lu(t,z)| + v (t,z) —1]) =0 for each e € | 0,
t=+oo (c*+a)t<w<(2m—e)t

2@—0*)
2

lim sup (Ju(t,z)| + v (t,z)|) =0 for each € > 0.
oo (2Vrd+e)t<z
This result is remarkable for at least three reasons.
— The second case shows that the invasion of u is accelerated (cqee > ¢*) if that of v is too
slow (2vrd < f (¢*)).
— The accelerated speed c,.. is given by an explicit algebraic formula.
— The statement does not depend on the linear determinacy of ¢*.
The function f, which associates with each ¢ > 21/1 — a the largest root of the equation in ¢

=4 (c)c+4(A(c)e—1) =0,

where

Ae) = (c— c2—4(1—a)),

N =

appears naturally in the problem.
Assume that v invades the uninhabited territory at speed 2v/rd and that u chases v at some

speed ¢co € [c*, 2v/rd ). In the area where v ~ 1, u looks like the exponential tail of the monostable

traveling wave connecting (0,1) to (1,0) at speed cq, that is

u(t,x) o~ e MNe2)l@—eat),
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Accordingly, in a neighborhood of = = & with ¢ € (cz, 2+ rd), we can observe non-negligible
quantities only if we consider the rescaled function

w : (t7 -T) = U (t, CE) e)‘(c2)($—62t)

instead of u itself.
Yet, in a neighborhood of x = ¢ with ¢ > 2v/rd, where (u,v) ~ (0,0), w satisfies at the first
order

Ow — Ogyw = (1 + A(c2) (€ — c2))w

whence the exponential ansatz w (¢, z) = e *(*=¢) Jeads to the equation
(A (c2,8)* = e (€2,8) + (14 A(c2) (€ — ¢2)) = 0.

The minimal zero of this equation being

1
Mezd) =5 (6= V@ =21 (@) G ) + 1)),
we deduce then that ¢ has to satisfy
Z—4A\(c2)é+4(N(c2) ez — 1) >0,

that is & > f (cz). Passing to the limit é — 2v/rd, we find indeed 2v/rd > f (c2).

The idea of the proof is to use delicately constructed super-solutions and sub-solutions to
change this heuristic argument into a rigorous one.

Two other theorems complete the preceding one and will be presented in detail in the adequate
chapter. They characterize the set of admissible pairs of speeds for the propagating terraces
generated by exponentially decaying initial data. A crucial role is played by the function f again
and, accordingly, the set is sometimes smaller than the maximal set

{(01,02) € [QM, +oo) X [¢*,400) | 1 > 02}.

On non-monotone KPP systems

In this subsection, the vector inequalities > 0, > 0 and > 0 are respectively understood as
nonnegativity of all components, nonnegativity of all components with at least one positive com-
ponent and positivity of all components. Moreover, the notation [/N] denotes the set {1,...,N}.

A KPP system is a reaction—diffusion system of the form

Opu—DAu=Lu—c(u)ou, (0.0.4)

with u € RN, L € RV*N an jrreducible and essentially nonnegative (that is with nonnegative
off-diagonal entries) square matrix and ¢ a vector field in RY satisfying:
1. ¢(u) > 0 if u > 0, with equality if u = 0;

2. there exist @« > 1, § > 1 and ¢ > 0 such that, for all « > a, i € [N] and n > 0 satisfying
[n| = 1, we have
N
Zli,jnj >0 = a‘sgi <c¢;(am).
j=1
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The second assumption is satisfied for instance if ¢ (v) grows at least linearly as |v| — +o0o and
is therefore satisfied if ¢ (v) = Cv with C > 0.

Thus the prototypical example of KPP system is the competitive Lotka—Volterra system with
mutations:

Opu — DAu =diag (r)u+Mu — Cuou,

where r > 0, C > 0 and M is an irreducible essentially nonnegative square matrix satisfying
N
> m;; =0 for all j € [N]. Important examples of such matrices M are matrices of the form

i=1
M qpdiag (w) with w > 0 and My, the discrete Laplacian with Neumann conditions:

-1 1 0o ... 0
1 -2
MLy =1 g 0
Lo=2 1
0 0 1 -1

Since most contemporary works focus on the above mutation—competition—diffusion system, it is
sufficient for an introductory presentation of the state of the art and of the results. Nevertheless,
the general framework of KPP systems contains problems coming from much more various ap-
plications: Fisher— KPP equation with age classes, Gross—Pitaevskii system for two-component
Bose—Einstein condensates with Rabi coupling, and so on. These systems and the underlying
modeling questions will be addressed in the adequate chapters.

The first works on propagation phenomena for KPP systems are due to Freidlin [74]. Thanks to
probabilistic methods, he studied a two-component KPP system admitting a globally attractive
nontrivial stationary state. Inspired by this work, Barles, Evans and Souganidis [10] studied in
1990 a much more general case with PDE methods. Thanks to the WKB change of variable
and to the vanishing viscosity limit, they were able to characterize the asymptotic speed of
propagation of solutions of the Cauchy problem with compactly supported initial data. Although
their method, nowadays commonly used in particular in mathematical adaptive dynamics, does
not use the framework of traveling waves highlighted in this thesis, it provides the same kind of
results and therefore motivates naturally the problem of traveling waves.

The biological relevance of KPP systems was made clear in 1998 by Dockery et al. [58] when
they introduced mutations of small amplitude in (0.0.2) in order to verify whether “Unity is
strength” would remain true in such a context. However, due to important theoretical obstacles
(no variational structure, no comparison principle), a more exhaustive treatment of these systems
was out of reach, and it lead them to the suggestion that the only mathematically tractable case
was that of the two-component system with vanishing mutations. Indeed, in such a case, the
limiting system is exactly (0.0.1) and is therefore much more understood thanks to the comparison
principle.

Consequently, up to rare exceptions, the subsequent research focused on this particular case.
In 2012, Elliott and Cornell [65] resurrected the interest for the traveling wave problem with a
heuristic and numerical study. In 2014, the linear determinacy question was raised formally by
Cosner [39]. In 2016, Griette and Raoul [82] showed for the very first time the existence of a
traveling wave and characterized the shape of its profile in a particular regime. In 2017, Morris,
Borger et Crooks [115] established with different techniques a more general existence result and
also obtained a result on the propagation of one-dimensional compactly supported initial data.

However, all these results are only concerned with the two-component system with small
mutations. The general case remained, before this thesis, completely open.
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The approach of this thesis to deal with this general case is different from the ones previously
used. It relies upon the following observation: the reaction term Lu — (Cu) o u is analogous to
the reaction term ru— “—K2, that is to a KPP type reaction term. In particular, the solutions of the
linearized system d,u — DAu = Lu can be used as super-solutions, even though the nonlinear
system does not satisfy a comparison principle.

Thanks to this observation, the following results can be proved.

Theorem. [Gir18b] Any positive solution u of (0.0.4) set in (0,+00) X R such that x — u (0, )
is nonzero satisfies u (t,x) > 0 for all (t,z) € (0,+00) x R.

Theorem. [Giri8h] There exists a continuous function g : [0, +00) — RN whose components
are all nondecreasing and satisfying g (0) > 0 such that any nonnegative solution u of (0.0.4)
set in (0,400) x R satisfies

u(t,z) < <gi <sup U (O,J;))) for all (t,z) € [0,+00) x R
reR i€[N]

and furthermore if x — u (0, ) is bounded then

(lim sup sup u; (t, x)) <g(0).
t—4oc0 z€R i€[N]

In what follows, Apr (L) denotes the Perron—Frobenius eigenvalue of L and npp (L) denotes
its eigenvector satisfying nppg (L) > 0 and |npp (L)| = 1.

Theorem. [Gir18b] Assume Apr (L) < 0. Then all bounded nonnegative solutions of (0.0.4) set
in (0,400) x R wvanish asymptotically in time, uniformly in space, provided one of the following
conditions is satisfied:

1. Apr (L) <0, and in such a case the convergence is exponential in time;
2. Apr (L) =0 and c (anpp (L)) > 0 for all o > 0.

This theorem corresponds to the so-called extinction case and its proof, relatively straightfor-
ward, relies upon the comparison with the super-solution obtained with the linearized system.
On the contrary, the so-called persistence case, corresponding to the following theorem, requires
a delicate proof using the instability of 0 and the Harnack inequality established in 2009 by
Foldes and Polacik [73].

Theorem. [Gir18b] Assume App (L) > 0. Then there exists v > 0 such that any bounded
positive solution u of (0.0.4) set in (0,+00) X R satisfies, for any bounded interval I C R,

(lim inf inf u; (t,x) — u) > 0.
i€[N]

t——4o0 el

Furthermore, there exists a constant positive stationary state, which is consequently valued in

N

[T 9 0.

i=1

Once these basic theorems are established, we can focus on the more interesting persistence
case and consider propagation phenomena. It is then quickly noticed that a more precise charac-
terization of the long-time behavior seems out of reach in full generality (in particular, multiple
locally stable stationary states can exist). Consequently we opt for a weaker definition of traveling
wave, stated now.
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Introduction (English version)

Definition. A traveling wave solution for (0.0.4) is an entire solution which is positive, bounded
and of the form u : (¢,2) — p (z — ct), with a speed ¢ > 0 and a profile p € ¢ (R, RN) satisfying

(lim inf p; (f)) >0and lim p(§) =0.
i€[N] §—rtoo

§——o0

< i 0
max g (0)

0 > &

Figure 0.0.7 — Example of traveling wave profile for a four-component KPP system. The behav-
ior at the back is voluntarily represented as non-convergent, in absence of more
convincing result.

The forthcoming theorem is then proved by adapting ideas of Berestycki, Nadin, Perthame
and Ryzhik [19] to overcome the default of comparison principle.

Theorem. Assume App (L) > 0. Let

The quantity c* is positive and is the minimal wave speed as well as the asymptotic speed of
propagation of one-dimensional initial data whose support is included in a left half-line, in the
following sense:

1. for all c € [0,c*), there exists no traveling wave solution of (0.0.4) with speed c¢;

2. if Dc(v) > 0 for all v > 0, then for all ¢ > c*, there exists a traveling wave solution of
(0.0.4) with speed c¢;

3. for all xg € R and all bounded nonnegative nonzero functions v, the solution u of (0.0.4)
set in (0,400) x R with initial data v1(_o 4, satisfies

lim  sup w;(t,x 4+ ct) =0 for all c € (¢*,+0) and all y € R,
t—+oo z€(y,+0o0) i€[N]

<lim inf inf w; (t,z+ ct)) € K™ for all c € [0,¢*) and all R > 0.
t—+o0 ze[-R,R] ie[N]

50



Furthermore, all profiles p satisfy

p <g(0) and <liminfpi &) — l/) > 0.
§or—o0 i€[N]

From the explicit formula giving c¢*, various estimations can also be deduced. They will be
detailed in the adequate chapter.

Although the above results are proved by using exclusively classical super-solutions and sub-
solutions of the KPP literature, refined qualitative results on the profiles can be achieved by
resorting to more various methods.

We define, for all ¢ > ¢*, the quantities

A ‘D+L
ucmin{u>0|PF(M'u)c},

ke =

0 ife>c*,
1 ife=c".

The quantity p. is well-defined and positive (see the adequate chapters).

Theorem. [Girl8a] For any traveling wave solution of profile p and speed ¢, there exists A > 0
such that, as & — +o0,
p (&) ~ Agreetetnpp (2D + L),
P’ (§) ~ —pep (£),
P (§) ~ uzp (€).

Consequently, all the components of p are, in a neighborhood of +o00, decreasing and strictly
convez.

Multiple proofs of this theorem exist. Since we chose to avoid ODE methods but since we also
cannot apply a pure PDE method because of the default of comparison principle, we suggest in
this thesis a proof using general results of real analysis (a Ikehara theorem as well as properties
of the bilateral Laplace transform). It is reasonable to hope that this proof can be generalized
to the context of pulsating fronts in spatially periodic media.

Under restrictive assumptions on the parameters, we can use the Jordan form of L and the
Perron—Frobenius projection to reduce the KPP system to a simple KPP equation. This is
indicated by the following two theorems.

Theorem. [Gir18a] Assume App (L) > 0, D =1 and the existence of b : RN — R such that,
for all v > 0 and all i € [N], ¢; (v) = b(v) and the function w — b(we; + v) is increasing in
(0, 400).

Let a* > 0 be the unique solution of b(anpp (L)) = App (L) and define v = a*npp (L).

Then all positive classical solutions of (0.0.4) set in (0,4+00) converge asymptotically in time,
locally uniformly in space, to v*.

Consequently, the set of bounded nonnegative stationary solutions is exactly {0,v*}.

Theorem. [Girl8a] Assume the assumptions of the preceding theorem are still satisfied.
For all ¢ € [¢*,+00), let p. € €* (R) such that (p.,c) is the unique traveling wave solution of
the KPP equation
Optt — Opzt = App (L) u — b (unpr (L)) u

connecting 0 to a* and satisfying p. (0) = %*
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Introduction (English version)

Then any profile of traveling wave solution of (0.0.4) with speed ¢ has the form

p: & pe(§—&)npr (L) with§ € R
and, consequently, the traveling wave with speed c is unique and connects 0 to v*.

Since D =TI implies ¢* = 24/ App (L), this quantity is indeed both the minimal wave speed of
(0.0.4) and of the KPP equation appearing in the statement.

Finally, for the two-component system, the idea according to which the vanishing mutation
limit satisfies a comparison principle can be rigorously applied by considering the limit  — 0 of
the following system:

Oyur — d10zu1 = mug — (c1,1u1 + ¢1,2u2) ur + nmy (ug — uq)
Opta — doOgza = Tolg — (C2,1U1 + €2 2U2) Up + Mg (U1 — U2)

We denote (aq,a2) = (21,12 ) the carrying capacities in absence of mutations and, if
’ c1,17 €22 ’

€1,1C2,2 7 C1,2C2,1, we denote

V. — 1 T1C2,2 —T2C12
m =
C1,1C2,2 — C12C21 \T2€1,1 —T1C21

the coexistence state in absence of mutations. We assume further that the system without
mutations is monostable, that is there exists ¢ € {1, 2} such that

T Ci,3—i
> PR A

r3—i C3—4,3—i

Thus the stable state is

a.e; if Fioo> _CGui
v, = v T3_i — €3’

: T4 Ci,i
v if o < i
m r3_; C3_i,i

Theorem. [Girl8a] Let (py),.q and (cy),~, such that:

1. foralln >0, (t,x) — Py (x — cyt) is a traveling wave solution of the problem with mutation
rate 1);

2. ¢; —co asn— 0.

Then there exists (Cy), - such that, asn — 0, (§ = Py (£ +(y) , ¢y), 5 converges up to extraction

in 62, (]R, R2) x R to the profile — speed pair (p,co) of a traveling wave solution of the system
without mutations
{3tu1 — d10gzu1 = riug — (c11u1 + €1,2u2) Ug
Orug — doOyzua = Tous — (C2,1U1 + C2,2U2) Uz

achieving one of the following connections:
1. 0 to vy,
2. ag_;es_; to vy,
3. 0 to ae; with ps_; = 0.

In the adequate chapter, we present some numerical simulations leading to a general conjecture
covering also the bistable case. This conjecture will help to guide efficiently the future research.
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Perspectives

Research opportunities opened by this thesis are numerous. Here we will only present the
more interesting leads, susceptible of being studied in the very near future.

First, regarding the strong competition limit and the theorems of “Unity is not strength” type,
it could be relevant to study how more complex movement strategies influence the outcome. For
instance, Potts and Petrovskii [127] recently illustrated numerically that a result of “Unity is
strength” type could arise for the system

Ou — Au+ 51V - (uVo) =u (1 —u — av)
O — dAv + 2V - (vVu) =rv (1 —v —bu)’

where the terms s;V - (uVv) and oV - (vVu) model, if s; > 0 and s > 0, an aggressive taxis
pushing one competitor toward the habitat of the other. It would be interesting to determine
a parameter regime in which an analytical confirmation is possible. The more obvious lead is
the regime s1 = s, so = 0s, s — +00, analogous in some sense to the strong competition limit.
However the existence of traveling waves for such a system, strongly coupled, is a very difficult
problem.

Results obtained with Adrian Lam on the propagation properties of the monostable competitive
Lotka—Volterra system might be enhanced by proving the locally uniform convergence of the
solutions to traveling waves. Positive or negative delays of Bramson type [30, 29] are obviously
expected and are remarkable obstacles. Another interesting lead is the classification of the entire
solutions of the system, in which the propagating terraces we exhibited will play a crucial role.

Next, regarding KPP systems, the vanishing mutation limit for the two-component system and
the aforementioned conjecture deserve a closer investigation. The main difficulty when trying
to pass to the limit is to find an appropriate normalization; where should the observation be
centered so that the limit is not a constant stationary state? The above theorem uses a known
normalization of the monostable case but the bistable case seems much more mysterious.

On KPP systems again, it seems important as well to study the possible generalization of the
theorems reducing the KPP system to a scalar equation: is it possible to remove the assumption
D = I? Is it possible to change ¢; (v) = b(v) into ¢; (v) = b(v)a; with a > 0?7 Naively, all
conclusions seem reasonable at this point. Thus numerical simulations will have to be performed.

Finally, another research direction on KPP systems would be the generalization of the results
of this thesis to one-dimensional periodic media and pulsating fronts. Such a generalization
would settle several questions left open by Alfaro and Griette [2].
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Systemes de compétition — diffusion
fortement compétitifs a deux
especes

« “Pas de compétition! La
compétition est toujours nuisible a
|'espece et il y a de nombreux
moyens de |'éviter”. Telle est la
tendance de la nature, non pas
toujours pleinement réalisée, mais
toujours présente. »

(P. Kropotkine)






Chapitre 1

Ondes progressives pour des systémes

diffusifs et fortement compétitifs : mobilité

relative et vitesse d’invasion

Résumé

Le but de ce chapitre est de déterminer ’envahisseur dans un systeme de compétition —
diffusion de Lotka — Volterra a deux especes, dans le cas particulier de solutions sous forme
d’onde progressive en milieu homogene. La question est tres difficile en toute généralité
mais deux cas asymptotiques semblent dignes d’intérét : faible compétition interspécifique
et forte compétition interspécifique. Ici, on étudie le second cas et on obtient une conclusion
sans équivoque : ’espece qui chasse I'autre est, a une constante multiplicative pres, la plus
diffusive.

Ce chapitre, co-écrit avec Grégoire Nadin, a fait ’objet d’une publication sous le titre
Traveling waves for diffusive and strongly competitive systems : relative motility and invasion
speed dans European Journal of Applied Mathematics [GN15].
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Chapitre 1 Ondes progressives pour des systémes diffusifs et fortement compétitifs : mobilité
relative et vitesse d’invasion

1.1 Introduction

Competitive reaction—diffusion systems have been widely studied in the last few years. These
mathematical models are motivated by numerous applications: ecology, chemistry, genetics, etc.
In general, the mathematical formulations of this problem are, for some spatial domain  (not

necessarily bounded), some n € N and some positive constants (d;, r;, a;, ki j); jefl, )

Vi € {1, Ce ,TL} Oyu; = d,AJCU, +u; | v — a;u; — Z k@jUj in Q x (0, +OO) . (111)
J#i

One tough question is how their solutions and, when they exist, the long-time steady states,
depend on the diffusion rates (d;),;c (1,n}- Asymptotically, how do the species (if we see these as
continuous approximations of some population-dynamics problems) represented by the densities
(ui);¢ (1.} share the domain Q7 Basically, in the neighborhood of any spatial point x, two cases
may occur: either only one species persists (exclusion case) or two or more persist (coexistence
case). In the exclusion case, the only persistent species is called invading species. A priori, all the
parameters participate in the determination of this invader: number of species n, heterogeneity
of Q, boundedness of €2, boundary conditions, intrinsic growth rates (ri)ie{l,...,n}’ interspecific
competition rates (kivJ’)i,je{l,“
diffusion rates (di);cqy, . -

The dependency on diffusion rates is a very open general problem. Previous works show clearly
that a very general result is for the moment unachievable and that we have to consider in each
study a specific case for the other parameters of the problem. A key work in this area is the paper
by Dockery et al. [58]. They proved that, when  is bounded, heterogeneous, with Neumann
boundary conditions and when k; ; = 1 for all ¢,j € {1,...,n}, the less motile species — that is
the one with the lower diffusion rate — is the invading species. Their result relies fundamentally
on the heterogeneity, the basic idea being that each species loses the individuals trying to invade
unfavorable areas while, in favorable areas, the competition helps the more concentrated one,
that is the less diffusive one.

We leave the extension of Dockery’s result for different (k; ;)

o} intraspecific competition rates (ai)ie{l,...,n} and of course

il o} to others and wonder
if a similar result can be obtained in homogeneous domains (bounded or not).

Actually, it is quite tough to guess heuristically what could happen in homogeneous domains.
Indeed, on one hand, the more diffusive species might be able to ignore its competitors long
enough and invade the whole territory while eliminating the competitors slowly. On the other
hand, the more concentrated species — that is the less diffusive one — might benefit from the
maxim “unity is strength” and eliminate slowly the dispersed competitors and, asymptotically,
invade the domain. It is well-known that diffusion tends to bring unexpected results. In any
case, if something can revert the invasion, we expect it to be the competition. With this in
mind, we decide to focus first on the infinite competition limit which should amplify the effects
of competition.

Many papers limit their study to the case n = 2 (and so will we) because then the system
becomes monotonic and is therefore much simpler to study than the general case. We will not
use the monotonicity explicitly but it will be the underlying mechanism behind many results.

When n = 2, the PDE system can be rewritten:

Ou=diAzu+u(ry —aju—kiv) in Qx(0,400)
00 = daAyv+ v (ra —agv —kou) in  x (0,400).
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1.2 Formulation of the problem and main theorem

When there is no diffusion at all, this system becomes an ODE system. Then, the steady state
(u,v) = (0,1) (resp. (u,v) = (1,0)) is stable when "11—22 > 1 (resp. f:—gi > 1), unstable when

A
fll—gi < 1 (resp. % > 1). Our interest lies in the bistable case and more precisely in the so-called
“strong competition case” where fll—(’;z and ffj—;i are much larger than 1. In the monostable case,
only one species is a “strong” competitor.

The infinite competition limit (k; — +oo and % constant) has been studied by Dancer et
al. in 1999 in the case of bounded domains with Neumann boundary conditions [47] (they also
investigated Dirichlet conditions five years later [42]). They obtained a free boundary Stefan
problem and, under regularity assumptions, a spatial segregation with an explicit condition on
the interface. In 2007, Nakashima and Wakasa [120] studied the generation of interfaces for such
systems and obtained a similar free boundary condition.

It is worth mentioning that the spatial segregation in multi-dimensional domains for elliptic
PDE yields highly non-trivial issues. It can be either approached as a free boundary problem
(Caffarelli [31], Dancer [47] and references therein) or as an optimal partition problem (Conti
[38] and references therein), but in both cases it is really a problem in itself, which requires
additional assumptions on the initial conditions and a lot of work.

Therefore, our interest goes to unbounded homogeneous domains. Reaction—diffusion studies
in such domains usually conjecture the existence of propagation fronts and, when their existence
can be rigorously proved, derive from them some information on the dynamics of the system and
the long-time steady state. Here, it is important to recall that the main underlying assumption
with propagation fronts is that, when the initial conditions are well-chosen, the solutions of the
PDE asymptotically behave like the traveling wave solution. We refer to Gardner [77] for such
results for finite k. We will not treat this aspect of the problem in this paper but will indeed
investigate traveling wave solutions.

A straightforward consequence of the traveling wave approach is that it reduces the multi-
dimensional € x (0, +00) to R. The problem becomes one-dimensional, that is an ODE problem,
and thus all the free boundary issues vanish. Our hope is to find a similar spatial segregation
limit, with an explicit condition on the interface connecting the invasion speed of the traveling
wave to the diffusion rates. We know from Gardner [77] and Kan-On [100] that the invasion
speed is constant and bounded by the Fisher—-KPP speeds [104] of the species. Can we use the
infinite competition limit to derive its sign and therefore know which species invades the other?
Will unity be strength?

It is important to remark that the invasion speed is not linearly determined here. Actually,
a linearization near (0,1) or (1,0) yields no condition on the invasion speed and the linearized
speed cannot be defined as usual. As far as we know, the linear determinacy for competition—
diffusion systems is useful only with a specific class of monostable problems (Huang [94], Lewis
[108]).

In the next section, we fully pose the problem, enunciate our final result and recall that the
problem is well-posed. The third and main section is dedicated to a compactness result and the
convergence to a limit problem which is similar in many ways to the one Dancer et al. obtained.
Eventually, the last section exhibits the relation between the speed and the diffusion rates.

1.2 Formulation of the problem and main theorem

In this first section, we present the PDE problem studied in this article, give its ecological
interpretation and enunciate our main result. We also check quickly that the problem is well-
posed.
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Chapitre 1 Ondes progressives pour des systémes diffusifs et fortement compétitifs : mobilité
relative et vitesse d’invasion

1.2.1 Model

1.2.1.1 Reaction—diffusion system

We first consider the following one-dimensional Lotka—Volterra competition—diffusion problem:

atﬂ = dlaww,u + (’/‘1 — a1 = klp) in Rx (Oa +OO)
Orp = doOpep + p(ra — agp — kop) in R x (0,400).

where dy,ds, 71,72, a1, a9, k1, ko are positive constants with ecological meaning (diffusion rates,
intrinsic growth rates, intraspecific competition rates, interspecific competition rates). We as-
sume, without loss of generality, that *282 > k11

2 1

Letk—’“” >0, @ = k22211 5 ) d_d2>o r=12>0and

k1a1r2
d 1 d 1
(ug, vk) : (x,t) — <a1u ( Lz, t) ,%p < Lz, t))
1 . nmn ) ror

Opup, = Oppur + Uy, (1 — uk) — kugvg in Rx (O, +OO)
O = dOpavi + vk (1 — vg) — akugvr in R x (0,400).

We get:

As soon as k > 1 (which will always be assumed thereafter), O‘—k > 1, that is the system is

bistable. Indeed, the free assumption % > klgl we made earher ensures that x>1.

A priori, the parameters k, «, d and T can take any positive value. Let P (k a,d,r) denote
this generic PDE problem. Our interest lies in the limit, as & — 400, of the set of problems
{P(k,a,d,r)},~, (associated with a given (c, d,)) (hence the notation uy and vy).

Moreover, going back to the initial parameters, this means that we actually consider a larger

class of ecological problems than just k; — 400 and % constant. Indeed, the only restrictions

are that 5—2, 2 and
1 1

?az are fixed along the whole class. For example, the limit k¥ — +o00 may correspond to:
101

— ko proportional (with a fixed constant along the whole class) to k; and k; — 400 with ay
and agy fixed (along the whole class);

— k1 — 400 and a; proportional to k% with as and ko fixed;

— a9 proportional to a; and a; — 0 with k1 and ko fixed.

1.2.1.2 Traveling wave system

Searching for a traveling wave of the variable £ = x — ¢it, where ¢, € R is the unknown
invasion speed, the problem is eventually rewritten as:

—uy — cpuy, = ug (1 — ug) — kugog in R
—dvg - Ck?vl/g = TV (1 - Uk) —akugv, in R
ug (—00) =1, uy (+00) =0

1.2
ok (—00) = 0, vy (+00) = 1 (1.2.1)
uy, <0 in R
vy, >0 in R

It is well-known that natural selection tends to differentiate the niches of competing species.
The traveling wave solution corresponds to the case where uy lives essentially in the left half-
space while vy lives essentially in the right half-space. In such a situation, it seems obvious that
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1.2 Formulation of the problem and main theorem

one species might chase the other and invade the abandoned territory. The whole point of this
article is to determine this species, or equivalently, the sign of the invasion speed. Indeed,

1. ¢, > 0 if and only if uy chases vg;
2. ¢ < 0 if and only if vy chases ug.

Of course, we aim to find a result depending on the value of d. Thus in the following pages,
when we focus on the dependency of ¢ on d, we write ¢y, q; otherwise, when d is fixed, we simply
write cg.

1.2.2 “Unity is not strength” theorem

Our main result follows.

Theorem 1.1. (d+ cka),., converges locally uniformly in (0,+00) to a continuous function

d = Coo,q valued in (—2\/@, 2) and which has exactly the sign of a® — rd, that is:
1. Cooa=0ifd=2;
2. cooq €(0,2) ifd e (0, “—)
3. Cood € (—2\/@ 0) ifd>

Remark. This result is profoundly unexpected! It does not suffice to compare d to 1 or « to 1.
v can lose even if r is large and u can lose even if « is large, for example. This should yield
interesting insight into ecological applications.

1.2.3 Well-posedness and regularity of the problem
Theorem 1.2. For any k > 1, there exists a unique ¢y such that there exist solutions uy and vy
of the problem (1.2.1). It is needed that cj € (—2\/1"d7 2), up € C*® (R) and v, € C* (R). We
can moreover assume exactly one of the following normalization hypotheses:

1. ug (O) = Uk (0),

2. uy (0) = 3,

3. vk (0) = %,

and if we do so, up and vy are unique.

Proof. The well-posedness and the bounds for c¢_ {k} are proven by Gardner in [77] and also by
Kan-On in [100] (actually, Gardner only showed ¢ € [72\/7’71, 2] but Kan-On showed indeed

c € <72\/7Td, 2) which will be important in the end). It is worth mentioning that their papers
actually proved that the problem is well-posed without any monotonicity condition and that the
monotonicity is indeed needed.

Since ug, vy € L (R) and u}, v} € L' (R), the regularity just follows from W*P-estimates and
Sobolev injections. O

Remark. The minimal and maximal speeds —2v/rd and 2 are the invasion speeds of respectively

v when ui = 0 and up when v, = 0. This is a well-known result from Fisher and Kolmogorov,
Petrovsky and Piskunov [72, 104].
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Chapitre 1 Ondes progressives pour des systémes diffusifs et fortement compétitifs : mobilité
relative et vitesse d’invasion

1.3 Limit problem

Here we show that (ug), (vk) and (c) converge when k — +oo and formulate the limit problem.

1.3.1 Existence of limit points

First, (c) is relatively compact and therefore, by the Bolzano-Weierstrass theorem, has a
limit point ¢ € [—2\/7‘d, 2}.

If ¢ <0, we fix for any k > 1 the normalization uy (0) = % On the contrary, if ¢ > 0, we fix
for any k > 1 vy (0) = % This choice will be explained later on. In either case, this implies that
the functions k& — uj and k — vy, are well-defined.

Proposition 1.3. Foranyi > 1, let K; = [—i,i]. (ug) and (vy) are relatively compact in C (K;).

Proof. Our aim here is to use the Ascoli-Arzela theorem. To that end, let us show that each wuy
is Holder-continuous with a constant independent of k.

There exists a positive function x € D (R) such that x(z) = 0 if z ¢ [—i— 1,4+ 1] and
x(z)=1if x € [—i,1].

For any k > 1, if we multiply the equation defining u; by ugx and then integrate, we get:

/ (—upurx — ckujurx) = /U%X - /u% (ug + kvg) x.

The third term is obviously negative. An integration by parts yields:

2 2
u u
/u;ng*/ij//+Ck/7le S/Uﬁx-

Finally, since [u/2x > filuf and ||ug| L~ < 1, we have:

‘Ck‘ 1
il < [ (e St 30en).

Then we use the Ascoli-Arzela theorem: the family (uy) is bounded in L* (K;) and uniformly
equicontinuous in K; therefore it is relatively compact in C (Kj;).
The exact same proof works for (vy). O

It is now clear, by a standard diagonal extraction argument, that there exists a subsequence

of (ug) (resp. (vg)) which converges locally uniformly to a limit point u (resp. v).

1.3.2 Properties of the limit points

¢, uw and v are actually unique and true limits as will be proven later on. For the moment, let
us just consider extracted convergent subsequences, still denoted by (ck), (ur) and (vg).

Lemma 1.4. uv = 0.

Proof. Multiplying by a test function ¢ € D (R) and integrating the equation for uy yields:

k|/uso] < [ue = lol+leel [unlgl+ [uele?]

< Cllollw21(w)-
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Hence ugvp — 0 in D' (R).
Since ugvr — wv locally uniformly, we get indeed uv = 0. O

Remark. This kind of result is usually referred to as a segregation property. There is a lot of
similar results in the literature.

Lemma 1.5. We have

—au” +dv" —acu’ + ' = au(l —u) —rv (1l —v)
in D' (R).

Proof. Multiply the equation for u; by « and subtract from it the one for v;. The left-hand side
converges trivially in D’ (R). The right-hand side converges by dominated convergence. O

Lemma 1.6. u,v € C (R) and au — dv € C* (R).

Proof. The continuity of u and v is immediate thanks to the continuity of each u; and vy and
the locally uniform convergence.

Let a,b € R such that a < b and I, : C ([a,b]) = C ([a,b]) defined by I, (f) : z +— [ f. By
continuity of u and v, it is quite obvious that the function

acu —cv+ I, (au (1 —u) —rv (1l —v)) — (acu(a) — cv (a))

is continuous. But, thanks to the previous lemma, it is also equal in D’ ((a,b)) to —au' + dv’ up
to an additive constant. Therefore —au' + dv’ is a well-defined function of C ([a, b]). O

Lemma 1.7. u and v have finite limits at +o00. Also,

0<limu<limu<1
+oo

— 00

and
0 <limv <limwv < 1.
—00 +oo

Proof. By locally uniform convergence, u and v are monotone, respectively non-increasing and
non-decreasing, and satisfy 0 < u,v < 1. O

Lemma 1.8. u and v cannot vanish simultaneously on a non-empty compact set.

Proof. Once again, we consider a non-empty compact set [a,b]. By monotonicity, if ujjqp = 0,
then u|[q 400y = 0. Similarly, vj(_oo 5 = 0. Thus, in D' ((—o0,a)), —u" — cu’ = u (1 —u) and
au' —dv’ = au’. Therefore v is continuous and, using —u” —cu’ = u (1 — u), u” is also continuous
and the previous differential equation is satisfied pointwise.

Now, we get by induction that u is C* in (—o0,a). Since it does not explode on the left of a,
it is the restriction of a solution on a strictly larger interval. Since w is regular, v’ (a) = 0 and by
the Cauchy—Lipschitz theorem, u is identically null. By the same reasoning, v is also identically
null.

To prevent u and v from being both null on the whole real line, either one of the two normaliza-

1

tion sequences (uy (0)),., = (3) and (vj (0)) = (4) combined with locally uniform convergence

suffices. O
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Remark. We already knew that uv = 0 everywhere. Thus the previous lemma ensures that, for
any a < b, u)[q,p] = V|[a,p) = 0 is not possible; one of the two densities has to be positive whereas
the other has to be null.

Lemma 1.9. Neither u nor v can be positive everywhere.

). It ensures that u is not null. We

Proof. If ¢ < 0, the normalization sequence is (ux (0)) = (3

define &, =sup{£{ € R | u(§) > 0} € (—o0, +x).

If &, = +oo (that is, u positive everywhere), v is null.

In such a case, we have u decreasing, bounded between 0 and 1, with limits at infinity, non-
constant by normalization, and —u” — cu’ = u (1 — u) everywhere with v € C* (R).

Standard elliptic estimates [80] yield then that lim_., « =1 and lim 4. u = 0.

Thus u is a traveling wave for the Fisher KPP equation with speed ¢ < 0 < v/2, hence the
contradiction [104].

If ¢ > 0, we just apply this reasoning to v with normalization (vj (0)) = (3). O

2
Corollary 1.10. The two quantities sup{ € R | u(§) > 0} and inf {£ € R | v (&) > 0} are real
and equal. Up to translation, we can assume it to be 0. By continuity of u and v, u (0) = v (0) = 0.
Lemma 1.11. We have:

1. u e C®((—o00,0) U (0,+00)),

2. v€C™®((—00,0)U(0,400)).

Moreover, we can extend v’ and v’ by continuity on the left and on the right respectively and obtain
o (0) = limg_y0eco ' (§) and V' (&) = limeg 500" (§) which are finite and satisfy —au’ (0) =
dv’ (0) > 0.

Proof. w is identically zero on (0,00) S0 (g +o0) is trivially C*°. In (—o0,0), it is a weak, and
then regular (same routine), solution of " + cu’ + u (1 —u) = 0.

Eventually, just recall that au —dv € C' (R). If its derivative at 0 is zero, by the same kind of
Cauchy—Lipschitz reasoning, u = v = 0 everywhere. O

Remark. The relation au’ (0) + dv’ (0) = 0 is essentially the free boundary condition obtained
by Nakashima and Wakasa in [120].

Lemma 1.12. lim_su =1 and lim v =1.

Proof. Same as before. O
Lemma 1.13. c € (—2\/7“717 2), that is ¢ ¢ {—2\/@,2},

Proof. Let us assume, for example, ¢ = —2v/rd. Let £ > 0 such that v (§*) = %
We know from Fisher and KPP [104] that ¢ = —2+v/rd is the maximal speed for which there
exists a traveling wave vk pp positive, going from 0 at —oco to 1 at 400, which satisfies

1 /
—dvgpp — Vg pp =T0kpp (1 —VKpPP).

We normalize by fixing vgpp (£*) = 1. Let f = vgpp — v.
First, we can easily check that f is in C (R) NC> ((—o0,0) U (0,400)) and satisfies

—df" —cf' =rf(1—f)—=2rvf
in (0, 4+00).
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Forany £ > &%, 1—f(&§)—2v(§) = 1—vkpp (§) —v (§) <0, with f (£*) = 0. We can therefore
apply the maximum principle to the elliptic operator

d? d
ddig2 +Cd7é_+’l"(1—f—2v)
in any interval (£*,b), b > £*. Since limy, f = 0, it gives us that f (£) <0 for any £ € (£*, +00).
But we can also apply the minimum principle to the same operator, and we eventually get that
f is identically zero in (£*,+00). This way, f'(£*) = 0, hence f is identically zero in (0, 4+00),
which is impossible since f (0) > 0 and f is continuous in R. O

1.3.3 Limit problem

Let us sum up all these results in the following theorem.

Theorem 1.14. There exist locally uniform limits u and v of (ux) and (vy) respectively. They
satisfy:

1. u,v € C(R)NC>® ((—00,0) U (0, +00));
2. limes oo u (&) =1;
3. lime 4 00v (§) =15
4. ur, =0;
5. yr_ =0;
6. v <0 in R_ with v’ (0) defined by left-continuity;
7. v' >0 in Ry with v' (0) defined by right-continuity;
8 —u" —cu =u(l—u) in (—oc0,0);
9. —dv" —cv' =rv (1 —v) in (0,400);
10. o’ (0) = —dv’ (0).

The behavior of these limits is illustrated with the following figure.

1.3.4 Uniqueness of the limit points
The following theorem is due to Du and Lin [59, 60].
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Theorem 1.15. For any ¢ > —2, the problem

{_yé' —cye =y (1—yc) in (0,+00)
Y. (0) =0

admits a unique positive solution.
It satisfies y,. > 0 in Ry and lime ooy (§) = 1.
Furthermore, the function « : ¢ — y. (0) is increasing and continuous.

Remark. We need to change u and v before pursuing this direction. Let us consider @ : & — u (—¢§)

and 0: € — v (ﬁf). Then @ is a solution of the problem

@(0) =0

{—a" +ct’ =a(l—a) in (0,400)
(0

and ¥ is a solution of the problem

é

{—f/’— €y =p(1—0) in (0,+00)
(0) = 0.

Also, c € (72\/rd, 2) so that —c > —2 and \/Cfd > —2. Therefore we can apply the theorem.

3

Corollary 1.16. For any d > 0, there exists a unique (u,v,c) satisfying the limit problem.

Proof. The equality —au’ (0) = dv’ (0) can be written as ay(—c) = Vrdy <\/C7d) Now we

consider the two functions z — avy(—z) and = — Vrdy (\/%) They necessarily have an

intersection point since c exists. But as they are respectively decreasing and increasing, this
intersection point is unique.
The uniqueness of ¢ implies by the previous theorem the uniqueness of u and v. O

The triplet (u, v, c) of the above corollary is hereafter denoted (tso,d; Voo,d; Coo,d)-

Corollary 1.17. The sequences (ci), (ug) and (vg) each have a unique limit point. Hence the
pointwise convergence of (ci) and locally uniform convergence of (ux) and (vg) are fully proved
and there is no need to consider extracted subsequences anymore.

Proof. Recall that, in any metric space, a sequence whose image is relatively compact and which
has a unique limit point converges to this limit point. O

Remark. Tt is now clear that the sum up theorem of the previous section gives sufficient but far
from necessary conditions for uniqueness. For any ¢, v and v are unique if and only if they are
positive and satisfy points 4, 5, 8 and 9 and then the uniqueness of ¢ is just a consequence of
point 10.

Proposition 1.18. The convergence of (d — c.q) to d — Coo,q 15 locally uniform.

k>1

Proof. Actually, one can see easily that the whole proof of pointwise convergence of (d — ¢, q) E>1
holds if we do not fix a priori d. It suffices to have d € [Dy, Ds], with Dy > D; > 0 fixed, so that
we can replace bounds like —2v/rd by —2+/7Ds. O
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1.4 Dependency of the invasion speed on the diffusion rates

This last section is where we derive from the limit problem the result: how does the invasion
speed ¢ depend on the diffusion rate d? Thanks to the convergence of (¢i) to ¢, we will then be
able to extend it to ¢ (for k large enough).

Theorem 1.19. The function d — ¢4 has exactly the sign of o — rd.

Proof. The sign of ¢ 4 is actually a simple consequence of the relation oy (—c) = Vrdy ( \/chi)
Indeed, let us prove that rd < a? implies ¢ 4 > 0. Indeed, if rd < a2, then \/de < 1 and as

vy (chd) > 0, we get @7 (ﬁ) <7 (ﬁ) Since 7 is increasing, \/% > —c, which clearly
implies that ¢ > 0. The case rd > o? is similar.

(8]

If rd = o2, the relation becomes v (—c) = v (—) An obvious zero of s — v (—s) — <\/Sfd)

Vird
is 0, and by monotonicity it is unique, hence ¢ = 0.

Proposition 1.20. The function d — cso,q s continuous in (0, +00).

Proof. This could follow from the continuity of each d — ¢, 4 and the locally uniform convergence,
but the continuity of d — ¢ q is actually a more difficult problem (and is not solved by Kan-On
[100]). Therefore, we prove the continuity of d — ce g directly. Our proof being basically a
repetition of the whole previous section of this article, we give only a sketch of it.

First, let 0 < Dy < Dy. We have:

(oo | d € [Dy, Do)} C {coo,d | d e [Dy, D] N (Of+oo>} u{oyu {coo,d |den (0?)}

c U [—2vrd.0] | uo.2]

de[Dl,DQ]m(%,Jroo)
c [—2 Do, 2} .

Thus, {¢s.q | d € [D1, D3]} is a relatively compact subset of R.

Now, let 0 € [Dy, Do] and (6,),,cn € [D1, Dg]N a positive sequence which converges to §. Up
to extraction, (ceo,s, ) converges to a limit point C.

If C' < 0, we translate each couple (uog,s,, , Uso,s, ) S0 that (use,s, (0)) = (3). If C > 0, we trans-
late each couple (Usc,s,,Voo,s,) SO that (vec,s, (0)) = (). In either case, {uc,a | d € [D1, D]}
and {veo ¢ | d € [D1, D2]} are relatively compact in each C (K;) by the Ascoli-Arzela theorem,
and, up to extraction, (uco,s,) and (vs,s,) converge locally uniformly. Let U and V' be their
limits.

1. We have —aU"” + V" —aCU' +CV' =aU (1 -U) —rV (1 -V) in D’ (R).

U and V are continuous, aU — §V is C1.

U and V are positive and have finite limits at infinity.

Uv =0.

If C <0, U is not identically null by normalization and V' cannot be identically null since if
it was, U would be a traveling wave for the Fisher-KPP equation with a speed smaller than

2. The same reasoning applies for C' > 0 and finally, neither U nor V can be identically
null.

DAl S
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6. U and V cannot be both null on a compact subset by continuity of (aU — 6V)/ and a
Cauchy—Lipschitz argument.

Now we translate back so that

sup{€eR|U () >0} =inf{{eR |V () >0}=0.

This yields Ur, =0, Vg_ =0, -U"-CU’' =U (1 = U) in (~00,0), —=0V"-CV' =rV (1 - V)
in (0,400) and aU’ (0) = =0V’ (0). Basically, C, U and V satisfy the exact same problem as
Co0,85 Uoo,s aNd Ve 5. By uniqueness, C' = coo 5, that is ¢ 5 is the unique limit point of (coo s, )
and eventually Co,5, — Coo,5. Therefore d — co 4 is indeed continuous. O

1.5 Conclusion

We have proved our “Unity is not strength” theorem. Some remaining questions concern the
shape of the asymptotic speed: What are the limits when d — 0 or d — 4007 Are there optimal
diffusion rates so that the invasion of one species or the other is the fastest? And eventually,
how fast is the convergence to this asymptotic limit and, for example, is it monotone?

These could be addressed with the knowledge of the derivatives of the speed as a function of
k or d. These might be determined analytically thanks to Kan-On formulas [100]. However, we
did not manage to compute the sign of these derivatives, that is, the monotonicity of the speed
with respect to k or d. We leave it as an open problem.
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Chapitre 2

Compétition en milieu périodique : | —
Existence d’ondes pulsatoires

Résumé

Ce chapitre étudie I'existence d’ondes pulsatoires en milieu spatialement périodique pour
un systeme de compétition — diffusion de Lotka — Volterra a deux espéeces bistable. En se
restreignant aux systémes fortement compétitifs, une simple condition suffisante de type
« haute fréquence ou faibles amplitudes » est mise en avant. Cette condition est de fait
suffisante pour garantir que tout état de coexistence périodique converge vers 1’état de co-
extinction, et ainsi se déstabilise et devienne envahissable par les états de semi-extinction,
quand la compétition devient suffisamment forte.

Ce chapitre a fait ’'objet d’une publication sous le titre Competition in periodic media :
I — Ezistence of pulsating fronts dans Discrete and Continuous Dynamical Systems — Series
B [Girl7].
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2.1 Introduction

This is the first part of a sequel to our previous article with Grégoire Nadin [GN15]. In this
prequel, we studied the sign of the speed of bistable traveling wave solutions of the following
competition—diffusion problem:

Opuy — Orpur = ug (1 — uy) — kugus in (0,+00) x R
Opus — dOzpus = rus (1 — ug) — akujus  in (0,+00) x R,

We proved that, as k& — +oo, the speed of the traveling wave connecting (1,0) to (0,1)
converges to a limit which has exactly the sign of a? — rd. In particular, if « = r = 1 and if k
is large enough, the more motile species is the invader: this is what we called the “unity is not
strength” result.

In view of this result, it would seem natural to try to generalize it in heterogeneous spaces,
that is to systems with non-constant coefficients. Is the more motile species still the invading
one?

The first obstacle toward this generalization is that of the existence of traveling fronts —or of
some suitable generalization of these— for such a problem. Indeed, while past work had already
established the existence of competitive bistable traveling waves in the case of homogeneous
spaces (recall for instance Gardner [77] and Kan-On [100]), to the best of our knowledge, there
is at this time no such pre-established result in the case of fully heterogeneous spaces (see the
recent review of Guo and Wu [84]).

One of the main difficulties regarding this existence problem is of course the combination
of unboundedness and heterogeneity. This yields additional difficulties (for instance, there are
multiple non-equivalent definitions of the principal eigenvalue [22] and convenient integration-
wise boundary conditions are lacking). Therefore, it is likely easier to first treat a simple case.
With this in mind, we focus in this article on a simple, yet relevant application-wise heterogeneity:
the periodic one. We hope to pave the way for a possible future generalization.

Periodic spaces are likely the type of unbounded heterogeneous spaces we know best how to
handle mathematically and thus a literature about scalar equations in periodic spaces has been
developed during the past few years. Concerning scalar reaction—diffusion in periodic spaces and
with “KPP”-type non-linearities, important results have been established recently by Berestycki
and his collaborators [14, 16, 17] (see also Nadin [117, 118] in space-time periodic media). We
will rely a lot on these scalar results. Regarding bistable non-linearities, we refer to the work of
Ding, Hamel and Zhao [57] and Zlatos [148].

For the sake of simplicity, we will assume that diffusion and interspecific competition rates
are constant. We expect our main ideas to be generalizable to systems with periodic diffusion
and interspecific competition rates, but we also expect a lot of technical details to get messy
and there might very well be some major issues. As a counterpart to this loss in generality, we
will be able to treat a much larger class of growth—saturation terms since the explicit form of
these will not be prescribed a priori. We will only require some reasonable “KPP non-linearities”
assumptions.

Since our final goal is to study the limits of these pulsating fronts as the competition becomes
infinite, we will only consider systems in which competition is the main underlying mechanism,
that is for large values of the interspecific competition rate. A first consequence of this approach
is that our system will always be bistable. A second consequence is that segregation phenomena
will be involved quite frequently. Competition-induced segregation in homogeneous spaces have
been a main center of interest of Dancer, Terracini and others since the nineties ([38, 41, 42, 45,
46, 47, 49, 52] among others). They basically confirmed the intuitive idea that competitors tend
to live in different ecological niches.
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2.2 Preliminaries and main results

To investigate the existence of bistable pulsating fronts connecting two extinction states, we
have at our disposal recent abstract results about monotone semiflows stated by Weinberger
[141] (monostable case) and Fang and Zhao [69] (bistable case). Even though both articles were
mostly concerned by scalar equations, they were careful enough to include monotone systems,
such as two-species competitive ones, in their framework. Notice that Yu and Zhao [146] used a
similar framework to prove, in the weak competition case, the existence of monostable pulsating
fronts connecting two extinction states despite the presence of an intermediate coextinction state
(Weinberger’s framework requires no intermediate stationary state) (see also Fang—Yu—Zhao [68]
for a similar work in space-time periodic media).

The core idea of Fang and Zhao’s theorem is as follows: provided a bistable monotone problem,
if all intermediate stationary states are unstable and if they are invaded by the stable states,
then bistable traveling waves do exist. While these hypotheses might be easily verified for
some problems (say, scalar or space-homogeneous), in the case exposed here, real issues arise
from the segregation phenomenon. Indeed, stable intermediate segregated periodic coexistence
states might a priori exist. Therefore it is natural to wonder whether periodicity might induce
some simple, yet relevant, sufficient condition to enforce the non-existence of segregated periodic
coexistence states. We will indeed state one such condition and will show that this condition is
moreover sufficient to guarantee that all remaining periodic stationary states are unstable and
invaded by the stable ones.

The following pages will be organized as follows: in the first section, the core hypotheses and
framework will be precisely formulated and the main results stated. The second section will be
dedicated to the proof of the existence of pulsating front solutions; in particular, we will perform
a quite thorough study of the stability of periodic coexistence states.

The study of the limit as & — +o00o of these pulsating fronts will be the object of the second
part [GN18].

2.2 Preliminaries and main results

Let d,k,a,L >0, C = (0,L) C R and (f1, f2) : [0, +00) x R — R? L-periodic with respect to
its second variable. For any u : R? — [0, +00) and i € {1,2}, we refer to (¢,z) — f; (u(t,x),x)
as f; [u]. Our interest lies in the following competition—diffusion problem:

Orur = Oggur + u fi [u1] — kugus (Pe)
Opup = dOyzuz + uz fo [ug] — akuyug k

2.2.1 Preliminaries

2.2.1.1 Redaction conventions.

— Mirroring the definition of f; [u] and fs [u], for any function of two real variables f and any
real-valued function u of two real variables, f [u] will refer to (¢,z) — f (u(t,x),x). For
any real-valued function u of one real variable, f [u] will refer to x — f (u(x),z). For any
function f of one real variable and any real-valued function w of one or two real variables,
f [u] will simply refer to f ow.

— For the sake of brevity, although we could index everything ((P), u1, uz...) on k and d,
the dependencies on k or d will mostly be implicit and will only be made explicit when it
definitely facilitates the reading.

— Since we consider the limit of this system when k — 400, many (but finitely many) results
will only be true when “k is large enough”. Hence, we define by induction the positive
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number k*, whose value is initially 1 and is updated each time a statement is only true
when “k is large enough” in the following way: if the statement is true for any k > k*,
the value of k* is unchanged; if, conversely, there exists K > k* such that the statement
is true for any k > K but false for any k € [k*, K), the value of k* becomes that of K. In
the text, we will indifferently write “for k large enough” or “provided k* is large enough”.
Moreover, when k indexes appear, they a priori indicate that we are considering families
indexed on (equivalently, functions defined on) [£*, +00), but for the sake of brevity, when
sequential arguments imply extractions of sequences and subsequences indexed themselves
on increasing elements of [k*, +00)", we will not explicitly define these sequences of indexes
and will simply stick with the indexes k, reindexing along the course of the proof the
considered objects. In such a situation, the statement “as k — +o0” should be understood
unambiguously.

— Periodicity will always implicitly mean L-periodicity (unless explicitly stated otherwise).
For any functional space X on R, X, denotes the subset of L-periodic elements of X.

— We will use the classical partial order on the space of functions from any Q C RV to R:
g < h if and only if, for any z € Q, g(z) < h(z), and g < h if and only if ¢ < h and
g # h. We recall that when g < h, there might still exists = € Q such that g (z) = h (z).
If, for any = € Q, g(z) < h(z), we use the notation g < h. In particular, if g > 0, we
say that g is non-negative, if g > 0, we say that g is non-negative non-zero, and if g > 0,
we say that g is positive (and we define similarly non-positive, non-positive non-zero and
negative functions). Eventually, if g1 < h < go, we write h € [g1, g2], if g1 < h < g2, we
write h € (g1,92), and if g1 K h < go, we write h € (g1, g2)-

— We will also use the partial order on the space of vector functions Q — RY ' naturally
derived from the preceding partial order. It will involve similar notations.

— The periodic principal eigenvalue of a second order elliptic operator £ with periodic coeffi-
cients will be generically referred to as A1 per (—L£). Recall (from Berestycki-Hamel-Roques
[16] for instance) that the periodic principal eigenvalue of L is the unique real number A
such that there exists a periodic function ¢ > 0 satisfying:

{—&p =Xpin R
lell Loy =1
The Dirichlet principal eigenvalue of an elliptic operator £ in a sufficiently smooth domain
Q will be referred to as A\ pi (—£, ). Since our framework is spatially one-dimensional,

such elliptic operators will involve first and second derivatives with respect to the spatial
variable x.

2.2.1.2 Hypotheses on the reaction.

For any ¢ € {1,2}, we have in mind functions f; such that the reaction term wf; [u] is of
logistic type (also known as KPP type). At least, we want to cover the largest possible class of
(u,z) — p(x) — v (z) w. This is made precise by the following assumptions.

(H1) f; is C! with respect to its first variable up to 0 and Hélder-continuous with respect to its
second variable with a Holder exponent larger than or equal to %

(H2) There exists a constant m; > 0 such that f; [0] > m,.

(Hs) fiis decreasing with respect to its first variable and there exists a; > 0 such that, if u > a;,
then for any z € R f; (u,z) < 0.
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Remark. If f; is in the class of all (u,x) — p(x) — v (z)u, then u,v € 035/2 (R), p>> 0, v > 0.

More generally, from (#;), (H2) and the periodicity of f;[0], it follows immediately that there
exists a constant M; > m; such that f; [0] < M;. Without loss of generality, we assume that m;
and M, are optimal, that is m,; = min f; [0] and M; = max f; [0].

c c

We refer to max (M1, Ms) (resp. min (mq,ms)) as M (resp. m).
Furthermore, we need a coupled hypothesis on the pair (f1, f2).

weren

Remark. Even if this might not be clear right now, this is the key hypothesis. (Hfycq) means that,
given a fixed amplitude, we consider high frequencies, or equivalently, given a fixed frequency, we
consider low amplitudes. This sufficient condition for existence might be a bit relaxed but the
best condition we can give is very verbose and only slightly better. See the proof of Proposition
2.13, which is where (H f,cq) plays its role.

(Hfreq) The constants d, My and Ms satisfy L <« (ﬁ + Mi2>

2.2.2 Two main results and a conjecture

Using known results about scalar equations and periodic principal eigenvalues [16], the follow-
ing lemma is quite straightforward (as will show Subsection 2.2.3.3).

Lemma 2.1. Assume that f1 and fy satisfy (H1), (Hz2) and (Hs).
The set of all periodic stationary states of the problem (P) contains (0,0), which is unstable,

and a pair {(i1,0), (0,1)} with (i1, i) € CZ,, (R, (0, +oo)2>.

As usual in the literature concerning competitive systems, hereafter, the stationary states with
exactly one null component are referred to as extinction states whereas the stationary states with
no null component are referred to as coexistence states. The extinction states of (P) are periodic
and some of its coexistence states may be periodic as well.

Our contribution to the study of the stationary states is the following theorem.

Theorem 2.2. Assume that fi1 and fa satisfy (Hi), (Hz2) and (H3) and that (f1, f2) satisfies
(Hfreq)-

Then there exists k* > 0 such that, for any k > k*, each extinction state is locally asymptoti-
cally stable and any periodic coexistence state is unstable.

Furthermore, let (uq k, ’U/Q’k)k>k* be a family ofcger (R,RQ) such that, for any k > k*, (u1 x, ua,k)
is an unstable periodic stationary state of (Px). Then (u1y,us) converges in Cper (R,R?) to
(0,0) as k — +o0.

Remark. We stress that we did not investigate the existence nor the countability of the subset
of periodic coexistence states. We stress as well that we did not investigate at all aperiodic
coexistence states. We believe that a sharper description of the set of stationary states of (P)
could follow from bifurcation arguments (see Hutson-Lou-Mischaikow [96] or Furter-Lépez-
Gémez [76]). Since it was not our point at all (instability of periodic coexistence states was only
a required step toward existence of pulsating fronts), we chose to leave this subject as an open
question.

Thanks to the previous theorem, it is then possible to prove the following existence theorem.

Theorem 2.3. Assume that f1 and fa satisfy (Hi), (Hz2) and (H3) and that (f1, f2) satisfies

(Hfreq)-
Then there exists k* > 0 such that, for any k > k*, the problem (P) admits a bistable pulsating
front solution connecting the two extinction states.
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To end this subsection, let us present an important conjecture about the existence problem
and about the sharpness of (Hfreq). We did not address this question but hopefully others will.

Conjecture. Neither (Hyreq) nor the nonexistence of a stable periodic coexistence state are
necessary conditions for the existence of a bistable pulsating front solution connecting the two
extinction states.

Furthermore, there exists a non-empty set of parameters (L,d,a,k, f1, f2) such that no such
pulsating front exists.

We point out that, according to the present work, any of the following two conditions enforces
that either (Hf,eq) is not satisfied or k < k*:

— the existence of a stable periodic coexistence state;

— the nonexistence of a bistable pulsating front solution.

Moreover, our work will show that, if & > k*, any stable periodic coexistence state has the
“close to segregation” form (which will be rigorously defined later on; roughly speaking, “close to
segregation” periodic coexistence states converge as k — 400 to a non-trivial periodic coexistence
state satisfying ujus = 0). This important property might be the starting point of a future work
on the preceding conjecture.

2.2.3 A few more preliminaries

2.2.3.1 Compact embeddings of Holder spaces

We recall a well-known result of functional analysis.

Proposition 2.4. Let (a,a') € (0,+00)> and n,n’, 3,5 such that (a,a’) = (n+ 8,0 + '), n
and n’ are non-negative integers and § and ' are in (0,1].
If a < d, then the canonical embedding i : C"# (C) < C™P (C) is continuous and compact.

It will be clear later on that this problem naturally involves uniform bounds in C%"/? and in
C%'/2. Therefore, we fix once and for all § € (0, %) and we will use systematically the compact
embeddings C™"? < C™P, meaning that uniform bounds in C™"/? yield relative compactness in
cnB.

2.2.3.2 Existence and uniqueness for the evolution system

Proposition 2.5. Let k > 0. Equipped with an initial non-negative condition (u10,u2,0) €
Co-'/2 (R,Rz), the problem (P) is well-posed: there exists a unique non-negative entire solution
(u1,u) € CHY4 ([0, +00), €2 (R, R?)).

Furthermore, if (u1,0,u20) > 0, then (ui,uz) > 0, and if (u1,0,u2,0) € Cper (R,RQ), then
(u1,uz) € C* ([0, +00),C2,, (R, R?)).
Remark. We do not give a fully detailed proof of this statement. Ideas similar to those given in
Berestycki-Hamel-Roques [16, Remark 2.7] suffice. The existence of solutions for the truncated
system in (—n,n) with Dirichlet boundary conditions can be proved with Pao’s super- and sub-
solutions theorem for competitive systems [124].
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2.2 Preliminaries and main results

2.2.3.3 Extinction states
Lemma 2.6. The periodic principal eigenvalues of—% — f1[0] and —d% — f2]0] are negative.

Proof. This follows from (#H2) and the monotonicity of the periodic principal eigenvalue with
respect to the zeroth order term of the elliptic operator. Indeed, for instance:

d? d?
)\l,per (_dl'Q - fl [0]) S >\1,per <_d£l?2 - ml) =-m; < 0.

O

From this lemma and hypotheses (#1) and (#H3), a fundamental result from Berestycki-Hamel-
Roques [16] can be applied.

Theorem 2.7. For any 6 > 0 and any i € {1,2}, the equation:
52 = 2fi 2]
admits a unique positive solution in C,, (R).

Hereafter, 4, and @y are the respective unique positive periodic solutions of:
"
" =zf1[7],

—dZ" = zf3[7].

(@11,0) and (0, @z) are indeed the extinction states of any (Py).

2.2.3.4 Monotone evolution system

One of the most important specificities of two-species competitive systems is that, up to a
slight transformation, they are monotone systems. It is the key behind the results of Fang—Zhao
[69] and Weinberger [141]. Let us recall this transformation.

Lemma 2.8. Let J : z + @y — z, for any z € C2,,. (R) or z € C* ([0, +0),C2, (R)) (with a

per » Yper

slight abuse of notation). Let k > k* and let (u1,uz2) be a solution of (P) and vy = J (u2).
Then (u1,v2) satisfies the following cooperative problem with periodicity conditions:

{ Opur — Ozguy = uy f1 [ur] + kuy (—ta + ve) (My)

at’l)g — damvg = ’l~1,2f2 ['ELQ] — (’ELQ — ’02) f2 [17,2 — Uz] + Ozkul (’&,2 — ’UQ) .

Corollary 2.9. Any solution (u1,us2) of (P) with initial condition (0,0) < (u1,0,u2,0) < (U1, Us2)
satisfies (0,0) < (w1, u2) < (@1, U2).

2.2.3.5 Segregated reaction terms

As k — 400, the following functions will naturally appear:
(z,x) = f (E x)z+—1f (—E x)zi
n: ) 1 Oé’ d 2 d7 ’

v:(zz) = f1(0,2) 27 — éfg (0,z) 27,

where 2T = max (z,0) and 2~ = —min (z,0) so that z = 2T — 2~
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2.2.3.6 Derivatives of the reaction terms

We will denote g; the partial derivative of (u,x) +— uf; (u,x) with respect to u:

gi : (u,z) — fi (u,x) +udr fi (u,z) for all ¢ € {1,2}.

2.3 Existence of pulsating fronts

2.3.1 Aim: Fang—Zhao’s theorem

We recall that, for any k > k* and any ¢ > 0, the Poincaré’s map @, associated with (M) is
defined as the operator:

Q: : C (R,R*) N [(0,0), (@1, a2)] = C (R,R?*) N [(0,0), (@, @2)]

which associates with some initial condition (u1,,v2,0) the solution (u1,vs2) of (M)evaluated at
time ¢t > 0.
From Fang and Zhao [69], we know that (M) admits a pulsating front solution connecting
(ﬂl,’ag) to (0,0) if:
1. (0,0) and (@1, us2) > (0,0) are locally asymptotically stable periodic stationary states of
(M) and all intermediate periodic stationary states of (M) are unstable;

2. for any intermediate periodic stationary state (uj,vs), the sum of the spreading speeds
associated with front-like initial data connecting respectively (1, @2) to (u1,v2) and (u1, va)
to (0,0) is positive (notice that these sub-problems are of monostable type);

3. and if, for any ¢ > 0, @, satisfies the following hypotheses:
a) Q: is spatially periodic;
b) @ is continuous with respect to the topology of the locally uniform convergence;

c) @ is strongly monotone, in the sense that if (uq,ve) > (ul7 v2), then:

Q1 ((u1,v2)) > Qy ((u',v?));

d) Q@ is compact with respect to the topology of the locally uniform convergence;

It is quite standard to check that the last four hypotheses are indeed satisfied. The verification
of the first two, on the contrary, is the object of the remaining of this paper.

2.3.2 Stability of all extinction states

Proposition 2.10. Provided k* is large enough, (i1,0) and (0,4s) are locally asymptotically
stable.

Remark. For the case k = 1, the proof of the local asymptotic stability of the extinction states
was done by Dockery and his coauthors [58] with the help of Mora’s theorem [113]. It works here
too with a very slight adaptation; we give the proof for the sake of completeness.

Proof. Thanks to Mora’s theorem [113], we know that (@1, 0) is asymptotically stable if the peri-
odic principal eigenvalue of the elliptic part of the monotone problem (M) linearized at (@1, Gs) =
(u, J (0)) is positive. Therefore we consider the differential operator Az, o) : Cae, (R) = Cper (R)

defined as: )
- + a1 [ﬂl] kﬂl
Ay ,0) = (dﬁ 2

0 i + f2[0] - akily
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2.3 Existence of pulsating fronts

From the special “triangular” form of Ay, o), it is clear that:

2 2
min (Sp (—A(aho))) = min (Al,per <—(;:1$2 — g1 [ﬂl]) 7)‘1,1767” <_dddj,‘2 — (fg [0] — akﬁ1)>> .

By monotonicity of the periodic principal eigenvalue and (Hs), we obtain:

d? d?
)\l,per <_d$2 — 0 [al]) > Al,per (_dIQ - fl [ﬂ1]> .

For any k large enough, f[0] — akiiy < f2 [Gg] holds, so that:

d? d?
/\1,1,67 (—dde — (fg [O] — akﬂ1)> > )\l,per (_dd.’t2 — f2 [’ELQ]) .

Moreover, from the equation solved by w1, @ is actually an eigenfunction for the following

eigenvalue:
d? _
>\1,per _@ - fl [Uﬂ =0.
Similarly,
d? _
)\l,per _d@ - f2 [UQ] -
Thus:
Mper (= A 0)) > 0.
The same proof holds for (0, @z). O

2.3.3 Instability of all periodic coexistence states

In this subsection, we prove that (M) admits no stable periodic stationary states in ((0,0), (41, @z2)).
For any £k > k*, let:
Sk C Clep (R, R?)

be the set of periodic solutions of the following problem:

—U/f =uf1 [U1] — kujug
—duf = ug fo [us] — akujusg
uy € <O,1~L1>
Ug € <0, ﬂg) .

Any (uj,ug) € S is a periodic coexistence state.
2.3.3.1 Basic properties of periodic coexistence states
Lemma 2.11. Let k > k*. Any (u1,u2) € S satisfies:

kminuy < max fi [max uq]
akminu; < max fo [max ug]
min f; [minu] < kmax ug
min fy [min us] < ok maxuy,

each extrema being implicitly over C.
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Proof. We only prove the first inequality, the three others being proved similarly.
Let T € C such that u; (T) = maxu;. Since u; € C2 (R), uf (%) <0, that is:

max uy f1 [maxui] > max ukusg (T) .
Since u; > 0, we can divide by maxu;. The claimed result easily follows. O

Remark. This lemma will be used together with m > 0 to prove that ku; and kus stay non-
zero as k — +oo. Thus, for the forthcoming study, it is not sufficient to merely assume that

A per (—&d—; - f [O}) and Aq per (—d(?—; — /o [0]) are negative (as was done for instance by
Dockery and his collaborators [58]).

Proposition 2.12. As k — 400, the family (Si);. - is relatively compact in CO2 (R, R?). (0,0)

per
is one of its limit points. Any other limit point (Ui seq, U2 seq) € Cgéé (R,Rz) is called a periodic
segregated state and is such that auy seqy — dusa seq is a non-zero sign-changing solution in C2,2 (R)

per
of the following elliptic equation:

Proof. Let k > k*.
Multiplying by wui i the first equation of the stationary system and integrating over C yields
easily:

lui ellzey < Milluillzee)
< Myt g2 oy,

whence, for all (z,y) € C%:

g () — ur g ()] < Myl | 2oyl —y|7>

Moreover, |[u1kllre(cy < ||@1]|L(c), and therefore (u1 k), ,. is uniformly bounded in C%"/2 (C)
and relatively compact in C®# (C). The same proof holds for (uz),- 4.

Let (u1,00,U2,00) € C7 (R,R?) be a limit point of (Sk),,.. There exists a sequence of
periodic coexistence states ((u1k,u2,k))yoy. Whose limit in CF (R, R?) is (u1,00,Uz,00). By
elliptic regularity and thanks to the following equation:

—auy y, 4 dvy ;= oy g f1 [ur k] — ok fo [uzk],

which holds for any £ > k* and is obtained by linear combination of the equations of the
stationary system, (cuq, — dug k) converge in Cgﬁ (R) to v = Q1,00 — dUg,0 € Cgﬁ (R).

Multiplying by a test function ¢ € D (R) the equation defining u; , integrating and dividing
by k, we obtain easily that (u1 xus ) converges as k — +o0o in D’ (R) to 0. Hence u1 oot2,00 = 0
and then au; o = vt and dus oo = v~ . In particular, v satisfies as claimed:

—v" =nv]
Let:
Ci={zeC|v(z)>0},
Cy={zeC|v(z) <0},
F={zeC|v(z)=0},
so that:

OC01UCQUFC6.

Exactly four cases are a priori possible:
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1. C1 = C: then by continuity v = 1 « in C whereas us o, = 0 in C, hence uj o € Cgéé (R)
is a non-negative non-zero solution of

_U/1/,oo = U100 f1 [U1,00]
in R, and eventually by the elliptic strong minimum principle 11 o >> 0, meaning that
U1 00 = @1, and Cy =T = (;
2. Cy = C: then similarly C1 =T =0, 11,00 = 0 and ug o = 1z;
3. C1 # 0 and Cy # 0.
4. Cy=0and Co =0: T = C, uy,00 and vg o are uniformly 0;
It is easily seen that Lemma 2.11 excludes the cases 1 (use the second inequality) and 2 (use the

first inequality). O

Proposition 2.13. The following set equalities hold:
{z€Cher R) | — 2" =7[z]} = {0},

{zeC, R) | —2"=nlz]} = {—diiz, 0,001 } .

Proof. In the v case, solutions of constant sign are excluded by:

2
>\1,per ( d - fl [0]) < O,

da?

d2
)\Lper (dde - f2 [O]) < 0

In the 1 case, solutions of constant sign are unique (see Berestycki-Hamel-Roques [16]) and
are exactly at; and —dis. It only remains to prove that non-zero sign-changing solutions are
excluded, and up to a shift of C' it suffices to prove that non-zero sign-changing solutions which
are equal to 0 at 0 and L are excluded.

For any x € R, any f € Cger (R, [m, M]) and any § € {1,d}, let R (z, f,§) > 0 such that:

d2
)\I,Dir (_6(1562 - f7B (va(xmﬂ 6))) =0.

Since the following function:

d2
R )\1)1)“‘ <—(de2 — f,B (.Q?,R))

is continuous, decreasing and has positive and negative values (its limits as R — 0 or R — 400

are respectively +oo and A per (—5(?—; - f) < 0, as proved in [16]), R (xz, f,d) is uniquely

defined. Since A1 pir <75(?—; — f, B (x, R)) is non-increasing with respect to f and decreasing
with respect to R, it is easy to check that f — R (z, f,0) is non-increasing.
Remark that R (z, f,8) and A1 pir (—5% — f,B(z,R(x, f, 5))) do not depend on z if f does

not depend on z. Remark that, in such a case, R (0, f,0) can be easily determined analytically
s )

and is equal to § %
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With these notations, (H freq) means:
L <2(R(0,M,1)+ R(0,Ms,d)).
Let z be a solution of —z"” =~ [z] or a solution of —z" = n[z]. Let:
Cy =21 ((0,+0))NC,
C_=z"1((~00,0))NC.
Assume by contradiction that both are non-empty. Let n be the number of zeros of z in C.

Then:
— in virtue of the Hopf lemma, of:

min <minR(x, f1[0],1), min R (z, f2 [0] 7d)) >0
zeC zeC

and of the continuity of z, n is finite and odd, say n = 2p+ 1 with p a non-negative integer,

and C; and C_ both have precisely p + 1 connected components, each of them being a

one-dimensional ball (that is an interval); let (xj)léifp—&-l (resp. (z; )1§i§p+1) be the

ordered centers of the connected components of C; (resp. C_);

— in the ~ case:
p+1

ICl = 2> Rz, 1[0],1)
i=1

p+1
23 R (z}, M, 1)
i=1

2(p+1)R(0,My,1)
2R (0, My, 1),

Y

(AVARIV}

and similarly:
p+1

2) R (x7. f210],)

2R (07 M23 d) ’

|C-|

v

whence we get the contradiction;
— in the n case:
p+1

Cil=2) "R (l’jaﬁ [2] ,1>
=1

p+1

ZQZR(SC:r,fl [0}71)7
=1

p+1

c1=25 a5

p+1

22ZR(:c;,f2 [0], d)

yield a similar contradiction.
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2.3 Existence of pulsating fronts

O

Corollary 2.14. Any family (u1 , U2 k)5 Of periodic coeristence states converges in Cg;ﬁ (R, R2)
as k — +oo to (0,0).

Remark. This result has a very natural interpretation from an ecological point of view: if the
wavelength of the distribution of resources is small enough, or if the resources are rare enough even
in the most favorable areas, the species are not able to settle periodically in a favorable habitat
smaller than the wavelength. Either one of them is strong enough to overcome unfavorable areas
while eliminating the competitor and then it settles in the whole habitat, either both go extinct.
Basically, at a given average intrinsic growth rate, the more fragmented the habitat is, the higher
the chances of extinction are.

Lemma 2.15. There exists Ry € (0,400) and Ry € (Ry,+00) such that, provided k* is large
enough, for any k > k* and any (uy x, ug,k) € Sk:

||u2,k||L°°(C)

R <
allug k

< Rs.

L= (0)
Remark. Proof inspired by Dancer—Du [45, Lemma 2.1].

Proof. By contradiction, assume that there exists a sequence of periodic coexistence states

((u1 k,u2,k)) s Such that Juz il o) is neither bounded from above nor from be-
TR >k allur,kllLee (©) ) g por

low by a positive constant. By symmetry, we can assume without loss of generality that it is not

lluz, kll oo (o)
— T —> as k — .
aflurkllLee (o) 0 +

is bounded. Necessarily, k||ug k| =) — 0 as k —

bounded from below by a positive constant. Up to extraction

Suppose first that (ok|u k| z=(c))
+00.
For any non-negative f € C (R, R), the following problem:

2" =zf1[2] — 2f

with periodicity conditions has a unique positive periodic solution z if and only if:

k>k*

d2
Al,per <_dl'2 - (fl - f)) <0

(see Berestycki-Hamel-Roques [16]). Moreover, z; depends continuously on f as a map from
Cper (C) into itself (see Berestycki-Rossi [22]). Hence uy p = Zgu,, — 20 as k — +00, where zg
solves:

—zy = 201 [20]

with periodicity conditions (that is u [0] = @1). Since k||| L () — +00, we get a contradiction.
Hence (ak||u1 k|| p~(c)) is unbounded. Up to extraction, we can assume that k||lu1 x| Lo (c) —
+o0.
For any k > k*, let 41 ), =

k>k*

U1,k

1,k U2k
lut,kllLoo (o

= —=>k _ Clearly, (li1.,0 satisfies:
luz,kllL>(c) ¥, (1,1, G2k)

g,k
—a ), = Gy g fr [l gl oo (o) Bak] — Kllugkll Lo (o)l wlio k
—diily = Gk fa [[uz.kl Lo (0)liak] — akllur k]| Lo )Gk O2,k-

From there, it follows with the same estimates as in the proof of Proposition 2.12 that 1, ; and
U9, converge up to extraction in Cgéé (R). Let 01,00 and g oo be their limits; for any ¢ € {1, 2}
[|%,00 || Lo (¢) = 1, hence wu; o # 0.
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Then, we consider the system above in D’ (C). Let ¢ € D(C) and use it as a test function.
On the second line, we see that, since:

/ (day y, + Ao 1 fo [[[ug,kll Loy liok])
is k-uniformly bounded, the same is true of:

/ak”“l,k||Lw(c>ﬁ1,kﬁ2,k90.

Thus:

PO |uz,kll L= PN
/k||u2,k||L°°(C)U1,ku2,kS0 = 7()) / (ak|ur k|l Lo ()1 wliz,kep) — O

a||U1,kHL°°(C

Therefore, considering the first line, we see that, by dominated convergence, the limit satisfies
in the distributional sense:

00 oo = 1,001 [[[U1,00 || Lo () 1,00 -

Since 11,0 is in Cg’eé (R), it is actually a solution in Cg;ﬁ (R) by classical elliptic regularity. In
virtue of the elliptic strong minimum principle, @ o, > 0. But it is also true, using the same

arguments as before, that i oof2,0c = 0, hence 1y oo = 0, which is indeed a contradiction. O

Lemma 2.16. Let ((u1,u2,k))ys 5. b€ a sequence of periodic coexistence states. Then ((kuy g, kuz k)< o
is k-uniformly bounded in L™ (C').

Proof. From Lemma 2.15, it suffices to assume that there exists a sequence ((u1,u2));< ;. such
that k|lui k|| L~ (c) — +00 as k — 400 and to get a contradiction.

With the same notations as in the proof of Lemma 2.15, up to extraction we can assume
that @ x — @i1,00 and do g — fz,00 in o (R). We have for any i € {1,2} || 0llp~(c) = 1,
hence 4; o # 0. Considering the limit of the equation satisfied by @9 in D’ (C) shows that

U1,00l2,00 = 0. Thanks to Lemma 2.15, up to extraction, we can assume that there exists [ > 0
such that %ﬁig) — . Moreover, considering the equation satisfied by @ j in D’ (C) shows

that, for any ¢ € D (C):
klluz,i |l L (o) ki ke

is k-uniformly bounded.
Multiplying the equation defining 4, by [ and subtracting from it the equation defining s j
yields:

=l )+ diy = laygfr [[urkllpe )] — Gopfa [[[uzellLe o)l
al|lu oo
( H 1,k||L () _l> k”uQ,k”Lm(C)ﬁl,kﬂQ,k'
[[uz,k |L°°(C)

Considering it in D’ (C'), passing to the limit (with, in virtue of Corollary 2.14, [[u; k|| Lo (c) —
0) and defining v = lQ oo — dii2 oo, it becomes:

—v" =[v].

By classical elliptic regularity, v is actually a solution in Cgéf (R). Then Proposition 2.13
implies [G1 oo = dil2 00, but together with @1 o l200 = 0 and the fact that the pair (u1,00, U2,00)
is non-zero, this is a contradiction. O
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Lemma 2.17. Provided k* is large enough, the following lower bound holds:

inf inf  min {min (kuq) , min (kug)} >0
k>k* (u1,u2)€Sk c c

Proof. Let ((ul’k,ug’k))bk*. For any i € {1,2} and any k > k*, let U, ,, = ku; . (Ui, Usi)

satisfies the following system:

" Uik
Ul =Uiifi |55 | — UrkUsi
" Uz i
—dUy ), = Uz fo | =% | — aU1 Uz

Since Uy, and Us y, are k-uniformly bounded in L*° (C) in virtue of Lemma 2.16, we can prove
with the same arguments as before that, for any ¢ € {1,2} and up to extraction, U, j, converges
in C’géé (R) to some U; oo > 0, and by Lemma 2.11 (third and fourth inequalities), U; oo # 0. The
limits satisfy the remarkable following system:

~Uf o = Ut,0of1 0] = U1,06U2 00
_dUé/,oo = U2,oof2 [0] - OtU1,ooU2,oo.

At first this system is to be understood in the distributional sense, but once more thanks to
classical elliptic regularity U; o, and Us o are actually in Czéé (R). Thanks to the elliptic strong
minimum principle, for any i € {1,2}, U; o > 0.

In C, —Zi: = f1[0] = Uz,00 < M;. Integration over C yields:
Ul I°
/fl[o]:—/ U’Oo +/U2,OOS/U2,<><>-
c c V1,00 e} c
Similarly,

/sz [O]S/CULoo-

Then (H2) shows that (U; o, Us.o) is at positive distance of the origin in L! (C), and then in
L (C) by classical embeddings. Harnack’s inequality yields eventually that min | min (U1 o) , min (UQVOQ))

C C

is bounded from below by a real number € > 0. By uniform convergence and provided k* is large

enough, the infimum of the sequence <min {min (kuyk) , min (kug i) }) is greater than, say,
C C k> k*
. This € depends on m, C, but neither on the limit point (U1 e, Usz,00) nor on the choice of

a convergent subsequence of ((u1,u2)); .+, Whence the bound holds for any convergent subse-
quence of ((u1,u2))y s Furthermore, the bound does not depend on the choice of the sequence
((u1,u2))ps s+ itself, whence it holds for any convergent subsequence of any sequence.

The conclusion on the whole set is a standard compactness argument. O

3¢
1

2.3.3.2 Instability of periodic coexistence states close to (0,0)

Lemma 2.18. Provided k* is large enough, for any (ui,u2) € S, the differential operator
At uz) : Coer (R) = Cper (R) defined as:

(fxz + g1 [u1] — kug kuy )

A up,u2)
(v1,2) akus d% + g2 [uz] — akuy

is strongly positive.
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Proof. Tt is well-known that A(,, ,,) is strongly positive (i.e. satisfies the strong minimum
principle) if there exists a pair of positive functions whose image by —A(y, u,) is itself non-
negative (see for instance Figueiredo-Mitidieri [54]). From (#,), if k is large enough, there
exists a constant R > 0 which depends only on x — 01 f1 (0,z) and x — 01 f2 (0, x) such that:

{81f1 [ur] € [-R, 0]
81f2 [UQ] S [—R, 0} .

From here, it is easy to check that, up to extraction and using the notations of the proof of

Lemma 2.17,
Ul,oo Ul,ooUQ,oo
_A(ul,kaUQ,k) <U2 OO) - <04U1 oUs oo
uniformly in C' as k — +00.

This limit being positive, thanks to standard compactness arguments, we get indeed the
claimed statement. O

Proposition 2.19. For any k > k*, any (u1,us) € S is unstable.

Proof. Thanks to Mora’s theorem [113], we know that (u1,us) is unstable if the principal eigen-
value of the elliptic part of the monotone problem (M) linearized at (u1,J (u2)) is negative. It
is easy to verify that the linearized operator is in fact:

2
% + g1 [wa] — kug kuy
A(ul,ug) = da 4z
akus dda:2 + go [us] — akuy

A(u, up) being strongly positive (see Lemma 2.18), it is injective and, up to a restriction of
its codomain, it is invertible. Krein—-Rutman’s theorem and a well-known routine involving the
compact canonical embedding €% (C) — Cloo’f (C) prove the existence of the periodic principal
eigenvalue A1 per (—Aguy us))-

Now, we have to prove that A1 per (— Ay, uy)) < 0. Recall the following characterization from
Krein—-Rutman’s theorem:

Mper (~ A ) = inf {AE€R | 3p € €2 (R, (0,400)") (~Aquyu) — A 9 S0 in R}

Therefore, we only need to find some A < 0 and some ¢ € C? (R, (0, +oo)2> satisfying:

per

(_A(ul,uz) — )\) p < 0.

Using (H1), it is easy to check that there exists a constant R > 0 which depends only on
x+— 01f1(0,2) and x — O f2 (0, ) such that:

(—A ) ur\ —uf0 fi [wr] — kuius

(u1,u2) Ug - —u%alfQ [’LLQ} — aku1u2
(Ru1 — k‘UQ) (51
(Rug — akuy) ug

< —min {min (kuz — Ruq) ,min (aku; — RUQ)} <u1) .
C C U2

IN
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In virtue of Lemma 2.17, provided k* is large enough, for any K > k* and any (uj g, us i) €
SKZ

min {min (Kug,xk — Ruq i) ,min (aKu1 g — RUQ)K)} > 0.
C C

Consequently it holds for k and (uy, ug).
Now, if we define A as —min < min (kug — Ruq) , min (aku; — Ruz)} and ¢ as (u1,uz), it is
C C

obvious that (—A(y, u) — A) ¢ < 0. Therefore, (u1,uz) is unstable. O

2.3.4 Counter-propagation

In this subsection, we prove the so-called counter-propagation hypothesis. Let us recall from
Fang—Zhao [69] that, since every intermediate periodic stationary state is unstable (Proposition
2.19), their set is totally unordered.

Proposition 2.20. Let k > k* and (u1,uz) € S.

Let c% ((uy, 2 — ug), (U1, Uz2)) € R and c* ((u1, 2 — uz),(0,0)) € R be the spreading speeds as-
sociated with front-like initial data connecting respectively (@1, @) to (u1, @e — ug) and (uy, s — ug)
to (0,0).

Then:

Cj_ ((u1, ﬂg — UQ) 5 (ﬂl, ﬂg)) + Ci ((ul,ﬂg - ’LLQ) 5 (0, O)) > 0.

Remark. At least formally, since (u1,uz) vanishes as k — +o0, we have:
ci ((u17a2 - u2) 9 (alaﬂQ)) — ci ((0,&2) ) (a17a2)) )

Ci ((UI,'ELQ — 'LLQ) 5 (0,0)) — Ci ((0,’&2) R (070)) .

It is easily seen that the first limit is in fact the spreading speed of the scalar KPP pulsating
front connecting @ to 0 for the equation dyu; — Orpu1 = uq fi1 [u1] whereas the second one is in
fact the spreading speed of the scalar KPP pulsating front connecting s to 0 for the equation
Opug — dOyzua = usfo [us]. These limiting speeds are both positive. Hence, heuristically, we
expect that both ¢ ((ur, %2 — u2), (41,%2)) and ¢* ((u1, %2 — uz2),(0,0)) are positive whenever
k is large enough, and this is indeed what we will prove.

Proof. Let k > k*, (u1,uz2) € S, Ay, ,u,) be the associated linear elliptic operator defined as in

Lemma 2.18, ¢ > 0, Q; be the semiflow associated with (M) and Q*'™ be the linear semiflow
associated with 0; — Ay, u,)- We intend to use Weinberger’s theory [141, Theorem 2.4] in order
to establish that:

. _ o =N, —p2diag (1,d) — A¢u; u
C+ ((u17u2—u2)7(u1,u2))2ﬁ1}§; 11767“( M( ) (u1, 2)).

(The exponential relation between _the periodic principal eigenvalue of the elliptic operator
A(ur,uz) and that of the semiflow Q™" is classical and not detailed here.)
On one hand, to apply [141, Theorem 2.4], we have to find 6 € (0,1) and n; > 0 such that,

for all (vy,v2) € [(0,0), (N4, n+)]:
Q: [(v1,v2) + (ur, fip — u2)] — (un, iy — uz) > (1= 6) Q"™ [(v1,v2)],
that is such that:

8Q ™ [(v1,v2)] > Q'™ [(v1,v2)] + (ur, ti2 — u2) — Q¢ [(v1,v2) + (u1, Tz — un)] .
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On the other hand, by definition of Q“!™, for all € > 0, we have the existence of 1. > 0 such
that, if (v1,v2) € [(0,0), (9, n:)]:

’Q?’lm [(v1,v2)] + (u1, e — u2) — Q¢ [(v1,v2) + (u1, U2 — Uz)]‘ < emax (maxvh maXW) -
c c

Hence it would be sufficient to show, for all (v1,v2) € [(0,0), (e, n:)], the following inequality:

€ max (maX v1, Max vg) < dmin (min Q?’lm [(v1,v2)]; , min Q?’lm [(v1, U2)]2> ,
C C C C

which is a straightforward consequence of the positivity of A, .,) and of the instability of
(u1, uz) (fixing for instance § = 3 and then choosing ¢ small enough). Finally we define ;. = ..

Applying the same sketch of proof and being careful with the signs, we prove the existence of
n— > 0 such that, for all (vy,v2) € [(0,0), (n—,n-)]:

—Q¢ [— (v1,v2) + (w1, U2 — u2)] + (u1, Uz — ug) > %Q?’”” [(v1,v2)],

whence a second inequality is established:

= er \ 7 Qd. 17d _Au u
& ((unsiin — ), (0,0)) > ing e (T8 (L) = Adury)
u>0 M

It is worthy to point out that both spreading speeds are estimated from below by the same
quantity.
To conclude, we just have to notice the following inequality, true for all g > 0:

>\1,per (_ﬂ2diag (17 d) - A(ul,u2)) S _/142 min (17 d) + )\l,per (_A(ul,u2)> < 0.

In particular, from:

_Al,per (_,Uleag (la d) - A(uhuz)) > inf <,U, min (1 d) . /\17;061“ (_A(ul,uz))>

M n>0 M

we deduce the following estimate:

. _)\l,peT (_M2dlag (L d)
inf
n>0 M

~Awss) 5 o i (1) Pager (— A )| > 0.

2.3.5 Existence of pulsating fronts connecting both extinction states

We are now able to state rigorously the existence of pulsating fronts thanks to Fang—Zhao [69].
Theorem 2.21. For any k > k*, there exists ¢ € R and (¢1,¢2) € C (RQ,RQ) such that the
following properties hold.

1. ¢1 and o are respectively mon-increasing and non-decreasing with respect to their first
variable, generically noted &.

2. p1 and o are periodic with respect to their second variable, generically noted x.
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3. As & = +o0,

max |(p1,p2) (=€ @) = (a1,0) ()] + max [(¢1,2) (§;2) = (0,82) (z)] = 0.

z€[0,L] z€[0,L] ‘

4. (u1,u2) : (¢, 2) = (¢1,92) (x — ct,z) is a classical solution of (P).

Remark. For any & € R, (§,2) — (¢1,¢2) (€ + &0, x) is a pulsating front solution of (P) as well.

Regarding the regularity of (p1,¢2), we recall that, even if Fang-Zhao [69] (as well as Wein-
berger [141]) worked in the framework of continuous functions, by classical parabolic regu-
larity, a continuous solution of (P) is in C., (R,C%, (R,R?)). Hence (p1,¢2) is a fortiori in
CL. (RQ, Rz). This can be improved provided f; and f» are C' with respect to x. Indeed, differ-
entiating (P) with respect to ¢ and x shows similarly that 9; (u1,uz) € Cl,, (R,C3, (R,R?)) and

Oy (ur,us) € CH (R, c? (R, RQ)). In such a case, (o1, p2) is at least in C2 (RQ,RQ).

loc loc
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Chapitre 3

Compétition en milieu périodique : Il —

Limite ségrégative d'ondes pulsatoires et

résultat de type « L’union ne fait pas la
force »

Résumé

Ce chapitre s’intéresse a la limite, quand le taux de compétition interspécifique tend vers
I'infini, d’ondes pulsatoires solutions d’un systeme de compétition — diffusion de Lotka — Vol-
terra bistable en milieu spatialement périodique. On distingue deux cas importants : vitesse
limite nulle et non-nulle. Dans le premier cas, on montre ’existence d’équilibres stationnaires
ségrégés. Dans le second cas, on est capable d’établir 'unicité de 'onde pulsatoire ségrégée,
et ainsi de prouver la convergence. L’onde pulsatoire ségrégée est solution d’un probleme de
frontiere libre intéressant. On étudie également le signe de la vitesse limite, vue comme une
fonction des parametres du systéeme. On est en mesure de déterminer complétement ce signe,
avec des conditions explicites dépendant uniquement de ces parameétres. En particulier, si
I'une des deux espéces est suffisamment plus mobile ou compétitive que I'autre, alors il s’agit
de I'envahisseur. Ce résultat est donc de type « L’union ne fait pas la force ».

Ce chapitre, co-écrit avec Grégoire Nadin, a fait ’objet d’une publication sous le titre
Competition in periodic media : Il — Segregative limit of pulsating fronts and “Unity is not
strength”-type result dans Journal of Differential Equations [GN18].
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3.1 Introduction

This is the second part of a sequel to our previous article [GN15]. In the prequel, we studied
the sign of the speed of bistable traveling wave solutions of the following competition—diffusion
problem:

Opur — Ogpur = w1 (1 — uq) — kugus in (0,400) xR
Opug — dOzpua = Tus (1 — ug) — akujue  in (0,+00) x R.

We proved that, as k& — +oo, the speed of the traveling wave connecting (1,0) to (0,1)
converges to a limit which has exactly the sign of a? — rd. In particular, if « = r = 1 and if k
is large enough, the more motile species is the invader: this is what we called the “Unity is not
strength” result.

In view of this result, it would seem natural to try to generalize it in heterogeneous spaces,
that is to systems with non-constant coefficients. Is the more motile species still the invading
one?

Competition—diffusion problems in bounded heterogeneous spaces with various boundary con-
ditions have been widely studied during the past decades. Dockery, Hutson, Mischaikow and
Pernarowski [58] showed (in particular) that for the heterogeneous system:

Opuy — d1Agur = a1 () ug —ud —uguz  in (0,+00) x
Opug — daAgug = ag (z) ug — u3 —ugug  in (0,+00) x

with a; and as non-constant functions, d; and dy constant, 2 a bounded open subset of some
Euclidean space and homogeneous Neumann boundary conditions, the persistent species is ac-
tually the less motile one. The interspecific competition rate of this system is equal to 1 and
the system is therefore monostable. On the contrary, as soon as the competition rate is large
enough, the system is bistable. We wonder whether this qualitative change might be sufficient to
reverse their conclusion. If we are able to extend in some satisfying way our space-homogeneous
result, then the conclusion will be reversed indeed.

In the first part [Gir17] of this sequel, the first author studied the existence of bistable pulsating
front solutions for the following problem:

Opur = Opaur + uy f1 (ur, @) — kujug in (0,400) x R
Opug = dOyyuz + uafo (ug, ) — akugug  in (0,+00) x R.

Here, the non-linearities (u,x) — uf; (u,x), ¢ € {1,2}, are of “KPP”-type and, most impor-
tantly, are spatially periodic. Thanks to Fang—Zhao’s theorem [69], it was showed that, provided
k is large enough and (fi, f2) satisfies a high-frequency algebraic hypothesis (we highlight that
the condition was algebraic and not asymptotic), there exists indeed such a pulsating front.

While the forthcoming main ideas might be generalizable to systems with periodic diffusion
and interspecific competition rates, an existence result is lacking. Therefore we naturally stick
with the aforementioned system. Let us recall moreover that the fully heterogeneous problem
(non-periodic non-constant coefficients) is, as far as we know, still completely open at this time.

Let us recall as well that several important results about scalar reaction—diffusion equations
in periodic media have been established recently (about “KPP”-type, see [16, 17, 117, 118, 121];
about “ignition”-type and monostable non-linearities, see [14]; about bistable non-linearities,
see [57, 56, 144]). The first author used extensively the results about “KPP”-type equations in
[Girl7]. In the forthcoming work, we will use the whole collection of results. Especially, we will
use several times, in slightly different contexts, the sliding method of Berestycki-Hamel [14].

Integration over a bounded domain with Neumann boundary conditions and over a periodicity
cell are somehow similar operations and thus Neumann and periodic boundary conditions yield
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in general analogous results. The periodic extension of the persistence result by Dockery and his
collaborators seems in fact quite straightforward and, conversely, it should be possible to adapt
the forthcoming ideas to determine the persistent species in a bistable space-heterogeneous Neu-
mann problem with large competition rate. The comparison is therefore even more meaningful.

The competition-induced segregation phenomenon highlighted by Dancer, Terracini and others
(see for instance [38, 45, 47, 49, 52]) has been one of our main tools in the preceding pair of
articles [Girl7, GN15] and will still be a cornerstone here. In particular, segregation in two or
more dimensions generically yields free boundary problems and this will be a major difference
between the space-homogeneous case and this study: here, we will need to dedicate a few pages
to the natural free boundary problem induced by the segregation of pulsating fronts. Thanks to
the specific setting of pulsating fronts (monotonicity in time, spatial periodicity of the profile,
limiting conditions, etc.), we will be able to prove that the free boundary is the graph of a
strictly monotonic, bijective and continuous function without resorting to blow-up arguments or
monotonicity formulas. We believe that our approach of the free boundary has interest of its
own and that the ideas presented here might fond applications in other frameworks.

The following pages will be organized as follows: in the first section, the core hypotheses and
framework will be precisely formulated and the main results stated. The second section will
focus on the so-called “segregative limit” and will finally lead us to the third section and the
statement of the periodic extension of the “Unity is not strength” theorem.

3.2 Preliminaries and main results

Remark. Subsections 3.2.1 and 3.2.3 are mostly a repetition of the preliminaries of the first
author’s article [Girl7] where the existence of competitive pulsating fronts was investigated. A
reader well aware of this article may safely skip these. On the contrary, Subsections 3.2.2 and
3.2.4 respectively state the main results of this article and highlight the differences between the
present set of technical hypotheses and that of the first author’s article [Girl7].

Let d,k,a,L >0, C = (0,L) C R and (f1, f2) : [0, +00) x R — R? L-periodic with respect to
its second variable. For any u : R? — [0, +00) and i € {1,2}, we refer to (t,z) — f; (u(t,x),x)
as f; [u]. Our interest lies in the following competition—diffusion problem:

Our = Oppur + u fi [u1] — kugug, (P
Opug = dOryus + usg fo [us] — akuyus. k

3.2.1 Preliminaries

3.2.1.1 Redaction conventions.

— Mirroring the definition of fi [u] and fs [u], for any function of two real variables f and any
real-valued function u of two real variables, f [u] will refer to (¢,z) — f (u(t,x),x). For
any real-valued function u of one real variable, f [u] will refer to x — f (u(x),z). For any
function f of one real variable and any real-valued function u of one or two real variables,
f [u] will simply refer to f o w.

— For the sake of brevity, although we could index everything ((P), ui, us...) on k and d,
the dependencies on k or d will mostly be implicit and will only be made explicit when it
definitely facilitates the reading.

— Since we consider the limit of this system when k — 400, many (but finitely many) results
will only be true when “k is large enough”. Hence, we define by induction the positive
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number k*, whose value is initially 1 and is updated each time a statement is only true
when “k is large enough” in the following way: if the statement is true for any k& > k*, the
value of k* is unchanged; if, conversely, there exists K > k* such that the statement is true
for any k > K but false for any k € [k*, K), the value of k* becomes that of K. In the text,
we will indifferently write “for k large enough” or “provided k* is large enough”. Moreover,
when k indexes appear, they a priori indicate that we are considering families indexed
on [k*,+00), but for the sake of brevity, when sequential arguments involve sequences
indexed themselves on increasing elements of [k*, +00)Y, we will not explicitly define these
sequences of indexes and will simply stick with the indexes k, reindexing along the course
of the proof the considered objects. In such a situation, the statement “as k& — 400" should
be understood unambiguously.

— Periodicity will always implicitly mean L-periodicity (unless explicitly stated otherwise).
For any functional space X on R, X, denotes the subset of L-periodic elements of X.

— We will use the classical partial order on the space of functions from any Q C RV to R:
g < hifforany x € Q g(z) < h(z)and g < hif ¢ < h and g # h. We recall that when
g < h, there might still exists « € 2 such that g (x) = h (x). If, for any v € Q, g (z) < h (),
we use the notation g < h. In particular, if g > 0, we say that g is non-negative, if g > 0,
we say that g is non-negative non-zero, and if g > 0, we say that g is positive. Finally, if
g1 < h < g9, we write h € [g1,g2], if g1 < h < ga, we write h € (g1, g2), and if g1 < h < ga,
we write h € (g1, g2)-

— We will also use the partial order on the space of vector functions Q — RN ' naturally
derived from the preceding partial order. It will involve similar notations.

— Functions f of two or more real variables will sometimes be identified with the maps
t — (z— f(t,x)). This is quite standard in parabolic theory but we stress that the
variable of the map will always be the first variable of f, even if this variable is not called
t: we will use indeed functions of the pair of variables (¢,z) € R? and then the maps will
be £ = (z — f (&, x)). So for instance if we say that a function f of (£, ) is an element of
a functional space X (R,Y"), the latter should be understood unambiguously.

3.2.1.2 Hypotheses on the reaction.

For any i € {1,2}, we have in mind functions f; such that the reaction term wf; [u] is of
logistic type (also known as “KPP”-type). At least, we want to cover the largest possible class
of (u,x) — p(x) (e —u). This is made precise by the following assumptions.

(H1) fiisin C ([0, +00) x R).
(Hz2) There exists a constant m; > 0 such that f; [0] > m,.
(Hs) fi is decreasing with respect to its first variable and there exists a; > 0 such that, for any

z €R, fi(a;x)=0.
Remark. If f; is in the class of all (u,z) — p () (a —u), then p € C},,. (R), p>> 0 and a > 0.
More generally, from (#;), (H2) and the periodicity of f;[0], it follows immediately that there
exists a constant M; > m, such that f; [0] < M;. Without loss of generality, we assume that m;
and M, are optimal, that is m,; = min f; [0] and M; = max f; [0].

c c

3.2.1.3 Extinction states

The periodic principal eigenvalues of 51—2 + f1[0] and dc?—; + f2 [0] are negative (as proved by

2

the first author in [Gir17]). Recall (from Berestycki-Hamel Roques [16] for instance) that the
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3.2 Preliminaries and main results

periodic principal eigenvalue of £ is the unique real number A\ such that there exists a periodic
function ¢ > 0 satisfying:
{—&p =XpinR
lellzecy =1

From this observation, it follows from Berestycki-Hamel-Roques [16] that a; (respectively as)
is the unique periodic non-negative non-zero solution of —z"” = zf; [z] (resp. —dz" = zfs [2]).

The states (a1,0) and (0,a2) are clearly periodic stationary states of (Py) (for any k > k*)
and are referred to as the extinction states of (Py) (remark that they are the unique periodic
stationary states with one null component and the other one positive, so that it makes sense
to call them “the” extinction states). Provided k* is large enough, they are moreover locally
asymptotically stable (again, as proved in [Girl7]).

We recall also that, for any k& > k*, by virtue of the scalar parabolic comparison principle, any
solution (u1,usg) of (Pg) with initial condition (0,0) < (u1,0,us2,0) < (a1,as) satisfies (0,0) <
(u1,u2) < (a1, az).

3.2.1.4 Pulsating front solutions of (P)

Let us add a necessary existence hypothesis.

(Hewis) There exists k* > 0 such that, for any k& > k*, there exists ¢y € R and (p1.4, p2.x) €
C? (R2)2 such that the following properties hold.
— (u1,k,u2,k) : (6, 2) = (P15, P2.k) (z — cit, x) is a classical solution of (Py).
— 1,1 and g are respectively non-increasing and non-decreasing with respect to their
first variable, generically noted &.

— 1,k and o are periodic with respect to their second variable, generically noted z.

— As { = —0,

max

et [(01,%, P2,%) (§;2) — (a1,0)] — 0.

— As & — 4o0,

max

, ,x)— (0, — 0.
ze{o,u'(%”“ wa1) (€, 7) — (0,a2)]

The pair (uy , u2,k) is referred to as a pulsating front solution of (Py) with speed ¢, and profile

(P15 P2,5)-
Before going any further, it is natural to wonder if such a solution is unique.

Conjecture. Let k > k*. Let ($1,$2) and ¢ be respectively the profile and the speed of a pulsating
front solution (y,12) of (P). Then é = cj, and there exists € € R such that (p1,$2) coincides
with: .

(&,2) = (1 020) (6 - &)

This conjecture is due to the following observation: in most (if not all) problems concerned
with bistable traveling or pulsating fronts, the front is unique (in the same sense as above: two
fronts have the same speed and have the same profile up to translation).

We refer to Gardner [77], Kan-On [100], Berestycki-Hamel [14] or Ding-Hamel-Zhao [57] for
proofs of this type of result in slightly different settings.

Because the proof of such a result:

— would involve precise estimates of the exponential decay of the profiles as & — +oo that
cannot be obtained briefly (in the scalar case, see Hamel [88]) and have no additional
interest in the forthcoming work,
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— would be strongly analogous to the proofs of the preceding collection of references,

we choose to leave this as an open question here for the sake of brevity. We might address this
question in a future sequel.
Still, it is useful to have this uniqueness in mind because it clearly motivates our study of

lim cg.
k— o0

3.2.2 “Unity is not strength” theorem for periodic media

In the forthcoming theorem, the parameters d, o, f; and fo may vary (in some sense which is
made precise), but immediately after that they are fixed again (at least up to Section 3.4).

Theorem 3.1. [“Unity is not strength”, periodic case] Assume that there exists an open con-
nected set P of parameters:

(d, a, f1, f2) € (0,+00)” NC ([0, +00), Cper (R))?

in which (H1), (Hz), (Hs) and (Hewis) are satisfied.

The sequence ((d, o, f1, f2) € B = cp) sy cOnverges pointwise as k — 400 to some continuous
function (d, «, f1, f2) € P — coo- If the function (d, o, f1, f2) € P +— k* is locally bounded, then
this convergence is in fact locally uniform in .

Furthermore, for any (d, «, f1, f2) € B, there exist ¥ > 0, r € (0,7] (both dependent on (f1, f2)
only) and a non-empty closed interval R® C [r,7] (dependent on (d, f1, f2) only) such that the
sign of co satisfies the following properties.

1. ¢ >0 if and only if%j > max R.
2. coo < 0 if and only if %2 < minRP.
3. If, for any i € {1,2}, f; has the particular form (u,x) — p; () (1 —u), then:

a) Coo is null or has the sign of:

o _ ghtelliie,
||M1||L1(C)
b) (r,7) satisfies:
min (i) max (p2)
£ <r<T< S ——
max (4i1) min (1)
c c

The objects 7, r and R° are respectively defined by formulas (F7), (35) and (Fro) (see page 130).

Remark. We emphasize the interest of r and 7, which are upper and lower bounds for R? which
are uniform with respect to d.

We will explain in Section 3.4 that if (Hezis) is derived from the existence result of the first
author [Girl7], then a set P exists: the main assumption of our theorem makes sense indeed.

The strategy of the proof is as follows.

We will begin with some compactness estimates uniform with respect to k£ so that a limiting
speed and an associated limiting solution, possibly non-unique at this point, can be extracted.
This will require a crucial distinction between two cases: limiting speed null or not.

Regarding the first case, we will give some regularity properties of the corresponding solution,
that will be called a segregated stationary equilibrium. It is unclear whether the segregated
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stationary equilibrium is unique but this is not surprising: the null speed case is known to be
quite degenerate (see for instance Ding—Hamel-Zhao [57]).

On the contrary, the second case will be fully characterized: the corresponding solution, the
segregated pulsating front, is actually unique (up to translation). Such a uniqueness result will
require several intermediary results and in particular a (possibly not complete but already quite
thorough) study of its intrinsic free boundary problem.

Subsequently, the uniqueness of the segregated pulsating front will follow from a sliding ar-
gument which will also provide us with an exclusion result: there exists a segregated stationary
equilibrium for a particular choice of parameters (d, a, f1, f2) if and only if there does not exist
a segregated pulsating front. Thanks to this result, the uniqueness of the limiting speed will be
deduced even though the null case is still degenerate.

We will then obtain a necessary and sufficient condition on (d, «, f1, f2) for the existence of
a segregated stationary equilibrium thanks to its regularity at the interface (which is, in some
sense, the counterpart to the free boundary problem leading to the uniqueness of the segregated
pulsating front) and finally, thanks to a classical integration by parts, obtain the sign of the
speed provided it is already known to be non-zero.

3.2.3 A few more preliminaries
3.2.3.1 Compact embeddings of Holder spaces

Proposition 3.2. Let (a,a') € (0,+00)> and n,n’, 3,5 such that (a,a’) = (n+ 8,0 + '), n
and n’ are non-negative integers and § and ' are in (0,1].
If a < a’, then the canonical embedding i : C* P (C) — C™P (C) is continuous and compact.

It will be clear later on that this problem naturally involves uniform bounds in C%"/2. Therefore,
we fix once and for all § € (O, %) and we will use systematically the compact embeddings
C™'/? < C™P meaning that uniform bounds in C™"/? yield relative compactness in C™*.

3.2.3.2 Additional notations regarding the pulsating fronts

Let E = (1 1). For any k > k*, (ck, p1.k, p2,i) satisfies the following system:

11

{ —div (EVe1 k) — ck0cp1k = P1kf1 [1.1] — Eo1,p02,k (PFayor)
—ddiv (EVa 1) — ck0cpo k. = 02,k f2 [02,k] — akor ko2 k- Y

Remark. Be aware that, since spE = {0, 2}, the differential operator:
div (EV) = O¢e + Opp + 20¢

is only degenerate elliptic. This will trigger difficulties unknown in the space-homogeneous case.
Most regularity results will come from the parabolic system (P) and we will need to go back
and forth a lot between the so-called “parabolic coordinates” (¢,x) and the so-called “traveling
coordinates” (£, x). This will be possible if and only if the propagation speed is non-zero, whence
a necessary distinction of cases.
For any k > k*, let:
Yak = o1 — dpa g,

Y1k = 01K — P2k,

Vg k = ok — dug,
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U1,k = QUL — U2 k-

A linear combination of the equations of (PFgys ) yields:

—div (EVq ) — ciOcth1 i = a1 e fi[o1,6] — e2.ufo[026]  (PFR).

(PF}) does not depend explicitly on k.
(u1,k, U2k, Va,k, U1,k) i isomorphic to (¢1,k, 2.k, Yd.k, ¥1,k) if and only if ¢, # 0. In parabolic

coordinates, (PF}) becomes:

01k — OzaVa ke = auy i f1 [u1k] — u2 i fo [u2 k] -

As k — 400, the following function will naturally appear:

n:(z,z) = f1 (2,:3) 2t — %fg (—g,x) z7,

where 2T = max (z,0) and 2~ = —min (z,0) so that z =zt — 2~

We will also denote g; the partial derivative of (u,z) — uf; (u,x) with respect to u:

gi : (u,x) = fi (u,x) + udr f; (u,z) for all i € {1,2}.

3.2.4 Comparison between the first and the second part

In addition to the new notations introduced in the preceding subsection ( (PFgys), (PF),

“parabolic coordinates”, “traveling coordinates”, 14, 11, v4, v1), the following differences are
pointed out.

— In the first part [Girl7], f; and fo were only assumed to be Holder-continuous with respect

96

to x, whereas here we need them to be at least continuously differentiable. Thanks to
this technical hypothesis, it is then possible to differentiate with respect to x the various
equations and systems involved. In particular, continuous pulsating front solutions of
(P) are in fact in 61200 (Rz). This will similarly yield a stronger regularity at the limit.

Nevertheless, we think that Holder-continuity might actually suffice to obtain most of the
forthcoming results.

The positive zero of u — f; (u, ) cannot depend on x anymore. Consequently, while, in the
first part [Girl7], the unique positive solution of —z”" = zf; [z], 41, and the unique positive
solution of —dz" = zf5 [z], U2, were periodic functions of x, here they are the constants a;
and ag. This restriction is standard in bistable pulsating front problems (see for instance
[57, 56, ?]) and is especially related to the method generically used to determine the sign of
the speed of the pulsating fronts. Still, most of the forthcoming pages is easily generalized
(actually, many results need no adaptation at all). We will highlight where this hypothesis
is truly needed and will give some indications regarding the non-constant case. In the end,
it should be clear why we conjecture that “Unity is not strength” holds true even in the
non-constant case.

A trade-off to these more restrictive assumptions is that here we do not assume a priori
the high-frequency hypothesis:

1 d
L<m (\/E + Mz) - (Hfreq)

We merely assume existence of pulsating fronts, this hypothesis being referred to as (Hezis)-
It was proved in the first part that if (Hreq) is satisfied, then so is (Hewis)-
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3.3 Asymptotic behavior: the infinite competition limit

3.3.1 Existence of a limiting speed

In order to prove that (cy), . has at least one limit point, we recall an important result from
the Fisher-KPP scalar case (see Berestycki-Hamel-Roques [17]).

Theorem 3.3. For any 6 € {1,d} and i € {1,2}, there exists c* [0,i] > O such that, for any
s € R, there exists in C* (R2) a pulsating front solution of:

0pz — 0042z = 2 2]
connecting a; to 0 at speed s if and only if s > ¢* [4,1].

Lemma 3.4. Provided k* is large enough, for any k > k* and any pulsating front solution of
(Pr), its speed c satisfies:
—c*[d,2] < c< " [1,1].

In particular, the family (cy);,~ . s uniformly bounded with respect to k.

Remark. Here, the assumption that k is large enough might in fact be redundant with the
underlying assumption of bistability. Indeed, this proof does not use any limiting behavior but
only requires that:
> o { (1 0]) (72 0)
az ¢ aay cC

In the space-homogeneous logistic case, this condition reduces to & > max {1, a‘l}, that is
precisely the necessary and sufficient condition for the system to be bistable. In the space-periodic
case, according to the proof of [Girl7, Proposition 2.1], both a; are stable if the condition above
is satisfied. Yet an optimal threshold should involve periodic principal eigenvalues instead of
these maxima. Furthermore, the instability of any other periodic steady state has only been
established for (really) large k (see [Girl7, Theorem 1.2]) and when (#Hfyeq) holds true. Even
for arbitrarily large k, it is unclear whether stable coexistence periodic steady states might exist
when (H freq) does not hold.

We point out that the following proof provides us with an instance of a detailed proof using
the sliding method [14] that will be referred to later on.

Proof. Assume by contradiction that there exists k > 0 such that there exists a pulsating front
solution (z1, z2) of (Px) with a speed ¢ ¢ (—c*[d, 2], c* [1,1]) and a profile (¢1, p2). For instance,
assume ¢ > ¢ [1,1] (the other case being obviously symmetric), and let ¢ = ¢*[1,1] < ¢. By
virtue of Theorem 3.3, ¢ > 0 and there exists a pulsating front solution z of :

Otz — Ozwz = 2f1 2]

with speed ¢ and profile .

Now we are in position to use the sliding method to compare z and z;. This will finally lead
to a contradiction.

Step 1: existence of a translation of the profile associated with the higher speed
such that it is locally below the other profile.

Fix ¢ € R. Then let ¢; € R such that:

max @1 (¢1,7) < minp (¢, z).
xzeC xzeC
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Let:
T=¢—C1,
e1:(§a) = e (§—T 1),
DT = — o,
so that:

min &7 (¢, z) = min (¢ (¢, ) — ¢1 (¢1, 7)) > 0.
xeC zeC

Step 2: up to some extra term, this ordering is global on the left.
Let U = (—o0,() x C. Since ¢ > 0 in U and ¢] € L™ (U), there exists £ > 0 such that:

ko —@] >0inU.

Notice that, since ®7 (£, z) — 0 as £ — Fo0o (uniformly with respect to x), any such k is larger
than or equal to 1.
Step 3: this extra term is actually unnecessary, thanks to the maximum principle.
Let:
H*Zinf{l’i> 1] igf(mp—(p{) >O}

and let us prove that k* = 1. We assume by contradiction that k* > 1 and we take a sequence
(Kn)pen € (1, #*)" which converges to £* from below.
There exists a sequence ((£,,,7,)) € U such that for any n € N,

Kinﬁp (fn;xn) < (0071— (fn;xn) .

Since K, > 1, the limits when £ — —oo prove that (§,,) is bounded from below, and since it is
also bounded from above by ¢, we can extract a convergent subsequence with limit £* € (—oo, ¢].

N —
Similarly, we can extract a convergent subsequence of (x,,) € C" with limit * € C. By continuity,
(k*p — ) (€%, 2*) = 0 and, necessarily, £* < (.
Back to parabolic variables, recall that ¢ > 0 and let:
* — 6*

th=

2T (t,x) = i (x — et — 7,x) for any ¢ € {1,2},
v =Kz — 2],
fo(tz) = = (c =) (Oepi) (x — ct, )
E={(t,z)eR® |z —ct<(}.
By virtue of (H3) and x* > 1:
K zf1[z] > K*zf1[k*2] in E,
and moreover:
O™ — Oupv” = w21 [2] — 2 [ [A]] + k2725 + f in E,
f>0in E.

Now, from the Lipschitz-continuity of f; with respect to its first variable, it follows that of
(u, ) = ufi (u, z), whence there exists ¢ € L (E) such that:

Opv* — Oppv* > qu* in E.
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In the end, v* is a non-negative super-solution which vanishes at some interior point: by virtue
of the parabolic strong minimum principle, it is identically null in ((—oo,#*] x R) N E.
But in such an unbounded set, it is always possible to construct an element of {¢} x C, which
contradicts:
min (k% — ¢7) (¢, z) > 0.
zeC
Therefore k* =1,
Ko—@]=®">0inl

and then by periodicity and, once more, by virtue of the parabolic strong minimum principle:
®" > 0in (—o00,() X R.

Step 4: up to some (possibly different) extra term, this ordering is global on the
right.

Near +oo (in (¢,400) x R), on the contrary, multiplying ¢ by some & > 1 is not going to
yield a clear ordering anymore since we are interested in the behavior as ¢ ~ 0 and 1 ~ 0 (and
replacing ¢ and 7 by respectively a3 — ¢ and a; — ] will not suffice since the monostability
has no underlying symmetry).

But it is natural, for instance, to replace this multiplication by the addition of some ¢ > 0 and
to prove in the next step that ¢* = 0. This is actually what was done originally by Berestycki—
Hamel [14].

Step 5: this (possibly different) extra term is also unnecessary.

We define * as the following quantity:

e*=infqe>0] inf (p—¢]+e)>0,.
(¢,+00)xC

We assume by contradiction that e* > 0 and this yields as before a contact point (£*,z*) €
(¢, +00) x C.
Now the main difficulty is that w +— uf; [u] is increasing near 0, so that we really cannot hope
to have:
2file] =z (z+e) filz +€].

Still, it is possible to assume without loss of generality that, during the construction of 7, (3
has also been chosen so that:

2 <02 (£2) < ap for amy (€,2) € [G1,+00) x C.

It follows that:

T T T T T a . Val
@1 (1) — k) < o7 (f1ef] = k%) in [¢,+00) x C.
By virtue of the hypotheses (1), (Hz2) and (Hs), provided k* is large enough, for any K > k*,
the following non-linearity:

u»—)u(fl[u]—K%)

is decreasing in a neighborhood of 0 (in fact, it is decreasing in [0, +00)). Then, in addition to
this monotonicity, it suffices to use:

ag

philel = efilel = k5o
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and the Lipschitz-continuity of f; to conclude this step.

Step 6: thanks to the maximum principle again, the speeds are equal and the
profiles are equal up to some translation.

Thus in fact:

®7 > 0 in R?.
Now, let:
™ =sup{r €R|®7 >0 in R*}.
The limits as £ — oo of ¢ and ¢ ensure that 7% < 4+00. By continuity,

O > 0.

Let us verify quickly that, by virtue of the maximum principle, either ®”" = 0 and ¢ = ¢,
either ® >> 0. For instance, assume that (<I>T*)71 ({0}) is non-empty, so that & > 0 does
not hold. Then there exists (€*,z*) € R? such that ™" (£*, 2*) = 0. Once more, we introduce:

I**f*
3

t* =

c
v () =97 (z—ct,x),

and using the parabolic linear inequality satisfied by v™", we verify that v™ is a non-negative
super-solution which vanishes at (¢*,2*). Then, by the strong parabolic maximum principle and
periodicity with respect to z of ®7", it is actually deduced that ™ = 0, which in turn implies
(reinserting v™ = 0 into the original non-linear equation satisfied by v  and considering the
function f which has been defined earlier) that ¢ = c.

Finally, assume by contradiction that " > (0,0), i.e. assume that for any B > 0,

min _ &7 > (0,0).
[-B,B]xC

Fix B > 0. By continuity, there exists € > 0 such that:

min _ &7 > (0,0) for any 7 € [7*, 7" + €).
[-B,B]xC

We can now repeat Steps 2, 3, 4, 5 to show that, for any such 7:
" > 0in (R\ (—B,B)) xR.

The maximality of 7* being contradicted, this ends this step.

Step 7: the contradiction.

If ¢ = c and z = z;, then thanks to the equations satisfied by z and z;, zp = 0 in R?. This
contradicts the limit of g as &€ — +oc. O

Corollary 3.5. (c)~ - has a limit point co € [—c*[d,2],c* [1,1]].

Remark. Similarly, we do expect that coo ¢ {—c* [d, 2], c* [1,1]} but will not address this question
for the sake of brevity.
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3.3.2 Existence of a limiting density provided the speed converges

In this subsection, we fix a sequence (c ) . such that it converges to coc.

Then we prove the relative compactness of the associated sequence of pulsating front solutions
(w1, U2,k))gs e » Which will follow from classical parabolic estimates similar to those used by
Dancer and his collaborators (see for instance [47]) supplemented by some estimates specific to
the pulsating front setting. This supplement will lead indeed to a stronger compactness result
than the one presented in the aforementioned work.

If coo # 0, we will see that ((u1 g, Ugvk))k>k* is relatively compact if and only if ((¢1,x, @2,k))k>k*
is relatively compact. Moreover, we will show that the compactness result can be improved fur-
ther thanks to additional pulsating front estimates.

3.3.2.1 Normalization

Before going any further, we point out that, at this point, for any k& > k*, (¢1,¢2) is fixed
completely arbitrarily among the one-dimensional family of translated profiles. By monotonicity
of the profiles with respect to £, this choice can in fact be normalized. In the space-homogeneous
problem [GN15], the normalization was used to guarantee that the extracted limit point had
no null component. It should be clear that this part of the proof will be strongly analogous.
Therefore we choose now normalizations reminiscent to the space-homogeneous ones.

— On one hand, if c¢o, < 0, we fix without loss of generality for any & > k* the normalization:

O:inf{geReré gol,k(g,x)<%}.

— On the other hand, if ¢ > 0, we fix without loss of generality for any & > k* the
normalization:

Ozsup{£6R|3x€€ <p27k(§,x)<%}.

Remark also that ((u1k,u2))) . 18 normalized (in the sense that its value at some arbitrary
initial time is entirely prescribed) if and only if ((¢1,k, ¥2,k));s s+ iS normalized.

3.3.2.2 Compactness results

Proposition 3.6. The following collection of properties holds independently of the sign of coo.
1. [Segregation] (¢1,k2.k))s e converges to 0 in L, (RxC).

(R%,R?).

3. [Uniform bound in the diagonal direction] For any n € N, ((Oz + 9¢) (01,1, P2.k)) gops 18
uniformly bounded with respect to k in L? ((—n, n) x C, Rz),

2. [Persistence] (0,0) is not a limit point of (01,6, P2.k))gope 0 L],

loc

4. [Uniform bound in the & direction] For any k > k* and any x € C,

/ deori (C,) dC = — / Oeorr (¢, 2)] dC = —ar
R R

and

/ Depn (G, ) d¢ = / 1Bcn ()] dC = an.
R R

5. [Uniform bound in the x direction] For any T > 0, ((u1k,u2,k)) is uniformly bounded

with respect to k in L* ((=T,T), H* (C,R?)).

k>k*
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6. [Uniform bound in the t direction] For any T > 0, (0yv1 k)~ is uniformly bounded with
respect to k in L* ((—T, T), (H! (C))l)

7. [Compactness in traveling coordinates] ((¢1,k, P2,k))}~ e 5 Telatively compact in the topol-
ogy of L} (RQ,RZ).

loc

8. [Compactness in parabolic coordinates] There exists:
2
(U100, U2,00) € (L (R*) N L* ((-=T,T),H"((0,L))))

such that:
0) Ovi oo € L (=T, (H' ((0,1)))");
b) (U1,00,U2,00) 15 @ limit point of ((ul’k’ulk))/wk* in the topology of L}, (RQ,RQ);

¢) Ul,00 aNd U2 oo aTE N Cloo’f (RQ);

1,,+ 1,,+

— — I
d) ureo =a vy = aT v o and ugeo = dT 0y = g o

Proof. The segregation property comes directly from an integration of, say, the first equation of
(PFsys,k) over some (—n,n) x C. The persistence of at least one component is a consequence of
the choice of normalization: for instance, if co < 0, necessarily (p1.x) p>i does not vanish.

To get the uniform bound in the diagonal direction, we introduce a cut-off function. For any
n € N, there exists a non-negative non-zero function y € D (RQ) such that, for any = € C,
x(&z)=0if&¢[-n—1,n+1] and x (§,z) =1if £ € [-n,n].

Let k > k*. Multiplying the first equation of (PFys) by ¢1,xXx and integrating by parts in
R x C, we obtain:

2
1,k

1 ®
/(35<P1,k)2x—§/wizﬁswﬁ-/x(3z801,k)2+2/X35<P1,k3x<p1,k < /M1<P%,kX_C/T7a£X

(The integrals being implicitly over R x C'.)
Using X > 1[_,, ], the k-uniform L>°-bound for (¢1 1), .. and:

le] <max{c*[d,2],c" [1,1]},

we deduce the existence of a constant R,, independent on k such that:
/ |01,k + 5x901,k|2 < R,.
[-n,n]xC

The same proof holds for ¢; . Finally, the same computation in parabolic coordinates gives
immediately the uniform bound in the z direction.

The uniform bound in the £ direction is a straightforward result. Provided the uniform bound
in the z direction, the uniform bound in the ¢ direction comes from an integration over (0,7 x C
of (PF) multiplied by some test function in L? ((0,T),H" (C)).

The relative compactness in both systems of coordinates follows from the embedding:

Liye (R?) < Ly, (R?)
and the compact embedding:
Wil (R%,R?) — L}, (R?).

loc
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To obtain the continuity of u; o and us ., we consider a convergent subsequence. Since the
convergence occurs a.e. up to extraction, the limit point is actually in L (Rz, Rz), whence:

Vieo € L (R x (0,L)) N L* ((=T,T),H" ((0, 1)) ,

Byv1 00 € L2 ((_T, ), (H ((0, L)))’) .

It follows from a standard regularity result that vy o € C ([T, T],L?((0,L))) (see for instance
Evans [67, 5.9.2]).
Then, we pass the parabolic version of (PF) to the limit in D’ (R) and we can apply DiBenedetto’s
theory [55]: v1,00 is a locally bounded weak solution of the following parabolic equation:
z

Oz — 0y (Liso +dl.<0) 022) = f1 [a} 2t — fa[=2]z".

In a large class of degenerate parabolic equations which contains in particular this equation,
0,6 0,5/2

loc ee» Whence

locally bounded weak solutions are, for any ¢ € (0, 1), spatially C; 0 and temporally C

a fortiori vi o € C'loo’f (R?) (with 6 =28 € (0,1)).

Finally, by virtue of the segregation property:

IS
Uloo = Q7 V] o &€,

U200 = Uy o €.

From this, it follows that v;  is in Cloo’f (Rz) if and only if 41,0, and ug » are themselves in
cos (Rz), whence

loc

(u1,007 u2,oc) S CO’B (R27 Rz) .

loc

O

Remark. At this point, we do not know if the limit points in parabolic coordinates and in traveling
coordinates are related. Yet, when c,, # 0, we can improve the preceding results and relate the
limit points indeed.

Proposition 3.7. Assume co, # 0. The following additional collection of properties holds.

1. [Improved uniform bound in the § direction] Provided k* is large enough, (0¢ (¢1,k, P2.k))
is uniformly bounded with respect to k in L? (R x C, R2).

2. [Improved compactness] There exists (p1,seq, P2,5eq) € L™ (RQ,RQ) NnHE, (RQ,RQ) such
that, up to extraction:

a) ((P1,k5P2,k)) g CONVETGES 10 (P1,5095 P2,509) Strongly in L. (RQ,RQ) and a.e.;
b) (Vo1 Voo k) psps converges to (Vor seq, Voo seqg) weakly in L7 (R%,RY);

loc
¢) ((u1k, U k) s pe COMUVETYES TO:

k>k*

(ul,sega u27seg) . (t7 .’IJ) — (‘pl,sega 9027569) (.CL' - Coota .’L‘)

strongly in L7, . (R?,R?), a.e., and ((Vuy g, Vg k). cOnverges weakly in L, (R%,R*).

loc loc

Proof. Since ¢y # 0, we assume without loss of generality that k* is sufficiently large to ensure
that ¢, # 0 for any k > k*.
We start by showing that the uniform boundedness in L* (R x C) of (9¢@1,x) 4~ 5+ is equivalent

to that of (Jcpa i) and to that of (O¢tbq k) O

k>Fk* k>k*
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— First step of the equivalence: assume that (||8§Spl,k||L2(R><C))k>k* is uniformly bounded.
Let k > k*. Multiply (PFk) by O¢¢a,r, remark that:

1
Ocr k= = (a(d—1) Ocprk + Oc¥ar)
d

and integrate by parts over (—n,n) x C' with some n € N. By classical parabolic estimates,
the terms involving F vanish as n — +o0o. By change of variable, for any i € {1,2},

n Lpi(+7l,$)
// @i,kfi[%,k]ag%,kZ// 2fi (z,7) dzdz,
CcJ—n C Jpi(—n,x)

whence as n — +oo:

// SalJffl[(pl,k]afSOl,k‘)*// zf1 (z,x) dzde,
¢J-n cJo

// <Pz,kf2[@2,k}35902,k—>// zf1(z,x) dzda.
CJ—n C Jo

(7%) /]RXC(a (d—1)0¢prk + Ochar) Ocbar = a/c/oal zf1 (2, ) dzda

+a/ 01,61 [01,6] (—dOepa k)
RxC

It follows that:

+/ (=o2,k) f2 [p2,k] (@Oep1 1)
RxC

+d// z2f1 (z,x) dzdz.
cJo

Dividing by —< which stays away from 0, the result reduces to:

ad
a(d_l)/aﬁ¢17kaﬁwd,k+/|a£1/}d|2 = E/dSOI,kfl [01,k] Ocp2.k

ad
+a/§02,kf2 [02,k] Oc1.k

a1

+a7d// zf1 (z,x) dzdz
Ck Jc Jo
d2 az

f—// zf1 (z,z) dzdz.
¢k Jo Jo

Using the boundedness in L™ of ¢; 1 fi [¢i.k] and the relations:

/|5§<P1,k| = Lay,

/|6§<P2,k| = Laso,
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3.3 Asymptotic behavior: the infinite competition limit

we obtain that the right-hand side is uniformly bounded. Since J¢¢1 1 and 0:1q 1 are both

non-positive non-

Otherwise, there exists R > 0 such that:

follows.
>k*

/|5§¢d,k|2 < R+|Oé(d—1)|/ag<ﬁ1,k35¢d,k

r+lata-i (| |agsol,k|2)1/2 ( )/

1/3
This shows that ( f |851/)d,k\2) , which is positive, is also smaller than or equal to the

IN

largest zero of the following polynomial:
X2 —a(d =D |0eprkll2@xcyX — R

(which is itself positive and uniformly bounded).
— Second step of the equivalence: assume that (||8£@2,k||L2(R><C))k>k* is uniformly

bounded. A slight adaptation of the first step (using Oz9p1 = O¢tpa + (d — 1) Ogp2)
shows that the third statement is implied indeed.

— Third step of the equivalence: assume that (||651/Jd’k |l L2 (rx ) ) g 1 uniformly bounded.
Since, for any k > k*:

10¢allZ> = o?l|OeprllZ2 + d*[|0cpal|Es — 20d (Der, Dea) 2

with a positive third term, the first and the second statements are immediately im-
plied.

Proof. Now that the equivalence is established, we simply show that if o, > 0, (||6§<p17 &l LQ(RXC)) .
is uniformly bounded, and conversely if ¢, < 0, (||85<P2,k||L2(RxC))k>k* is uniformly bounded.
Multiplying the first equation of (PFsys) by Osp1, integrating over R x C, and using the sign of

O:1 and classical parabolic estimates at 0o, the result reduces to:

L
C/ |8£<:Dl|2 k ©1920:01 +/ / z2f1 (z,x) dzdx
Rx(0,L) Rx(0,L) o Jo

L a1
/ / zf1(z,x) dzdx.
0o Jo
Similarly, we obtain:

c/ |85<p2|2 = ak/ 90130235@2*/ / zfa (z,x) dzdx
Rx(0,L) Rx (0,L)

> / / zfa(z,x) dzdx.

The improved uniform bound in the £ direction immediately follows.

The improved relative compactness of ((#1,k,92,k));~ . 18 a straightforward consequence of
the previous lemmas, of Sobolev’s embeddings and of Banach—Alaoglu’s theorem. For the relative
compactness of ((u1k,U2.k)),s g let [s] 1 (t,2) = (z — st, ), so that for any & > k* (u1,u2) =
(p1,92) o [c]. For any i € {1,2}:

[ui = wiseqllzz, < llpiolel = @ioleal iz + lI#i © (ool = Piseq © [cool Iz -

IN
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Then, by virtue of Fréchet—Kolmogorov’s theorem, the right-hand side vanishes as k — +oc.
The same argument holds for the weak convergence of the derivatives. O

Remark. We point out that the preceding result is specific to the case of constant a; and as
(without this assumption, one term due to E does not vanish after the integration by parts). In
the general case, we do not know if the bounds of Proposition 3.6 can be improved.

Corollary 3.8. If coo # 0, the parabolic limit point (Ui seq, U2 seq) Obtained with the improved
compactness result from Proposition 3.7 is also a limit point (U1 00, U2,00) in the sense of Propo-
sition 3.6. In particular, (U1 seq,U2,seq) € Cloo’f (RQ,Rz), whence (P1,seq, P2,5eg) € Clo(f (RQ,RQ)
as well.

Remark. The case cooc = 0 is somehow degenerate and does not really correspond to what
intuition calls a “pulsating” front. Moreover, we will need quite different techniques to handle
the two cases and, even in the very end, there will be no clear common framework. Therefore,
hereafter, we call the case co, = 0 “segregated stationary equilibrium” whereas the case ¢y, # 0
is referred to as “segregated pulsating front”. These terms will be precisely defined in a moment.

3.3.3 Characterization of the segregated stationary equilibrium

In this subsection, we assume co, = 0 and we use Proposition 3.6 to get an extracted convergent
subsequence of pulsating fronts, still denoted ((u1,x,u2,x))s e, With limit (41 0, u2,00). Up to
an additional extraction, we assume a.e. convergence of (uq g, U2k, U1 kU2 k) t0 (U1,00, U2,00, 0).

Obviously, since co, = 0, we expect that (41,00, U2,00) does not depend on ¢. This will be true in-
deed, so that it makes sense to refer to this case as “stationary equilibrium”. To stress this particu-

larity, we fix t., such that ((ul7 ug)l{t }XR)k i converges a.e. and we define e = (vd,oo)‘{t xR
cv Sk v
so that if (41 00, U2,00) is constant with respect to ¢, (Quy 0o, dus,) (t,2) = (e*,e7) (z) for any
(t,x) € R%
We start with an important particular case.
Lemma 3.9. Assume that, provided k* is large enough, (c),~p. = 0. Then:

— for any k > k*, (u1, uz) reduces to:
<t7 l‘) = ((Pl, @2) (‘T7 CIJ) ’

— for any (t,z) € R?:
(a1 00, dug,o0) (t, @) = (e+, 67) (z),

— the convergence of ((aul,duQ)l{t }XR> to (eT,e™) actually occurs in Cloo’f (R),
v k>k*

— the convergence of <(vd)|{tcv}xJR) - to e actually occurs in Clzo’f (R),
— e satisfies:

Proof. The system (P) reduces to an elliptic system. It is then easy to deduce the locally uniform
convergence, the time-independence and the limiting equation. We refer, for instance, to [Girl7]
for details. O

Some of the preceding results can be extended.

Lemma 3.10. The properties:
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3.3 Asymptotic behavior: the infinite competition limit

— for any (t,z) € R?, (au1 00, dug o) (t,x) = (eT,e7) (z) ;
— e € C%(R) and —e" = nlel;

hold true regardless of any sign assumption on the sequence (Ck )y~ p« -

Proof. The two statements are actually quite easy to verify. Let (¢,¢/,2) € R? such that, for any
i€{1,2} and any 7 € {¢,t'}, uip (T,2) = Ui 00 (T,2) as k — +00. Recalling that:

/@W,k = _Ck/ Oei, — 0
R R

as k — +oo is sufficient to show that in the following inequality:

[ti o0 (£ ) = Uioo (', )] < quoo t7) ik (t; )]

the right-hand side converges to 0 as k — 400. Therefore the left-hand side is 0, whence u;
is constant with respect to the time variable in a dense subset of R2, and then by continuity, it
holds a fortiori everywhere in R2.

As for the regularity and limiting equation, the equation is satisfied a priori in the distribu-
tional sense, then in the classical sense by elliptic regularity. O

Lemma 3.11. For any x € R, the sequence (e (x +nL)), .y 95 non-increasing.

Proof. By monotonicity with respect to ¢ and periodicity with respect to x, for any (¢,7) € R?
and any k > k™:

v (t,z + L) —vq (t,z) Ya(z —ct+ Lyx+ L) — g (z — ct,z)
Vg (x —ct+ L,x) — g (x — ct, x)

0.

IN A CIA

In particular, for any (f,z) € R? and any k > k*, the sequence (vay (t, 2 + nl)),cy is non-
increasing, and then, passing to the limit as k& — +o0, the sequence (e (z +nL)), oy is non-
increasing. This holds for any z in a dense subset of R and then for any = € R by continuity of
e. O

Lemma 3.12. e is non-zero and sign-changing. Moreover:
infe™ ((—00,0)) > —o0.

Proof. The normalization:

O:inf{gemaxeé gpl,k(g,x)<%}7

implies that u; ., # 0, whence e # 0. It shows also that the set:
{nEZ |3z €C 14 (z+nLl,x+nl) < %}
is uniformly bounded with respect to k from below. In particular, it has a minimum n, € Z.

Then let: - a
Tp = inf{x eC|lyprp(r+nL,x+n.L) < 51},
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so that: a
o1, (z,2) > 51 for any = < xy + n; L.

By monotonicity, we deduce:
ay
w1k (& ) > 5 for any £ <z < n,L.

If (up to extraction) m;, — 400 as k — +oo, then the definition of the normalization is con-
tradicted by the preceding inequality evaluated at £ = 0 and = € [L,2L], whence (n),< . is
uniformly bounded from above as well. In particular, up to extraction, (1n;),-,. converges to a
finite limit. The finiteness of inf {x € R | e (z) < 0} follows immediately.

By uniqueness, if e > 0, e = aay. This is discarded by the finiteness of klim ny, whence e is
—+o0

sign-changing. O
Remark. If, instead of the normalization sequence:

0=inf{§€R|3xE€ @1(£,x)<%} for any k > k*,
we choose:

0zsup{§€R|3x€6 @2(€,$)<%} for any k > k¥,

and if we consider once again the case ¢, = 0, the preceding results hold apart from inf e~ ((—o0, 0)) >
—00, which is naturally replaced by:

supe™ ! ((0, +00)) < 4o0.
In view of these results, we state the following definition.

Definition 3.13. A function z € C? (R)N L™ (R) is called a segregated stationary equilibrium if:
L =" =nlz;
2. for any x € C, (2 (x + nlL)), oy is non-increasing;
3. z is non-zero and sign-changing;
4

. inf 271 ((=00,0)) > —o0 or sup 21 ((0, +00)) < +o0.
Corollary 3.14. e is a segregated stationary equilibrium.

Let us derive some properties necessarily satisfied by any segregated stationary equilibrium.
The first one is obvious but will be useful.

Proposition 3.15. If z is a segregated stationary equilibrium, then for any n € Z, x +—
z(x 4+ nlL) is a segregated stationary equilibrium as well.

The following one is easily derived from the second order necessary conditions satisfied at a
local extremum.

Proposition 3.16. Let z be a segregated stationary equilibrium. Then —das < z < aay.

The following one highlights some difficulties which are intrinsic to the null speed limit.
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3.3 Asymptotic behavior: the infinite competition limit

Proposition 3.17. Let z be a segregated stationary equilibrium and

Z () ==~ ({0}).

The set Z (z) is a discrete set. If it is a finite set, its cardinal is odd. Moreover, it has a minimum
or a maximum.

Proof. The fact that Z (z) is a discrete set follows easily from Hopf’s lemma and the regularity
of z. Provided finiteness of the set, the monotonicity of (z (z 4+ nL)), oy for any x € C yields
the parity of #Z (z). Finally, the existence of an extremum comes from the definition of the
segregated stationary equilibrium. O

Remark. Under the more restrictive assumption (# frcq) presented by the first author in [Girl7],
it is possible to prove that every segregated stationary equilibrium has a unique zero. It is
basically deduced from the fact that, when there are multiple zeros, the segregated stationary
equilibrium restricted to any interval delimited by two consecutive zeros is the unique solution of
a semi-linear Dirichlet problem. The monotonicity of (e (x +nL)),y ensures that the distance
between these consecutive zeros is smaller than L and then, considering the next zero and using
(M freq), a contradiction arises. We do not detail this proof here.

Proposition 3.18. Let z be a stationary segregated equilibrium.
If 271 ({0}) has a minimum, as n — +oo,

|2 = aarllez((—(n+1)r,—nr)) = 0.
If =71 ({0}) has a magimum, as n — +oo,
|z — da2||c2([nL,(n+1)L]) — 0.

Proof. We assume that z=! ({0}) has a minimum, the other case being similar. Since, for any
r € [0,L), (2(x—nL)),cy is bounded and non-decreasing, it converges to a limit z_o (7).

Using Lipschitz-continuity of z, we are able to prove that z_. is Lipschitz-continuous in C.
Using elliptic regularity, the distributional equation:

Z_

1 o0

-z = 2-f1 [ ]
& «

and Arzela—Ascoli’s theorem, we are able to prove in fact that z_., € C?8 (6) and that the
convergence occurs in C2? (6) This proves that z_., also satisfies in the classical sense the

equation. Moreover,
|z(x — (n+1)L) —z(x —nL)| =0

as n — oo and, this proves that z_., is periodic. Since it is also positive, by uniqueness,
2o = QU] . O

3.3.4 Characterization of the segregated pulsating fronts

In this subsection, we assume ¢, # 0 and we use Proposition 3.7 to get an extracted convergent
subsequence of profiles, still denoted ((301,1c,902,k))k>k*7 with limit (©1,seg, ¢2,5¢g)- Up to an
additional extraction, we assume a.e. convergence of (1.5, ¥2,k, 91,k¥2.k) t0 (©1,5e9> P2,5eq,0)-
We define ¢ = a1 5eg — dp2.seg and W = QU1 seq — dUg seq (that is, (¢,w) is the limit of
((wd,ka Ud,k))k>k;* )

Here, parabolic limit points and traveling limit points are naturally related by the isomorphism
(t,x) — (& — cot, x). Therefore we can freely use the more convenient system of variables.
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3.3.4.1 Definitions and asymptotics

Hereafter,

1
oz 1,50+ g1z<07

0:z+— 1,0+ d1z<0~
Remark. Clearly, for any z € C (Rz):
z] and 6 [2] are in L™ (R?);

o [7]
— o [2] and & [z] vanish if and only if z vanish;
a[2]

2] 6 [2] = 1 in R? apart from the zero set of z;

— o [2]z and 6 [2] z are in C (R?); furthermore, if z € W (R?), then they are Lipschitz-
continuous.

Lemma 3.19. The equalities:
ow](t z)=0l[d] (z - cxt, ),

6 [w] (t,x) =6 [d] (& — coot, ),

hold for all (t,z) € R2.
Furthermore, the following equalities hold in L? (RQ):

loc
O (0 [w]w) = o [w] dyw,
0w = 6 [w] 0, (o [w]w),
O (0 [9] ¢) = o [4] 0o,
0c¢ =6 (9] 0 (0 [0] @) -

Proof. The equalities between the weak derivatives are derived easily from the weak formulation
of (PF) (recall the proof of Proposition 3.6). When passing to the limit &k — +o0, it is possible
to obtain equivalently all these equations (we restrict ourselves here to parabolic coordinates,
the equalities in traveling coordinates being obtained analogously):

o [w] dpw — Dppw = [w],

9 (0 [ww) = Opgw = 1 [w],
0t (0 [w]w) = 0z (6 [w] 0y (0 [w]w)) =7 [w].
O

Definition 3.20. Let s € R\ {0} and C} (R2) be the subset of compactly supported elements of
C! (R2).
We say that ¢ € C (R2) NHL. (R2) is a weak solution of:
—div (EV) — s0¢ (o [¢lp) = nlg]  (SPFs])

if, for any test function ¢ € C} (Rz):

/EW’-VCJrS/U[w] wasé“:/n[@] ¢
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3.3 Asymptotic behavior: the infinite competition limit

Lemma 3.21. ¢ is a weak solution of (SPF [ceo))-

Proof. This is merely the traveling formulation of the limiting equation obtained a priori in
D’ (R?) and a fortiori holding in the weak sense. O

Remark. Since coo0 [¢] De¢ and 1 [¢] are in L}

loc

(Rz), —div (EV¢) is actually in L? (R2) as well

loc
and we can also consider test functions in leoc (R2), but then we cannot integrate by parts as in

the equality above.

Proposition 3.22. Let s € R\ {0}. If ¢ is a weak solution of (SPF[s]), then z : (t,x) —
o (x — st,x) is a weak solution of:

O (0 [2] 2) = Opwz = m[2],
in the sense that for any ¢ € C§ (R?), the following holds:

/ (0[] 204C — Duz0uC +1[2] ) = .

Remark. Similarly, we can restrict ourselves regarding this weak parabolic equation to test func-
tions ¢ € L} . (R?) but then we cannot integrate by parts.

loc
Lemma 3.23. ¢ is periodic with respect to x and non-increasing with respect to &.
Proof. Thanks to the a.e. convergence, periodicity with respect to z and monotonicity with

respect to & are preserved a.e., that is at least in a dense subset of R2. Continuity extends these
behaviors everywhere. O

Lemma 3.24. ¢ is non-zero and sign-changing.

Remark. This statement holds if and only if both ¢1 seq and @2 seq are non-zero (or equivalently
non-negative non-zero).

Proof. Assume for example co, < 0. The normalization gives immediately @1 seg # 0. If 02 59 =
0, u1,seq is a non-negative solution in R2 of:

Opz — Oz = 2f1 (2] -

By the parabolic strong minimum principle, u; s¢q > 0, and by parabolic regularity, w1, seq
is regular. By classical parabolic estimates, as { — —00, ¢1,s¢4 converges uniformly in z to a
positive periodic solution of:

—Ogg? = Zfl [Z]7
that is to a;. Similarly, @1 44 converges to 0 as § — +oo0.

Thus 1 s¢4 is a pulsating front connecting a; to 0 at speed co, < 0. This is a contradiction
(see Theorem 3.3).

A symmetric proof discards the case ¢y, > 0. O

In view of these results, we state the following definition.

Definition 3.25. Let:
s € R\ {0},

z eyl (R?) nHL, (R?) N L™ (R?),

loc

p:(&x) =z (T,x)

z is called a segregated pulsating front with speed s and profile ¢ if:
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1. ¢ is a weak solution of (SPF [s]);

2.  is non-increasing with respect to &;
3.  is periodic with respect to x;
4

.  is non-zero and sign-changing.
Corollary 3.26. w is a segregated pulsating front with speed coo and profile ¢.

Proposition 3.27. Let z be a segregated pulsating front with profile p. As & — +o0,

max [¢ (—¢, ) — aar| + max |¢ (§, x) + dag| — 0.
zeC zeC

Proof. 1t follows from classical parabolic estimates and the monotonicity of ¢ with respect to
£ O

3.3.4.2 The intrinsic free boundary problem

We intend to conclude the characterization of the segregated pulsating front with a unique-
ness result. Our proof will use a sliding argument and the continuity of 0,z. Obviously, in
R2\ 271 ({0}), classical parabolic regularity applies and the regularity of a segregated pulsating
front is only limited by that of 7. On the contrary, the regularity of z at the free boundary
271 ({0}) is a tough problem and, as usual in free boundary problems, requires a detailed study
of the regularity of the free boundary itself. This study is the object of the following pages.

Let us stress here that our interest does not lie in the most general study of the free boundaries
of the solutions of (SPF [s]). To show that J,z is continuous, Lipschitz-continuity of the free
boundary is sufficient, and we are able to prove such a regularity only using the monotonicity
properties of the segregated pulsating fronts as well as the parabolic maximum principle. We
believe that this proof has interest of its own. Yet, at the end of this subsection, we will explain
why we expect the free boundary to actually be C' and 0,z to be continuous without any
additional assumption.

Up to the next subsection, let z be a segregated pulsating front with speed s # 0 and profile
© and let:

I'={(t,z) eR*| z(t,z) = 0},

Qy ={(t,z) eR?*| 2 (t,z) > 0},
Q- ={(t,x) eR* | z(t,z) < 0}.
Before going any further, let us state precisely the results of this subsection in the following
proposition.
Theorem 3.28. There exists a continuous bijection = : R — R such that I' is the graph of =
and such that:
Qr={(t,x) eR? |z <E(t)}
Q- ={(t,z) eR? |z >ZE(t)}.
Moreover, 0,z € C% (R?) and (0z2)p < 0.
Remark. Of course, this type of result is strongly reminiscent of the celebrated paper by Angenent
[4] about the number of zeros of a solution of a parabolic equation. We stress that this result

cannot be applied here because of the non-linearity due to o [z]. It will be clearly established
during the proof that this lack of regularity is compensated here by the monotonicity of z.

The proof of Theorem 3.28 begins with a couple of lemmas leading to the existence of =.
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3.3 Asymptotic behavior: the infinite competition limit

Lemma 3.29. The quantities:
Ei(t)=sup{zeR| z(tz) >0},
E_(t)=inf{z eR | z(t,z) < 0},
are well-defined and finite.

Proof. By Proposition 3.27, for any (t,z) € R?:

lim max |p (x +nL — st,z) + daz| =0,

n—+oo zeC

lim max |p (z —nL — st,x) — aay| = 0.
Nn—+400 L0

By periodicity with respect to x:

p(xr+tnl —st,x) = @(x+tnl—st,x+nl)
= z(t,x £nL)

and thus z — z (¢,2) is negative at +oo, positive at —oo, whence Z; (¢) and E_ (¢) are well-
defined and finite. O

Lemma 3.30. Let (t,7) € R?.

1. If s >0 and z (t,x) <0, then for any y >z, z (t,y) < 0.

2. If s <0 and 2z (t,z) > 0, then for any y < x, z (t,y) > 0.
Proof. Let us show for instance the first statement, the other one being symmetric.

By Lemma 3.29, there exists X > z such that z (¢, X) < 0. Since ¢ is non-increasing with
respect to &, z is non-decreasing with respect to ¢, whence for any ¢’ < t, z (¢,z) < 0 and
z (¢, X) < 0. Moreover, by Proposition 3.27, there exists 7' > 0 such that:

z(t—T,y) <0 for any y € [z, X].
By continuity of z, there exists 7 > 0 such that:
2 0in t—T,t =T+ 7] x [z, X].

Let:
" =sup{r € (0,T) |2 0in t—-T,t —T+7] x (2, X)}

and let us check that 7 =T.

If 7 < T, then there exists y € (z, X) such that z (¢t — T + 7*,y) = 0. But in the parabolic
cylinder [t — T\t — T + 7] x [z, X], z < 0 satisfies a regular parabolic equation and satisfies also
the strong parabolic maximum principle, which immediately contradicts the strict sign of z at
t—"T.

Thus 7 = T and then, if there exists y € (x, X) such that z (t,y) = 0, applying once more
the strong parabolic maximum principle gives the same contradiction.

The proof is ended by passing to the limit X — +o0. O

Corollary 3.31. For any t € R, the zero of x — z(t,x) is unique, or equivalently, = (t) =
=_(1).
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Lemma 3.32. For any t € R, let E (t) be the unique zero of x — z (¢, ).

Then = : R — R is unbounded, non-decreasing if s > 0 and non-increasing if s < 0, and
continuous.

Furthermore, T is exactly the graph of =,

Q_={tz)eR? | z>E=(1)},
Qp={(t,z) eR? |2 <E(t)}.

Proof. Assume for instance and up to the end of the proof s > 0 (the case s < 0 is similar).

Since ¢ is non-increasing with respect to £, z is non-decreasing with respect to t. Assume by
contradiction that there exists ¢, € R such that ¢’ < ¢ and = (t) < E(¢'). By Lemma 3.30, for
any « > Z(t), z (t,z) < 0, whence in particular z (¢,Z (¢')) < 0, whence by monotonicity of z,
z (t',2(t')) < 0, which contradicts the definition of Z (¢'). Thus = is non-decreasing.

The unboundedness is straightforward: considering the limiting signs of ¢ — z (¢, z) shows by
continuity that this function has at least one zero for any x € R. But if = was bounded, thanks
to Lemma 3.30 once again, it would be possible to build a counter-example.

Finally, continuity is also straightforward, since it is well-known that a monotonic function
admits left-sided and right-sided limits at every point and that every discontinuity it has is a
jump discontinuity. The existence of such a discontinuity, that is of a segment {t*} x [z*, 2* + X]
included in the free boundary, would immediately contradict Lemma 3.30. O

Corollary 3.33. Both Q. and Q_ have a Lipschitz boundary.

Proof. 1t suffices to recall that every point of the graph of a monotone function satisfies an
interior cone condition and that such a condition characterizes Lipschitz boundaries. O

In view of this regularity of 24+ and by means of easy integration by parts, we are now able
to generalize to any segregated pulsating front a property that was immediately satisfied by w
(Lemma 3.19).

Corollary 3.34. The following equalities hold in L%OC (R2):
0 (0]2] 2) = 0 [2] Oy 2,
O0z2 = 6120y (0]2] 2),

O (o gl ) = o [] Oep,

Oup =6 (9] 0n (] ).

Proof. Let us show for instance the first one. Let ((n),,cn € (D (Rz))N such that (¢,,) converges
in L? _ to some test function ¢ € L? . For any n € N, we have:

loc loc*
[oaeEaa = - [ald:ac,

1
- / 200G — / 0
Q, Q.

Since 24 have a Lipschitz boundary, we can integrate by parts once again (recalling that, by
definition, z;p = 0):

/ 026 = [ onzeu+ /Q s

Q4 _

/ o [2] BuzCon.
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3.3 Asymptotic behavior: the infinite competition limit

Passing to the limit n — 400 ends the proof. O

More interestingly, we are now closer to an explicit free boundary condition. The following
three lemmas are dedicated to this question.

Lemma 3.35. Let = be defined as in Lemma 3.32.
Then the traces (8gcz'+)|aQ+ and (0227 ) 5 are well-defined in L? (094) and L7,
respectively.

(09-)

Proof. Since 99 (respectively 9_) is a Lipschitz boundary, let us prove that (0, (Z+))IQ+
(resp.(0z (27))jq_) s in Hy,, () (resp. Hj,, (R-)). It is already established that it is in
L, (R?). Considering the equation satisfied by 2 then shows immediately that (9. (21))q,
(resp. (Opa (7))} ) isin L? . (R?) as well. To conclude, it remains to prove that (d;, (Z+))IQ+
(resp. (Otz (27))jq ) isin L2 . (Q4) (resp. LY. (Q2-)).

Let t1,t2, 21,22 € R such that t; < to, 1 < z9 and [t1,t2] X [z1,22) C Q. Let x € D (R2) be
a non-negative non-zero function identically equal to 1 in [t1, 3] X [21, 23]. From the following
equation, satisfied in the classical sense in Q. :

z

0, (8:2) — Dua (842) = o0 H 8:2,

(07

multiplied by d;zx and integrated over R?, we deduce:

1 1 z
—/§|5t2\25tx+/|8m2\2x— §/|5t2\26m>(:/91 [a} |6tZ|2X-

It follows that there exists a constant R > 0 such that :

||a$tZH%2([t1,t2]x[zl,zg]) < R|0e2| L2 [ty t] x [21,22) I X[ 2 (R2) 5

whence 9,2+ € L7 (Q4) indeed.

Similarly, 0, (27) € L?, (Q_).

In the end, Q4 and Q_ are Lipschitz domains, (9, (27)),q, € Hy,, (24) and (9, (27)))q €
H} . (Q-), whence their traces can be rigorously defined in L?  (9Q4) and L2 (9Q-) respec-

tively. O

Lemma 3.36. Let = be defined as in Lemma 3.32.
For any non-negative test function with compact support ¢ € C} (RQ), the following equalities
hold:
/ (0 [Z] 20iC — 0,20,C +1n [Z] C) = 0r2(,
Q4

9y

/ (0[] 204C — Bp20uC + (2] €) = /8 e

Proof. We prove the equality concerning €2, the other one being similar.
First, it is straightforward that:

(0[], =1.
Let € > 0 and:
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Then:
/Q+ (U [Z] ZatC - aaczaxC) = /Q

Te:x—inf{teR|E() =x+e¢}.

(204C — 0,20,¢) + / (20,C — 0,20,0)

| 20\24

Let

This function is increasing, piecewise-continuous, measurable and satisfies the following equal-
ity:
Loos = L(ta)er? | r(a)<t}-

By integration by parts and using the equation satisfied by z in ©,\QF :

/ o, A 0u20.0) = / RLE
—/R@Iz(t,E(t) L () — o) dt
—/ 2 (1e (z),2) ¢ (7 () ,x) d.

R

By the Cauchy—Schwarz inequality and dominated convergence, as € — 0:

/ (20¢¢ — 0,20,C) — 0,
Q

€
+

/ nlde— [ nlde
Q0% Q4

/z(Tg(x),x)C(TE (z),z)dz — 0.
R

Therefore, the following convergence holds as € — 0:

- / Doz (LE(H) — &) C(LE(W) —)dt = [ (0[] 20 — 0,205C) + / 012l C.

Q4 Q_
Lemma 3.35 indicates that the trace of 9,2 at 9Q is well-defined in L2. Therefore, it remains
to show that:

lim [ 0z2(t,2() —e)((t,2(t) —¢e)dt = — 052C
e—0 Jp o9,

Define, for any € > 0:
ze: (t,x) = z(t,x —¢),

C:(tx)—=C(t,z—e).

It is clear that the trace of 0,2.(. is well-defined in L? as well and satisfies:

/ Doz (LE (L) — ) C (1,2 (t) — ) dt = / (~1) Bp2eC
R o0,
Now, by virtue of the trace’s theorem, there exists a constant R > 0 such that :

[022:Ce — 3mZC||L2(QQ+) < R||0yz:Cc — azz<||H1(Q+)'

Integrating by parts and using the continuity of z and 0,(, it is easily deduced that the
right-hand side converges to 0 as € — 0. Hence the claimed result follows. O
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3.3 Asymptotic behavior: the infinite competition limit

We can now prove that Z is bijective and that a free boundary condition is satisfied in a weak
sense.

Lemma 3.37. Let = be defined as in Lemma 3.32.
Then Z is bijective and the functions:

2o it (002) 50 (HE (D),

Zaqg 10 (002) 90, (,E(1)),

where (0y2) g, are the traces of 9,z at each side of I', are in L} . (R) and are equal a.e..
Furthermore, if s > 0, z, - < 0, and if s <0, 2 + < 0.

Proof. Assume for instance s > 0, the other case being similar.
First, we prove the a.e. equality of 2z, 4 and z, _, as well as the sign of z, _.
Let ¢ € C} (RQ) be any non-negative test function and let (r : ¢ — ¢ (¢,=Z (¢)). By Lemma 3.36:

0p2C + 0,20 =0
o0 a0

where the unit vector normal to 0§24 is the opposite of the one normal to 0€2_, whence we

obtain:
/Zr,+CF:/Zx,—<F-
R R

That is, for a.e. t, z, 4 (t) = 2z (), or, in other words, for a.e. t € R, x — 0,z (¢, x)
is continuous. The sign of z, _ (t) follows directly from Hopf’s lemma applied at the vertex
(t,Z(t)) of the smooth parabolic cylinder (t — 1,t) x (E(¢),=E(¢) + 1).

Then, it is clear that a continuous unbounded real-valued function is necessarily surjective,
whence = is bijective if and only if it is injective (or equivalently if and only if it is strictly
monotonic). We are going to prove directly that = is injective.

Differentiating (firstly in the distributional sense) the equation satisfied by z with respect to
t in R?\I yields the following regular and linear parabolic equations:

0t (012) — Ozy (0:2) — gy ﬂ 0z =0 in Q4
(9,5 (8t2) — dam (atZ) + dgg _5] 81525 =0 in Q_.

Let x € R. Assume that ==! ({z}) is not a singleton. By (large) monotonicity, it is then
a segment, say [t1,t2]. Applying classical parabolic regularity on this system of equations in
(t1,t2) % (z,x + 1) shows that §;z is C* with respect to t and C? with respect to = up to (t1,t2) X
{z}. Moreover, ;2 = 0 along (t1,t3) x {x}. By classical parabolic regularity and Hopf’s lemma,
for any t € (t1,t2), the right-sided and the left-sided limit of 9,0;z (t,y) as y — x exists and
have opposite sign.

Remark that, away from I', the equations satisfied by z, 0;z and 0,z suffice to show that
z € C?(Q4)NC?(Q-). Therefore Schwarz’ theorem can be applied away from T

Thus, for any ¢,t' € (t1,t2) and some € > 0 small enough, we get:

t
Opz(t,x ) —0pz(t',xte) = / 00,z (T,x £e)dr
t/
¢

= 0.0z (1,2 £ &) dr.
t/
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These two integrals have an opposite strict sign: with respect to ¢, 0,z is decreasing on one
side of (t1,t2) x {x} and increasing on the other. This contradicts the fact that, for a.e. t € R,
x + 0z (t,x) is continuous (see the first step of the proof). Therefore for any = € R, Rx {z}NT
is a singleton, whence Z is bijective. O

Corollary 3.38. The function x + x — s=~1 (z) is continuous and periodic. Furthermore,
{(z—s=7"(2),2) eR* |z e R} =~ ({0}).
Proof. The periodicity comes from the periodicity with respect to x of . O

Remark. This corollary confirms that, roughly speaking, the free boundary is located near the
straight line of equation = st + Z(0). In other words, = can be represented as the sum of
t — st and a %—periodic function =,

Corollary 3.39. The monotonicity of z with respect to t is strict. Fquivalently, ¢ is decreasing
with respect to &.

Proof. Just apply the strong maximum principle to the equations satisfied by 9,z in each com-
ponent of R?\T" to get that, in R?\T', 8;z > 0 if s > 0 and ;2 < 0 if s < 0, which is sufficient
to obtain strict monotonicity since the measure of I' (as a measurable subset of R?) is zero. [

Now, thanks to a technique developed by Aronson for the porous media equation [7], we are
able to prove the continuity of 0, z.

Lemma 3.40. Let = be defined as in Lemma 3.32 and z, + and z, — be defined as in Lemma
3.37.

If s > 0 (respectively s < 0), zy 4 (t) (resp. zy— (t)) is actually defined for any t € R.
Moreover, the function zy 4 (resp. zy_) is non-positive and locally uniformly bounded from
below.

Proof. We only prove the result in the case s > 0, the other one being symmetric.
Let t € R and z,2’ € R such that < 2’ < =(t). For any Z € (z,2'),

Opzz (t, %) = Orz (6, %) — 2 (,2) fr (2 (t,2) , &) .

On one hand, the term z (¢, %) f1 (2 (¢, %), Z) is bounded from below by 0 and from above by a
constant R independent on Z. On the other hand, d;z (¢t,Z) > 0. Thus:

Ozzz (t,Z) > —R.
Integrating this inequality, we obtain:
Opz (t,2') > 0z (t,z) — R(2' — ).

It follows that:
liminf 9,2 (t,2") > 0,2 (t,z) — R(E(t) — z),

' —E(t)
and then:
liminf 9,2 (¢t,2") > limsup 0,2 (¢, z) .
a’ —E(t) z—E(t)
Hence:
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exists. From the sign of z in €2, it is clear that it is non-positive. Using once more the inequality:

liminf 9,2 (t,2") > 0,2 (t,z) — R(E(t) — x)

x' —ZE(t)

together with the local boundedness of 9,z in Q4, it follows that the limit is locally uniformly
bounded from below. Finally, it necessarily coincides with z, 1 (¢). O

Corollary 3.41. 0,z € L™ (Rz),

Lemma 3.42. We have 9,z € C° (R?).

loc

Proof. Let ¢ € C? (R2). Choosing as test functions in the weak formulation in L? . of:
0 [2] 01z — Owwz = M [2]

a sequence of smooth functions converging in L7 (R?) to 6 [2] 9,¢, we obtain:

Joonc- [ol0.z0. = [olmion.

Remarking the following equalities:

Jozoe = - [z0.0.0

= */Zar (9:€)

_ / 612 05 (n[2]) :C.

(where, by virtue of (H1), 9, (n[z]) is piecewise-continuous and a fortiori is in L* (R?)), we
deduce:

)
_ [ o200+ / 6 () Dpa 200 = / 61405 (0 [2]) €.

Hence we can once more apply DiBenedetto’s theory [55]: 0.z, which is both in L (]RQ) and
in Cjpe (R, L? . (R)) (by classical parabolic estimates similar to those detailed previously in the
proof of Proposition 3.6), is a locally bounded weak solution of:

WZ — 0, (6[2]0:Z) = 6 [2] 02 (n[2])
and therefore is locally Holder-continuous indeed. O

Remark. Let us explain here why 9,z is very likely to be continuous as well (equivalently, = is
very likely to be continuously differentiable). There are in fact some articles related to this free
boundary problem and although none of them is exactly what we need here, they strongly lead
to this conjecture (let us cite for instance Evans [66], Cannon—Yin [33] and Jensen [99]).
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Roughly speaking, the idea would be to regularize (SPF [s]), to show the uniqueness of the
weak solution of the problem written in divergence form, to prove thanks to the maximum
principle that the regularization of || (9;z) (9z2) " ||z~ is bounded uniformly with respect to the
regularization, to obtain consequently that = is Lipschitz-continuous, and then to deduce from
Caffarelli’s classical results about one-phase Stefan problems [32] that E € C! (R), whence finally
atZ eC (R2) .

Since we do not need such results to conclude this study about pulsating fronts, we choose not
to investigate further in this direction. Nevertheless, the rigorous proof of the continuity of 9,z
in the more general framework of weak solutions of (SPF [s]) might be the object of a future
follow-up to this article.

Let us conclude this subsection with the following corollary, which takes into account the
previous remark and gives an interesting formula.

Corollary 3.43. Ifd =1, then 042,042 € C'loo’f (RQ) and Z € C' (R).
If d # 1 and if O,z € L™ (R?), then E € C* (R), 9,z € C (R?), 6 [2] 0saz € C (R?) and the
following equality holds for any t € R:
= ) d E_}ggw (Opzz ((,E(t) — &) — Oz (L, 2 (t) + €))
- 1—-d 0.z (1,2 (1))

Proof. Regularity in the symmetrical case d = 1 follows from classical parabolic regularity.

Provided d # 1 and global boundedness of 0;z, let ¢ > 0 small enough so that the implicit
function theorem can be applied at the level set 2= ({#e}). There exists Z4. € C* (R) such that
=24 € E < E_, and such that:

Oz (t,Z24c (1))
0.2 (t,E4c (1))
Passing to the limit ¢ — 0, we deduce that = is Lipschitz-continuous. Then, by Caffarelli [32],

02,0422 € C(Q1)NC (Q2) and E € C* (R). Thus Z4. — Zin C}, (R) as € — 0, whence 9,2 is

moreover continuous at I'. Then, since 6 [2] Opz2 = Opz — 6 [2] 1 [2], 6 [2] Oprz is continuous in R?
as well. Finally, the formula relating =’ to the jump discontinuity of 0.,z is easily obtained:

E,ie (t) =

lim @0eez (620 =) =0z (L E(WM +2) = _lm (&gz (LE() —€) — é@tz (t,2 (t) + s))
+ lim ([ (52() —e) —nl2] (EE() +e))

(1 - ;) Oz (1,2 (1))
— <1 - Cll> E ()02 (6,2 (1))

3.3.4.3 Uniqueness
We are now able to end our characterization.

Theorem 3.44. Let z; and zo be segregated pulsating fronts with respective speeds sy # 0 and
s2 # 0 and respective profiles @1 and 2.

Then s1 = sz and there exists T € R such that ©] = @2, where ¢ : (§,2) — 1 (§ — T, ).

In other words, the speed is unique and the profile is unique up to translation with respect to

'3
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Proof. We are going to use once more the sliding method. Remark that, up to the free boundary,
this is the most simple case: bistable scalar equation. Therefore we refer to the proof of Lemma
3.4 for the details and only point out here some technical differences due to the presence of the
free boundary.

Step 1: existence of a translation of the profile associated with the highest speed
such that it is locally below the other profile.

Here it is useful to additionally require that, at ¢, the upper profile is positive (uniformly
with respect to ) whereas the lower profile is negative (uniformly as well). This will simplify
some arguments in Steps 2, 3, 4 and 5 since it is now clear that the contact points (£*,z*)
are necessarily located away from the free boundary, whence the arguments of the usual sliding
method for regular pulsating fronts (Berestycki-Hamel [14]) apply straightforwardly.

Step 2: up to some extra term, this ordering is global on the left.

No new idea here: multiply the upper profile by some « > 1.

Step 3: this extra term is actually unnecessary, thanks to the maximum principle.

Similarly, there is no new idea here as well and it follows easily that x* = 1.

Step 4: up to some (possibly different) extra term, this ordering is global on the
right.

Thanks to the underlying symmetry due to the bistable structure, the proof of this step is
much simpler here: just change every profile into its opposite and repeat straightforwardly Step
2.

Step 5: this (possibly different) extra term is also unnecessary.

Similarly, repeat Step 3 to prove that k* = 1.

Step 6: thanks to the maximum principle again, the speeds are equal and the
profiles are equal up to some translation.

This is the step which requires additional care because of the free boundary. To this end, let
us introduce some notations.

We assume that s; < so. Let:

vy i (t,x) = @9 (x — s1t, ),
vf* c(ta) = o1 (—s1t— 7 1),
v=1vy— 0],

where 7* is defined as in Lemma 3.4.

At this step of the proof, it is established that v > 0. Let Z = v~ ({0}). With the same
argument as in Lemma 3.4, we can discard the possibility Z = (). Now there are basically three
cases.

1. There exists (t*,2*) € Z such that vy (t*,2*) > 0. Then by virtue of the usual parabolic
strong maximum principle, (vI*)Jr = (1)2)Jr in some parabolic cylinder whose final time is
t* and whose spatial center is x*. Thus v is identically null in this cylinder, whence by
strict monotonicity (see Corollary 3.39) of @9 with respect to &, s1 = sa, v2 = 29 in this
cylinder, and then by periodicity of ¢1 — @2 with respect to z, (vf*)Jr = v;' in R? and their
free boundaries (i.e. zero sets) coincide. Thus there exists a unique bijection = such that
this free boundary is the graph of Z. By continuity of 811){* and 9,vy (see Proposition
3.28), d,v = 0 on the other side of the free boundary, whence by virtue of Hopf’s lemma
the equality v] = vy extends everywhere.

2. There exists (t*,2*) € Z such that ve (t*,2*) < 0. Then, by the exact same argument (this
is once more due to the underlying symmetry), v{* = vy in R2.
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3. Every (t*,2*) € Z is such that v]" (t*,2*) = vy (t*,2*) = 0. Thanks to Hopf’s lemma
again, this case is actually contradictory. On one hand, since d,v € C (R2) and v is non-
negative non-zero in R?, for any (t*,2*) € Z, d,v (t*,2*) = 0. On the other hand, although
the free boundaries of v{* and vy are here a priori distinct, we can still apply Hopf’s lemma
at (t*,2*) in a suitable parabolic cylinder and get a strict sign for d,v (t*, x*).

O

Remark. At this point, it would be tempting to notice that this kind of proof can be easily
generalized if one of the two speeds is zero (in this case, the argument is usually referred to as
a “quenching” or “blocking” argument) and then to use it to show that a segregated stationary
equilibrium cannot coexist with a segregated pulsating front. Unfortunately, this is not possible.
A segregated stationary equilibrium is a priori a much more general notion than what could
be defined as a “segregated pulsating front with null speed” (the basic reason being that, when
Cso = 0, the change of variables (¢, z) — (z — coot, ) is not an isomorphism anymore).

Nevertheless, it is still possible to use some kind of more elaborated quenching argument, as
shows the following theorem.

Theorem 3.45. If there exists a segregated pulsating front, there does not exist a segregated
stationary equilibrium.

Proof. Assume that there exist both a segregated pulsating front z with speed s # 0 and profile
¢ and a segregated stationary equilibrium e.
Assume for instance that s > 0 and that e has a smallest zero:

r; =mine ! ({0}) € R.

As in the usual sliding method, we construct (and do not detail these constructions) 7 € R
and x > 1 such that:

(& 2) = ke (&) — (€ -7 1)

is positive everywhere in (—oo, z1) X R, with a fixed gap at {1} x R (constructing for instance

7 such that max ¢ (z1 — 7,2) = —9%2). Then we define £* as the infimum of these , we assume
zcC
by contradiction that k* > 1 and we construct consequently the first contact point (£*,z*) with

&* < x1. By virtue of Proposition 3.16, £* > —oo. Let t* = =g
Notice that there exists a neighborhood of (£*,2*) such that ¢ > 0 in this neighborhood.
Consequently, there exists ¢ > 0 such that both functions:

= p(x—st*—T1,2),

Vrpr i Ke(@+ & —2%) —p(x—st* —7,x),

are non-negative non-zero everywhere in [x* —e,2* 4+ ¢]. Moreover, v, .« (*) = 0. Thanks to
the inequality:
knle] > knlke] in (z* —e,x* +¢),

we get:
—ke (x+ & —a") > rn(ke(x+ & —a*), o+ & —2*) forany z € (z* —e,2" +¢),

whence, since 0;z > 0, v, .+ satisfies:

"

—07 oo () > v (2) Ve () for any z € (2% —€,2" +¢),
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where g+ € L™ (R) is defined as:

Uy ok

e {n(n*e(zw—z*>,z+s*—m*)—nw(m—st*—m)m if vy e (2) 4 0

1 if Ur k* (l‘) =

The function v, .+ is a non-negative non-zero super-solution of some elliptic problem. Since
the elliptic strong maximum principle contradicts the existence of £*, k* = 1 indeed.

Repeating the argument near £ = +o0o with some £ < 1 then proves that (up to some increase
of 7) e (&) — ¢ (£ — 7,2) > 0 actually holds in R2. Note that in this case, the proof is simpler,
since the negativity of ¢ in (£*,400) x R follows from its normalization and monotonicity. We
point out that, a priori, there are two cases, depending on the existence of maxe~! ({0}). But
in fact these two cases do not require different arguments.

Now, just as usual, we can define:

™ =sup{TER|e(&) —¢(£—T1,2)>0for any (&) € R?*}.
Assume by contradiction that:

min _(e(§) =@ (§—77,2)) >0

for any B > 0 such that:
e(B) <0,

ing(—B—71* 0.
min ¢ ( ) >

By continuity, we then obtain for 7 > 7* close enough,

min (9 o6 >0

I}gﬁ‘P(_B —7,z)> 0.
It follows from the same type of arguments as those presented at the beginning of this proof
that:
e(§) —¢(§—72)>0in (R\(-B,B)) xR,
thus contradicting the maximality of 7*.
Hence, there exists B > 0 such that:

_inin (€(©) =9 (€7 2) =0,

i.e. there exists (£*,2*) € [-B, B] x R such that:
e(€)—p( —7"2%) =0.
Let:

x*—ﬁ*

)

t =

s
vi(t,r)—e(z+& —a)—p(x—st—7"1)

and notice that:
v(t,xz) >0 for any (t,z) € t* —1,t*) x R,

v (t,2*) = 0.

Now, we need to distinguish two cases, as in the proof of Theorem 3.44:
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— if & ¢ e~ 1 ({0}), using the continuity of v and the strong parabolic maximum principle
in some parabolic cylinder [t* — ¢, t*] x [z* — &, 2* + €] (with a small enough € so that the
signs of e (z + £ — x*) and of ¢ (x — st — 7*,x) do not change in this cylinder), we get a
contradiction;

— if2* € e7 ({0}), using the continuity of ¢/ and 9,2 and Hopf’s lemma at the vertex (¢*, z*)
of the parabolic cylinder [t* — 1,¢*] X [z*,2* + 1], we get a contradiction as well.

The pair (z,e) cannot exist.

If s < 0, we change v, .+ into —v, .+ so that d,z < 0 yields a negative sub-solution and we
deduce similarly e (§) — ¢ (£ — 7,2) > 0. The end of the proof is carried on similarly.

If mine~! ({0}) does not exist, then maxe~! ({0}) does: it suffices to change the roles of e
and ¢, in the sense that now we have to show that ¢ (£ — 7,2) — e (£) > 0. Near £ = —o0, the
studied quantity is ke — ¢ with Kk < 1, and near £ = 400, the studied quantity is ke — ¢ with
k > 1. Once k* = 1 is established, the end of the proof is exactly the same. O

Remark. The preceding proof only works in the case of constant a; and as. In the case of
non-constant extinction states, this type of quenching argument does not hold anymore because
Proposition 3.16 is not true anymore and therefore we cannot prove that £* < —oco when trying
to prove that k* = 1. We do not know how to prove the theorem in such a case and we stress
that this is really unsatisfying. Still, we think it is natural to make the following conjecture.

Conjecture 3.46. Theorem 3.45 still holds true in the non-constant case.

3.3.5 Uniqueness of the asymptotic speed

From now on, (cx), -+ refers to the general family indexed on (k*,4-00) instead of an a priori
extracted convergent sequence. In the following, we will prove that (c), . converges indeed to
Coo a8 k — 4o00.

Definition 3.47. We say that s € R satisfies Property (€ (d,, f1, f2)) if one of the following
holds:

— s =0 and there exists a segregated stationary equilibrium;

— s # 0 and there exists a segregated pulsating front with speed s.

The set of all s € R satisfying Property (€ (d, o, f1, f2)) is referred to as X4 4.1, 2)-

Remark. This set does not depend at all on k*.

Following Theorems 3.44 and 3.45, we deduce the following uniqueness result.
Corollary 3.48. There is at most one s € R satisfying Property (€ (d, a, f1, f2)).

To conclude about the convergence of the speeds, it suffices to recall that ¢, satisfies of course
Property (£ (d, @, f1, f2))-

Proposition 3.49. The limit at 400 of the function k «— ci, is well-defined.

Remark. If a1 and as are non-constant, as explained before, the quenching argument cannot be
used and we do not have the uniqueness in R of the elements satisfying Property (€ (d, o, f1, f2)).
Still, we have the uniqueness in R\ {0}, whence in particular the countability of the limit points
of k — ¢ as k — 400. Therefore, using the intermediate value theorem, we can still prove that
the limit of the continuous function k& — ¢ as k — 4oco is well-defined. In other words, the
convergence of (¢) can be proved even without proving Conjecture 3.46.

124



3.4 Sign of the asymptotic speed depending on the parameters

3.3.6 Conclusion of this section

The function k — ¢ converges at +oc.

If its limit co is non-zero, then both families ((u1,k-’u2,k-))k>k* and ((@1,k,¢2,k))k>k* have a
unique limit point (which are respectively the segregated pulsating front w traveling with speed
Cso and its profile ¢), and therefore the functions k — (1 %, p2.x) and k — (u1 x, uz k) converge
as well as k — 4o0.

If ¢ = 0, then ((Ul,k7u2,k))k>k* might have multiple limit points, each one of them being a
segregated stationary equilibrium.

3.4 Sign of the asymptotic speed depending on the
parameters

In this final section, we investigate the sign of ¢, as a function of (d, ), which is consequently
not considered as fixed anymore (L > 0 and (f1, f2) are still fixed nevertheless).

We assume the existence of De;s > 0 such that, for any d > D..;s and any a > 0, (Hegis) is
satisfied.

Once (d, @) € (Degis, +00) % (0, +00) is given, ¢ is naturally defined. If coo # 0, ¢ and w are
well-defined as well.

Remark. These assumptions are natural in view of the existence result under the hypothesis
(H freq) exhibited by the first author [Girl7]. Indeed, if (Hjfreq) is assumed, then it implies
(Hewis) and the existence of an explicit Dey;s:

2
P . (% - ﬁ) it LyM; >
0 if LM, < 7.

3.4.1 Necessary and sufficient conditions on the parameters for the
asymptotic speed to be zero
Here the idea is to follow what we did in the space-homogeneous case [GN15] to deduce a free
boundary condition satisfied by any segregated stationary equilibrium. To this end, we need the
following result, which shares some similarities with Proposition 4.1 of Du-Lin [59, 60] but is, on

one hand, restricted to the null speeds and, on the other hand, extended to the space-periodic
non-linearities.

Proposition 3.50. Let xg € R and f : [0, +00) xR — R, periodic with respect to x and satisfying
(H1), (Hz2) and (Hs). The following problem:

{—z” =zf[z] in (xp,+00)
z(xg) =0

admits a unique non-negative non-zero solution z, ¢ € C? ([zo, +00)).
Furthermore, the function

O : (zo, f) — Z;U,f (o)
(that is the right-sided derivative of z, ¢ at o) satisfies:
1. >0,
2. © is continuous with respect to the canonical topology of R x C* (RQ,R) ;
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3. © is periodic with respect to its first variable;
4. for any k >0,

e (x07(z,x) = f (gx)) = kO (xq, f).

Proof. Firstly, let us point out that Du—Lin’s proposition [59, 60] is readily extended to generic
“KPP”-type non-linearities which do not depend on the spatial variable. We do not detail this
extension here.

Thus, let f : 2 — max f (z,y). It can be checked that z +— zf [2] is indeed a KPP-type non-
yel

linearity (mostly, it reduces to the proof of the fact that f is decreasing and negative after some
fixed value). Then, let Z be the solution given by (the aforementioned extension of) Du-Lin’s
proposition of:

(0= T (o420
z(zg) = 0.

Similarly, let f : z — min f (z,y) and z be the solution of:
- yeC

{—z” (£) =zf[z] in (zg,+o0)

We intend to prove that Z and z form an ordered pair of super- and sub-solution for the
problem at hand.

Let a be the positive constant given by (#3) such that f (a,x) = 0 for all € C. By standard
elliptic estimates,

limz =limz = a.
+oo +oo

By Du-Lin’s proposition, we know that z’ (zg) and 2’ (o) (understood as right-sided deriva-
tives) are finite, whence there exists £ > 0 such that:
kZ—2z>01in (xg,+00).
Let:
k*=inf{xk >0 | kZ—2>0in (z9,+0)}
and assume by contradiction that x* > 1. We can fix a sequence (kn), oy € (1, %) which
converges to x* from below. There exists a sequence (z,),,cy € (2o, +00)" such that:

(knZ — 2) (xn) < 0.

Since 1+im (knZ — z) = (kn — 1) @ > 0, the sequence (z,,),cy is bounded and then convergent up
oo
to extraction.
If o is the limit of (z,,), then by continuity:

KZ(Too) = 2 (Too) -

Now, remarking that: B B
KZf [z] > k*Zf [v*Z]

by monotonicity of f, it follows by Lipschitz-continuity of f that x*Z — z is a positive super-
solution of some linear elliptic problem which vanishes at z.,. Provided s, # xg, this contradicts
the elliptic strong minimum principle and the strict ordering at +oc.
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But if o, = x¢, then Hopf’s lemma implies that:
(k*Z — 2)' (z0) > 0.

From this inequality, the optimality of x* is easily contradicted.

Hence x* = 1, that is Z and z are indeed a pair of ordered super- and sub-solution of the
problem. Since f depends on z (the special case of f constant with respect to z, that is Du—
Lin’s case, can be discarded here without loss of generality), they are not solutions themselves,
whence their ordering is strict:

z2 << Zin (zg,+00).

Finally, by virtue of classical existence—comparison results for semi-linear elliptic problems,

there exists a solution of the problem z,, s satisfying furthermore:

2K 2y K 2.

The uniqueness of z,,, s follows from similar arguments.

The positivity of © easily follows from 2, 5 > z. Its continuity comes from the uniqueness
of 2,5 and classical compactness arguments. Its periodicity with respect to  comes from the
uniqueness of z,,, 5 and the periodicity of f with respect to x. The last property comes from the
following easy fact. Let x > 0 and Z = kzy,,¢. It is easily verified that:

2" =7Zf {i} in (zq,+00)

and then by uniqueness Z = z,, s, where f, : (z,2) — f (£, ). O

Before going any further, we recall that it suffices to choose different normalization sequences
to deduce that, if ¢, = 0, there exists at least one segregated stationary equilibrium e; satisfying:

inf e; ! ((—00,0)) > —o00
and at least one segregated stationary equilibrium es satisfying:
sup e " ((0,+00)) < +oo.

If coo = 0, we define consequently 2; = mine; ' ({0}) and z» = maxe, ' ({0}). Recall that,
without loss of generality, we can assume that (z1,z2) € [0, L)%

Lemma 3.51. Let (d, &) € (Degis, +0) X (0,4+00), fi,s : (z,2) — f1 (2,221 —z) and O be
defined as in Proposition 3.50. Assume ¢ = 0.
Then:

1
aO (z1, fi,,) > dO (331, de) ;

1
aO (z2, f1,5,) < dO (3?27 dfz) .

Proof. We prove the first inequality, the second one being proved similarly (using es instead of
61).
First, if:

er ({0 \ {21} =0,
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then e; has a unique zero. Now, consider the problems satisfied by the functions:
2 ef (201 — @),
zoix ey (x).

It is clear that:

(21, 22) = (Zw1,(zyw)'—>f1(§72m1—m)’Zw17(z7w)H§f2(§7w)> :

Since e; € C%(R), 2 (:cf) 24 (xf) is necessary. From the relations:

S (acl,(z,x) — f1 (2,2301 —JU)) = a0 (z1, fiz,)

(C) (ml, (z,2) — %fg (Z,x)) =do (ml, ;f2> ,

we see that we are in the case of equality.
Next, if:
er’ ({01 \{a1} #0,
then let:

y1 =miney " ({0})\ {a1}.

Clearly, z3 = (ef) is the unique non-negative non-zero solution of:

[(z1,y1)

{ (—dz” =zfs [%] in (x1,v1)

Now it can be easily verified that z; is a sub-solution for the problem satisfied by z, (@) b fa(5,2)"
’ b d d’

The inequality follows. O

Remark. We explained previously that, if (H jreq) [Girl7] is assumed, each segregated stationary
equilibrium has a unique zero xz.. In such a case, we have equality:

1
a® (ze, f1,2.) = dO (xe, dfz) :
Let (d,«) € (0, +oo)2. With the same notations as before, we define the following sets:

X(J;,oz) = {l‘ €10,L) | a® (, f1,z) > dO (-% Cllf2) }7

X(_Cl,a) = {.’E €[0,L) | a® (z, f1,2) < dO (x, :lf2) }

Clearly, from the preceding corollary, if ¢, = 0,

X@a) #0
Xigm) # 0.
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Proposition 3.52. Let (d,o) € (0,400)°, fie : (z,9) = fi (2,20 —y) , © be defined as in
Proposition 8.50 and :
do (, 3 /2)
O (z, fiz)

The function Ag is continuous, positive and periodic, does not depend on a and satisfies the
following properties.

— If there exists © € X&a), then a > Aq ().

— If there exists x € Xda) then o < Ag ().

— It has a global minimum and a global maximum .

Ad:$l—>

Consequently, provided d > Deyis, a € [min Ag, max Ag| if and only if coo = 0.

Proof. Everything is straightforward apart maybe the following implication: if & € [min A4, max Ag4],
then co = 0. In fact, if there exists z, € [0, L) such that « = A (z.), then the following function:

Ziye ery(z,:r)Hf1(§,2chz) (2ze —y) ify <,
_Zze.,(z,m)Héfz(%,m) ) if y > e,

is a segregated stationary equilibrium, which implies by uniqueness (see Theorem 3.45) that
Coo = 0. O

Remark. The preceding proposition characterizes sharply {« > 0 | coo = 0}. Moreover, it also
gives an implicit characterization of the diffusion rates such that c,, = 0. With this in mind,
understanding whether Ay is constant or not would be of great interest.

Let us recall that if a; and as are not constant, we do not know how to prove Theorem 3.45.
Therefore in such a case the preceding sharpness is lost and we might still have a non-zero ¢, for
some « € [min A4, max Ay]. This pathological situation seems highly unlikely (recall Conjecture
3.46).

From this result, we can also deduce an explicit estimate for the range of parameters (d, a),
as indicated by the following statement.

Proposition 3.53. Let A C R? be the following set:
{(d,0) € (0,+00)" | X{; ) # 0 and X5, # 0}

There exists > 0 and T > r, defined by formulas (SE) and (§7) which only depend on (f1, f2),
such that, for any (d,a) € A,
o2
d
Remark. Although these estimates do not depend on d, they are also less precise than the previous
statement. Indeed, we will see in the course of the proof that, for any d > 0:

V/rd < min Ag,

max Ay < V7d,

r< <.

and furthermore it should be expected that these inequalities are actually strict. Thus the interest
of this proposition lies mostly in the fact that r and 7 do not depend on d.
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Proof. Recalling from Proposition 3.50 the definition of z;,, ¢, we define for any d > 0 and any
y € C' the following functions:

Ay = Zy,fiyo
oy tT Y 2y 1 (\/gachy) .

Most importantly, zo , satisfies:

{—zé’,y (x) = 22,4 () f2 (zg,y (z),Vdx + y) for any x € (0, +00),
22,y (O) =0.

Let fy: z > max f> (z,2) and Z be the solution of:
zeC

{—z” =z2fa[2] in (0,+00)
z(0)=0.

Similarly, let f2 : z — min f5 (2, ) and z be the solution of:
T zeC

—2" =z2fa[2] in (0,+00)
z(0)=0.
It can easily be checked (see the proof of Proposition 3.50) that the solutions z and Z form a pair

of sub-solution and super-solution for the problem satisfied by 22 ,. By uniqueness, z < 23, < Z.
Since VdO (y, % f2) = 23, (0), consequently:

2 (0) < Vd® (y Clifz) <7'(0).

Then, for any (d,a) € A, we deduce from the preceding estimate and from the definitions of
X(tl o and X ) that there exists (z1,22) € [0, L)? such that:

a® (21, fi,z,) > Vd2 (0),
a® (22, f1.2,) < Vdz' (0).

The conclusion follows from the following definitions:

2
2 (0)
max O (z, f1,) | (8:)

zeC
7' (0)

mlB@ (I7 fl,x)
zeC

=l
I

—

N

T

O

Corollary 3.54. Assume that, for any i € {1,2}, f; has the particular form (u, x) — p; (z) (1 — u)
with p; € CL,, (R), pu; > 0.

per
Then:
min (p2) max (fi2)
<r<r<-¢
max (p1) ~ ~ 7 7 min (1)
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Proof. In such a case, the functions f, and f2 defined in the proof of Proposition 3.53 reduce to:

fo 1z max (u2) (1 —2),
C

forzr min (u2) (1—2).
c

Define analogously:
fiz ngx(ul)(l —z),

fr+z e min (pg) (1-2).
C

Denoting the functions zZ and z defined in the proof of Proposition 3.53 as Zy and z,, the

definitions of r and T read:
2

)
B mal(@(x7f1,a:)’
zeC

2
(=0
mlﬂ@(l‘,sz)
zeC

Defining analogously the functions Z; and z;, we obtain by a super- and sub-solution argument
similar to that of Proposition 3.53 the following estimates:

21 (0) £min O (z, f1,,) < max O (z, f1,.) <7 (0),
zeC zeC

which lead subsequently to:

Now let us determine © (0, z — r (1 — z)) for any constant r > 0. Multiplying the equality
satisfied by 2z = 29 .sr(1—2) by 2/, we find:

()66

Integrating between 0 and +oo, it follows (2’ (0))2 = &, that is
T
00,z—r(l—=2)= 6

Applying this equality with » = max (u2), r = min (u2), r = max (1) and r = min (gq), the
c c c c

claimed estimates for r and 7 follow directly. O

Thanks to the existence of r and 7, we now know that the quantity a—; plays a particular role
(and this is obviously reminiscent of the space-homogeneous case [GN15]). Therefore, we also
state the following (immediate) proposition.
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Proposition 3.55. For any d € (0,+00), let:

in A 2 A 2
Ry = | el (s dal) )

The set RY is a non-empty, closed, subinterval of [r,T).
Assume moreover that d > D.yis. Then coo = 0 if and only if %2 € Rg.

Remark. Once more, in the case of non-constant a; and as, one implication is lacking, but
proving Conjecture 3.46 would be sufficient to recover it.
The length of RY is a very interesting open question (which is obviously equivalent to that

of the constancy of Ay). Recall that in the space-homogeneous case [GN15], RS = {;ﬂg}} is a

singleton which does not depend on d.

3.4.2 Sign of a non-zero asymptotic speed

Proposition 3.56. Let (d,a) € (0, +oo)2. Let z be a segregated pulsating front with speed s # 0
and profile .
Then s has the sign of:

/OL/_ZZ’?(Z,x) dzdxz/OL <a2/0a1 2f1(z,7) dz—d/oazzfg(z,a;) dz) dz.

Remark. In view of well-known results about bistable scalar traveling waves, and more recently
pulsating fronts (see for instance Ding-Hamel-Zhao [57]), such a result was to be expected.

It could be tempting to try to get rid of the a priori condition s # 0 and to show that the
existence of a segregated stationary equilibrium implies:

/ / n(z,2)dzdz = 0.
C J—das

But Zlatos [148] showed on the contrary that it is possible to build counter-examples of pure
bistable non-linearities F' of positive integral such that:

01z — Opez = F[2]

does not admit any transition front with non-zero speed. Therefore we do not investigate further
in this direction.

Proof. We have justified previously that in the equation (SPF [s]), every term (div (EV), Oz
and 7 [yp]) is well-defined in L? (RQ). Thus we consider the test function 65<p1[_ B.B]xC €

loc
L2

oc (]R2) for some large enough B > 0. By large, we mean here that we assume the following:

min ¢ (£, z) > 0 for any £ < —B,
xeC

max ¢ (§,z) < 0 for any & > B.
zeC

Hence the subset of the free boundary {(¢,2) € R x C' | ¢ (§,z) = 0} is included in (—B, B) x
C.
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Multiplying (SPF [s]) by O¢¢ and integrating over (—B, B) x C yield:

//dlvEVgo@gap—i-s// o] (Oep)® = / /77[908590

First, by change of variable, Lipschitz-continuity of the free boundary (see Proposition 3.28)

and definition of 7:
L W(_Bvx)
/ 7 (z,x) dzdx
0

/ / ¢] Oc o
»(B,x)
L #(=B,z)/o —»(B,z)/q
/ (az/ zf1 (z,x2)dz — d/ zfa(z,x) dz) dz.
0 0 0

Then, since we do not know that Oc¢ is continuous, the term ffB fOL div (EV) Ogp is dealt
with a standard mollification procedure. There exists a sequence of non-negative non-zero mol-
lifiers (0,,),,cyy € D (R). For any n € N, let:

son:(&iﬂ)H/w(f—C,w)@n(()dC-

On one hand, for any n € N, it is clear that all the terms Ocgn, Ozzpn, Ozon are classically
defined. By periodicity and integration by parts, we easily obtain:

[ [Cavvenocen =3 [ ([0 €]~ [0 €] ) ar

It can be easily verified that if both sets:

+B + 2suppf; = +tB + 2 U suppb,,
neN

do not intersect the free boundary, that is if B is large enough indeed, then as n — +oc:

max |Oen, (£B, z) — O (£ B, x)| + max |0y, (£ B, x) — 0y (£B, z)| — 0.
z€C zeC

It follows that:

éfoL([(agsonf@,x)fB (O €] Jao 5 / ([0 €], - [0 (€0 ) 0.

On the other hand:

/ ) / div (EV9) O (9 — pn) < [1div (EV9) || 2(5.81x0) 106 (0 — @) | 2(5.3)x0):
0
/ / v (B (9 = 90) e < v (BY (= ) 2.0 300 |9l 2.y,

and, once more by standard mollification theory, ||0¢ (¢ — ¥n) [|22((=B,B)x ) and ||div (EV (¢ — ©n)) |L2((-B,B)x )
converge to 0 as n — +o00.
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Therefore, passing to the limit n — +o00, we obtain the expected equality:

| Z / v (V) Ok — & / ) ([0 €0)]”, - [0 €0)]” ) 0

—B

Finally, using these computations to pass to the limit B — 400 in the equality:

[ [avweacess [ [Tatdowr=- [ [“nidoe

it follows:

5 L ay az

s[ ol = [ <a2 | anGaa-d [ an) dz) ar,
RxC 0 0 0

and since: .

. 2

0 <min {12 10elaecs < [ olel e,
RxC

the claimed relationship between s and fOL fg;z 7 (z,z) dzdz follows. O

Corollary 3.57. Let (d, @) € (Degis, +00) X (0, +00). Then:
1. if%j > mang, Coo > 0;

2
2. 4f 4 < min RY, coo < 0.

Proof. Tt suffices to remark that, for any i € {1,2}, fOL Oai zfi (z,z)dzdz > 0. O

Remark. We recall that, in the proof of Proposition 3.56, the fact that a; and as are constant
is crucial. This issue has already been encountered (see the remark following Proposition 3.7).
Therefore, in the general setting, it is not possible to obtain such an explicit formula for the sign
of ¢s. Nevertheless, let us point out that the results of Corollary 3.57 should still hold in this
case:
— there still exists 7 > r > 0 such that 0 ¢ X447, 5, if (d,a) does not satisfy r <
since the whole subsection 3.4.1 can be easily generalized (even though:

— we cannot prove that ¢ = 0 if o € [min A4, max Ay, ie. if %2 € RY (but recall
Conjecture 3.46);

— additional care is needed since a non-constant as would a priori depend on d);

— we will prove in the next section that (d,«) — ¢ is continuous at least in
a? 0
{(0.0) € (Dessro0) x 0,4000) | % ¢ RS

— the study of the limit of the segregated pulsating front as & — 0 or @ — 400 (which can
be rigorously done since D.;s does not depend on «) should easily yield the sign of the
speed at such limits:

— formally, as o — 0, the positive part of w vanishes and we are left with a Fisher- KPP
pulsating front connecting 0 to —dag, consequently with a negative speed;

— formally, as & — +o00, the negative part of 2 vanishes and we are left with a Fisher—
KPP pulsating front connecting a; to 0, consequently with a positive speed;

134



3.4 Sign of the asymptotic speed depending on the parameters

— hence, by connectedness and continuity, Corollary 3.57 would be recovered indeed.

To conclude, let us highlight an important particular case.

Corollary 3.58. Assume that, for anyi € {1,2}, f; has the particular form (u,x) — p; (z) (1 — u)
with p; € Cpe, (R), i > 0.
Let:
el
luallzrc)

If oo # 0, then it has the sign of or — d.

Proof. In such a case, for any i € {1,2}, a; = 1 and:

/OL/Olzfi(z,a:)dzda::é/OLui(x)dx.

3.4.3 Continuity of the asymptotic speed with respect to the parameters

In this final subsection, we even allow (f1, f2) to vary in the set F of all L-periodic f :
[0,+0) x R — R satisfying (H1), (H2) and (H3), equipped with the canonical topology of
c' (R4 R).
fi,f2

exis

Proposition 3.59. Assume that for any (f1, fo) € F2, there exists a non-negative Doyis = D
as defined before.
Let:
T = {(d,a,fl,fg) € (0,+00)’ x F2 | d > Dfl’fQ} .

exis

The function:
L -+ R
(d7aaf17f2) = Cso

is well-defined and continuous.
Assume moreover that the function (d,a, f1, f2) € B — k* is locally bounded. Then the
convergence of ((d, , f1, f2) € P = cx)pspe 1o (d, a, f1, fo) € P = coo is locally uniform.

Remark. If (Hegis) follows from (Hfpeq) [Girl7] and if:

2
L 1 .
P (; _ —Th) if Ly, > T,
0 if L\/ M1 S ™,

then (f1 f2) — DJ12 g indeed well-defined (and actually continuous) in F?2.

exris

Proof. Just verify (with the same integrations by parts than those used in the course of the
proofs of Propositions 3.6 and 3.7) that:

— all families of segregated pulsating fronts satisfy some locally uniform estimates (with
respect to (d, a, f1, f2)) in Cioe (]R, L? (R)) NL? (R, H} . (R)) and therefore, by virtue of

loc loc

DiBenedetto’s theory [55], in C\-” (R%);

loc
— all families of segregated stationary equilibrium satisfy some locally uniform estimates (with
respect to (d,a, f1, f2)) in C27 (R).

loc
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The continuity of ¢ is then a classical consequence of Theorems 3.44 and 3.45 and of compactness
arguments.

The locally uniform convergence is proved with similar compactness arguments, this time using
the fact that the compactness estimates of Propositions 3.6 and 3.7 are locally uniform. O

Remark. We recall that in the case of non-constant a; and as, we cannot prove Theorem 3.45.
Therefore it is not possible to prove complete continuity of c... In the whole subset:

Oé2
{(daa7 fl7f2) € m ‘ g € ngfl-,fz}’

Coo Might not be continuous and jump between 0 and some non-zero values. Still, it is not
possible to jump directly from a positive value to a negative one, whence the zero set is in any
case non-empty. Moreover, we recall that these issues are completely subordinated to Conjecture
3.46.

3.4.3.1 As a conclusion: what about monotonicity?
Regarding the monotonicity of a — c.:

it should be easily established, via super- and sub-solutions, that « + ¢, is non-decreasing
(a proof that we do not detail here for the sake of brevity). Recall moreover that we already
suggested in the previous subsection that ¢, — —c¢*[d,2] as o — 0 and coo — ¢*[1,1] as
a — +00, whence a — co, would in fact be from (0, 4+00) onto (—c*[d,2],c* [1,1]).

Regarding the monotonicity of d — c.:

on the contrary, such a result should in general not be expected. We recall that:

— the dependency of the speed of a bistable front on its diffusion coefficient is in general
unclear;

— even for the Fisher— KPP equation, as long as heterogeneity is introduced, the monotonicity
of the minimal speed as a function of the diffusion coeflicient is in general lost (for instance,
in space-time periodic media, a counter example has been exhibited by the second author
[118]).
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Chapitre 4

Compétition en milieu périodique : 11l —
Existence & stabilité d’états de coexistence
périodiques ségrégés

Résumé

Ce chapitre s’intéresse au systéme de compétition — diffusion de Lotka — Volterra a deux
especes avec fort taux de compétition ainsi qu’a deux équations de réaction — diffusion
scalaires liées. On montre que dans certains milieux périodiques avec large période, il existe
des états stationnaires de coexistence périodiques, non-constants et stables. Les résultats sont
comparés a des résultats déja connus sur ’existence et la non-existence de telles solutions.
Enfin, une interprétation écologique est proposée.

Ce chapitre, co-écrit avec Alessandro Zilio, a fait I'objet d’une soumission sous le titre
Competition in periodic media : 11l — Existence & stability of segregated periodic coexistence
states dans Mathematische Annalen [GZ18].
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Chapitre 4 Compétition en milieu périodique : III — Existence & stabilité d’états de
coexistence périodiques ségrégés

4.1 Introduction

We construct stable periodic sign-changing steady states in one-dimensional spatially periodic
media for the equation

Oz — Opez = [ (2,2) (4.1.1)

and its quasi-linear counterpart
O (0(2)z) — Opgz = [ (2,2), (4.1.2)

where
fi(zz) = pa(z) (a1 — ;z) P é/,&g(l‘) (ag + cllz> 2z~

and the positive function o is

1
Here L, aj, a2, o and d are positive constants, u1, s € L™ (R, (0,400)) are positive L-periodic
functions, 2T = max (z,0) and 2~ = —min (z,0) (so that z = 2T — 27).
We also construct stable periodic coexistence steady states for the following competition—
diffusion system:

4.1.3
Opus — dOzpus = po(x) (ag — ug) ug — akw(x)ugus ( )

{atul — Opgur = p1() (a1 — 1) ur — kw(z)uiug
where w € L* (R, (0, +00)) is positive and L-periodic (with a normalized mean value, say).

System (4.1.3) belongs to the wider class of elliptic or parabolic systems of Lotka—Volterra
type in the presence of strong competition, and (4.1.1) and (4.1.2) are related to its singular
strong competition limit k — +o0o. To our knowledge, the study of the strong competition limit
appeared first in [45] as a way to model biological species that are fiercely competing for the
same resource. The literature on this subject is very vast, varying from existence and uniqueness
results [43], multiplicity results in presence of strong competition [45] and the rigorous proof
of Gause’s competitive exclusion [47, 103] stating that in the homogeneous case, non-constant
solutions are necessarily unstable (in convex domains). We refer the interested reader to these
contributions and the references therein.

More recently, the strong competition limit in periodic media was the object of investigation
of two papers [Girl7, GN18] by the first author and Nadin. According to [GN18], (4.1.2) is
the equation satisfied, in the strong competition limit, by the quantity cu; — dug with (uy,us)
solution of (4.1.3). Notice that, by normalizing (u;,us), we can assume without loss of generality
a1 = ay = 1. This is assumed indeed from now on. Notice also that, although all results of
[Girl7, GN18] are stated for w = 1, they are readily extended to the case of non-constant w.

Steady states of (4.1.1) and of (4.1.2) satisfy the same elliptic semilinear equation:

_ (@) = () <1 _ 12’(1:)) @) — éuz(z) (1 + ;z(x)> (). (4.1.4)

e
However, due to the different time dependencies, (4.1.1) and (4.1.2) involve in general different

notions of stability and therefore different eigenproblems. Before going any further, let us precise
this important point.
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4.1.1 Notions of stability

For any functional space X, X o denotes the set of L-periodic functions whose restriction
to any interval of length L are elements of X. Accordingly, for any second order monotone
elliptic operator .2, A1 r-per (—Z) denotes the periodic principal eigenvalue of 2 given by the
Krein—Rutman theorem. Recall that if (u1,us) is a solution of (4.1.3), then the system satisfied
by (u1,1 — uz) is a monotone system, whence its linearization admits indeed a periodic principal
eigenvalue (details can be found in [Girl7]).

Hereafter, a solution z € Hj_,.. (R) of (4.1.4) such that the L-periodic function

filz] o= 01 f (2(2),2)
is well-defined (at least weakly) is referred to as linearly stable in the sense of (4.1.1) if

d2
>\1,L—per <d$2 - fl [Z}> >0

and as linearly stable in the sense of (4.1.2) if

d2
Mg (~6() 0z — 01 ) >0

with
G:z+— 1220 +d1,<g.

The constant solutions of (4.1.4) are o, —d and 0. It is easily verified that o and —d are linearly
stable in both senses whereas 0 is linearly unstable (namely, not linearly stable) in both senses.

The definition of linear stability in the sense of (4.1.2) can be formally understood by plugging
perturbations of the form e~*(x), with ¢ L-periodic, into the equation (4.1.2) linearized at an
almost everywhere nonzero steady state z. Indeed, such a perturbation solves the linear equation
if and only if

—Ao(z)p — " = fil2] o,

that is, due to the almost everywhere equality o (z(z)) & (2(x)) = 1, if and only if
—6(2)¢" =6 (2) 1[0 = M.

Similarly, a steady state solution (uj,us) of (4.1.3) is a solution of

—uf(z) = p1(z) (1 —up(z)) ur (@) — kw(@)us (z)uz(z)
{—dué’@) = pi2() (1 = us(w)) ug(x) — akw(w)u (x)us(z) (4.1.5)

and is referred to as linearly stable if

S % + p1 (1 —2uy) — kwus kwuy >o.
’ akwus ddxg + po (1 — 2us) — akwuy

The steady states (1,0) and (0, 1) are linearly stable whereas (0,0) is linearly unstable.

By analogy with the spatially homogeneous setting and in view of the stability of the con-
stant solutions, (4.1.1), (4.1.2) and (4.1.3) are sometimes referred to as bistable. However our
main contribution is to prove that this terminology can be misleading: because of the spatial
heterogeneity, a third stable state can very well exist.

Let us point out that the previous two parts of the series “Competition in periodic me-
dia”[Girl7, GN18] only used the notion of stability in the sense of the system (4.1.3). This
explains why the two notions of stability for the segregated equation (4.1.4) are only introduced
now.
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4.1.2 Main results

Let (ro,71,72) € (0,1)3 such that 2rg + 2r; + 2r5 = 1. Let (My, M) € (0, —|—oo)2 and define
two 1-periodic functions p7 and p3 by

(D)0, = MaLjo,py) + MiLyy, y2rg42,,1]

(ﬂ§)|[o,1] = Mol(r 4ro,r +ro+2rs]

and, for all L > 0,
(b o5) s (i) (T ) -

Our first main result is concerned with the equation (4.1.4).

Theorem 4.1. There exists L > 0 such that, for all L > L, (4.1.4) with (p1,p2) = (uf,u%)
or with (1, ft2) = (ulL +uk uk —|—,u£‘) admits a linearly stable in both senses, sign-changing,
L-periodic solution.

Furthermore, for all L > L, there exist a neighborhood Uy of (,uf,u%) in the topology of

(Li"_per)Q and a neighborhood Vi, of ut+uk in the topology of (L%O_per) such that, for all (u1, pe) €
U and oll p € Vi, (4.1.4) with (u1,p2) or (u, 1) admits a linearly stable in both senses, sign-

changing, L-periodic solution.

This first result will be proved by explicit construction of v and non-trivial application of the
implicit function theorem.

In biological terms, the growth rate u¥ + uZ corresponds to a periodic environment where
large favorable areas are separated by large neutral areas. A neutral area could be, say, in a
woodland inhabited by herbivorous animals looking for glades, an area densely covered by trees
where predators live and hide and where linear death rates roughly equal linear birth rates and
no intraspecific competition occurs. The associated stable steady state describes the situation
where one competitor settles in the evenly numbered favorable areas whereas the other settles
in the oddly numbered ones. This particular form is illustrated by Figure 4.2.1.

Let us point out that well-known density results yield immediately the following corollary.

Corollary 4.2. For all L > L, there exists (u1,u2) € (%f?per (R, (0, —i—oo)))2 such that (4.1.4)

admits a linearly stable in both semses, sign-changing, L-periodic solution.

Our second main result is concerned with the system (4.1.5) and states that the existence of
stable steady states for the segregated equation implies the existence of stable steady states for
the strongly competitive system. It will be proved as a consequence of Theorem 4.1 and of degree
theory.

Theorem 4.3. For all L > L, there exist k* > 0 and (p1, i2) € (675, (R, (0, +oo)))2 such that,

for all k > k*, (4.1.5) admits a linearly stable, component-wise positive, L-periodic solution.

4.1.3 Discussion and comparison with known results

Theorem 4.1 and Theorem 4.3 complement interestingly a result of the first author [Girl7,
Theorem 1.2] stating that, provided L is sufficiently small, that is

L e <0’7T<<I[€i)]{ul) +\/g(%i>]<uz) >> ,
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and provided k is large enough, all L-periodic coexistence states are unstable and vanish as
k — +oo0.

Theorem 4.1 is also strictly related to a result due to Ding, Hamel and Zhao [57, Theorem 1.5]
which shows in particular that the regular bistable equation

Otz — Orwz = gr.(z, 2),

with gr, : (z,2) — ¢ (z, %), g l-periodic with respect to x and independent of L, 0 and 1
linearly stable steady states (in the standard sense) and 6 € €1 _per (R, (0, 1)) intermediate zero
of g, admits bistable pulsating fronts connecting 0 and 1 provided L is large enough and the
nonlinearity g satisfies

1
9g
min z,z)dz >0 and min — (z,6(x)) > 0.
mE[O,L]/O 9(,7) z€[0,1] 0z (z,6(z))

Their proof is based on a very important result by Fang and Zhao [69] stating in a general setting
that bistable pulsating fronts exist if all intermediate periodic steady states are unstable and
invadable. Therefore the proof of Ding-Hamel-Zhao basically shows that the above conditions
imply the nonexistence of stable periodic steady states. Importantly,

— on one hand, the family of scaled functions (fz),~; in Theorem 4.1 satisfies

min / fo(z,z)dz=0 foral L >L
z€[0,L] —d

(recalling that here the two constant stable states are —d and « instead of 0 and 1);

— on the other hand, any family of regularized and positive functions obtained from Corol-
lary 4.2 satisfies indeed the above two positivity conditions, but by the result of Ding-
Hamel-Zhao cannot be of the prescribed scaled form as L varies (in other words, the
neighborhoods Uy, and Vj, obtained with the implicit function theorem are not uniform
with respect to L and shrink as L — +00).

We point out that a recent paper by Zlatds [148] constructed an example of periodic bistable non-
linearity admitting no pulsating front. His result is very related to ours but remains qualitatively
different: we focus on stable intermediate steady states whereas Zlatds focuses on nonexistence of
transition fronts. Furthermore, our construction has a very simple ecological interpretation and
is valid for all large periods, whereas the construction of Zlatos requires a very precise period.
In this regard, our paper is an interesting complement.

Theorem 4.1 is also related to a family of results stating, loosely speaking, that the geome-
try of a homogeneous domain with boundary can block bistable propagation. See for instance
Berestycki-Bouhours—Chapuisat [13] and references therein.

Ecologically speaking, Theorem 4.3 shows that strong interspecific competition and heterogene-
ity of the habitat can lead together to spatial segregation and therefore to speciation and increased
biodiversity. Having this interpretation in mind, we notice that the strength of the competition
is crucial: indeed, in the weak competition case, Dockery—Hutson—Mischaikow—Pernarowski [58]
showed on the contrary that heterogeneity leads to extinction of all competitors but the one with
the lowest diffusion rate. Ecologically, strong competition occurs for instance when resources are
rare. Mathematically, it is known to lead indeed to spatial segregation, or in other words pattern
formation, in homogeneous domains with appropriate boundary conditions or initial conditions
(see for instance [38, 41, 47] and references therein). As such, our result can be seen as a contri-
bution to the overarching research program on pattern formation in strongly competing systems
and as one of the first results in spatially heterogeneous domains.
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It is worthy to recall that by a result of Berestycki-Hamel-Rossi [18, Proposition 6.6], the
periodic principal eigenvalue of a self-adjoint periodic scalar elliptic operator coincides with the
decreasing limit as R — 400 of its Dirichlet principal eigenvalue in the ball (—R, R). Conse-
quently, if the domain of a linearly stable in both senses, periodic, sign-changing steady state
solution z of (4.1.4) is restricted to a periodicity cell (y,y + L) with y chosen so that z (y) = 0,
then we obtain a steady state for the corresponding Dirichlet problem which is linearly stable in
the following senses:

2
)\1,Dir <_C§1232 - fl [Z} ) (yvy + L)) > 07
d2
)\l,Dir (_6(Z)de - 6(Z)f1 [Z] ) (y7y + L)) > 0.

4.1.4 What about more general bistable equations?

The particular shape of function f in (4.1.4) is due to the underlying ecological model. With
very few modifications, Theorem 4.1 can be extended more general bistable equations in periodic
media, like for instance the familiar Allen-Cahn equation

042 — Opez = pip(2)(1 — 2%)2.

4.1.5 Structure of the paper

In Section 2, we prove Theorem 4.1, focusing first on the construction of v and then using the
implicit function theorem to obtain the open neighborhood U. In Section 3, we prove Theorem 4.3
thanks to Theorem 4.1 and topological arguments.

4.2 The segregated bistable equation

Our goal in this section is to prove that (4.1.4) admits sign-changing solutions that are also
stable in the sense of (4.1.1) and (4.1.2).
Before going any further, we observe the following: replacing (“—1, S—é) by (u1, p2), (4.1.4) reads

— = (a—2)zt —pp(d+2) 2. (4.2.1)

Hence up to end of this section we have in mind the above more compact form. The piecewise-
constant functions i and p} defined in the introduction are accordingly modified, with (%, %)
replaced by (My, Ms).

In order to construct a sing-changing, periodic and stable solution to (4.2.1), we need a pre-

liminary result concerning its linearization.

4.2.1 Linearization near a non-constant stationary solution

Since the right hand side of (4.2.1) is only Lipschitz continuous at z = 0, we need some caution
in order to properly introduce the linearization of the equation around a sign-changing steady
state. Many authors have already addressed similar issues (see, for instance, [47, Section 4.1]).
Since we could not find the precise statement that we needed, we decided to present a complete
proof. We wish to point out that the result can be adapted to more general equations (for
instance bounded domains with Neumann boundary conditions).
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For all (1, p2,2) € (LY we define

L—per)2 X H2

L-per>
2

a . e} 2 2

F ( L-per) X HL-per — LL-per

2

such that, for all test functions ¢ € Hj ..,

L L
(F (u1, 2, 2), ) = / 2o — / (i (a—z)z" —pa(d+2)27) ¢ (4.2.2)
0 0
We recall that, by Sobolev embedding, the inclusion H%_per — ‘51’% holds true.

L-per

Lemma 4.4. Let O C H?
the closed set z=1 ({0}) has zero Lebesgue measure.

Then 7 € 6 ((LE,er)” % O, 13

be an open set in the topology of H? such that for all z € O,

-per -per

L-per L-per |-

)2 x O and any (771,772,10) € (LOO )2 X H%—per?

For any (p1, p2,z) € (L$° T per

L-per
dF [p1, po, 2| evaluated at (n1,m2,w) is

the differential
L L
<P'—>/O w's@’—/o (ma=2)z"—m(d+2)27)p

L
- / (11 (00— 22) Long + o (d + 22) 1) wip,
0

Remark. Some assumptions on the open set O are necessary. In general, the Gateaux differential
of & at (u1, 2, 2) in the direction (11,72, w) fails to be linear with respect to (11,72, w). More
precisely, it is the sum of the linear functional above and of

L
p —/ (ow™ — podw™) 1._op,
0

which is non-linear with respect to w. We can prove this by partitioning R = {z > 0} U {z =
0} U {z < 0}.

Proof. The linear mapping appearing in the statement above is readily continuous. Thus we
only need to show that it is indeed the Gateaux differential.

Fix (p1,p2, 2) € (Lzo_pcr)2 x O and (n1,m2,w) € (L‘ffpcr)2 X H} per- Forall t > 0 and all
o€ H?

per?

o~ | =

(F [(p1, p2, 2) + 1 (01, m2, w)] = F [(p1, 12, 2)]) () =

L 1 L
/ w'e' — ;/ (1 +tm) (a = (z + tw)) (z 4+ tw) " — py (e — 2)vT) @
0 0

1

L
1 [ () @ e ) ) = a2

The first term in the right hand side does not depend on ¢t. We only need to consider the second
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one, as the third one can be dealt with in a similar way. Rearranging the terms, we find

1

L
T ] ) (0= ) G+ ) a2

L
- / M (o — (= 4+ tw)) (= + tw) "

L a—(z+tw)) (2 + tw)T — (a — 2)vt
+/0 1 ;

®.
The dominated convergence theorem yields
L L
/ M (a—(z+tw))(z+tw)+<p—>/ m(a—2)vte ast— 0.
0 0

Rearranging the last term of the preceding equality, we find

L —Z—ltw)\z U}+—Oé—ZZ
/0u1<<“ tw) (= + tw)" — ( >+>¢

t
I Y A CE 1) A W o .
—/0 " <t> (a—2)¢ /Oulwa(ertw) 0.

By dominated convergence,
L

L
lim prwa (z + tw) T p = / piwaz .
t—0 0 0

Since by assumption 2~1({0}) has zero Lebesgue measure and the map ¢ — ¢t is smooth away
from 0, the dominated convergence theorem yields once again

L + L
. (z+tw)" — 2zt
}1_1)1(1) ; oA (2 (a—2)p= ; mwl,so (a—z) .

This concludes the proof. O

4.2.2 Construction of the solution

We now proceed by constructing the solution of (4.2.1). To do so, we first consider the equation
with piecewise-constant coefficients. In this case, solutions can be constructed by gluing together
different profiles. The implicit function theorem then leads to an open neighborhood of valid
coeflicients near this piecewise-constant pair.

4.2.2.1 Piecewise-constant coefficients

In the following result we collect some properties of the solutions of the logistic equation with
non-zero Dirichlet conditions. These properties are well known and straightforward consequences
of the comparison principle. For this reason, we do not present here a fully detailed proof.

144



4.2 The segregated bistable equation

Lemma 4.5. Forall A>0, M >0, v € [%, 1) and R > 0 there exists a unique positive solution
WA,M,v,R € ¢? ([-R,R]) of

{—w”:M A—w)w in (—R,R)

The function wa,ar,u,r s even and satisfies
VA<wamyr(z) <A for all x € (—R, R).

Furthermore, let
o (A7 M7 v, R) = w/A,M,l/,R (_R) .
The following properties hold true.
1. ® is positive and continuous;

2. it holds

lim ®(A, M,v,R) = 0;
R—0%+

3. there exists ya,m, € (0,400) such that

VAMy = Rlim ® (A, M,1,R).

—+00

Moreover, (A, M,v) — va,m, is continuous with respect to A, M and v, increasing with
respect to A and M and decreasing with respect to v. In particular 0 = lim, 1 ya,m,0 <

YAMy < VA ML5
4. the function R — ®(A, M,v,R) is an increasing homeomorphism from (0,+00) onto
(07 ’YA,M,V);
5. the functionv — ®(A, M, v, R) is a decreasing homeomorphism from [%, 1) onto (0, D(A, M, %, R)] .

We point out that the upper limit 4 ar,, can actually be determined explicitly.

Proof. We perform the following change of variables
w(zx) = AW, , (\/ AMac) and p=VAMR.
Here the function W, , is a solution to the scaled equation

“W"'=(0-W)W in (=p,p)
{W ) = . (4.2.3)

We can rephrase all the statements of the result in terms of the dependence of W, , on p and v.
Here we consider only the dependence on p. The same arguments can be adapted to show the
corresponding results in terms of v.

For any value of p > 0 and v € [%, 1), the previous equation admits a unique, positive solution
which is even and is such that v < W(z) < 1 for all x € (—p,p). This follows by standard
arguments. We just observe that the functions = — v cos(yx)/cos(yp) are sub-solutions of
(4.2.3) for  small enough, while the constant 1 is always a super-solution.

Notice that, for all k > 1:

— (kW,,)" = (1 =W, ) kW, > (1 — kW, ,)kW,, in (—p,p).
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For all p’ > p > 0, the following quantity is well-defined:
K =inf{x > 1| Wy, >W,, in (—p,p)}.

Assuming by contradiction that * > 1 and applying the strong maximum principle, we get
a contradiction. Hence the family (Wp’,,)p>0 is non-decreasing, and once more by the strong
maximum principle, it is in fact increasing.

It follows that the function p +— max_, ;) W, () is increasing with limit 1 as p — +o00. By
classical elliptic estimates (see Gilbarg—Trudinger [80]) the family converges locally uniformly to
a bounded and positive solution of (4.2.3) defined on the whole line R. Hence, as p — 400, we
find that W,, — 1 locally in €.

We now consider the shifted family of functions

Woun(@) =W, (x—p)  for z€[0,20].
The family p — WW, is increasing. In particular, by the Hopf lemma,
—
p—=W,,(0)

is increasing as well. Once again, classical elliptic estimates show that, as p — +o00, the family
W .., converges locally uniformly to the unique solution W of

-w' = (1-W)W in (0,+o0)
W(0)=v (4.2.4)
v<W<1 in (0,400)

(see Du-Lin [59, 60, Proposition 4.1]). Thus, the limit as p — 400 of W;W(fp) is finite and
positive. We can figure out its value by testing (4.2.4) against W'. This yields the identity

— 1 2
. oL 22
phm W/W( ) \/3 v <31/ 1).

Observe that the limit is always positive and bounded.

We conclude by observing that the continuity of W/p’y

quence of the uniqueness of W,W and of compactness arguments. O

with respect to p is a classical conse-

From the previous result we deduce a property which is crucial for our construction. For sake
of brevity, from now on we will simply write

®y (v, L) = ®(a, My,v,m L),
@2(% L) = (I)(d7 Mg, v, T‘QL),

(recalling that M; > 0, My > 0, r1 > 0 and ro > 0 were fixed in the introduction).
We can finally construct the periodic stable solutions of (4.2.1) with the piecewise-constant
coeflicients.

Proposition 4.6. There exists L > 0 such that, for any L > L, (4.2.1) with either (u1, u2) =
(uf,ué) or with (1, pe) = (,uf + uk uk +/1,£’) admits a nonzero sign-changing solution v €
H? satisfying, for all L-periodic test functions p € H}

-per -per?

L L
| o= [ me-ne - im0

Furthermore, v is linearly stable in the sense of (4.1.1) and (4.1.2).
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Vo

T”QL

7"1L ToL

7V2d

Figure 4.2.1 — Visual representation of the construction of v. In red, areas where ul* = M;. In
blue, areas where uf = My. In gray, the bounds given by vy and 7. In black,
the solution wv.

Proof. Let
0:(w,L)— =1 (v,L)roL + av.

The function v+ d (v, L) is, for all L > 0, an increasing homeomorphism from [3,1) onto

27
1 «a
|:—©1 <2,L> T'OL —+ 2,@) .

Since L — — P, (%, L) roL is decreasing and goes to —oo as L — 400, we can define the unique
Ly > 0 satisfying

1 o
—‘1)1 <2, L0> ToLo + 5 = —d.

Then for all L > Ly, we can define the unique v, € (%, 1) and the unique v € (@, 1) satisfying
respectively

d

§ (vp, L) = —dand 6 (v, L) = —3

Now let

b (W, L) &y (v, L) — By (—5(3L),L),

well-defined in (@, ﬁ] for all L > Lg. For all L > Ly, v+ 1 (v, L) is a decreasing homeomor-
phism satisfying

avy +d
li Ly=—"—>0
Jm v L) = —"7— >0,
vor )= T, (L
VL, - TOL 2 27 .

Since L — ¢ (L, L) goes to —7y4p,,1 < 0 as L — 400, we can define L > Lo such that, for all
L>L,
Y (v, L) <0
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and deduce that for all L > L, there exists a unique vy, € (@, ﬁ) satisfying ¢ (v, L) = 0, that

is
(S (VL7 L) 7 L) '

(1)1 (VL,L) = @2 (— d

Next, we fix L > L and define wi = Wa, My vy m Ly W2 = Wa My, —d—16(vy,,L),ro1 @S Well as the
nonzero, sign-changing, L-periodic function v by

w () if x € [0, L)
Py (v, L) (z —mL)+via ifweriL,r1L+roL)
vjjo,0)(x) = §wa (x —r1 L —roL —raL) ifx € [rmL+rol,r1L+roL +2rsL)
by (v, L) (x —L+rL)+vpa ifxe[riL+rol+2roL,m L+ 2rqL + 2r3L)
wy (x — L) if v € L+ 2roL +2rL,L)

Since, by construction, v is a ‘KLljllJer C H%_per juxtaposition of piecewise solutions of (4.2.1),
we readily deduce that it is a solution of (4.2.1).
Regarding the stability of the solution v, from Lemma 4.4 we evince that the linearized elliptic

operator at v, denoted £ € L (H7 o L7 o), is

Zne=n" + [ (o —20) 1yso + p2 (d 4 2v) 1y<o] 7.

First we verify the stability in the sense of (4.1.1). Let A be the corresponding periodic principal
eigenvalue and ¢ € H %_per be the associated unique periodic positive eigenfunction, normalized

in L2 ((0,L)). From the identity

L
/O (=LY = ) =0
we deduce

L 9 L
/ W) = / [t (@ — 20) Tusg + pia (d + 20) Too] 62 + A
0

0

:Ml/ (0472v)77/12+M2/ (d + 2v) 2 + \.
{p1>0}n{v>0} {p2>0}n{v<0}

Since by construction
o
vzyLa>§in{m>0}ﬁ{v>0}

and

v§<5(V§’L))d<Z in {p2 >0} N{v <0},

we deduce

L
>\>/O (")* > 0.

Similarly, we verify the stability of v in the sense of (4.1.2). The same computations as before
lead us to the desired conclusion.

This conclude the proof of existence and stability of sign-changing solutions for piecewise-
constant coefficients O
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Remark. Going carefully through the proof, using 7y < 1 and assuming that L is minimal, we
obtain the estimate L < L*, where L* > 0 is the unique solution of

I\, 1 d o
@2 (2,L>L —romaX<C¥+2,2+d)

Hence estimating L is only a matter of estimating L — ®5 (%, L). Unfortunately, being unable
to find any satisfying estimation of ®5, we do not pursue further.

4.2.2.2 With regular coefficients

The function v constructed in Proposition 4.6 is linear around v = 0. Thus there exists an
open neighborhood O C H%_per satisfying the assumptions of Lemma 4.4.

Proposition 4.7. Under the assumptions of Proposition 4.6, for any L > L there exists an open
neighborhood U C (Lio_pw)2 of (1, p2) such that for all (p1,p2) € U, (4.2.1) with (p1, p2) admits
a sign-changing, L-periodic, weak solution. The solution is also linearly stable in the sense of

(4.1.1) and (4.1.2).

Proof. Let L > L and let (p1, pi2,v) € (L%‘fper)z X HE o
sition 4.6.

The prerequisites of the implicit function theorem are readily satisfied for the functional .7
at (p1, p2,v). In particular, since the solution v is linearly stable in the sense of (4.1.1), the
functional % [1, p2,v] is invertible in the following sense: for all f € L%_pcr, there exists a
unique weak solution zy € H%_pcr of

be the solution constructed in Propo-

a&"
& 2 (o) = .

This follows by standard regularity results.
By virtue of the implicit function theorem, there exists an open neighborhood U C (Li‘fper)Q

of (p1,p2), an open neighborhood V-C O C Hj . of v and a € diffeomorphism ¥ : U — V
such that, for all (p1,p2) € U,

ZF [p1,p2, ¥ [p1, p2]] = 0.

Finally, since the map U is €', we find that the linear stability of the solution is preserved in a
open neighborhood of (1, u2). O

4.2.3 Uniqueness

We end this section with the following uniqueness result, which will be used later on. We
emphasize that this is not a full uniqueness result.

Lemma 4.8. Lete; >0,e3 >0, L > L, (p1,p2) € U and v be the solution of (4.2.1) given by
Proposition 4.7.
Then any solution z of (4.2.1) satisfying

2T > et and 27 > eqv”

coincides with v.
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Proof. Let z be any such solution. By continuity of z and by the fact that z admits only one
zero in each periodicity cell, the condition of the statement directly guarantees that {z > 0} =
{v>0}, {z <0} ={v<0}and {z =0} = {v=0}.

Now we focus on one connected component of, say, {v > 0}. By translation, we can assume
without loss of generality that this interval has the form (0, R) with R < L. The functions 2|(o,r)
and v|(o, ) are then both solutions of the following Dirichlet problem:

{—z” =pu(l—2)z in (0,R)
z(0) =z(R)=0.

Since it is well-known that such a solution is unique (we refer for instance to Berestycki [12]),
we deduce that z and v coincide in any connected component of {v > 0}.
Repeating subsequently the argument in {v < 0}, we obtain the claimed uniqueness. O

4.3 The strongly competitive competition—diffusion system
In the previous section we have considered the equation

1 2 _
2" = %(a—z)z"r—%(d—i—z)z :
For this equation and particular choices of p; and ps, we have constructed a sign-changing
solution v € ‘Kiiéer for periods L larger than a threshold L. We have also shown that this
solution is linearly stable in the sense of (4.1.1) and (4.1.2).

In this section, we aim at using this result to prove the existence of linearly stable solutions
of (4.1.5). Specifically, fixing L > L and a positive L-periodic smooth function w, our aim is
to prove that for any k£ > 0 large enough there exists a positive and stable solution of (4.1.5)

(urk,uzk) € %Ll_’llm such that

(u1 g, u2 k) = (a’ ) as k — +o0o

. 0, 1
in Hy .. and €, for v € (0, 3).

We will show the result in a series of steps: first, we give some a priori estimates of the solution
of a more general class of systems. Then, by means of topological arguments, we deduce from
these estimates the existence of solutions. Finally we establish the uniqueness and the linear

stability of the solutions.

4.3.1 A priori estimate

We start by showing a priori estimates for the solutions of a family of systems that contains
(4.1.5) as a special case. We are here interested in the L-periodic positive solutions of

N 4.3.1
—duty = po(x)(1 — ug)ug — akw(x)usg {tul +(1 - t)%} | |

where k£ > 0 and ¢ € [0,1]. Observe that if we take ¢ = 1, then (4.3.1) reduces to the original
system (4.1.5). On the contrary, if ¢ = 0, the equations in (4.3.1) are decoupled.
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Lemma 4.9. There exists a constant C > 0, independent of k > 0 and t € [0,1], such that if

(u1,u9) € %Ll LGT is a solution of (4.3.1) with

> vt d > v
u _— an U —_—
L7 9a 27 oq"

then

I(ur, w)llmy (s, u2)ll oy < C.
L-per
Let ((u1,k,u2,k)), be any sequence of solutions as before, with k — 400 and t = t;, € [0,1].

Then

vt W
(w1, u2 k) — i as k — +oo

in H:

L-per and in €% for any y € (0, 3).

Proof. We first observe that if (uy, u2) is a non-negative solution of (4.3.1) then, by the maximum
principle, 0 < u; < 1 and 0 < ug < 1.

We now consider the equation in w; in (4.3.1). By testing the equation against u itself, we
find

g - L
v
/ (u))? + pruf + kwui [tuQ +(1- t)d] < / pul < C
0 0

where the constant C' > 0 can be chosen independently of ¢ and k. Thus w; is umformly bounded
in Hj per and, by Sobolev’s embeddings, u; is also uniformly bounded in CKL
similarly for the component us.

Let us now consider a sequence of solutions ((u1,x, u2,x)), as in the statement, with & — +oc.

per- We can argue

By testing the equation in u; j against (ul,k - %) € Hi_per, we obtain

L + !/ + —
v v v
/ UIl-,k (Ulvk — a) + kWULk <U1,k — a) |:tu27k + (1 — t)d:|
0
L ’U+
= / pr(l—uq p)ur g <u1,k — > .
0 «

After some simple algebraic manipulations, this yields

L N 2 o\ 2 o
- k ) =
/0 (ul’k o ) +hw (ul’k o ) 2d
Loty vt L vt
< / — UL — — +/ /Ll(l - Ul,k)ul,k Ut — — | -
0 a a 0 @

By the uniform Hi _ (R) estimates, we know that the right hand-side is bounded uniformly in

k and t. Thus, if @7 is any limit of (u1 1), (weak in Hy_ . and in € ) for any v € (0, 1)), we
find

v\ 2
<u1 — > v- =0 a.e. in R
«

(4.3.2)

L-per

that is u; = % = 0 where v~ > 0. Since by assumption u; > %, by Lemma 4.8, it must be
J— +
Uy = %.
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Going back to (4.3.2), the right hand side converges to 0 as k — -+o0, which implies the
strong convergence in Hy_ .. of a subsequence of (uy,x),. We conclude the proof by pointing out
that the same reasoning holds for any subsequence of (u1),. As a result we deduce the strong
convergence of the whole original sequence of solutions. O

An interesting consequence of the previous result is that the solutions of (4.3.1), when k is

large, are close to the segregated state (%, %), independently of the value of ¢ € [0,1]. More

precisely, we have the following corollary.

Corollary 4.10. For all v € (0, %) and € > 0, there exists k = l;(v,s) > 0 such that, for all
te[0,1], k >k and (uy,uz) € €,L . solution of (4.3.1) such that

-per

vt vo
up > —  and ug > —,
2a

2d
vt owT
= (57 )],
H,,

+ —
(u17u2) - (va? Ud>
4.3.2 Existence of solutions

we have
<e.

€

L-per

We now show the existence of solution of (4.1.5) when k is large. We will prove this result in
two steps, first proving the existence of solutions of an auxiliary problem, and then, making use
of a homotopy argument, we will transfer this result to the original problem. Our argument is
inspired by the method proposed in [45] to prove the existence of solutions of a related problem.

Lemma 4.11. For any k > 0, there exists a unique positive solution (ui,us) € %Ll’_;er of

(4.3.3)

—uf = (1 —uy)uy — kwul%
—duf = p2(1 — ug)ug — akwuz%.

Furthermore, the solution is linearly stable, uq > % and ug > %.

Proof. Since the equations in the system are actually decoupled, we can consider them one at a
time. Thus, we show the proof only for the component u;. We can apply the same reasoning to
the equation in wus.

We consider the equation

-
—uf = {(,ul - kwd> — ulul} u1 (4.3.4)

with periodicity conditions. We observe that % is a sub-solution whereas 1 is a super-solution,
so that there exists indeed a solution u of (4.3.4) satisfying % < uy < 1. Moreover, (4.3.4) falls

in the general theory of periodic KPP reaction—diffusion equations developed by Berestycki—
Hamel-Roques in [16]. In particular, it follows that the solution u; is unique, periodic and

linearly stable [16, Theorem 2.4]. O
We now pass to the second step of the construction. For notation convenience, let X = %Bj;éj

(any Holder exponent v € (0, 1) would do) and let L € K(X; X) be the linear compact operator
defined as
2 4z=f

z=Lf <— .
with z, f € X.
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We consider the homotopy H : X2 x [0,1] — X2, defined by

u; — L (u1 + p1 (1 —ug)ug — kwus [tug +(1-1t)" D

H(uy,ug;t) =
Uy — fL (dug + po(1 — ug)us — akwus [tul +(1—1%) ”—D .
Observe that the homotopy H is of the form id — K; where id : X? — X2 is the identity operator,
and K; € K(X? x [0,1]; X?) is a compact operator for any ¢ € [0,1] and is continuous in ¢ by
standard elliptic estimates. In this regard, we observe that k is fixed.

We have that H (uq, u2;0) = 0 if and only if (u1, u2) are solutions of (4.3.3), while H (u1,ug;1) =
0 if and only if (u1,us) are solutions of (4.1.5). Our goal is to apply the theory of the Leray-
Schauder degree in order to evince the existence of solutions of (4.1.5) from the existence of
solutions of (4.3.3), Lemma 4.11.

Let O. C X? be the connected open subset of X? defined as the set of all (u;,u2) € X? such

hat
(’LL u ) — —v —v <e
1, U2 " d , .

Lemma 4.12. For any ¢ > 0 there exists k > 0 such that the equation

vt < <1 v < <1
—<u —<u
2 ! " 2d 2 ’

H(Ul,’LLQ;t) =0
has no solutions for any t € [0,1] and k >k on 90O..
This result follows directly from Corollary 4.10.

Lemma 4.13. The equation
H(uy,u2;0) =0
has a unique solution in O.. Moreover there exists k > 0 such that if k > k, then such solution

has fixed point index 1, that is
indx2(Og; (u1,u2)) = 1.

This result follows from Lemma 4.11. We also recall that the fixed point index of isolated
solution can be computed by linearization if the equation involves ¢! operators, [3, Theorem
4.2.11].

We can thus conclude by virtue of the Leray—Schauder theorem (see [107] and [3, Theorem
4.3.4]).

Lemma 4.14. For any ¢ > 0, there exists k > 0 such that, for all k > k, (4.1.5) has a solution

(u1,k, u2,i) in O We have

( ) ’U+ v ( ) ’U+ v

UL gy U - —,— + [ (u1 g, u = =
1,k, W2,k « ) d Hi-per 1,k, W2,k a ’ d

for any ~ € (0, %)

=0

lim
k—+o00

€0

If needed, one can improve the convergence result, by stating that the solutions are uniformly
bounded in the Lipschitz norm and converge in the €° norm for any v € (0,1). See, on this
subject, the results in [38].
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4.3.3 Linear stability for k large

We now investigate the linear stability of the solutions obtained in Lemma 4.14. To this
end, we consider the linearized system (4.1.5) at the solution (u,us) and introduce its periodic
principal eigenvalue.

For all k > F, let

2
MEk =M1 _ ;? +p1 (1= 2wy p) — kwug , kwuq g
) ,L-per okwusg g, déi? + po (1 — 2ug i) ¥ — akwuq j

and assume that the associated periodic principal eigenfunction (g, 1) is normalized in such a
way that

d =1.
zgl[g’m (apr + dipy) ()

Observe that since both ¢y and ¥y are positive, this automatically implies that the two functions
are globally bounded.

We start by showing a priori estimates on the principal eigenvalue and the principal eigen-
functions.

Lemma 4.15. The principal eigenvalues are uniformly bounded from below. There exists C' € R
such that

My >—C  forallk > k.

Proof. Tt suffices to take

C= sup (Jpa(1—2u k)| + [p2(l —2uz)|) -
k>k,zeR

Indeed, the solution (u1 i, uz2 %) € O, are uniformly bounded. Thus C is finite. We then consider
the sum of the equation in avpy, and in 1. The conclusion follows from the fact that the equation

—(apr + dr)" = p1 (1 — 2ug k) apr, + pa(l — 2us 1)k + A1k (pr + Vi)

where the right-hand side is smaller than or equal to (C' + A1) (g + k), has no positive
L-periodic solution if Ay < —C. O

Lemma 4.16. For any ¢ > 0 and 6 > 0, there exists k > 0 such that

sup @r+ sup Yr <9I
{v=>¢} {vt>e}

for any k > k.

Proof. We prove only the estimate in ¥y, since the estimate in ¢y follows the same reasoning.
Moreover we will implicitly prove the estimate in an interval of length L, and extend them by
periodicity. By virtue of a scaling and a translation, we can also assume for simplicity that
{vt >0} =(-1,1).
By Lemma 4.14, we already know that
+

w(z)uy i, > w(x);)—a > D(1—2?)*t
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for k large enough. Here D > 0 is a small constant independent of k. Plugging this information
in (4.1.3), we find that

—d’u,lik + Dk‘(l - .T2)+U/2)]c < Mg(l - u2,k)u2)k < G in (—1, 1)
0<ugy <1

where

G = sup po(l —ugr)us g
k,x€R

is by assumption a finite constant. We are then in position to apply the estimate of Lemma 4.20.
This yields

1
1— a2 ugp <C—ss .
Dk(1 — x*) uz,k_C(17z2)2+2G

We now fix € > 0 small. By the previous estimate we find that there exists C. > 0 such that

sup kw(z)ug g < Ce.
z€[-1+5,1-5]

From the equation in v, we deduce

—dipyl + Dk(1 —2?)* < C in (=14 5,1~ 5)
0<tp <3

for another constant C' > 0 that does not depend on k. We can conclude by applying again
Lemma 4.20 to obtain the sought decay estimate of 15 in the interval (=1 +¢,1 — ¢). O

With the uniform estimates of Lemma 4.15 and Lemma 4.16 we are now in position to show
that the solution (w1, us) constructed in the previous section is indeed linearly stable if k is
sufficiently large.

Of course, if lklgigf A1, = +00, then the proof is done. Hence we assume from now on that
liminf A; , < 400. Up to extraction of a subsequence, we also assume that Ay ; — liminf Ay
k—4o00 k—+o00
as k — 4o00. In particular, (A1), is bounded.

Lemma 4.17. For all k > k, we define Z, € %Llim as
Z = oy + di)y.

Then the sequence of positive functions (Zy), is uniformly bounded in Wz’_fm and Cgll,i’g);er for any
p < oo andy <1. Fach Z;, solves

! = LA YV Z+ A Z
—Zp = |1 -2 +auz 1+27 &+ Ao (v) 2 + or(1)

where ok (1) is a sequence of functions, bounded uniformly in L*™ and such that ox(1) — 0 in

L} ey for any p < co.

Proof. Once again, we take the sum of the equation in agy and the equation in . We thus
find

— (apr + dpr)" = pr (1 — 2uq k) cvpg, + pio (1 — 2u0 1) i + A1k (ovpr, + P) (4.3.5)
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We observe that the terms in the right hand side of (4.3.5) are uniformly bounded. Thus there
exists Z € (H> NE"Y) per such that, up to subsequence, Z, — Z > 0. By uniform convergence
we have max Z = 1. As a consequence of Lemma 4.16, we also have that

1
(a‘Pk + i) = (1v>0 + d11)<0) Z = O‘(U)Z

in LP for any p < oo.
We now rearrange the terms of (4.3.5) as follows:

=L (1=25) 4 2 (1425 | 2+ po0)2
k= M1 o sz d k 1,60(V) 24
+ Ak [(apr + i) — o(v) Zy)

ot v~
+ (201 | — —urk | o — 212 | — + U2k | Uk
« d
+ 1 -
- (m (1 - 2“) diby, + o <1 + 2“) cwk> .
« d d

In order to conclude, we need to show that the second, third and fourth lines in the previous
equation are small contributions in the Li_per norm. Now, we just proved that the second line
converges to zero in the LP topology. The third line also converges to zero, since (ui,u2)r —

(%, %) in ¢°7. Finally, by Lemma 4.16, the fourth line also converges to zero in L_ .. [
We now recall that the solution v is, by construction, linearly stable in the sense of (4.1.2).
This implies in particular that any eigenpair (A, Z) satisfying

+ 1 —
. {ul (1 = 2”@) Lo+ Zpo <1 + 2”d) lu<0] Z=Xo(v)Z (4.3.6)

is such that A has a positive real part. More precisely, using the uniqueness part of the Krein—
Rutman theorem, we can establish the following convergence result.

Lemma 4.18. There exists k > 0 such that for any k > k the solution (u1,k, u2,i) @s linearly
stable.

Furthermore, the sequence ((A1,k, Zr)), and the principal eigenpair (A1, Z) given by the notion
of stability in the sense of (4.1.2) satisfy the following equalities:

lim inf /\1,k =X >0 and lim Z, =27
k—+o00 k—+o00

in Wz’_’;er and Cngiz;er for any p < oo and v < 1.

Proof. In view of Lemma 4.17, (Zy)x converges to some limit Z,, in Wi[’;er and €17 for any
p < oo and v < 1. This limit is obviously an eigenfunction associated with the eigenvalue

liminf A1 , and, moreover, Z, is L-periodic, max Z,, = 1 and Z,, > 0. Hence, by uniqueness
k——+oo ’

up to normalization of the positive eigenfunction, the result follows. O

4.3.4 Uniqueness of solutions

We conclude with the following observation.
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Lemma 4.19. The solution in Lemma 4.14 is unique in O..

Proof. By homotopy, the Leray—Schauder degree of H(u1,us;t) at 0 is constant for ¢t € [0, 1].
For ¢t = 0, we know that

degy2(H (-, 1), 0, 0) = indx2(O¢; (u1,uz)) = 1.

On the other hand, by Lemma 4.18, any solution of the equation H (u1,us;1) = 0 in O, is linearly
stable, and thus also isolated. By conservation of the Leray—Schauder degree, it must be that
the solution in O, is unique. O
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4.A A technical estimate

Lemma 4.20. There exists a universal constant C > 0 such that for all A > 0, B > 0 and
k > 0, if u satisfies

—u"+k(1—2*)u<B in(-1,1)
O<u<A

then the following estimate holds

9 A

We observe that, for x close to 0 (the point of minimum of the right hand side) the estimate is
sharp, at least with respect to the order. Indeed the solution of the equation with «(0) = B/(2k)
and u/(0) = 0 is not positive in the interval (—1,1).

Proof. For any x € (—1,1), let d(z) = 1 — |z| be the distance of x to {—1,1}. We observe that
d(z) < (1 —2?) < 2d(x). We have, for y € (—1,1), that

—u" + kd(y)u < B in B, (y)
0<u<A

By [135, Lemma 2.2], we have that there exists a universal constant C' > 0 such that

and we can easily reach the conclusion. O
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Systemes de Fisher — KPP
non-monotones

« Ce n'est ni le plus fort de I'espéce
qui survit, ni le plus intelligent.
C'est celui qui sait le mieux
s'adapter au changement. »

(C. Darwin)







Chapitre 5

Systéemes de Fisher — KPP non-monotones :
ondes progressives et comportement en
temps long

Résumé

L’objet de ce chapitre est ’étude de systemes de réaction — diffusion non-coopératifs dont
la structure est similaire a celle de I’équation de Fisher — KPP. Cette similarité rend possible
de prouver, entre autres, une dichotomie extinction — persistance et, en cas de persistance,
lexistence d’un état stationnaire strictement positif, 'existence d’ondes progressives avec une
demi-droite de vitesses admissibles et une vitesse minimale strictement positive, ainsi que
I’égalité entre cette vitesse et la vitesse de propagation de solutions de certains problemes de
Cauchy. Les systémes KPP non-coopératifs peuvent modéliser divers phénomeénes impliquant
les trois mécanismes suivants : diffusion spatiale locale, coopération linéaire et compétition
surlinéaire.

Ce chapitre a fait 'objet d’une publication sous le titre Non-cooperative Fisher—KPP
systems : traveling waves and long-time behavior dans Nonlinearity [Girl8b].

Dans une appendice, une question laissée ouverte dans 'article (extinction dans le cas
critique) est résolue.
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Chapitre 5 Systémes de Fisher — KPP non-monotones : ondes progressives et comportement en
temps long

5.1 Introduction

In this paper, we study a large class of parabolic reaction—diffusion systems whose prototype
is the so-called Lotka—Volterra mutation—competition—diffusion system:

N
8tu1 — dlamul =Triu; — (Z Clyj'LLj> up — puq + %)
j=1

N
8tU2 — dgazw’llg = T2Ug — <Z Co,jUj | U2 — 2/},1,62 + HUq + Hus
j=1

N
Opun — dNOpzun = TNUN — (Z CN,juj> UN — JUN + JUN—1
j=1

where N is an integer larger than or equal to 2 and the coefficients d;, r;, ¢;; (with ¢,j €
{1,...,N}) and p are positive real numbers.

This system can be understood as an ecological model, where (u1, ..., uy) is a metapopulation
density phenotypically structured, pu;—1 — pu; and pu;4q1 — pu; are the step-wise mutations of
the i-th phenotype with a mutation rate u, d; is its dispersal rate, r; is its growth rate per capita
in absence of mutation, ¢; ; is the rate of the competition exerted by the j-th phenotype on the
i-th phenotype, CT is the carrying capacity of the i-th phenotype in absence of mutation and
interphenotypic coympetition.

We are especially interested in spreading properties which describe the invasion of the popu-
lation in an uninhabited environment and which are expected to involve so-called traveling wave
solutions. Such solutions were first studied, independently and both in 1937, by Fisher [72] on
one hand and by Kolmogorov, Petrovsky and Piskunov [104] on the other hand for the equation
that is now well-known as the Fisher-KPP equation, Fisher equation or KPP equation:

O — Oggu = u (1 —u).

While a lot of work has been accomplished about traveling waves and spreading properties for
scalar reaction—diffusion equations, the picture is much less complete regarding coupled systems
of reaction—diffusion equations. In particular, almost nothing is known about non-cooperative
systems like the system above.

Before going any further, let us introduce more precisely the problem.

5.1.1 Notations

Let (n,n’) € (NN [1,+00))°. The set of the first n positive integers [1,n] NN is denoted [n]
(and [0] = @ by convention).

5.1.1.1 Typesetting conventions

In order to ease the reading, we reserve the italic typeface (z, f, X) for reals, real-valued func-
tions or subsets of R, the bold typeface (v, A) for euclidean vectors or vector-valued functions,
in lower case for column vectors and in upper case for other matrices', the sans serif typeface
in upper case (B, K) for subsets of euclidean spaces? and the calligraphic typeface in upper case
(¢, £) for functional spaces and operators.

1. This convention being superseded by the previous one when the dimension is specifically equal to 1.
2. Same exception.
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5.1.1.2 Linear algebra notations

— The canonical basis of R™ is denoted (e, ;), el The euclidean norm of R™ is denoted |o],,-
The open euclidean ball of center v € R™ and radius » > 0 and its boundary are denoted
B, (v,r) and S,, (v, ) respectively.

— The space R™ is equipped with one partial order >,, and two strict partial orders >,, and
>, defined as

v >, Vifu; > 9; for all ¢ € [n],
v>,vifv>,Vvand v# 7,
v >, vifv;, > 9; forall i € [n].

The strict orders >,, and >>,, coincide if and only if n = 1.

A vector v € R™ is nonnegative if v >,, 0, nonnegative nonzero if v >,, 0, positive if v >, 0.
The sets of all nonnegative, nonnegative nonzero and positive vectors are respectively
denoted K, K and K} T.

— The sets K;"NS,, (0,1) and K;F NS, (0, 1) are respectively denoted S}t (0,1) and S;/* (0, 1).

— For any X C R, the sets of X-valued matrices of dimension n xn’ and n X n are respectively
denoted M,, ,,» (X) and M,, (X) . If X = R and if the context is unambiguous, we simply
write My, ,» and M,,. As usual, the entry at the intersection of the i-th row and the j-th
column of the matrix A € M, , is denoted a;; and the i-th component of the vector
v € R" is denoted v;. For any vector v € R", diagv denotes the diagonal matrix whose
i-th diagonal entry is v;.

— Matrices are vectors and consistently we may apply the notations >,,/, >p. and >,
as well as the vocabulary nonnegative, nonnegative nonzero and positive to matrices. We
emphasize this convention because of the possible confusion with the notion of “positive
definite square matrix”.

— A matrix A € M,, is essentially nonnegative, essentially nonnegative nonzero, essentially
positive if A — m[m] (@) I, is nonnegative, nonnegative nonzero, positive respectively.
S
— The identity of M,, and the element of M,, ,,» whose every entry is equal to 1 are respectively
denoted I,, and 1,,,/ (1, if n="n') .

— We recall the definition of the Hadamard product of a pair of matrices (A, B)? € (M,, ,/)*:

A 0B = (ai;bij) ;e -

The identity matrix under Hadamard multiplication is 1,, ;.

— The spectral radius of any A € M, is denoted p(A). Recall from the Perron-Frobenius
theorem that if A is nonnegative and irreducible, p (A) is the dominant eigenvalue of A,
called the Perron—Frobenius eigenvalue App (A), and is the unique eigenvalue associated
with a positive eigenvector. Recall also that if A € M, is essentially nonnegative and
irreducible, the Perron—Frobenius theorem can still be applied. In such a case, the unique

eigenvalue of A associated with a positive eigenvector is App (A) = p (A — m[m] (@iy) In> +
i€ln
min (a; ;). Any eigenvector associated with App (A) is referred to as a Perron—Frobenius

1€[n]
eigenvector and the unit one is denoted npg (A).
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5.1.1.3 Functional analysis notations

— We will consider a parabolic problem of two real variables, the “time” ¢ and the “space” x. A
(straight) parabolic cylinder in R? is a subset of the form (to,tf) % (a,b) with (¢o,¢s,a,b) €
R, ty < ty and a < b. The parabolic boundary dpQ of a bounded parabolic cylinder
Q is defined classically. A classical solution of some second-order parabolic problem of

dimension 7 set in a parabolic cylinder Q = (to,tf) X (a,b) is a solution in
%" ((to, tr), % ((a,b) ,R")) NE (QUIQ,R™).

Similarly, a classical solution of some second-order elliptic problem of dimension n set in
an interval (a,b) C R is a solution in

€? ((a,b) ,R")NE ((a,b) U (a,b) ,R").

— Consistently with R™, the set of functions (R™) (Rn ) is equipped with
f >gn gn fiff(v)—f(v)eK, forallve R"
£ >por gn £ £ >0 o £ and £ £ F,

£ >pn gn fiff(v)—f(v)eKiTforallve R™ .

We define consistently nonnegative, nonnegative nonzero and positive functions 3.

— The composition of two compatible functions f and f is denoted f [f}, the usual o being
reserved for the Hadamard product.
— 1If the context is unambiguous, a functional space # (X,R) is denoted # (X).

— For any smooth open bounded connected set Q2 C R™ and any second order linear elliptic
operator .Z : €% (Q,R") — ¢ (Q, R") with coefficients in €, (Q2, R"), the Dirichlet principal
etgenvalue of Z in (), denoted 1 p;r (—2Z, 1), is well-defined if .2 is order-preserving in
Q. Recall from the Krein-Rutman theorem that A\ p;r (—%,2) is the unique eigenvalue
associated with a principal eigenfunction positive in 2 and null on 0f2. Sufficient conditions
for the order-preserving property are:

— n=1;
— n > 2 and the system is weakly coupled (the coupling occurs only in the zeroth order
term) and fully coupled (the zeroth order coefficient is an essentially nonnegative

irreducible matrix). When n > 2, order-preserving operators are also referred to as
cooperative operators.

5.1.2 Setting of the problem

From now on, an integer N € NN [2,+00) is fixed. For the sake of brevity, the subscripts
depending only on 1 or NV in the various preceding notations will be omitted when the context
is unambiguous.

We also fix d € K™, D = diagd, L € M and ¢ € €' (RY,RY).

3. Regarding functions, some authors use > to denote what is here denoted >>>. Thus the use of these two
functional notations will be as sparse as possible and we will prefer the less ambiguous expressions “nonnegative
nonzero” and “positive”.
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The semilinear parabolic evolution system under scrutiny is
Opu—DO,u=Lu—clujou, (Expp)

the unknown being u : R? — RY (although (Expp) might occasionally be restricted to a
parabolic cylinder).
The associated semilinear elliptic stationary system is

—Du” =Lu-—clulou, (Skpp)

the unknown being u : R — RY (although (Sxpp) might occasionally be restricted to an
interval).

5.1.2.1 Restrictive assumptions

The main restrictive assumptions are the following ones.

(H;1) L is essentially nonnegative and irreducible.

(Hz) c(K) C K.

(Hs) c(0)=0

(Hy) There exist

(a,8,¢) € [1,+00)% x KTF

such that
N

Zli)jnj >0 = a’¢; < ¢ (an)
j=1

for all
(n,a,i) € ST(0,1) x [a, +00) x [N].
A few immediate consequences of these assumptions deserve to be pointed out.
— (Expp) and (Skgpp) are not cooperative and do not satisfy a comparison principle.

— The Perron-Frobenius eigenvalue App (L) is well-defined and the system u’ = Lu is coop-
erative.

— For all v € RY| the Jacobian matrix of w + ¢ (w) o w at v is
diage (v) + (v1y,5) o De (v).
In particular, at v = 0, this Jacobian is null if and only if (Hj3) is satisfied. Also, if

Dc (v) > 0 for all v € K, then the system u’ = —c [u] o u is competitive.

— This framework contains both the Lotka—Volterra linear competition ¢ (u) = Cu and the
Gross—Pitaevskii quadratic competition ¢ (u) = C (uou) (with, in both cases, C > 0).

5.1.2.2 KPP property

The system (Expp) is, in some sense, a “multidimensional KPP equation”. Let us recall the
main features of scalar KPP nonlinearities:

1. f'(0) > 0 (instability of the null state),

2. f/(0)v > f(v) for all v > 0 (no Allee effect),

3. there exists K > 0 such that f (v) < 0 if and only if v > K (saturation).
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Of course, our assumptions (Hi)—(H4) aim to put forward a possible generalization of these
features. A few comments are in order.

Regarding the saturation property, the growth at least linear of ¢ (H4) will imply an analo-
gous statement. Ensuring uniform .Z°° estimates is really the main mathematical role of the
competitive term.

Regarding the presence of an Allee effect, ¢ (K) C K (Hz) and ¢ (0) = 0 (Hj3) clearly yield that
Oyu — DO, u = Lu is the linearization at 0 of (Ex pp) and moreover that f : vi— Lv—c(v)ov
satisfies

Df (0)v > 1 (v) for all ve K.

Regarding the instability of the null state, we stress here that the notion of positivity of
matrices is somewhat ambiguous and, consequently, finding a natural generalization of f' (0) > 0
is not completely straightforward.

In order to decide which positivity sense is the right one, we offer the following criterion.
On one hand, a suitable multidimensional generalization of the KPP equation should enable
generalizations of the striking results concerning its scalar counterpart. On the other hand, the
most remarkable result about the KPP equation is that the answer to many natural questions
(value of the spreading speed, persistence in bounded domains, etc.) only depends on f’ (0) (the
importance of f’(0) can already be seen in the features above). Thus, in our opinion, a KPP
system should also be linearly determinate regarding these questions.

With this criterion in mind, let us explain for instance why positivity understood as posi-
tive definite matrices (i.e. positive spectrum) is not satisfying. In such a case, Lotka—Volterra
competition—diffusion nonlinearities, whose linearization at 0 has the form diagr with r €
K+, would be KPP nonlinearities. Nevertheless, it is known that the spreading speed of a
competition—diffusion system is not necessarily linearly determinate (for instance, see Lewis—Li—
Weinberger [108]).

On the contrary, the main theorems of the present paper will show unambiguously that irre-
ducibility and essential nonnegativity (H;) supplemented with Apg (L) > 0 is the right notion.
This confirmation of the relevance of (Hp)—(H,4) will then lead us to a general definition of
multidimensional KPP nonlinearity.

5.1.3 Main results
5.1.3.1 KPP-type theorems established under (H;)-(H,)

Theorem 5.1. [Strong positivity] For all nonnegative classical solutions u of (Expp) set in
(0,400) X R, if x — u (0, x) is nonnegative nonzero, then u is positive in (0,4+00) x R.
Consequently, all nonnegative nonzero classical solutions of (Skpp) are positive.

Theorem 5.2. [Absorbing set and upper estimates] There exists a positive function g € € ([0, +o00), KTT),
component-wise non-decreasing, such that all nonnegative classical solutions u of (Expp) set in
(0, +00) x R satisfy

u(t,z) < <gi <supu1- (O,x)>) for all (t,z) € [0,+00) x R
i€[N]

zeR

and furthermore, if x — u (0, z) is bounded, then

<lim sup sup u; (t, :v)) <g(0).
t—4oc0 z€R i€[N]
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Consequently, all bounded nonnegative classical solutions u of (Skpp) satisfy
u<g(0).

Theorem 5.3. [Extinction or persistence dichotomy/

1. Assume App (L) < 0. Then all bounded nonnegative classical solutions of (Expp) set in
(0, +00) x R converge asymptotically in time, exponentially fast, and uniformly in space to
0.

2. Conwversely, assume App (L) > 0. Then there exists v > 0 such that all bounded positive
classical solutions u of (Expp) set in (0,400) X R satisfy, for all bounded intervals I C R,

lim inf inf u; (¢, >vlng.
<t1£>n—|:go alclélu ( x)>i€[N] =

Consequently, all bounded nonnegative nonzero classical solutions of (Skpp) are valued in

N

H [Va 9i (0)] .

i=1

Remark. The critical case App (L) = 0, for which extinction still occurs, was unsolved at the
time of writing of the initial article. It was solved later on thanks to an hint of Adrian Lam and
its proof is presented in the appendix of the current chapter (see Section 5.A).

Although Theorem 5.3 proves that the attractor of the induced semiflow is reduced to {0}
in the extinction case, in the persistence case the long-time behavior is unclear and might not
be reduced to a locally uniform convergence toward a unique stable steady state. This direct
consequence of the multidimensional structure of (Expp) is a major difference with the scalar
KPP equation. Still, the following theorem provides some additional information about the
steady states of (Fxpp) and confirms in some sense the preceding conjecture.

Theorem 5.4. [Existence of steady states]
1. If A\pr (L) < 0, there exists no positive classical solution of (Skpp).
2. If >\PF (L) =0 and
span (npp (L)) NKNc™! ({0}) = {0},
there exists no bounded positive classical solution of (Skxpp).

3. If \pr (L) > 0, there exists a constant positive classical solution of (Skpp).

Due to the unclear long-time behavior of (Expp) when App (L) > 0, it seems inappropriate
to consider only traveling wave solutions connecting 0 to some stable positive steady state (as

is usually done in the monostable scalar setting). Hence we resort to the following more flexible
definition.

Definition. A traveling wave solution of (Expp) is a pair
(p,c) € €* (R,RY) x [0,+00)

which satisfies:

1. u: (t,z) = p(z — ct) is a bounded positive classical solution of (Expp);

2. (Hminfpi (§)> € K+;
1€E[N]

{——o0
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3. lim p(§)=0.

=+

We refer to p as the profile of the traveling wave and to c as its speed. *

Theorem 5.5. [Traveling waves] Assume App (L) > 0.
1. There exists ¢c* > 0 such that:

a) there exists no traveling wave solution of (Expp) with speed ¢ for all ¢ € [0, c*);

b) if, furthermore,
Dc(v) >0 for all v e K,

then there exists a traveling wave solution of (Expp) with speed ¢ for all ¢ > c*.
2. All profiles p satisfy
p<g(0).
3. All profiles p satisfy

(lim inf p; ({)) >vlng.
i€[N]

§——o0
4. All profiles are component-wise decreasing in a neighborhood of +o0c.
When traveling waves exist for all speeds ¢ > ¢*, ¢* is called the minimal wave speed.

Theorem 5.6. [Spreading speed] Assume App (L) > 0. For all o € R and all bounded nonneg-
ative nonzero v € € (R,RY), the classical solution u of (Expp) set in (0,400) x R with initial
data v1(_oo oy salisfies

lim  sup w; (¢ x+ ct) =0 for all c € (¢*,+o0) and all y € R,
t—+oo z€(y,+00) i€[N]

<lim inf inf  wu; (t,z+ ct)) € Kt for all c € [0,¢*) and all R > 0.
t—+o00 z€[—R,R] i€[N)

Of course, by well-posedness of (Expp), the solution with initial data z + v (—2) 1(_zy, 1)
is precisely (t,z) + u(t, —r) (u being the solution with initial data v1(_. ,)). This gives
the expected symmetrical spreading result (the solution with initial data 2+ v (=) 14, +o0)
spreads on the left at speed —c*). Moreover, since these two spreading results with front-like
initial data actually cover compactly supported v, we also get straightforwardly the spreading
result for compactly supported initial data (the solution spreads on the right at speed ¢* and on
the left at speed —c*).

Consequently, ¢* is also called the spreading speed associated with front-like or compactly
supported initial data. We recall that for generic KPP problems these two spreading speeds are
different as soon as the spatial domain is multidimensional. In such a case, the spreading speed
associated with front-like initial data generically coincides with the minimal wave speed whereas
the spreading speed associated with compactly supported initial data is smaller.

Theorem 5.7. [Characterization and estimates for ¢*] Assume App (L) > 0. We have

. . App(#’D+L)
cC =mmn-———"
n>0 1%

4. Let us emphasize once and for all that the vector field c is not to be confused with the real number c¢. The
former is named after “competition” whereas the latter is traditionally named after “celerity”.
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and this mintmum is attained at a unique e~ > 0.
Consequently, if we assume (without loss of generality)

dy <dy <... <dn,

the following estimates hold.
1. We have

2\/d1)\pp (L) S c* S 2 dN)\pF (L)

If dy < dp, both inequalities are strict. If di = dy, both inequalities are equalities.
2. For alli € [N] such that l;; > 0, we have

> 2/dl; ;.
3. Letr € RN and M € M be given by the unique decomposition of L of the form
L = diagr + M with M"1x, = 0.
Let ({d),(r)) € (0,+00) x R be defined as

(d) = 3 ner(i.DAL)
11‘anp(,u.§*D+L) ’
(r) = _"npp (s DAL)

111NHPF(IIL3*D+L) '

If (r) > 0, then

c* > 24/{d) (r).

5.1.3.2 General definition of multidimensional KPP nonlinearity

The set of assumptions (Hy)—(Hy4) supplemented with App (L) > 0 can be seen as a particular
case of the following definition, which we expect to be optimal with respect to the preceding
collection of theorems.

Definition 5.8. A nonlinear function f € ! (]RN, ]RN) is a KPP nonlinearity if:
f(0)=0;

Df (0) is essentially nonnegative, irreducible and App (Df (0)) > 0;

Df (0)v > f (v) for all v € K;

the semiflow induced by dyu = D9, u + £ [u] with globally bounded, sufficiently regular
initial data admits an absorbing set bounded in .Z*° (R).

- o

Let us explain more precisely how this definition differs from (H;)—(H4) supplemented with
Apr (L) > 0. Defining
L = Df(0),
{(,}i«Lv)i—fi(v))) v £0
0

i€[N] )
ifv=0

we find
f(v)=Lv—c(v)ovforall veRY.

On one hand, the irreducibility and essential nonnegativity of L (H; ), the positivity of its Perron—
Frobenius eigenvalue, as well as the nonnegativity of ¢ on K (Hz) with ¢ (0) = 0 (Hs3) follow
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directly. On the other hand, the ¢! regularity of ¢ at 0 and its specific growth at infinity (Hy)
are not satisfied in general.

These two properties are satisfied indeed for the applications we have in mind (which will be
exposed in a moment). However it might be mathematically interesting to consider the case
where at least one of them fails. For instance, let us discuss briefly (Hy).

The only forthcoming result whose proof depends directly on (Hy) is Lemma 5.11 (which is
remarkably one of the main assumptions of a related paper by Barles, Evans and Souganidis
[10, (F3)]). It is easily seen that if ¢ grows sublinearly, we cannot hope in general to recover
Lemma 5.11 (in other words, under some reasonable assumptions, Barles—Evans—Souganidis’s
(F3) is satisfied if and only if (Hy); of course this makes (Hy) even more interesting).

Nevertheless, this lemma is not a result in itself but a tool used for the proofs of Theorem 5.2
as well as the existence results of Theorem 5.4 and Theorem 5.5. Hence relaxing (H,) mainly
means finding new proofs of these results.

Now, without entering into too much details, we point out that if there exists > 0 such that
the following dissipative assumption:

30120 WeRN W) +nv) v< Oy
(Hdiss,n) HCQ >0 Vve RN  Df (V) + 7’]I < 021
3(Cs,p) €[0,400)* Vv eRN [f(v)+nv| < C5(1+v["),

holds, then the semiflow induced by d;u = D9, u + f [u] admits an attractor in some locally
uniform topology which is bounded in %, (R,RY) (see Zelik [147]). If the semiflow leaves K
invariant and if we only consider nonnegative initial data, then the quantifiers Vv € RY above
can all be replaced by Vv € K.

In particular, v — Lv — ¢ (v) o v supplemented with (H;)-(Hs) and

(H}) lim |c (v)| = +o00 with at most algebraic growth
[v|—=+4o00,veK
satisfies (Hg;ss,y) for any n > 0. (Clearly, (H4) U (H}) contains every choice of ¢ such that
lim lc (v)| = +00.)

[v|—=+o0,veK

Consequently, dissipative theory provides for some slowly decaying KPP nonlinearities a proof
of Theorem 5.2. It should also provide a proof of Proposition 5.15, which is the key estimate to
derive the existence of traveling waves, as well as a proof of the existence result of Theorem 5.4

. With these proofs at hand, all our results would be recovered.

5.1.4 Related results in the literature

5.1.4.1 Cooperative or almost cooperative systems

The bibliography about weakly and fully coupled elliptic and parabolic linear systems is of
course extensive. It is possible, for instance, to define principal eigenvalues and eigenfunctions
(Sweers et al. [24, 136]), to prove the weak maximum principle (the classical theorems of Protter—
Weinberger [129] were refined in the more involved elliptic case by Figueiredo et al. [53, 54] and
Sweers [136]) or Harnack inequalities (Chen—Zhao [37] or Arapostathis—-Gosh-Marcus [5] for the
elliptic case®, Foldes—Polacik [73] for the parabolic case) and to use the super- and sub-solution
method to deduce existence of solutions (Pao [125] among others). In some sense, weakly and
fully coupled systems form the “right”; or at least the most straightforward, generalization of
scalar equations.

5. They both prove the same type of results but we will refer hereafter only to the latter because the former
does not cover, as stated, the one-dimensional space case.
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For (possibly nonlinear) cooperative systems, results analogous to Theorem 5.5 1, 3, Theo-
rem 5.6 and Theorem 5.7 were established by Lewis, Li and Weinberger [110, 142]. Recently,
Al-Kiffai and Crooks [1] introduced a convective term into a two-species cooperative system to
study its influence on linear determinacy.

For non-cooperative systems that can still be controlled from above and from below by weakly
and fully coupled systems whose linearizations at 0 coincide with that of the non-cooperative
system, Wang [140] recovered the results of Lewis-Li—-Weinberger by comparison arguments.
Before going any further, let us point out that we will use extensively comparison arguments as
well, nevertheless we will not need equality of the linearizations at 0. This is a crucial difference
between the two sets of assumptions. To illustrate this claim, let us present an explicit example
of system covered by our assumptions and not by Wang’s ones: take any N >3, r >0, u € (0, %)
and define L and c as follows:

-1 1 0 0
1 —2
L—rI—i—,u 0 0 s
.o —2 1
0 0 1 -1
c:vi—1lv.

On one hand, (H;)-(H4) are easily verified, but on the other hand, the function f : v —
Lv — c[v] ov is such that, for all i € [N]\ {1, N} and all v € KT,

of;
5o )

= —v; <0forall j e [N]\{i—1,4,4+1}.

Consequently, the application v — f; (ve;) is decreasing in [0, +00). This clearly violates Wang’s
assumptions: this instance of (EFxpp) cannot be controlled from below by a cooperative system
whose linearization at 0 is 0;u — DJ,,u = Lu.

Even if L is essentially positive and the cooperative functions f~, fT satisfying

f=(v)<Lv—-c(v)ov<ft(v)
f-(0)=ft(0)=0
Df~(0) = Dft (0) =L

are constructible, in general it is difficult to verify that £~ and f have each a minimal positive
zero (another requirement of Wang). Our setting needs not such a verification.
Furthermore, even if these minimal zeros exist, several results presented here are still new.

1. Theorem 5.5 1 adds to [140, Theorem 2.1 iii)—v)] the existence of a critical traveling wave
(Wang obtained the existence of a bounded non-constant nonnegative solution traveling at
speed ¢* but the limit at +o0 of its profile was not addressed).

2. Theorem 5.1, Theorem 5.2, Theorem 5.3 and Theorem 5.4 as well as Theorem 5.5 2, 4 rely
more deeply on the KPP structure and are completely new to the best of our knowledge.

5.1.4.2 KPP systems

Regarding weakly coupled systems equipped with KPP nonlinearities, as far as we know most
related works assume the essential positivity of L, some even requiring its positivity. Our results
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tend to show that this collection of results should be generalizable to the whole class of irreducible
and essentially nonnegative L (H;) provided App (L) > 0.

Dockery, Hutson, Mischaikow and Pernarowski [58] studied in a celebrated paper the solutions
of (Skpp) in a bounded and smooth domain with Neumann boundary conditions. Their matrix
L had the specific form a (z) I + uM where a is a non-constant function of the space variable
and with minimal assumptions on the constant matrix M. They also assumed strict ordering of
the components of d, explicit and symmetric Lotka—Volterra competition, vanishingly small u.
They proved the existence of a unique positive steady state, globally attractive for the Cauchy
problem with positive initial data, and which converges as ;x — 0 to a steady state where only
up persists.

More recently, the solutions of (Skxpp), still in a bounded and smooth domain with Neumann
boundary conditions, were studied under the assumptions of essential positivity of L and small
Lipschitz constant of v — ¢ (v) ov by Hei and Wu [91]. They established by means of super- and
sub-solutions the equivalence between the negativity of the principal eigenvalue of fD% —L
and the existence of a positive steady state.

Provided the positivity of L, the vanishing viscosity limit of (Expp) is the object of a work
by Barles, Evans and Souganidis [10]. Although their paper and the present one differ both in
results and in techniques, they share the same ambition: describing the spreading phenomenon
for KPP systems. Therefore our feeling is that together they give a more complete answer to the
problem.

For two-component systems with explicit Lotka—Volterra competition, D = Iy and symmetric
and positive L, Theorem 5.4 and Theorem 5.5 1, 3, 4 reduce to the results of Griette and Raoul
[82] (see Alfaro—Griette [2] for a partial extension to space-periodic media). Their paper uses very
different arguments (topological degree, explicit computations involving in particular the sum of
the equations, weak mutation limit, phase plane analysis) but was our initial motivation to work
on this question: our intent is really to extend their result to a larger setting by changing the
underlying mathematical techniques. Let us emphasize that they obtained an algebraic formula
for the minimal wave speed, ¢* = 24/App (L), that we are able to generalize (Theorem 5.7). The
case D # I has been investigated heuristically and numerically by Elliott and Cornell [65], who
considered the weak mutation limit as well and obtained further results.

Let us point out that the problem of the spreading speed for the Cauchy problem for the
two-component system with explicit Lotka—Volterra competition was formulated but left open
by Elliott and Cornell [65] as well as by Cosner [39] and not considered by Griette and Raoul
[82]. This problem is completely solved here (see Theorem 5.6).

Just after the submission of this paper, a paper by Morris, Borger and Crooks [115] submit-
ted concurrently and devoted to the analytical confirmation of Elliott and Cornell’s numerical
observations was brought to our attention. By applying’s successfully Wang’s framework, they
obtained the existence of traveling waves as well as the spreading speed for the Cauchy prob-
lem. However, in order to apply Wang’s framework, they had to make additional assumptions
(roughly speaking, small interphenotypic competition and small mutations) and which are in
fact, in view of our results, unnecessary. They also obtained very interesting results regarding
the dependency on the mutation rate u of the spreading speed

Apr (per D + gt (diagr + M)
and the associated distribution

npp (perD + pt (diagr + M) .
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5.1.5 From systems to non-local equations, from mathematics to
applications

It is well-known that systems can be seen as discretizations of continuous models. In this
subsection, we present briefly some equations structured not only in time and space but also
with a third variable and whose natural discretizations are particular instances of our system
(Expp) satisfying the criterion App (L) > 0. Our results bring therefore indirect insight into
the spreading properties of these equations.

Since these examples provide also examples of biomathematical applications of our results, this
subsection gives us the opportunity to present more precisely these applications, to explain how
non-cooperative KPP systems arise in modeling situations and finally to comment our results
from this application point of view. Several fields of biology are concerned: evolutionary invasion
analysis (also known as adaptive dynamics), population dynamics, epidemiology. Applications
in other sciences might also exist.

5.1.5.1 The cane toads equation with non-local competition

Recall the definition of the discrete laplacian in a finite domain of cardinal N,

-1 1 0 0
1 -2
MLap,N 0 0 if N>3
t.o=2 1
0 0 1 -1

MLap72 = (_11 11> if N =2.

With this notation, the Lotka—Volterra mutation—competition—diffusion system exhibited ear-
lier reads

Oyu — DOy u = diag (r) u + uMpgu — (Cu)ou
An especially interesting instance of it is the system where:

— for all ¢ € [N], dNZ—0+(z—1)(59W1th(59——andw1thbomeﬁxed9>9>0
— ry =rly,; with some fixed r» > 0;

— pN = 55z with some fixed o > 0;

— Cpy =0601y.

Since Apr (Mpgp n) = 0 (because M., n1n1 = 0), the Perron—Frobenius eigenvalue of L is
positive indeed:

APF (TIN + MLap,N) =7+ App ( 1\/-[L0L;D7 ) =r>0.

s
562 062

As N — 400, this system converges (at least formally) to the cane toads equation with
non-local competition and bounded phenotypes:

On — 00,n — adggn = n (t,x,0) (r—f0 (t,x,0") d@')
don (t,x,0) = Opn (t,2,0) =0 for all (t,x) € R?
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where n is a function of (¢,z,60), 6 € [Q,ﬂ is the motility trait, « is the mutation rate and
f: n (t,z,0")dd’ is the total population present at (¢, z).

This equation is named after an invasive species currently invading Australia. A startling
ecologic fact is that this invasion is accelerating whereas biological invasions usually occur at
a constant speed (as predicted by the KPP equation). However this issue is solved when the
phenotypical structure is taken into account and the following spatial sorting phenomenon is
understood: the fastest toads lead the invasion, reproduce at the edge of the front, give birth
to a new generation of toads among which faster and slower toads can be found (as a result of
mutations), and the new fastest toads take the lead of the invasion.

The introduction of a motility trait § with a local mutation term adpgn into the scalar KPP
equation is then a way of verifying this theory: does it lead to accelerating invasions? The
answer is positive (transitory acceleration up to a constant asymptotic speed if 6 < 400, constant
acceleration if § = +00) and this is why the cane toads equation achieved some fame (we refer
for instance to [11, 26, 27, 28], where more detailed modeling explanations can also be found).

The overcrowding effect, which is nowadays standardly taken into account in population biol-

ogy modeling, is modeled by the term —n (¢, z, 6) fge n (t,z,0") d’ which basically considers that
one given toad competes with all other toads surrounding it, independently of their phenotype,
and does not compete with distant toads. Mathematically, this term is the only responsible for
the nonlinearity, non-locality and non-cooperativity of the model: it could be tempting to neglect
it. However, linear growth models (which go back to Malthus) generically lead to exponential
blow-up. The basic idea of the literature about the cane toads equation is then exactly the same
as the one we are going to use in the forthcoming proofs: point out and use the KPP nature of
the problem.

The results of the present paper are consistent with the ones for the cane toads equation with
bounded phenotypes. Therefore it might be possible, in a future sequel providing new estimates
uniform with respect to N, to rigorously derive the cane toads equation as the continuous limit
of a family of KPP systems. Since the discrete version is easier to study, new results might
be unfolded by this approach. However, let us stress that the problem of finding these new
uniform estimates is not to be underestimated and is expected to be a very difficult one. At
least regarding biologists, whose field measurements somehow always produce discrete classes of
phenotypes instead of a continuum of phenotypes, our results bring forth an interesting new lead
to address the general problem of adaptive dynamics.

Let us point out that if, instead of phenotypes of cane toads, the components of u model
different strains of virus, then we obtain an epidemiological model representing the invasion of a
population of sane individuals by a structured population of infected individuals (Griette-Raoul
[82]).

Notice that this cane toads equation is only the first step of a larger research program: a more
realistic model should replace clonal reproduction by sexual reproduction and should take into
account the possibility of non-constant coefficients « and r as well as that of a more general
competition term (logistic with a non-constant weight or even non-logistic). It is also interesting
to consider non-local spatial or phenotypical dispersion.

5.1.5.2 The cane toads equation with non-local mutations and competition

Actually, historically, the cane toads equation comes from a doubly non-local model due to
Prévost et al. [6, 128] (see also the earlier individual-based model by Champagnat and Méléard
[36]). Since the non-local mutation operator is too difficult to handle mathematically, the cane
toads equation with local mutations was favored as a simplified first approach. However it
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remains unsatisfying from the modeling point of view and non-local kernels, which could take
into account large mutations, are the real aim.

Defining as above 60 = % and (0;);c(n) = (€ + (i — 1) 66);¢ (), the natural discretization of
the doubly non-local cane toads equation,

0
3tnfd(0)3mn:rnJra(K*gnfn)fn/ n(t,z,0)do
9

with d € € (]0,0] ,(0,+00)) and K € € (R, [0, +00)), is
8tu — DNamu = LNu — (501]\[11) ou,

with
dy = (d(0:))ieqn -

Ly =7Iy +a (50 (K (0; — aj))(i,j)e[N]Q - IN)
=(r—a)Iy+adld (K ((i—7) GN))(W‘)G[NF :

The assumptions on ¢ (Hy)—(Hy4) are obviously satisfied and, as soon as, say, K is positive,
the assumption on L(H;) is satisfied as well. Subsequently, A\pp (Lyx) > r — «, whence r > « is
a sufficient condition to ensure App (Ly) > 0 for all N € N.

More generally, the system corresponding to the following equation (see Prévost et al. [6, 128]):

0
On —d(0) Opzn =1 (0)n(t,z,0) + / n(t,z,0) K (0,0)d0
0

0
—n(t,x,@)/ n(t,2,0)C (0,0) 0"
A

with d € % ([0,8], (0, +00)), 7 € % ([8,9] . [0, +ox)), K,C € % ([0,8]",10,+0)) s

Opu — DnOzzu=Lyu— (Cyu)ou,
with
dy = (d(gi))ie[N] )
Ly = diag(r (ei))ie[N] + 60 (K (6, ej))(i,j)e[]v]’z )
Cy =06(C (9i79j))(i,j)e[N}2 .

Again, (H3) and (Hy) are clearly satisfied, (Ha) is satisfied if C' is nonnegative and both (Hy)
and App (Ly) > 0 are satisfied if, say, K is positive.

In both cases, of course, the positivity of K is a far from necessary condition and might be
relaxed.

To the best of our knowledge, these doubly non-local equations have been the object of no
study apart from [6, 128] and are therefore still very poorly understood. In particular, the
traveling wave problem as well as the spreading problem are completely open. Consequently, our
results are highly valuable when applied to this system. For mathematicians, they motivate the
future work on the limit N — +oco. For biologists, they provide new insight into these modeling
problems and show for instance how two different mutation strategies can be compared and how
the spreading speed can be evaluated.
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5.1.5.3 The Gurtin—-MacCamy equation with diffusion and overcrowding effect

In view of the preceding two examples, it is natural to investigate the existence of completely
different applications, that is applications not concerned at all with evolutionary biology. Such
applications exist indeed, as shown by this third example.

Consider the following age-structured equation with diffusion:

On + Ogn — d (a) Opzn = —n (t,x,a) (r (a) + fOA n(t,z,a")C (a,a’) da’)
n(t,z,0) = f:}n n(t,r,a’) K (a')da’ for all (t,x) € R?
n(t,x, A) =0 for all (t,z) € R?
where n is a function of (¢,z,a), a € [0, A] is the age variable, a,, > 0 is the maturation age, A >
am, is the maximal age, d € € ([0, 4], (0, +00)) is the diffusion rate, r € % ([0, 4], (0, +0)) is the
mortality rate, C € € ([O, A%, o, +oo)) is the competition kernel and K € ¥ (][0, 4], [0, 4+00)) is

the birth rate. This equation is well-known, at least if C' = 0, and detailed modeling explanations
can be found in the classical Gurtin-MacCamy references [87, 86].
Defining

da = N
(ai)ie[N] =((i-1) 5a)ie[N] )
Jm,y =min{j € [N] | a; > an},
u(t,z) = (n(t,,a:))eqn

dy = (d(ai))ierny »

Lmortality,N = 7dlag <T (ai)iE[N]> )

0 ... 0 Kf(aj, ) --- Klan)
0 0
Lyirtn,n = da | . : ;
0 0
0 O 0
) 1 -1
Laging,N:% 0 )
: .. . .. 0
0 ... 0 1 -1

LN = Lmortality,N + Lbirth,N + Laging,Na
CN =da (C (ai7 a’]))(id)e[]\]]z )
it follows again that
Opu — DnOyzu=Lyu— (Cyu)ou

is the natural discretization with (Hs) and (H,4) automatically satisfied. K nonnegative nonzero
and C nonnegative are sufficient conditions to enforce (H;) and (Hz).
Since we have

APF (LN) > ApF (Lbirth,N + Laging,N) - I[{)li)](r
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and since App (Lpiren, N + Lagmg,N) is bounded from below by a positive constant independent
of N (the proof of this claim being deliberately not detailed here for the sake of brevity), if I[Blaj]( r
is small enough, then App (Ly) > 0 for all N € N.

We point out that this KPP system differs noticeably from the Lotka—Volterra mutation—
competition—diffusion system presented up to now as the main instance of KPP system: here,
the matrix L is highly non-symmetric. This should have important qualitative consequences,
numerically observable. It might even be unexpected that these two systems share important
properties and this makes our theorems even more interesting.

As far as we know, the traveling wave problem and the spreading problem for the continuous
age-structured problem are completely open. Therefore the earlier remarks concerning the impact
of our results on the doubly non-local cane toads equation apply here as well.

5.2 Strong positivity

Theorem 5.1 is mainly straightforward and follows from the following local result.

Proposition 5.9. Let Q C R? be a bounded parabolic cylinder and u be a classical solution of
(Expp) set in Q.
If u is nonnegative on 0pQ, then it is either null or positive in Q.

Proof. Let K = max |u| and observe that, for all i € [N] and all (t,z) € Q,
Q

[lii—ci(u(t,z))| < ||+ max e (v)].
veB(0,K)

Then, define
A:(t,z) —» L —diag(c(u(t,x))).

By the irreducibility and the essential nonnegativity of L (H;), A (¢, z) has these two properties
as well for all (t,2) € Q. By the boundedness of u in Q, A is bounded in Q as well.
Therefore u is a solution of the following linear weakly and fully coupled system with bounded
coefficients:
ou—DOu— Au = 0.

By virtue of Protter—Weinberger’s strong maximum principle [129, Chapter 3, Theorem 13],
u is indeed either null or positive in Q. O

Actually, noticing that the previous proof remains true without any modification if we add to
(Expp) a diagonal drift term b o 9,u with b € RY, we state right now a corollary that will be
quite useful later on.

Corollary 5.10. Let (a,b,c) € R? such that a < b. Let u be a nonnegative classical solution of
—Du” —cu'=Lu—c[u]ou in (a,b).
Then u is either null or positive in (a,b).

Remark. This statement does not establish the non-negativity of all solutions of —Du” — cu’ =
Lu — c[u] o u; it only enforces the interior positivity of the nonnegative nonzero solutions.
Regarding the weak maximum principle, we refer among others to Figueiredo [53], Figueiredo—
Mitidieri [54], Sweers [136]. In view of what is known in the simpler scalar case, it is to be
expected that, for small |c| and large enough intervals (a,b), sign-changing solutions exist.
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5.3 Absorbing set and upper estimates

On the contrary, Theorem 5.2 requires some work.

5.3.1 Saturation of the reaction term

For all i € [N], let H; C RY be the closed half-space defined as
H, = {veR" | (Lv), > 0}.
Lemma 5.11. There exists k € Kt* such that, for all i € [N] and for all v € K\e},
(L(v+kie;) —c(v+kie;) o (v+ke;)), <O.

Proof. Let i € [N] and let
Fi= (S (0,1)NH;) \ej.

Let
fio (0,400) xS(0,1) — R
N
— Z l@j?‘Lj — C; (an) ;.
j=1

(a;m)

N
Notice that for all n € ST (0,1) \F;, either Y [; jn; < 0 and then f; (a,n) < 0 for all &« > 0
j=1

N
or n; =0 and then f; (a,n) = > l; ;n; > 0 does not depend on «.
j=1
Let n € F;. By virtue of the behavior of ¢ as & — +o0 (Hy) and since n ¢ e;",

agr}rloo fl (aa Il) = —0C0.

Therefore the following quantity is finite and nonnegative:
ain=inf{a>0|Vd € (a,+00) fi(a',n)<0}.
Now, the set
{ainn; |n€eF;}={ainn; |In€F;, ajn>alU{anan; |neF;, ojn<a}

is bounded if and only if the set {a; nn; | n € F;, a; n > a} is bounded. Recall the definition of
a>1and § > 1 (Hy). For all n € F; such that a; » > @, thanks to (H4), we have by virtue of
the discrete Cauchy—Schwarz inequality

|Oli,nm‘| = O nNy;
< af,nm-
N
> j—1lign;

&

<

(1)

[
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whence the finiteness of
k; =sup{a;nn; | n€F;}

is established. Its positivity follows from the fact that ¢ vanishes at 0 (Hs) which implies that
for all n € intF;, a; n > 0.
The result about v + k;e; with v € K\ef- is a direct consequence. O

Assuming in addition strict monotonicity of a — ¢; (an) (which is for instance satisfied if
c(v) = Cv with C > 0, that is in the Lotka—Volterra competition case), we can obtain the fol-
lowing more precise geometric description of the reaction term. The proof is quite straightforward
and is not detailed here.

Lemma 5.12. Assume in addition that a — ¢; (an) is increasing for all n € H;.
Then there exists a collection of connected € -hypersurfaces

(Zi)iemn) C H ((K* NHi)\ey)

such that, for any i € [N] and any v € (K* NH,;) \e},
(Lv —c(v) ov), =0 if and only if v € Z;.
For alli € [N], Z; satisfies the following properties.

1. For alln € (St (0,1)NH;)\ef, Z; NRn is a singleton.

2. The function z; which associates with any n € (S*(0,1) NH;) \ei the unique element of
Z;, N Rn is continuous and is a €*-diffeomorphism of (St+(0,1) N intH;) \e;- onto intZ;.

8. For any v € KT\ej, (Lv —c(v)ov), > 0 if and only if

()]

v eH; and |v| <

5.3.2 Absorbing set and upper estimates

Define for all i € [N]
I = max (u, k;) .

The function g; is non-decreasing and piecewise affine (whence Lipschitz-continuous).
The following local in space £ estimate for the parabolic problem is due to Barles—Evans—
Souganidis [10]. We repeat its proof for the sake of completeness.

Lemma 5.13. Let Q C R? be a parabolic cylinder bounded in space and bounded from below in
time.
Let u be a nonnegative classical solution of (Expp) set in Q such that

Ujp,Q € L (apQ,RN) .

(sup Ui) < (gi (sup Ui) ) .
Q i€[N] orQ i€[N]

Then we have
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Proof. Let tg € R, T € (0,+0oc] and (a,b) € R? such that Q = (to,to + T) % (a,b). Let i € [N].
Define a smooth convex function 7 : R — R which satisfies

n(u)=0 ifue (—oo,g; (Sup uz)]
opQ
n(u) >0 otherwise.

For all t € (to,to +T), let

Emo{xe(mb)|umax)>giQ£gm>}.

This set is measurable and, by integration by parts, for all ¢t € (¢, to + T,

Oy (/ n (u; (t,)) dx) = / 0 (u; (t,x)) Opu; (t, z) dw

) / )) (Dpus (t,2))? d
+ [ Zluug ta) - ci (u (t0) i (8,2) | do
_ —di/ o (us (£, 7)) (Do (£, 7))° da

N
+/= ® 0 (us (t) | D liguy (8,2) = e (u(t, ) wi (t,z) | de
= =
<0
Since fab 7 (u; (to, x))dz = 0, we deduce
u; < g; (sup ul> in Q,
2rQ

whence
supu; < g (sup u1> .
Q opQ

As a corollary of this local estimate, we get Theorem 5.2.

Proposition 5.14. Let ug € 6, (R,K). Then the unique classical solution u of (Expp) set in
(0, 400) x R with initial data ug satisfies

( sup U1> < <gi <SUPU0,¢)>
(000)xE /oy R i€[N]

<lim sup sup u; (t, :v)) <g(0).
t—4oc0 z€R i€[N]

and furthermore
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Consequently, all bounded nonnegative classical solutions of (Sxpp) are valued in
N

i=1

Proof. To get the global in space £ estimate, apply the local one to the family (ug) -, where
up is the solution of (Expp) set in (0,4+00) x (—R, R) with

ug (0,z) = ug (x) for all x € [-R, R],
up (t,£R) =up (£R) for all t > 0,

and recall that, by classical parabolic estimates (Lieberman [111]) and a diagonal extraction
process, (Ug) ., converges up to extraction in €}, ((0,400),%2, (R,RY)) to the solution of
(Expp) set in (0,400) x R with initial data ug.
Next, let us prove that the invariant set
N N
[1100,9: 0] =] 0,k

i=1 i=1

is in fact an absorbing set.
Assume by contradiction that there exists a bounded nonnegative classical solution u of
(Expp) set in (0,400) x R such that there exists ¢ € [N] such that

lim sup supu; (¢, z) > g; (0).
t—+oo z€R

Since [0, g; (0)] is invariant, it implies directly

supu; (t,x) > g; (0) for all t > 0.
rz€eR

Using the classical second order condition at any local maximum, it is easily seen that at any
local maximum in space of u;, the time derivative is negative. At any ¢ > 0 such that there is
no local maximum in space, by ¢! regularity of u;, x — wu; (t,z) is either strictly monotonic or
piecewise strictly monotonic with one unique local minimum and consequently it converges to

some constant as * — +o0o. At least one of these constants is supu; (¢, ). For instance, assume
Tz€R
it is the limit at +o00. By classical parabolic estimates and a diagonal extraction process, there

exists (25),cy € RN such that z,, — 400 and such that the following sequence converges in
Gloc ((0,+00) , € (R)):

oc

((t,2)—u; (t+t, 2+ xn))neN'

Let v be its limit; by construction,

v (0,2) =supu; (t,z) for all z € R,
z€R

so that
Ozzv (0,2) = 0 for all z € R.

Using the equation satisfied by u;, we obtain

0w (0,z) < 0 for all x € R.
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Since this argument does not depend on the choice of the sequence (z,) we deduce

neN?

lim sup Oyu; (¢, z) < 0.

r——+o0

In all cases,
te |z = ui (t7) |2~ m

is a decreasing function, and using the global Z°° estimate derived earlier, we deduce that
t = J|uill oo (¢, 400)xR)
is a decreasing function as well. Therefore

li (¢, z) = lim inf () = li (t,x) > gi (0).
imsupsupu () = imiafoupus (:2) = lip_sups (:2) > 0:0)

Now, the sequence
((t,2) = u (E+ 1, @) ey

being uniformly bounded in £ ((0,400) x R), by classical parabolic estimates and a diagonal
extraction process, it converges up to extraction in €., ((0,+00), %2, (R)) to some limit uoo ; €
¢1 ((O, +00),¢? (R))

On one hand, by construction, the function

t= [z = vy (t, ) |2 w)

is constant and larger than g; (0). But on the other hand, passing also to the limit the other
components of (¢,x) — u(t+n,z) and then repeating the argument used earlier to prove the
strict monotonicity of

t o= wi (¢ 2) || 2wy,

we deduce the strict monotonicity of
t— Hx = Uoo,i (t, 31‘) Hgoo(R),
which is an obvious contradiction. O

Quite similarly, we can establish an £ estimate for (Sxpp), set in a strip, and with an
additional drift.

Proposition 5.15. Let (a,b,c) € R? such that a < b and u be a nonnegative classical solution

~Du” —cu' =Lu—clu]ou in (a,b).

(max u2> < (gi <max uz> > .
[a,0] i€[N] {a,b} i€[N]

Proof. Assume by contradiction that there exists ¢ € [IV] such that

. > . . .
g o ()

)

Then there exists zg € (a,b) such that

max uj = U; (w0) > ki.
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There exists (21, x3) € (a,b)? such that z; < 2o < x5 and
u; (z) > k; for all x € (z1, z2)
{ui (z) = % (ki + u; (z9)) for all z € {1, 20},
But then we find the inequality
—du —cu; < 0in (z1,22)

which contradicts the existence of an interior maximum at zg € (21, z2). O

5.4 Extinction and persistence

This section is devoted to the proof of Theorem 5.3. The extinction case is mainly straight-
forward but, because of the lack of comparison principle, the persistence case is more involved.

5.4.1 Extinction

Proposition 5.16. Assume App (L) < 0.
Then all bounded nonnegative classical solutions of (Expp) set in (0, +00) xR converge asymp-
totically in time, exponentially fast, and uniformly in space to 0.

Proof. Tt suffices to notice that if u is a nonnegative bounded solution of (Expp), then v :
(t,x) — e*rr(Mtnpp (L) satisfies by virtue of the nonnegativity of ¢ on K (Hs)

O (v—u)—D0yy (v—u)—L(v—u)=clujou>0.

Hence, up to a multiplication of v by a large constant, the comparison principle (Protter—
Weinberger [129, Chapter 3, Theorem 13]) applied to the linear weakly and fully coupled operator
Oy — DO, — L in (0, +00) x R implies that 0 < u < v. The limit easily follows. O

We recall that the critical case App (L) = 0 is solved in the appendix of the current chapter.

5.4.2 Persistence

The first step toward the persistence result is giving some rigorous meaning to the statement
“if App (L) > 0, then 0 is unstable”.

5.4.2.1 Slight digression: generalized principal eigenvalues and eigenfunctions for weakly
and fully coupled elliptic systems

Theorem 5.17. Let (n,n’) € NN[1,+00) x NN[2,+00) and £ : 6> (]R”JRM) - % (R",R"/
be a second-order elliptic operator, weakly and fully coupled, with continuous and bounded coef-
ficients.
Let -
M(—Z)=sup{AeR|Ive?? (R"K!") —ZLv>Av}eR.
Then

lim )\1,Dir (737 B, (OvR)) =M\ (7j) .
R— 400

Furthermore, A1 (=) is in fact a finite mazimum and there exists a generalized principal
eigenfunction, that is a positive solution of

—ZLv=M\(-Z)v.
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Remark. The convergence of the Dirichlet principal eigenvalue to the aforementioned generalized
principal eigenvalue as R — 400 as well as the existence of a generalized principal eigenfunc-
tion are well-known for scalar elliptic equations (see Berestycki-Rossi [21]), but as far as we
know these results do not explicitly appear in the literature regarding elliptic systems. Still, the
proof of Berestycki—Rossi [21] uses arguments developed in the celebrated article by Berestycki—
Nirenberg—Varadhan [20] and which have been generalized to weakly and fully coupled elliptic sys-
tems already in order to prove the existence of a Dirichlet principal eigenvalue in non-necessarily
smooth but bounded domains by Birindelli-Mitidieri-Sweers [24]. Hence we only briefly out-
line here the proof so that it can be checked that the generalization to unbounded domains is
straightforward.

It begins with the standard verification of the equality between the generalized principal eigen-
value as defined above and the Dirichlet principal eigenvalue for bounded smooth domains (whose
existence was proved for instance by Sweers [136]). Then, since the generalized principal eigen-
value is, by definition, non-increasing with respect to the inclusion of the domains, we get that
the limit of the Dirichlet principal eigenvalues as R — +oo exists and is larger than or equal
to the generalized principal eigenvalue. It remains to prove that it is also smaller than or equal
to it. This is done thanks to the family of Dirichlet eigenfunctions (vg)y., associated with the
family of Dirichlet principal eigenvalues normalized by

min v; g (0) = 1.
i€n’]

Thanks to Arapostathis—Gosh-Marcus’s Harnack inequality [5] applied to the operator .Z, we
obtain a locally uniform £ estimate, whence, by virtue of classical elliptic estimates (Gilbarg—
Trudinger [80]) and a diagonal extraction process, the existence of a limit, up to extraction, for
the family (Vr)z., as R — +oo. This limit v, is nonnegative nonzero and satisfies

*XVOO = lim )\1,Dir (79%, Bn (O,R)) Voo
R—+400

Thanks again to Arapostathis-Gosh—Marcus’s Harnack inequality, v, is in fact positive in R™.
Thus, by definition of the generalized principal eigenvalue, the limit as R — 400 is indeed smaller
than or equal to it, and in the end the equality is proved as well as the existence of a generalized
principal eigenfunction v.

5.4.2.2 Local instability and persistence
Let v € [0,1]. On one hand, as a direct result of Dancer [44] or Lam-Lou [105],

. d?
lim A1 pr (52D2 — (L —vXpr (L)I),B (0, 1)) =—(1-9)Apr(L).
e—=0 dx
On the other hand, by a standard change of variable,
lime_y0 A1 pir (—52D% — (L —vpr (L)I),B (0, 1))

imp— oo A1,Dir (—D% — (L —7yApr (L)I),B(0, R)>

=1.
Therefore, in view of Theorem 5.17,

3 (“D4n — (L= er (LID) = = (=) Aer (L)
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This equality deserves some attention: the generalized principal eigenvalue of Dcf"l—;Jr(L —yApr (L)1)
does not depend on D. Of course, this is reminiscent of the scalar case, where the equality

d2
)\1 <ddx2 — T') = —T

is well-known (and follows for instance from a direct computation of Ay pi, <fd% —r,(—R, R))

or from the equality with the periodic principal eigenvalue Ai per (—d d r))

dz?

As a corollary, we get the following lemma.

Lemma 5.18. Assume App (L) > 0. Then there exists (Ro, Ry,) € (0,+00) such that

d2
>\1,D’ir <_Dcla:2 - La (_ROu RO)) < Ov
& Apr (L)
M, Dir <_Ddx2 - <L - I) : (—Rl/Q,RI/Q)) <0.

Remark. In fact, much more precisely, it can be shown that, for all v € [0, 1],
d2
R i (<D = (L= e (LD, (-R.))

is a decreasing homeomorphism from (0,4o00) onto (— (1 — ) Apr (L), 4+00).

By continuity of ¢ and the fact that it vanishes at 0 (H3), as soon as App (L) > 0, the quantity

L
gy = max{a >0|Vve [O,Oz]N c(v) < )\PFQ()1N,1}

is well-defined in R and is positive. The pair (R1/2, 041/2) will be used repeatedly up to the end
of this section.

Lemma 5.19. Assume App (L) > 0. For all p € (O,al/z), let

Incu, —Inp

o (D (- 25) ()

T, = > 0.

For all (to, T,a,b) € R x (0,+00) x R? such that 17_7“ = Ry, and for all nonnegative classical
solutions u of (Expp) set in the bounded parabolic cylinder (to,to +T) % (a,b), if

min min wu; (to,z) = p,

1€[N] z€[a,b]
max max u; < Qays,
1€[N] [to,to+T]x[a,b]
then T' < T),.
Proof. Let

dz?

d? Apr (L
A =\ pir (D — <L - PFQ( )I) : (Rl/Q,RI/Q)) <0.
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Let n be the principal eigenfunction associated with the preceding Dirichlet principal eigen-
value normalized so that

max max n; = 1.
€INT[=Ruy, R )

By definition, we have in (—R1/2, R1/2>
- (—Dn” - (L - APFQ(L)I> n> = —An>> 0.

By definition of a1/, and by the nonnegativity of ¢ on K (Hy), for all v € [07 ozl/z] N,

c(v)ov< /\PFT(L)V,

whence

e <~ (1 2m0)

Now, fix (to,T,a,b) € R x (0,+00) x R? such that b_T“ = Ry, and T > T),. Assume by
contradiction that there exists a nonnegative solution u : (tg,to +7T) X (a,b) — K of (Expp)
such that the following properties hold

= mi i i (to,z) >0,
p=min min u; (to, z)

max max u; < Qags.
1€[N] [to,to+T] X [a,b]

In particular, since g > 0, u is nonnegative nonzero.
To simplify the notations, hereafter we assume that tg = 0 and aT+b = 0. The general case is
only a matter of straightforward translations.

Define the function

At

v:(t,x) — pe Mn(x).

Clearly
v(0,2) <u(0,z) for all z € [a,]].

It is easily verified as well that v satisfies in (0,7),) X (—Rl/z, Rl/Q)
A L
— ((’%v — DO,V — (L — PFQ()I> v) >0,

whence, by construction of ais,, w = u — v satisfies
A L
Oyw — DOy, w — (L— PFQ()I> w > du—Dd,,u—Lu+cluou=0.
Most importantly, since by construction

T, =max<t>0]| max max v (t,x) <oaayy o,
i€[N] IE[le/z,RJ/Q}

there exists t* < T, < T and z* € (—Rl/z,Rl/Q) such that w > 0 in [0,¢*) X (—R1/2,R1/2) and
w (t*,z*) € oK.

The strong maximum principle applied to the weakly and fully coupled linear operator 0; —
Do, — (L — ’\PFT(L)I) proves then that w = 0 in [0,#*) x (—Ru,, Rij,), which contradicts

w (0, £Ru;,) > 0. O
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The persistence result follows.

Proposition 5.20. Assume App (L) > 0.
There exists v > 0 such that all bounded nonnegative nonzero classical solutions u of (Expp)
set in (0,400) x R satisfy, for all bounded intervals I C R,

lim inf inf u; (¢, > iy
(tlgl—i}go inf i ( x))ie[N] =

Consequently, all bounded nonnegative classical solutions of (Skpp) are valued in

[v,9: (0)].
1

N
i=

Proof. Let u be a bounded nonnegative nonzero classical solution of (Expp) set in (0,4+00) x R.
In view of Proposition 5.14, for all € > 0 there exists . € (0, +00) such that

u < (m[%(] (9: (0)) + 5) 1y, in (t.,+o00) X R.
1€

Let I C R be a bounded interval. Fix temporarily ¢ > 0 and z € I and define I, =
(I’ — R1/2,l’ + R1/2).
A first application of Lemma 5.19 establishes that there exists , € [t., 4+00) such that

max max u; (ta:, y) = iy,
i€[N] yeT,

and that there exists 7 > 0 such that

max max u; (t,y) > aa, for all t € (fx,fm + T) .
’iE[N] yez

Hence the following quantity is well-defined in [fx + 7, —|—oo}:
t; = inf {t > t, +7 | maxmaxu; (t,y) < 041/2} .
iE[N] yeﬂ
Assume first t; < 400. Then by continuity,

max max u; (t1,y) = auy,.
1€[N] yeT, i(t1y) /2

Let

A = max |l; ;| + max max c; (W) .

e = max |+ ma | ! ()

we [0, max (g;(0))+e
i€[N]

By virtue of Foldes—Pola¢ik’s Harnack inequality [73], there exists & > 0, dependent only on N,

Ry, min d;, max d; and Ag, ¢ such that, for all
1€[N] 1€[N]

N
wE G, <(0, +00) x R, [0,;2[%(] (9: (0)) + 5} ) ,
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all nonnegative classical solutions v of the linear weakly and fully coupled system with bounded
coefficients
Ov — DOy v — (L — diag (c[w])) v=01in I,

satisfy

min min v; (¢; + 1,y) > F max max v; (t1,y) .
i€[N] yeT, i€[N] yeT,

We stress that k does not depend on w. In particular, taking w = v = u, we deduce

min min u; (¢ + 1,y) > Kaay,.
iG[N]yEE z( 1 y) 1/2

Of course, up to a shrink of &, we can assume without loss of generality % € (0,1). Then let

—Ink
T= . or > 0.
i (~Dgly - (L - 22581, 1,)

T does not depend on the choice of u.
A second application of Lemma 5.19 establishes

max max u; (t1 +1+T,y) > au,.
i€[N] yeTI,

Hence, defining the sequence (t,,) by the recurrence relation

neN

tpe1 = inf {t >t + 14+ T | max maxu; (t,y) < ozl/Z}
1€[N] yefm

and repeating by induction the process, we deduce that any connected component of

te (ty,+ ax max u; (t,y) <
{ (s m)lgﬁ;ﬂggm( y) on/2}

is an interval of length smaller than 14 7.
A second application of Foldes—Polacik’s Harnack inequality shows that there exists oz > 0,

dependent only on N, R, T, In[l]{[l] d;, mf}\}ﬁ d; and Ay, ¢ such that, for all ¢t € (t}, —l—oo),
1€ 1€

min min u; (t + 7T + 2,y) > 7. max max w; (t,y),
€[N yeT, i€IN] (¢ y) €[t t+T+1]x T,

whence

min min u; (t,y) > Gzauy, for all t € (tAI +T+2,+00) .
i€[N] yeT,

Assume next t; = +oo. Then

max max u; (t,y) > au, for all t € (t,+00),
’LG[N] yerx Z( y) - 1/2 (:c )

and consequently

min min u; (t,y) > Gzauy, for all t € (t; +T+2, +oo) )
i€[N] yeT,
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Since I is bounded and z + t, can be assumed continuous in R without loss of generality, it
follows

min inf u; (t,y) > Geaiy, forall t € (max (£,) + T + 2,400 |,
i€[N] yel (t:9) 2 Ty (mf(’) )

whence
hm 1nf min 1nf u; (t > o-x
t—+o00 ic[N]yel i(hy) = Teanya

with gz, dependent only on e. The conclusion follows of course by setting

v =sup (0z) ays.
e>0

O
Remark. We point out that max?, is finite because I is bounded. Of course, in I = R, this

xel
problem becomes a spreading problem (see Proposition 5.40).

5.5 Existence of positive steady states

This section is devoted to the proof of Theorem 5.4 .

Proposition 5.21. Assume App (L) < 0. Then there exists no positive classical solution of
(Skpp)-

Proof. Recall that the Dirichlet principal eigenvalue is non-increasing with respect to the zeroth
order coeflicient.

On one hand, by virtue of the nonnegativity of ¢ on K (H3), we have for all R > 0 and all
v E B (R, K++),

d? . d?
M. Dir <_Ddx2 — (L — diagc [v]), (=R, R)) > A1 Dir <_Dde —L,(—R, R)) ,

whence, as R — +00,

2
A <_D<fr2 — (L — diagc [v])) > —Apr (L) > 0.

On the other hand, any positive steady state v is also a generalized principal eigenfunction for
the generalized principal eigenvalue

d2
M <_Ddx2 — (L — diagc [v])) =
Proposition 5.22. Assume Apr (L) =0 and
span (npp (L)) NKNec ! ({0}) = {0}.
Then there exists no bounded positive classical solution of (Skpp).

Remark. The forthcoming argument is quite standard in the scalar setting. We detail it for the
sake of completeness.
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Proof. Assume by contradiction that there exists a bounded positive classical solution v of

(Skpp)-
By boundedness of v, there exists k € (0, +00) such that knpp (L) — v > 0 in R. Let

k* =inf {k € (0,+00) | knpp (L) —v >0in R}.

By positivity of v, K* > 0. Let (kn),cy € (0, x*)" which converges from below to x*. For all
n € N, there exists x,, € R such that

kpnipp (L) — v (z,) <O.

Let
Vo= v(z+a,) foralnelN.

By virtue of the global boundedness of v, Arapostathis-Gosh-Marcus’s Harnack inequality [5]
applied to the linear weakly and fully coupled operator with bounded coefficients

and classical elliptic estimates (Gilbarg-Trudinger [80]), (vn),cy converges up to a diagonal
extraction in Cgl%c as n — 400 to a nonnegative solution v* of (Skpp). Moreover, v* satisfies

v* < k*npp (L) in R,
H*HPF (L) — V* (0) € (')K,

2
— (Dddx2 + L) (H*HPF (L) — V*) =C [V*] OV* Z 0 in R.

Applying Arapostathis—-Gosh—Marcus’s Harnack inequality [5] to Df—; + L, we deduce
knpr (L) =v*in R

and subsequently

d2
¢ (k" npp (L)) o™ npr (L) = — (Dd2 + L) 0=0,
x
whence ¢ (k*npp (L)) = 0, which contradicts directly x* > 0. O

Finally, recall that if App (L) > 0, then the following quantity is well-defined and positive:

A L
oy = max {a >0|Vve [07a]N c(v) < PF2()1N,1}-

Proposition 5.23. Assume App (L) > 0. Then there exists a solution v € Kt of
Lv=c(v)owv.

Proof. By virtue of the Perron—Frobenius theorem, nppg (LT) € K+,
There exists 7 > 0 such that, for all v € K, if npp (LT)T v =1, then v € [0, oa/f_,]N. Defining

A:{VEK|on(LT)Tv:77}7
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it follows that for all v € A,

npr (L) (e(v)ov) < 220,
whence
npp (L7)" (Lv —c(v) ov) = Apr (L7) n = npr (L7) (c(v) o v)

which is positive if App (L) > 0 is assumed indeed.
Then, defining the convex compact set

C= {ve K|npp (LT)TVEnandvgk—&—lI\m}7
it can easily be verified that, for all v € 9C,
nl (Lv—c(v)ov) <0

where ny is the outward pointing normal. In particular, there is no solution of Lv = ¢ (v) ov in
0C. Also, by convexity, for all v € 9C, there exists a unique d,, > 0 such that

v+dy (Lv—c(v)ov)edC.

Assume by contradiction that there is no solution of Lv = ¢ (v) ov in intC. Consequently and
by convexity again, for all v € intC, there exists a unique d,, > 0 such that

v+dy (Lv—c(v)ov)edC.
The function

(0, +00)

C
v Oy

%
|_>
is continuous and so is the function

cC — oC
v = v+dé,(Lv—c(v)ov).

According to the Brouwer fixed point theorem, this function has a fixed point, which of course
contradicts the assumption.
Hence there exists indeed a solution in intC € KT+ of

Lv=c(v)owv.

5.6 Traveling waves

In this section, we assume App (L) > 0 and prove Theorem 5.5.
Notice as a preliminary that, for any (p,c) € €2 (R RN) x [0, +00),

u: (t,z) = p(z—ct)
is a classical solution of (Ex pp) if and only if p is a classical solution of

—Dp’ —cp'=Lp—c [plopinR. (TWc])
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5.6.1 The linearized equation
As usual in KPP-type problems, the linearized equation near 0:
—Dp” —cp’=LpinR (TWy|c])

will bring forth the main informations we need in order to construct and study the traveling
wave solutions. Hence we devote this first subsection to its detailed study.

Lemma 5.24. Let (c,\) € R?.
If there exists a classical positive solution p of

-Dp’ —cp = (L+A)p=0inR, (TWylc,\])
then there exists (11, n) € R x Kt such that q : £ — e #n is a classical solution of (TWy [c, \]).
Remark. This is of course to be related with the notions of generalized principal eigenvalue and

generalized principal eigenfunction (see Theorem 5.17). The mere existence of p enforces

d? d
A (Dd§2 - cd? —(L+ >\I)> > 0.

The following proof is inspired by Berestycki-Hamel-Roques [17, Lemma 3.1].

Proof. Let p be a classical positive solution of (T'Wj [c, A]).

e (2)
v Pi /) ie[N]

to the operator D;—; + cd% + (L + AI), classical elliptic estimates (Gilbarg—Trudinger [80]) and
invariance by translation of (TWj [¢, A]), v is globally bounded. Let

. By virtue of Arapostathis—-Gosh—-Marcus’s Harnack inequality [5] applied

A; =limsupuw; (§) for all ¢ € [N],

=+
A = max A,,
1€[N]
so that
(hm Sup v; (f)) < KlNyl.
1€[N]

E—+o0
Let (£n),eny € RY such that &, — +oo and such that there exists 7 € [N] such that
v; (€n) = A

On one hand, let
e PEFEG) e
Py (én)
Once more by virtue of Arapostathis-Gosh-Marcus’s Harnack inequality, the sequence (), oy
is locally uniformly bounded. Since all p,, solve (TWj|c, \]), by classical elliptic estimates,
(Pn) ey converges up to a diagonal extraction as n — +oco in ‘gl%c Let Poo be its limit. Notice
by linearity of (TW [c, A]) that P is in fact smooth and all its derivatives satisfy (TWj [c, A])
as well.
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On the other hand, let
w, = Ap, — P/, for all n € NU {+0c0}.
Notice the following equality:
Wy (&) =Pn (§) o (Aly; —v(E+E,)) foralln € Nand € € R,

Fix ¢ € R. Recalling

(limsupvi (€+§n>> < (hmsupw (C)) <Ay,
1€E[N] i€[N]

n—-+00 (—+oo
it follows that for all € > 0 there exists n¢ . € N such that for all n > n¢ ,

A4e)lni >v(E+&),

whence, for all n > ng ,

wy (§) > —¢ < SUp P, (E))
i€[N]

m>ne .
> e (swppni(©)
meN i€[N]
and consequently, passing to the limit n — 400 and then € — 0, we obtain the non-negativity

of weo (§).
Hence w, is a nonnegative solution of (T'Wj [c, A]) satisfying in addition

w50 =5 0) (8- i wr(6) =0
whence, again by Arapostathis—Gosh—Marcus’s Harnack inequality, w is in fact the null func-
tion. B
Consequently, APo, = PL, that is Po has exactly the form

& en with n € RY.

Since P is nonnegative with p__; (0) = 1 by construction, n € K*, and since any nonnegative
nonzero solution of (TWy [c, A]) is positive (Corollary 5.10), n € K**. The proof is ended with
w=—A. O

For all 4 € R, the matrix p?D + L is essentially nonnegative irreducible. Define r, =
—ApFr (uQD + L) and n, = npp (,uQD + L).

Of course, the interest of the pair (x,,n,,) lies in the preceding lemma: for all (4,n) € RxK*+,
¢+ e Mn is a solution of (TWy [c]) if and only if

—1?°Dn + pien — Lin = 0,

that is, thanks to the Perron—Frobenius theorem, if and only if yuc = —x, and ﬁ = n,. This

most important observation leads naturally to the following study of the equation ¢ = —%".
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Lemma 5.25. The quantity

is well-defined and positive.
Let ¢ € [0,400). In (—00,0), the equation —% = ¢ admits no solution. In (0,400), it admits
exactly:

1. no solution if ¢ < c*;
2. one solution pex > 0 if c = ¢*;

3. two solutions (Y1, pro,c) if ¢ > ¢, which satisfy moreover
0 <pre<prer < pge.

Remark. ¢* does not depend on ¢ and is entirely determined by D and L. It will be the
minimal speed of traveling waves and this kind of dependency is strongly reminiscent of the
scalar Fisher- KPP case, where ¢* = 2v/rd. In fact the following proof is mostly a generalization
of scalar arguments.

Proof. Of course, p —% is odd in R\ {0}. It is also positive in (0, +00):

Therefore it is negative in (—00,0) and in particular there is no solution of —% =c>0in
(—00,0).

We recall Nussbaum’s theorem [122] which proves the convexity of the function p — p(A,,)
provided:

— the matrix A, is irreducible,

— its diagonal entries are convex functions of p,

— its off-diagonal entries are nonnegative log-convex functions of p.

These conditions are easily verified for u?D + L and pD + %LL (actually, for all p=7 (,uzD + L)
provided 7 € [0,2]). Their spectral radii being respectively —x, and —%“, these are therefore
convex functions of y. Moreover, Nussbaum’s result also proves that these convexities are actually
strict. Therefore p — —r, and p —% are strictly convex functions in (0, +00).
Now, we investigate the behavior of f%“ as 4 — 0 and p — +o0.
By continuity,
Ky — Ko as (t — 0,

whence —%‘ — 400 as pu — 0.

Since p — —%‘ is convex and positive, either it is bounded in a neighborhood of +o0o and then
it converges to some nonnegative constant, either it is unbounded in a neighborhood of 400 and
then it converges to +o0o. Assume that it converges to a finite constant. Notice

lim iQ (4#’D+L) =D.

p—>400 ,u
There exists a family of Perron—Frobenius eigenvectors of uD + %L (m#)u>07 normalized so
that maxm,; = 1 for all 4 > 0. Thanks to classical compactness arguments in R and RY, we

1€[N]
can extract a sequence (:“n)neN such that u, — 400, —'jfib converges to 0 and m,,, converges
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to some m € KT. We point out that we do not know if m € K**, but from the normalizations,
we do know that m € K*. Since m satisfies Dm = 0 and since D is invertible, we get a
contradiction. Thus

Hence p — —%“ is a strictly convex positive function which goes to 400 as u — 0 or u — +oc:
it admits necessarily a unique global minimum in (0, +00). The quantity c* is well-defined.

Define pi« > 0 such that
* __ H#c*

Mo
The quantity p.~ is uniquely defined by strict convexity. The function p — —% is bijective from
(0, piex ) to (¢*,4+00) and from (per, +00) to (¢*, +00) as well. This ends the proof. O

Putting together Lemma 5.24 and Lemma 5.25, we get the following important result.

Corollary 5.26. For all ¢ € [0,400), the set of nonnegative nonzero classical solutions of
(TWo [e]) is empty if and only if ¢ € [0, c*).

We can also get the exact values of ¢ for which 0 is an unstable steady state of (TWj [c]), in
the sense of Lemma 5.18.

Lemma 5.27. Let c € [0,400). Then

A —Dd—2—ci—L = sup (K, + pc)
! a2 T eR T HE)

Furthermore:

1. sup (ky + pc) = max (K, + pc);
HER n=>0

2. max (K + pe) <0 if and only if ¢ < c*.
u>

Remark. Just as in the case ¢ = 0, it can be shown that, for all ¢ € [0, +o0),

R A 47D£~—37L@RR)
1,Dir d€2 Cdé. 3 )

is a decreasing homeomorphism from (0, +00) onto ()\1 (—Dddl,—;2 - c% — L) ,+oo).

Proof. The fact that sup (k, + pc) is finite and actually a maximum attained in [0, +00) is a
nER
direct consequence of:

— the evenness of p+— x, (whence, for all 11 >0, k_, + (—p) ¢ < K, + pc);
— ko < 0;
— %“ +c¢— —o0 as 4 — 400 (see the proof of Lemma 5.25).

In addition, the sign of this maximum depending on the sign ¢ — ¢* is given by Lemma 5.25.
Hence it only remains to prove

N R S
! 2 ‘& = RSy i T HE)
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To do so, we use and adapt a well-known strategy of proof (see for instance Nadin [116]).
We recall from Theorem 5.17 the definition of the generalized principal eigenvalue:

2
A1 <_D<iv2_ccfr_L> =sup{A€R|[Ine % (R,K'") —Dn”—cn'—Ln>An}.

Also, there exists a generalized principal eigenfunction. We recall from Lemma 5.24 that if there
exists a generalized principal eigenfunction, then there exists a generalized principal eigenfunction
of the form & — e #"¢m with some constant ;* > 0 and m € K*+,

Now, (p*,m) € [0,4+00) x KT satisfies

?  d
—(*)’Dm + cp'm — Lm = A (_Dd§2 - cd—g - L) m,
that is )
d d
— *\2 — N p YRS _ *
((M)D—i—L)m ()\1< Dd§2 Cdf L) cu)m7
or in other words

m

|m|

IIH*.

A —Dd—Q—ci—L = K,» +cp* and
\THae T Cae = e e

Finally, the suitable test function to verify

A —Dd—2—ci—L >k, +pcforall pw>0
1 de d£ = Mu H n =

is of course v, : £ — e"#én,, itself, which satisfies precisely

/

1
Dv# ev),

—Lv, = (K, + pc) v,

Corollary 5.28. The quantity c* is characterized by

. & d
Cc = sup CZO|)\1 —D@—C%—L <0
. ¢ d
lnf{620|>\1<Dd€26d€L>>0}

5.6.2 Qualitative properties of the traveling solutions

Thanks to Lemma 5.24 and Corollary 5.26, we are now in position to establish a few interesting
properties that have direct consequences but will also be used at the end of the construction of
the traveling waves.

Lemma 5.29. Let ¢ € [0,+00) and p be a bounded nonnegative nonzero classical solution of
(TW [d]).

If (hminfpi (f)) € 0K, then ¢ > c*.
1€[N]

§—+o00

Remark. The following proof is analogous to that of Berestycki-Nadin—Perthame-Ryzhik [19,
Lemma 3.8] for the non-local KPP equation.
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Proof. Let (Cn),en € RN such that, as n — 400, ¢, — 400 and at least one component of
(P (Cn)) e converges to 0. Define

Pn &= P(E+G)
and observe that p,, satisfies (TW [¢]) as well. By virtue of Arapostathis—-Gosh—-Marcus’s Harnack
inequality [5] applied to the linear operator
2

d
Ddi52 4 cd— + (L — diag (c[pn])),

3

classical elliptic estimates (Gilbarg-Trudinger [80]), (pn),cy converges up to a diagonal extrac-
tion in %2, to 0. This proves that there is no limit point of p at +oo in 9K\ {0}.
Next, define
. P(§+Gn)
Pn:il— =~
P (Gn)l

and notice, again by Arapostathis-Gosh-Marcus’s Harnack inequality, that (Pn),cy is locally
uniformly bounded. Since, for all n € N, p,, solves

—Dp;, — ¢p, = Lpy — ¢[pn] © Pa,

with, thanks to the fact that ¢ vanishes at 0 (Hj3), c¢[p,] — 0 locally uniformly, up to extraction
(Pn) ey converges in 62 to a nonnegative solution p of (TWj [c]). Since p, (0) € STT(0,1) for

oc
all n € N, p is nonnegative nonzero, whence positive (Corollary 5.10).

Now, from Corollary 5.26, we deduce indeed that ¢ > ¢*. O

This result implies the nonexistence half of Theorem 5.5 1.
Corollary 5.30. For all ¢ € [0,c*), there is no traveling wave solution of (Expp) with speed c.

Now, with Proposition 5.14, ¢ > ¢* > 0 and the fact that (¢,2) — p (z — ct) solves (Expp),
we can straightforwardly derive the uniform upper bound Theorem 5.5 2, which is interestingly
independent of c.

Corollary 5.31. All profiles p satisfy
p<g(0) inR.

Subsequently, using Proposition 5.20 and again ¢ > ¢* > 0 and the fact that (¢,2) — p (x — ct)
solves (Ex pp), we get Theorem 5.5 3, independent of ¢ as well.

Corollary 5.32. All profiles p satisfy

(lim inf p; (5)) >ving.
1€[N]

§——o0

Now, we establish Theorem 5.5 4. Its proof is actually mostly a repetition of that of Lemma 5.24.

Proposition 5.33. Let (p,c) be a traveling wave solution of (Expp).
Then there exists £ € R such that p is component-wise decreasing in [€,400).
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Proof. Let v = (i) .
Pi/ie[N]

classical elliptic estimates (Gilbarg-Trudinger [80]) and invariance by translation of (TW [¢]), v
is globally bounded. Define for all ¢ € [N]

By virtue of Arapostathis-Gosh-Marcus’s Harnack inequality [5],

A; = limsupw; (£).

40

Let A = max A;, so that
i€[N]

<lim Sup v; (f)) < KINJ.
1€[N]

£—+o0
Let (€,),,en € RY such that &, — +oo and such that there exists ¢ € [N] such that
v5 (&) = Aas n — +oo.

Let
e PEFE) e
P (&n)
and notice, again by Arapostathis-Gosh-Marcus’s Harnack inequality, that (pn), oy is locally
uniformly bounded. Since, for all n € N, p,, solves

7Df)/ri - CIA);L = Lf)n —-cC [Fz (gn) IA)n] © f)na

and, thanks to the fact that ¢ vanishes at 0 (Hs) and the asymptotic behavior of p at +oo,
c [}%Z. (&n) f)n] converges locally uniformly to 0 as n — +00, up to a diagonal extraction process,
(Pn) ey converges in 62, to a nonnegative solution po of (TWj [c]).

Now we repeat the second part of the proof of Lemma 5.24 and we deduce in the end from
Lemma 5.25 that po, has exactly the form

& Ae*“cgnﬂc,

with e € {ft1,e, po.c} if ¢ > ¢*, pie = pier if ¢ = ¢*, A > 0 and, most importantly, with x, = —A.
Thus A < 0. This implies that there exists £ € R such that, for all & > €,

A
v(§) < _’2‘1N,17

whence, by positivity of p,

A
P < UP(S)-
The right-hand side being negative, p is component-wise decreasing indeed. O

Lemma 5.34. Let ¢ € [0,+00) and p be a bounded nonnegative nonzero classical solution of
(TW [d]).

If( minf p; (§) € 0K, then lim p (&) =0.
E—+oo

i
§—too i€[N]
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Proof. Let (Cn),en € RN such that, as n — 400, ¢, — 400 and at least one component of
(P (Cn)) ey converges to 0. The proof of Lemma 5.29 shows that (py,) defined by p,, : £ —
p (£ + (), converges up to extraction in 672, to 0.

Now, defining
vy <p;” (f))
" Pni (g) i€[N] ,

A; = limsup max vy, ;,
n—-+4o0o [*171]

neN?

A = max A,,
i€[N]

i € [N] such that A; = A,

and (n),,en € NV an increasing sequence such that v, 7(0) = A as m — +o00, we can repeat
once more the argument of the proof of Lemma 5.24 and obtain

Kf)oo = f)éo in (_171)

(notice that, contrarily to the proof of Lemma 5.24 where this equality was proved in R, here it
only holds locally). This brings forth A = —p. <0, as in the proof of Proposition 5.33, whence
Pr is component-wise decreasing in [—1, 1] provided n is large enough.

Now, assuming by contradiction

<lim sup p; (5)) € K¥,
£ 1€[N]
that is

<lim Sup p; (f)) e KT,
§oo i€[N]

we deduce from the ¢ regularity of p that, for any i € [N], there exists a sequence ({},),,cy € RY
such that:

— C,'I—>—|-ooasn—>—|—oo,
— p; (¢},) is a local minimum of p;,
— p;i (¢},) = 0 as n — +o0.

Since this directly contradicts the preceding argument, we get indeed

(hm sup p; (5)) =0= (hglnf Di (f)) .
£—+oo0 ie[N] §—too i€[N]

O

Lemma 5.35. Let ¢ € [0,400). There exists n. > 0 such that, for all bounded nonnegative
classical solutions p of (TW [c]), exactly one of the following properties holds:
1.1 —0;
Jim p (€)

2. inf pi) >nelna-
((0,+<><>) ie[N] et
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Remark. The following proof is again analogous to that of Berestycki-Nadin—Perthame—Ryzhik
[19, Lemma 3.4] for the non-local KPP equation.

Proof. Recall from Corollary 5.10 and Lemma 5.34 that < inf pi) € OK if and only if
(O400) "/ ielN]

¢ lirf p (£) = 0. Hence, defining ¥ as the set of all bounded nonnegative classical solutions p of
— 00

(TW [¢]) such that

min inf p; >0,
i€[N] (0,+00)

this set containing at least one positive constant vector by virtue of Theorem 5.4, it only remains
to show the positivity of

. = inf < min inf p; eEXs.
! {iE[N] (0,+<>°)p P }

We assume by contradiction the existence of a sequence (pn), oy € YN such that

li in inf ; = 0.
n=sFoo g[lz{/l] (o,liloo)p”’Z
For all n € N, define

Bn = min inf p,,; >0,
1€[N] (0,400)

fix &, € (0,+400) such that

min Pn,i (gn) S |:5na Bn + 1:| )

i€[N] n
and define finally

Vo€ P (E460).
Bn

By virtue of Arapostathis—Gosh-Marcus’s Harnack inequality [5], classical elliptic estimates

(Gilbarg-Trudinger [80]) and invariance by translation of (T'W [c]), (Vy),,cy is locally uniformly

bounded and, up to a diagonal extraction process, converges in ‘51200 to some bounded limit v.

As in the proof of Lemma 5.24, it is easily verified that v, is a bounded positive classical solution

of (TWy [c]). Furthermore, by definition of (v;,),, ¢y,

Voo > 1y in (0,400).
Repeating once more the argument of the proof of Lemma 5.24, we deduce that v, is
component-wise decreasing in a neighborhood of 4+o0o. Thus its limit at +oo, say m > 1n1,

is well-defined. By classical elliptic estimates, m satisfies Lm = 0, which obviously contradicts
APF (L) > 0. O

5.6.3 Existence of traveling waves

This whole subsection is devoted to the adaptation of a proof of existence due to Berestycki,
Nadin, Perthame and Ryzhik [19] and originally applied to the non-local KPP equation.

Remark. There is a couple of slight mistakes in the aforementioned proof.
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. Using the notations of [19], the sub-solution is defined as 7. = max (0, 7.), with r. chosen
so that

—c’r‘/c < T'/C/ + UTe — .UJQ(' (qﬁ*@)

and it is claimed that 7. satisfies as well this inequality, in the distributional sense. This
is false: in an interval where 7. = 0, we have

_C?/c - FIc/ - I'LFC =0> _/j/ac ((b*ac) .
As we will show, the correct sub-solution is 7. = max (0, 7.) with r. chosen so that
—ery Syl A+ pre — pre (9% G,) -

Fortunately, the function r. constructed by the authors satisfies this inequality as well.

. Later on, ®, is defined as the mapping which maps ug to the solution of
—cu' =" + pug (1 — ¢ *up) .

This mapping does not leave invariant the set of functions R, defined with the correct
sub-solution. It is necessary to change ®, and to define it as the mapping which maps ug
to the solution of

—cu' =u" 4+ pu (1 — p*xup) .

Consequently, in order to establish that the set of functions R, is invariant by ®,, the
elliptic maximum principle is applied not to u — —cu’ — v/ but to

ur —u’ —cu' — pu

on one hand and to
u— —u —cu —p(l—¢*q.)u

on the other hand.

During the first three subsubsections, we fix ¢ > c*.

5.6.3.1 Super-solution

We will use p : £ — e*“lwﬁnm,c as a super-solution (recall from Lemma 5.25 that it is a
solution of (TWj [c])).

5.6.3.2 Sub-solution

Proposition 5.36. There exist € > 0 such that, for any € € (0,2), there exists A. € (0,400)
such that the function

p:& (max (e—ul,cinm i Ase—(m,da)&nm e 0)) ,
’ ’ i€[N]

satisfies

_DBH—CE/—LBS —C[ﬁ]OEin 1 (R,RN).
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Remark. Notice that, in the right-hand side of the inequality above, we find ¢ [p] and not ¢ U
This is of course related to the lack of comparison principle for (Expp).

During the forthcoming quite technical proof, in order to ease the reading, we denote (e, ),
and (e, e)\ the duality pairings of 7! (R,R) and ! (R, RN) respectively, the latter being of
course defined by:

N
(f, g>3f—1(R,RN)xﬂl(R,RN) = Z <fi7.gi>;7?*1(]1{<)><3f1(]1§) :
i=1

The speed c being fixed, we also omit the subscript c in the notations p; . and pg ..

Proof. For the moment, let A, > 0 (they will be made precise during the course of the proof)

and define
Vi€ e Min, — Ae_(“l‘*‘s)gnmﬁ,

p:&— (maX <eiulgnmvi — Aem 0t N0, 0>)ie[1\’] ’

= o=pt ().
Zo=p ' (0),
Ex =R\ (E4 UE).
Notice that =y is a connected compact set.
Fix a positive test function p € 51 (R, K*T). We have to verify that
(-Dp” —cp' —Lp,p), < (—c[plop,p), -

To this end, we distinguish three cases: suppy C Z, suppy C Zo and suppp N =y # 0. The
case suppy C Zo is trivial, with the inequality above satisfied in the classical sense.

Regarding the case suppy C Z,, we only have to verify the inequality in the classical sense in
=4 for the regular function v.

Fix temporarily £ € =;. We have

—DV" (¢) — v’ (§) — L (¢) = Ae” (1119 ((Ml +e)’D—c(p+e)I+ L) Ny te;

(—c[plov) (§) = —e e (7% ny,) o (ny, — Ae™ny, ) -
From ,
((:ul +¢e)"D+ L) Ny +e = —Kpy+eByy e,

K
—C (;U’l + E) Nyyte = ﬁ (Ml + 5) Nyy+e,
and the following direct consequence of the nonnegativity of ¢ on K (Hs),
—c (e7"%n,,) o (n,, —Ae™**n,, ;) > —c (e **n,, ) on,,,

it follows that it suffices to find A and € such that

K K
Ae~=¢ ] Ep AT Y < —c(e"™Mfn, )on,,.
(1 ) it " pite = ( m) M1

The right-hand side above being nonnegative (u +— % is positive and convex in (0, +00), as
detailed in the proof of Lemma 5.25), it follows clearly that such an inequality is never satisfied
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if g1 + & > pa, whence a first necessary condition on ¢ is ¢ < s — p1 (notice that if € = ps — py,
then the inequality above holds if and only if ¢ (e_’“gnm) = 0, which is in general not true).
Thus from now on we assume € < ps — p1. This ensures that % — % > 0, whence we now
search for A and ¢ such that

et

(i +2) (s — 2

Ang 4. > c (e "fn,, ) ony,.

Define £ = min Ey, so that any £ € = satisfies necessarily £ > £. Remark that there exists
i € [N] such that
n -
(mA +1In (“*)) :
n -
11,2

n .
pi1te,e
A > max (1> ,

My i

&=

™ | =

Now, defining o : £ — e~"& if

then £ >0 and o (£) < 11in (57 —|—oo). Moreover, we have

et = (a(§) 7,
whence, for all i € [N,
eefci (e—ulﬁnul) _G (a (f) rzn)
(a(§))m
and from the ¢! regularity of c as well as the fact that it vanishes at 0 (Hj), the above function

of ¢ is globally bounded in (57 +oo), provided ﬁ < 1, by the positive constant

)

Subsequently, if A and e satisfy also
€< i,

Mm i
> 1,2
Az znel[aj\}f(} Bpite _ Buy
(i +e) (e — 2 ) e

then the inequality is established indeed in =,. Hence we define

)

g = min (p2 — p1, 1)

and, for any € € (0,%),

Ny +ei Ming,, ;
Aezg%max :LH_ , - “K
) ; pwyte w
B (Ml + 6) ( Ml.»,_g - ,“1 ) Nprteyi
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and we assume from now on ¢ € (0,2) and A = A.. 3
_ Let us point out here a fact which is crucial for the next step: choosing £ = min =4 instead of
€ = max 24 (which might seem more natural at first view) implies that the differential inequality

~Dv" —cv' —Lv < —c[p]ov

holds classically in Zx UZ_.

To conclude, let us verify the case supppNZ4 # 0. In order to ease the following computations,
we actually assume p € & (R, RN ) (the result with ¢ € 21 (]R, RN ) can be recovered as usual
by density). By definition,

N N
(-Dp" —cp’' —Lp+c[p]op, ¢>N = Z <d¢p;’ —cp,— Z l,;ngj + ¢ [Py, <pi> .
i=1 j=1 1
Fix i € [N] and define &, ; as the unique element of v; * ({0}) and
N
\Ili - < dzgi CBZ- le,jﬂj +¢ [p] Bi’ 901> .
j=1 1
Classical integrations by parts yield

+oo +oo
/Bg%’ = / vy i + v (§0,i) i (€o0,6) > / v i,
R

§o,i §o,i

+oo
/B;%‘ :/ Vi,
R 0,i

+00 Foo
U, é/ (—div] — cv; +¢; [P ]vz)%—zli,j/ Vi p;-
50,_7'

o,i j=1

whence

As was pointed out previously, from the construction of ¢ and A, we know that
-Dv' —¢ev +¢ [Pl ov < Lv in By,
whence, with J; = {j € [N] | &o,; < &o,i}
o, €o,j
Z/ l; jvj0; + Z / li,jv;pi-

JEJ; JEINNJT;

Finally, recalling that v; () > 0 if £ > & ; and v; (§) < 0 if £ < & 4, the inequality above
yields ¥; < 0, which ends the proof. O

5.6.3.3 The finite domain problem

Let R > 0 and define the following truncated problem:

_Dp// _ cp/ = Lp —C [p} op in (_R, R) )
{ p(+R) =p(+R). (TW R, )
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Lemma 5.37. Assume
Dc (v) >0 for all v € K.

Then there exists a nonnegative nonzero classical solution pr of (TW [R,¢]).

Remark. The new assumption made here ensures that the vector field c¢ is non-decreasing in K,
in the following natural sense: if 0 < v < w, then 0 < ¢ (v) < ¢ (w).

Proof. Fix arbitrarily € € (0,2), define consequently p and then define the following convex set
of functions:
F={ve?¢(-RR,RY) [ p<v<D}.

Recall that Figueiredo-Mitidieri [54] establishes that the elliptic weak maximum principle
holds for a weakly and fully coupled elliptic operator with null Dirichlet boundary conditions if
this operator admits a positive strict super-solution. Since, for all v € ¢ ([—R, R],RY) such
that 0 < v < P, we have by the nonnegativity of ¢ on K (Hj)

~Dp" —cp' —~Lp+c[vjop = -Dp”’ —cp' —~Lp > 0,
p(+R) >0,
it follows that every operator of the family
d? d
(Dd§2 + Cdif + (L — diagc [v]))

0<v<p
supplemented with null Dirichlet boundary conditions at +R satisfies the weak maximum prin-
ciple in (—R, R).

Define the map f which associates with some v € .% the unique classical solution f [v] of:

{Dp” —cp'=Lp—c|vlop in (—R,R)
P(ER) =p(£R).

The map f is compact by classical elliptic estimates (Gilbarg—Trudinger [80]).
Let v € . By monotonicity of ¢, the function w = f [v] — p satisfies

with null Dirichlet boundary conditions at +R. Therefore, by virtue of the weak maximum
principle applied to D% + cd% + (L — diagc [v]), f[v] > p in (=R, R). Next, since it is now
established that f [v] > 0, we also have by (Hs)
-Dp’—cp —-Lp=0
> —c[v]of[v]
= —Df[v]" — cf [v]' = Lf [v],

P(£R) 2 p(£R) =1 [v] (£R),

whence p > f [v] follows from the weak maximum principle applied this time to D% + cd% +L.
Thus p < f[v] < p and consequently f (%) C Z.
Finally, by virtue of the Schauder fixed point theorem, f admits a fixed point pp € ., which
is indeed a classical solution of (TW [R, ¢]) by elliptic regularity. O

205



Chapitre 5 Systémes de Fisher — KPP non-monotones : ondes progressives et comportement en
temps long

5.6.3.4 The infinite domain limit and the minimal wave speed

The speed c is not fixed anymore.
The following uniform upper estimate is a direct consequence of Proposition 5.15.

Corollary 5.38. There exists R* > 0 such that, for any ¢ > c¢*, any R > R* and any nonnegative
classical solution p of (TW [R,d]),

max p; <g(0).
([—R,R}p )mm g (0)

We are now in position to prove the second half of Theorem 5.5 1.

Proposition 5.39. Assume
Dc (v) >0 for all v e K.

Then for all ¢ > ¢*, there exists a traveling wave solution of (Expp) with speed c.

Remark. Of course, it would be interesting to exhibit other additional assumptions on ¢ sufficient
to ensure existence of traveling waves for all ¢ > ¢*. In view of known results about scalar multi-
stable reaction—diffusion equations (we refer for instance to Fife-McLeod [71]), some additional
assumption should in any case be necessary.

Proof. Hereafter, for all ¢ > ¢* and all R > 0, the triplet (ﬁ, PP R) constructed in the preceding

subsections is denoted (ﬁc, PP R,c)-

For all ¢ > ¢*, thanks to Corollary 5.38, the family (pr.c) -, is uniformly globally bounded.
By classical elliptic estimates (Gilbarg-Trudinger [80]) and a diagonal extraction process, we can
extract a sequence (RmpRmc)neN such that, as n — 400, R, — 400 and pg, . converges to
some limit p. in €72.. As expected, p. is a bounded nonnegative classical solution of (TW [c]).
The fact that its limit as £ — 400 is 0, as well as the fact that p. is nonzero whence positive
(Corollary 5.10), are obvious thanks to the inequality P, <Pc<P. At the other end of the real
line, Corollary 5.30 clearly enforces

(liminfpc’i (§)> € KtT c KT.
£—o0 i€[N]

Thus (pe, ¢) is a traveling wave solution.

In order to construct a critical traveling wave (p.+,c*), we consider a decreasing sequence
(€n)nen € (¢, —|—oo)N such that ¢,, = ¢* as n — 400 and intend to apply a compactness argument
to a normalized version of the sequence (p.,,)

By Corollary 5.32,

neN’

lim inf min p., ;(§) > v for all n € N.
£——o00 i€[N]

Recall from Lemma 5.35 the definition of 1. > 0. For all n € N the following quantity is
well-defined and finite:

&, = inf {5 €R| min pe, i (€) < min (5% )} .
We define then the sequence of normalized profiles

Pe, : = Pe, (E+&,) foralln e N.
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A translation of a profile of traveling wave being again a profile of traveling wave, (Pe,, , Cn),cy 18
again a sequence of traveling wave solutions. Notice the following two immediate consequences

of the normalization:
gl[lj{[l] De,, i (0) = min (%, %) for all n € N,

. . ~ . v 776*
inf  min ; > min (7 —) for all n € N.
e 0y 2y Pt (8) 2 2’ 2
We are now in position to pass to the limit n — 4-00. The sequence (P, ), <y being globally
uniformly bounded, it admits, up to a diagonal extraction process, a bounded nonnegative limit
Pe+ in 672.. Since ¢, — ¢*, pe+ satisfies (TW [¢*]). The normalization yields

min pee ;(0) = min (5:%).

. . . v nc*
f c* g > (77 ) .
ey iy P () 2 Wi (55

Consequently,

<1im inf pe- ; (g)) € Kt
£——o0

i€[N]

and, according to Lemma 5.35,
lim pe (§) =0.

=400

The pair (per,c*) is a traveling wave solution indeed and this ends the proof. O

5.7 Spreading speed

In this section, we assume App (L) > 0 and prove Theorem 5.6. In order to do so, we fix
ug € 6 (R, RN) of the form ug = v1(_ 4,) with zop € R and v nonnegative nonzero and we
define u as the unique classical solution of (Expp) set in (0, +00) x R with initial data uo.

Remark. This type of spreading result, as well as its proof by means of super- and sub-solutions,
is quite classical (we refer to Aronson—Weinberger [8] and Berestycki-Hamel-Nadin [15] among
others). Still, we provide it to make clear that the lack of comparison principle for (Expp) is
not really an issue.

Of course, for the scalar KPP equation, much more precise spreading results exist (for instance
the celebrated articles by Bramson [30, 29] using probabilistic methods). Here, our aim is not to
give a complete description of the spreading properties of (Expp) but rather to illustrate that
it is, once more, very similar to the scalar situation and that further generalizations should be
possible.

5.7.1 Upper estimate
Proposition 5.40. Let ¢ > ¢* and y € R. We have

( lim  sup w;(t,x+ ct)) =0.

irtoo z€(y,+00) i€[N]
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Proof. By definition of ug, there exists &5 € R such that
P& et (5—51)11“ .

(which is a positive solution of (TWy [c*]) by Lemma 5.25) satisfies p > ug. Then, defining
U: (t,z) — P (z — c*t), we obtain by the nonnegativity of ¢ on K (Hj)

ou—Do,,u—Lua=0
> —clujou
= 0yu—Dd,u— Lu

and then, applying the parabolic strong maximum principle to the operator d; — D9, — L, we
deduce that @ — u is nonnegative in [0, +00) x R. Consequently, for all x € R, ¢ > 0 and ¢ > ¢*,

0<u(t,z+ect) <p(x+(c—c")t),

and by component-wise monotonicity of p, for all y € R and all = > v,
0<u(t,z+ct)<p(y+(c—c")t),

which gives the result. O

5.7.2 Lower estimate
Proposition 5.41. Let ¢ € [0,¢*) and I C R be a bounded interval. We have

<1im inf inf u; (¢, + ct)> € K.
1€[N]

t—4oc0 zel
Proof. Recall Lemma 5.27 and define
Ae = —IB?(})((FLM—FMC) >0
(— )¢ being the generalized principal eigenvalue of —D% — c% — L) and, using the fact that c
vanishes at 0 (Hs),

Ac
Q. = max {a >0|vwel0,oY c(v)< 21N71}.

Let R, be a sufficiently large radius satisfying

d? d Ae
(DS — e (L-2°1),(~R.,R. .
/\1,Du ( d§2 Cdf ( 9 ) 7( RcaRc)> <0
Let u.: (t,y) = u(t,y + ct). It is a solution of

Ou. — DIyyu. — coyu, = Lu, — cu;] ou, in (0,+00) x R

with initial data ug. Just as in the proof of Proposition 5.20, we can use R., a. and Foldes—
Polacik’s Harnack inequality [73] to deduce the existence of v, > 0 such that

<lim inf inf u; (t,2 4+ ct)> > velna.
t—+oo xel i€[N]
This ends the proof. O

Remark. We point out that R, — +o00 as ¢ — ¢*. Hence the proof above cannot be used directly
to obtain a lower bound uniform with respect to c¢. Although we expect indeed the existence of
such a bound, we do not know how to obtain it.
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5.8 Estimates for the minimal wave speed

In this section, we assume App (L) > 0,
diy <dp <... <dn,

and prove the estimates provided by Theorem 5.7. Recall the equality

. K
¢ =min | ——£).
u>0 7

Recall as a preliminary that for all » > 0 and d > 0, the following equality holds:

2V/rd = min (ud+ r) :
T 2

>0
Proposition 5.42. We have
2y/diApr (L) < ¢* < 2y/dyApr (L).
If d1 < dp, both inequalities are strict. If di = dpy, both inequalities are equalities.

Proof. Since dily1 < d < dnyln,1, we have, for all > 0,

1 1 1
pdi + =Apr (L) < Apr (MD + L> < pdy + —App (L),
[ Z #
whence we deduce
2v/diA\pF (L) <" <2/dnApF (L)

On one hand, it is well-known that if d; < dp, then the above inequalities are strict. On the
other hand, if d; = dn, we have

APF (MD —+ 1L> = pdy + l)\PF (L),
1 7
whence the equality. O
Recall from Lemma 5.25 that n,_, = npp (ug*D + L).
Proposition 5.43. For all i € [N] such that l;; > 0, we have
¢ > 2v/dili ;.

Proof. Let i € [N]. The characterization of ¢* (see Lemma 5.25) yields

li,i o 1 L _nﬂc*’j
=c = J )

Nc*di"_ i n -
et et geinngy - et

whence, if [; ; > 0,

n .
>0 /dil - . —Hersd
= 1be, Z ZJn

JENIVEy et

c*

From the irreducibility and essential nonnegativity of L (H;), there exists j € [N]\ {i} such that
li’j > 0, whence c* > 2\/dili,i~ O
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Recall the existence of a unique decomposition of L of the form
L = diagr + M with r € RY and M”71y, = 0.

Remark. Regarding the Lotka—Volterra mutation—competition—diffusion ecological model, the
decomposition L = diagr + M is ecological meaningful: r is the vector of the growth rates of the
phenotypes whereas M describes the mutations between the phenotypes.

Proposition 5.44. Let ((d),(r)) € (0,400) x R be defined as

(d) = d"npp(pgD+L)
B 11,NnPF(lJ«E*D+L)’

<’I’> o rTnpp(ui*D—&-L)
o 11,NnPF(,U4§*D+L).

If (r) > 0, then

c* > 24/{d) (r).

Proof. Using (r, M), the characterization of ¢* (see Lemma 5.25) is rewritten as

(ug*D + diagr) n,,.+Mn,, =p.cn,,.

N
Summing the lines of this system, dividing by " n,_,; and defining (d) and (r) as in the
i=1

statement, we find
P2 A{d) 4 (1) = presc*.

The equation (d) u2—c*u+(r) = 0 admits a real positive solution g if and only if (¢*)*—4 (d) (r) >
0. O

Acknowledgments

The author thanks Grégoire Nadin for the attention he paid to this work, Vincent Calvez for
fruitful discussions on the cane toads equation, Cécile Taing for pointing out the related work by
Wang and an anonymous reviewer for a detailed report thanks to which the original manuscript
was largely improved.

5.A Extinction in the critical case

Adrian Lam pointed out after the publication of the preceding article that the argument used
to establish the upper estimates of Theorem 5.2 can actually be used again to solve the extinction
case. The proof is included here for the sake of completeness.

Theorem 5.45. [Extinction, critical case] Assume App (L) =0 and
span (npp (L)) NKNec ! ({0}) = {0}.

Then all bounded nonnegative classical solutions of (Expp) set in (0,400) xR converge asymp-
totically in time and uniformly in space to 0.
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Proof. Let u be a bounded nonnegative classical solution. Using its boundedness, we can define
forall T >0
Cr=inf{C >0| Cnpp (L) >u(T,z) for all z € R}.

Subsequently, fix temporarily 7" > 0 and let v = Crnpp (L) — u. Since App (L) = 0, v satisfies
v(T,z) > 0 for all z € R,

Ov —DIyv—Lv=clu]ouin (0,400) x R.

Since the nonnegativity of ¢ (Hz) implies ¢ [u] ou > 0, it follows from the maximum principle
that
v>0in [T,+00) xR,

that is
Crnpr (L) > uin [T,400) x R,

whence Cr < Cp for all 7" > T'. In other words, (C7)ps is a nonincreasing family.

Next, let us verify that it is in fact a decreasing family if and only if u is nonzero.

Of course, if u = 0, then C'r =0 for all T > 0.

Now, assume that there exist T > 0 and 77 > T such that, for all ¢t € [T,T’], C; = Cr. Let
v = Crnpp (L) — u. By optimality of Cr,

min inf v; (77, x) = 0.
i€[N] zE€R

If there exists € R such that
v(T',z) = Crmpp (L) —u(T',z) € 0K,
then by the strong maximum principle
v=0in [T,T'] x R.

This leads to c[u] o u = 0 on one hand and to u = Crnpp (L) on the other hand, whence by
assumption on ¢ we deduce Cp = 0. Therefore u =0 in [T,7'] x R and then in (0, 400) x R.

On the contrary, if such an x € R does not exist, then by optimality of C7/, there exists
w € 0K and (2,),cy such that, as n — 400,

Ty — oo and v (T, x,) — w.

Defining the sequence
u,: (tz) > u(t,z+x,)

and using classical parabolic estimates to extract a locally uniform limit u.,, we find that v, =
Crnpr (L) — uy satisfies

0Voo = DOyyVeo — Lvee > 0in [T, T'] X R,
Voo > 0in [T,T'] x R,
Voo (T7,0) = w € 0K,

and then again by the strong maximum principle we find v, = 0 and subsequently u = 0.
Hence either u = 0 or the family (Cr). is decreasing. Let

Coo = lim Cp>0.
T—+o0
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Assuming by contradiction that C, > 0, defining the sequence
u,: (t,z) »u(t+n,2x)

and its locally uniform limit u., we can repeat the argument and obtain that the family (D7),
where

Dp =inf{D >0 | Dnpp (L) > ux (T, z) for all z € R},

is decreasing, which directly contradicts the fact that Dy = C4 for all T' > 0. This ends the
proof. O
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Chapitre 6

Systéemes de Fisher — KPP non-monotones :
comportement asymptotique des ondes
progressives

Résumé

Ce chapitre est la suite directe du précédent, dans lequel I'existence d’ondes progressives
connectant I’état nul & un compact de Iintérieur du céne positif pour les systemes KPP non-
coopératifs persistants a été prouvée. L’objet de ce chapitre est la recherche d’une description
plus précise des profils de ces ondes.

Ce chapitre a fait 'objet d’une publication sous le titre Non-cooperative Fisher—KPP
systems : asymptotic behavior of traveling waves dans Mathematical Models and Methods in
Applied Sciences [Girl8al.
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6.1 Introduction

This paper is a sequel to a previous paper by the same author [Girl8b] where the so-called
KPP systems were investigated. The prototypical and, arguably, most famous KPP system is
the Lotka—Volterra mutation—competition—diffusion system:

ou

5 diag (d) A,u = diag (r) u + Mu — diag (u) Cu,

where u is a nonnegative vector containing phenotypical densities, d and r are positive vec-
tors containing respectively diffusion rates and growth rates, M is an essentially nonnegative
irreducible matrix with null Perron—Frobenius eigenvalue containing mutation rates (typically a
discrete Neumann Laplacian) and C is a positive matrix containing competition rates. Although
the Lotka—Volterra competition—diffusion system (without mutations) is a very classical research
subject, mutations can dramatically influence some of its properties and their overall effect is
still poorly understood.

More generally, KPP systems as defined in [Gir18b] are non-cooperative (or non-monotone, i.e.
they do not satisfy a comparison principle; see Protter—Weinberger [129, Chapter 3, Section 8])
and have started to attract attention relatively recently. Their study requires innovative ideas
and the literature is limited; a detailed bibliography can be found in [Girl8b].

By adapting proofs and methods well-known in the context of the scalar KPP equation,

%: —dAyu = ru — cu?,

first studied by Fisher [72] and Kolmogorov, Petrovsky and Piskunov [104], various properties
of these systems were established in [Girl8b]. In particular, a KPP system equipped with a
reaction term sufficiently analogous to u — u? admits traveling wave solutions with a half-line
of possible speeds and a positive minimal speed ¢*. These traveling waves are defined in a very
general way: it is merely required that they describe the invasion of 0 by a positive population
density. A very natural subsequent question is that of the evolution of the distribution u during
the invasion. Which components lead the invasion? Which components settle once the invasion
is over?

Having in mind that the waves traveling at speed c¢* should attract front-like and compactly
supported initial data (although this statement has yet to be proven, since [Girl8b] only estab-
lished the equality between ¢* and the spreading speed associated with such initial data, and
it is expected to be a very difficult problem), a more general question is then: given a class of
initial data, what is the long-time distribution of the solution?

In the rest of the introduction, we present more precisely the problem and state our main
results. Sections 2, 3 and 4 are dedicated to the proofs of these results. Finally, open questions,
interesting remarks and numerical experiments are discussed in Section 5.

6.1.1 The non-cooperative KPP system

From now on, an integer IV > 2 is fixed.

A positive vector d € K™, a square matrix L € M and a vector field ¢ € €' (RY,RY) are
fixed. We denote for the sake of brevity D = diag (d).

We consider the following semilinear parabolic system:

Opu—DO,u=Lu—clujou, (Expp)
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with u : (t,2) € R? — u(t,z) € RY as unknown. In order to ease the notations, we only

consider one-dimensional spaces, however all forthcoming results could be applied directly to

traveling plane waves in multidimensional spaces (these solutions being in fact one-dimensional).
When restricted to solutions u : R — RY which are constant in space, (Expp) reduces to

u=Lu—clulou (E}pp)
When restricted to solutions u : R — RY which are constant in time, (Expp) reduces to
—Du” =Lu-—clujou. (Skpp)

When restricted to traveling solutions of the form u: (t,z) — p (z — ct) with ¢ € R, (Expp)
reduces to

—Dp” —cp’' =Lp—clplop. (TW|d)

6.1.1.1 Basic KPP assumptions

The basic assumptions introduced in [Girl8b] are the following ones.

(H1) L is essentially nonnegative and irreducible.
(Hz) c(K) C K.
(Hs) c(0)=0
(Hy) There exists
(o, d,¢) € [1, +00)? x KT+
such that
N
Zlm—nj >0 = a’¢; <ci(an)
Jj=1
for all
(n,a,i) € ST(0,1) x [a, +00) x [N].

The assumption (Hy4) loosely means that ¢ grows at least linearly at infinity. The precise con-
dition means, however, that in the set {v € K| (Lv), < 0} (which is nonempty if and only if
l;; < 0 and contains in such a case the open half-line span (e;) N K1), the growth of ¢; is not
important. Anyway, (H4) includes the Lotka—Volterra form of competition (linear and positive
c) as well as more general forms (see for instance Gilpin—Ayala [81]).

Recall from the Perron—Frobenius theorem that if L is nonnegative and irreducible, its spectral
radius p (L) is also its dominant eigenvalue, called the Perron—Frobenius eigenvalue App (L),
and is the unique eigenvalue associated with a positive eigenvector. Recall also that if L is
essentially nonnegative and irreducible, the Perron—Frobenius theorem can still be applied. In
such a case, the unique eigenvalue of L associated with a positive eigenvector is App (L) =
) (L — 1;1[1151] (lii)In ) + 12[1]51] (I;,:). Any eigenvector associated with App (L) is referred to as a

K3 K3
Perron—Frobenius eigenvector and the unit one is denoted npp (L).

In view of [Girl8b, Theorems 1.3, 1.4, 1.5], in order to study traveling waves and non-trivial

long-time behavior, the following assumption is also necessary.

(H5) App (L) > 0.

The collection (H;)—(Hjs) is always assumed from now on. Notice that, although this does
not bring any new result, the scalar KPP equation could be seen as a particular KPP system

(understanding the pair (H;) and (Hs) as r > 0). Biological interpretations of these assumptions
can be found in [Girl8b, Section 1.5].
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6.1.1.2 Traveling waves
Traveling waves are defined in [Girl8b] as follows.

Definition. A traveling wave solution of (Expp) is a profile—speed pair
(p,c) € €% (R,RY) x [0, +00)

which satisfies:

— u: (t,x) = p (z — ct) is a bounded positive classical solution of (Expp);

— <1im inf p; (5)) > 0;
§7—00 i€[N]
=0.

— lim p(¢)

=+

By construction, a traveling wave solution (p, ¢) solves (T'W [c]).

The set of all profiles associated with some speed ¢ is denoted Z.. By [Girl8b, Theorems 1.5,
1.7], L. is empty if

A D+ L
¢ < ¢* = min M.
n>0 7

The converse statement (existence of a profile if ¢ > ¢*) is likely false in general but is true
provided ¢ is monotonic in the following sense:

Dc(v) > 0 for all v € K.

6.1.2 Results: at the edge of the fronts

The distribution of the profiles near +o0o follows the “rule of thumb” unfolded in [Girl8b]: for
several standard problems, KPP systems can be addressed exactly as KPP equations and the
results are analogous.

Recall from [Girl8b, Lemma 6.2] the notation n, = npp (,uzD + L) for all 1 € R. Recall also
that the equation

Apr (WD + L)
1
admits no real solution if ¢ < ¢*, exactly one real solution pu.+ > 0 if ¢ = ¢* and exactly two real
solutions pg o > p1,c > 0 if ¢ > ¢*. Define subsequently for all ¢ > ¢* the quantity

W:c}:{uc* if c=c*,

=C

,uczmln{,u>0| " pre ife>ct

Theorem 6.1. Let

1 ifc=c".
For all traveling wave solutions (p,c), there exists A > 0 such that, as & — 400,

p (&) ~ Agkeetetn,,
P () ~ —pep (§),
p" (&) ~ uZp (§).

kc:{o if ¢ > c*,

In particular, ifd = 1N 1,

p () ~ Aghee 3 (VERerm)ey )
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This result is proved in Section 2.
Recall that up to a well-known change of variable z, we can always assume without loss of
generality max d; = 1.
1€[N]

If we have in mind the mutation—competition—diffusion system, then the ecological interpreta-
tion of this result is the following: at the leading edge of the invasion, the normalized distribution
in phenotypes is n,, and the total population is proportional to (x — ct)kc e Helz—ct)

In the special case ¢ = ¢*, this theorem answers positively a conjecture of Morris, Borger and
Crooks [115, Section 4].

Recall that, for the scalar KPP equation, the analogous result on exponential decays has two
common proofs, one using ODE arguments and especially phase-plane analysis and the other
one using elliptic arguments and especially the comparison principle. Although we could prove
the above result by phase-plane analysis indeed, the proof we will provide uses a third technique
relying upon the monotonicity of the profiles near +oo, bilateral Laplace transforms and a Ikehara
theorem. In our opinion, this technique of proof has independent interest: on one hand, it does
not require the comparison principle and, on the other hand, it might be generalizable to non-
ODE settings (space-periodic media and pulsating fronts, for instance).

6.1.3 Results: at the back of the fronts

On the contrary, the distribution of the profiles near —oo is a much more intricate question,
where the multidimensional and non-cooperative structure of the KPP system become prepon-
derant.

Given a positive classical solution u of (Sxpp), a traveling wave connecting 0 to u is a traveling
wave whose profile p converges to u as £ — —oo. The general aim is to prove that all traveling
waves connect 0 to some positive classical solution of (Sk pp) and, when several solutions can be
connected to 0, to determine somehow which connection prevails. However, as will be explained
in Subsection 6.5.1 (and was first pointed out in Barles-Evans—-Souganidis [10]), a general and
precise treatment of this problem is likely impossible. It is necessary to focus on special cases.
Looking at the literature, we find two frameworks commonly assumed to be mathematically
tractable:

— competition terms ¢; (v) with separated dependencies on i and on v (Coville-Fabre [40],
Dockery—Hutson—Mischaikow—Pernarowski [58], Griette-Raoul [82], Leman—Méléard—Mirrahimi
(106]),

— two-component systems with linear competition and vanishingly small mutations (Dockery—
Hutson—Mischaikow—Pernarowski [58], Griette-Raoul [82], Morris-Borger—Crooks [115]).

6.1.3.1 Separated competition

(Hg) There exist a € K*+ and b: RY — R such that:

— c(v)=b(v)afor all v e K;

— the function w — b (we; 4+ v) is increasing in (0, +o00) for all v € K and all i € [N].
By monotonicity of ¢, supplementing (H;)—(Hs) with (Hg) implies the existence of a profile

p € Z. for all ¢ > ¢*. The decomposition ¢ = ba is unique up to a multiplicative normalization

and we will assume for instance m[%\:f] a; = 1. We denote A = diag (a) (so that ¢ (v)ov = b(v) Av).
ic

An especially interesting subcase is the intersection between (Hg) and the Lotka—Volterra
competition form, where b is a linear functional, that is where there exists b € K™ such that

b(v) =blv for all v € K.
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The system (Expp) then reads
ou—DOy,u=Lu-— (bTu) Au.

The systems studied in Dockery—Hutson—Mischaikow—Pernarowski [58] and in Griette-Raoul [82]
correspond respectively to
a=b=1 N,1

(a,b) = <<I:,1>T,;(1271>.

The matrix A~'L being essentially nonnegative and irreducible, the following eigenpair is
well-defined:

and to

()\a,na) = ()\pF (A_lL) ,Npp (A_lL)) .
Applying [Gir18b, Theorem 1.4] to the following two pairs of parameters (L, c):

(L,v— (11, nv)a),

(A7'L,v (L1 av)1na),

it is easily deduced that Apr (L) > 0 if and only if A\, > 0. By strict monotonicity of a — b (an,),
we can define o* > 0 as the unique solution of b (an,) = A\a. It follows easily that v* = o*n, is
the unique positive constant solution of (Skpp). In particular, if b is a linear functional, then

Aa

*

= n,.
T a
b'n,

\%

Theorem 6.2. Assume (Hg), d=1ny1 anda=1y,.
For all ¢ € [¢*,+0), let p. € €2 (R) such that (p.,c) is the unique traveling wave solution of
the scalar equation

Ot — Oyt = App (L) u — b (unpp (L)) u

connecting 0 to «* and satisfying p. (0) = a’

2
Then all p € &P, have the form

pP: f = De (§ 760) npr (L) with fo € R.
Consequently, p € &, is unique up to translation and connects 0 to v*.

This result is proved in Section 3.2.

This theorem establishes that the set of assumptions (Hs), d = 1n,1, a = 1x,1 is so restrictive
that the multidimensional problem can in fact be reduced to the scalar one. This is really the
strongest result we could hope for.

Notice that it shows that the following two mutation—competition—diffusion systems:

ou — Opzu=ru+Mpu— (bTu) u,

dpu — dypu = ru+ Mou — (b'u) u,

with > 0 and M; and M essentially nonnegative irreducible with null Perron—Frobenius eigen-
values and equal Perron—Frobenius eigenvectors, have the exact same traveling wave solutions.
In other words, all else being equal (neutral internal structure), the mutation strategy does not
matter. In the absence of mutations, neutral genetic diversity has been studied recently in a
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collection of papers by Garnier, Hamel, Roques and others (for instance, we refer to [25, 78]). In
view of their results on pulled fronts, the preceding theorem indicates that the presence of mu-
tations is a necessary and sufficient condition to ensure the preservation of the genetic diversity
during the invasion.

As a side note (slightly off topic), we can use the reduction to the scalar problem to prove the
following generalization of a result due to Coville and Fabre [40, Theorem 1.1].

Theorem 6.3. Assume (Hg) anda =1n1.
All positive classical solutions of (E% pp) set in (0,+00) converge as t — +o0o to v*.
Furthermore, if d = 1y1, then, for all bounded intervals I C R, all bounded positive classical
solutions u of (Expp) set in (0,400) x R satisfy
lim s t,x) —v*| =0.
tJTooZ‘éIﬂ“( ;x) = V7|

Consequently, if d = 1y, the set of bounded nonnegative classical solutions of (Skpp) is
exactly {0,v*}.

This result is proved in Section 3.3.

We believe that the preceding two theorems are robust, in that they should remain true
in a neighborhood of (d,a) = (1n,1,1n,1). In particular, Theorem 6.2 could be extended by
showing with the implicit function theorem that no solution of (TW [c]) bifurcates from v* at
(d,a) = (1n,1,1n,1). Theorem 6.3 could be extended thanks to Conley index theory and a Morse
decomposition, exactly as in Dockery—Hutson—Mischaikow—Pernarowski [58, Section 4]. For the
sake of brevity, we do not address these questions.

6.1.3.2 Two-component systems with linear competition and small mutations
(H7) N =2, there exists C > 0 such that
c(v)=Cvforall vek,
and the vector r € RN given by the unique decomposition of L of the form
L = diag(r) + M with 1, y\M =0

is positive.

By monotonicity of ¢, supplementing (H;)—(Hs) with (H;) implies the existence of a profile
p € £, for all ¢ > c*.
When (H~) is satisfied, we denote R = diag (r) and define (5, m) € (0, +o00) x ST+ (0, 1) such

that
M=np (_11 _11> diag (m) .

The quantity 7 is unique and commonly referred to as the mutation rate.
In other words, we are considering the following system:

Opur — d10zu1 = 11 — (C11u1 + €1 2U2) U1 + N (Uz — u1)
Opug — do0Oygpua = roug — (C2,1u1 + C2,2u2) Uz + NMg (U — Uz)

The idea is to assume that 7 is small compared to r so that the mutation—competition—diffusion

system is close to the pure competition—diffusion system

(Exppr)y

Our — dy0zpur = riuy — (c1,1u1 + €1,2U2) Uy
Qg — doOyzla = Toug — (C21U1 + C2 2U2) Usg
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Indeed, two-component competition—diffusion systems being cooperative up to the change of
unknowns v = ’;2 — us, the maximum principle then simplifies noticeably the characterization

of the asymptotic behaviors. In particular, defining a; = fl for all ¢ € {1,2} and, if det C # 0,

v, — 1 T1C22 —T2C12
m=—
det C \r2c1,1 — 11621 /)’

the asymptotic behavior of the solutions of the spatially homogeneous competitive system

u'=Ru-(Cu)ou

is well-known.

1. [Extinction of up] If 7+ L > max <C2 1 , Z;—;) nd I L > min (”;1’ 2; z) then aye; is globally
asymptotically stable in Kt+ U (span (e1) N K+) and aipes is globally asymptotically stable
in span (ez) N K+.

2. [Coexistence] If 222 < T2 < 2 :
K** and, for all i 6 {1, 2} a;e; is globally asymptotically stable in span (e;) N K™.

€ K+, v,, is globally asymptotically stable in

C1,1

3. [Competitive exclusion] If 22 > > , then v,,, € Kt and a one-dimensional curve
S, referred to as the separatrlx, 1nduces a partition ( TS, K;) of KT such that a;e; is
globally asymptotically stable in K} for all i € {1,2} and v,, is globally asymptotically
stable in S.

4. [Extinction of uy] If 72 < min ( 01’2) and 7L < max (Cl L 2L 2), then ase, is globally

62170212 Cl’C22
asymptotically stable in KT U (span (ez) N K*) and aye; is globally asymptotically stable
in span (e;) N K*.

L __ €Ci1,1 __ C1,2

The cases 1, 2 and 4 are monostable whereas the case 3 is bistable. The case Zr = =4

= 18
T2 C2,1 C2,2

degenerate and is usually discarded.

In the forthcoming statements, 7 is understood as a positive parameter which can be passed
to the limit n — 0 (notice that for all n > 0, (Hy)—(Hs) is satisfied indeed). The system (EFxpp)
and the objects &, and ¢* depend on 1 and might be denoted respectively (Ex p p)n, Py and
c;. We define subsequently & as the set of all (1, p,¢) € (0,400) x €> (R,R?) x (0,+00) such
that (p,c) is a traveling wave solution of (EKpp)n. Contrarily to the case n > 0, a traveling
wave solution of the limiting system (Expp), has no prescribed asymptotic behaviors.

We point out that Morris-Borger-Crooks [115] showed that the limit ¢ of (c})

is well-defined and satisfies as expected

>Oasn%0

¢y > 2, [ max (d;r;),

ie{1,2}
with, quite interestingly, strict inequality if
; Vea s as d: )
1 J14 -2 o Z6idni g B T S o forallie {1,2).
Q34 Ci,3—i ds—; T3

However, they did not characterize the limiting profiles. This is what we intend to do here (but
will only partially achieve).

In the following conjecture, stability is to be understood as local asymptotic stability with
respect to (E%pp).
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6.1 Introduction

Conjecture 6.4. Assume (Hr). Let (py),~q and (cy),~q such that

{(nypmcn) €& foralln>0,

co = lim ¢,,.
n—0 n

1. Assume that both aier and ages are stable and that coe;—ase, # 0. Then there exists
(&n),y=o such that (§— py (§+ &), cy), o converges in

(€2 (R,R*) N2> (R,R?)) xR

as n — 0 to a semi-extinct traveling wave solution (poe;,co) of (Expp), connecting 0 to
;€ with
.1 ifcajer—azes >0,
i= ;
2 Zf Caie; —ages < 0.

2. Assume that there is a unique stable state vs € {aie1, aseq, vy, }. Then one and only one
of the following two properties holds true.

a) There exists (&), such that (£ = py (£ + &), cy), -, converges in
(42 (R,R*) N2>~ (R,R?)) xR

as n — 0 to a component-wise monotonic traveling wave solution (po,co) of (Expp),
connecting 0 to vs.

b) There exist (f,l,)n>07 (572;),7>0
— 572] — 571] — +OO;

— (§ — Py (f + 5,27) ’C")n>0 converges in 62, (R, RQ) X R to a semi-extinct traveling

and a unique © € l,, such that, as n — 0:

wave solution (pfront€i,co) of (Expp), connecting 0 to aje;;

— (f — Py (f + Eé) ’C”)n>0 converges in 672, (R, RQ) xR to a component-wise mono-

tonic traveling wave solution (Ppack, o) of (Expp), connecting a;e; to vs.

We emphasize once more that traveling waves with minimal speed ¢} do not, in general,
converge to a traveling wave with minimal speed. In particular, Figure 6.5.1 illustrates an
interesting case of invasion driven by the fast phenotype us but where the only settler is the
slow phenotype u;. This is reminiscent of Griette-Raoul [82], where an analogous result was
established analytically under a stronger scaling.

Conjecture 6.4, 1 is expected to be a very difficult problem and seems to be beyond our reach.
We leave it as an open problem.

On the contrary, regarding Conjecture 6.4, 2, a partial confirmation is within reach. On one
hand, we point out that the special case

C1,1 C1,2

= =landd= 1271
C21 C2.2

is somehow solved by Theorem 6.2 without any assumption on r. On the other hand, we also
have the following general theorem which concerns all monostable cases apart from
cLL_ e T

]
C2.1 C2.2 T2

T1 C1,1 C1,2
_— = < PR

Te  C21 €22
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Theorem 6.5. Assume (Hy) and the existence of i € {1,2} such that

Let

T Ci,3—i
> -

T3—i C3—i,3—i

. T Ci,i
Vm Zf L —.
T3—14 C3—i,i

a. . T; Ci,i
_ {azel if T34 = €3—i,i’
Vg =

For all (py),~q and (cy), s, such that

there

{(77713777017) €& forallm >0,

co = lim ¢
n—0 m

exists (Cn)n>o such that, as n — 0, (§— py (E+ (), Cn)n>0 converges up to extraction in

€2 (R,RQ) X R to a traveling wave solution (p,co) of (Expp), achieving one of the following

loc

connections:

1.
2.
3.

0 to vy,
a3_;e3_; 10 Vg,

0 to a,e; with p semi-extinct.

This result is proved in Section 4.

Let

us clarify how this result confirms partially Conjecture 6.4, 2 and what are the remaining

open questions.

6.2

Assume v, = v,,,. Up to the component-wise monotonicity of the profile in the first and
second cases, the three connections above correspond exactly to the three possible limiting
profiles of Conjecture 6.4, 2. Moreover we can apply the theorem with ¢ = 1 and i = 2

and obtain two limiting profiles. However, at this point, the normalizations (g‘%)n> 0 and

(Cﬁ)ypo are unrelated and nine possible pairs of profiles seem to exist. We do not know
how to prove that only the three following situations actually occur: 0 to v,, and 0 to v,
with ((,2] — C’%>n>0 bounded, semi-extinct 0 to a1e; and aje; to v, with (,2, — C% — —00,
semi-extinct 0 to agey and agey to vy, with ¢2 — () — 4oc.

Assume v, = «;e;. The third connection above is actually a subcase of the first one and
the normalization (C")n>0 is unable to track the semi-extinct limiting profile connecting 0

to ag_;es_;. This is not a question of optimality of the proof: the normalization (C’i)n>0 is

precisely chosen so that p; is always non-zero. Hence (Cn)n>0 corresponds either to (fn)n>0

or to (€%>n>o' The construction of the normalization (572,) of Conjecture 6.4, 2 is a

n>0
completely open problem. Of course, once this problem is solved, it remains to relate the

limiting profiles and the normalizations, as in the case vy = v,.

The edge of the fronts

In this section, we fix a traveling wave (p, ¢) and we prove Theorem 6.1.
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6.2 The edge of the fronts

6.2.1 Preparatory lemmas and the lkehara theorem

Lemma 6.6. For alli € [N],

—p —p A D+ L
{liminf pl,limsup pl} C {ue (0, 4+00) | M :c},

<  Pi +oo P w

4 i A 2D+L
{liminfpz,limsupp’} - {,u2 € (0,400) | M = c}.
© Pi 4o Pi o

Consequently, there exists £ € R such that p is component-wise strictly convex in [é, +00).

Proof. The proof of

v A D+ L
min lim inf —2% € u>O|M=c
i€[N] +oo K

can be found in [Girl8b, Proposition 6.10]. The proof also directly yields that for any sequence
(§n)nen such that &, — 400 and such that there exists j € [N] satisfying

convergence occurs in the following sense:

' —p
lim <pl(£")> = <min lim inf pl) Ina.
n—+oo \ p; (§n) i€[N] i€[N] +oo P

The proof of

—p A ‘D+L
maxlimsupﬁe u>O|M:c
i€[N] 400 Di 1

is a slight modification of the preceding proof, where the quantity

/
A = max limsup A
i€[N] ¢+00 Pi (€)

is replaced by

/
A = min lim inf Pi (5)
i€[N] €=+ p; (§)

Similarly, we also obtain directly that for any sequence (&,),cy such that &, — 400 and such
that there exists j € [N] satisfying
_p;‘ (gn) _p;

lim = max lim sup ,
n—+oo pj (fn) i€[N] 4o Di

convergence occurs in the following sense:

. —1; (§n) . —p;
lim | ———=—=* = | max lim sup In.
n—+oo \ p; (§n) i€[N] i€[N] +oo Di
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11
Py

The statements regarding (p, ) ]
i Jie[N

are again established very similarly. The quantity

/
A = max lim sup Pil8)
i€[N] ¢5400 Di &)

is replaced by
/!
© = min lim inf M
i€[N] é—+o0 P (€)

and

1/
© = max lim inf pi (§)
i€[N] Eé=+o0 p; ()

respectively, and the function B
Wn = Alsn - f);l
is replaced by

A A/

and

W, = 0P, — Dy,
respectively. Since Po, is nonnegative nonzero and w., = 0, necessarily © > 0 and © > 0
and then, as in [Gir18b, Proposition 6.10], both quantities have the form p? with p solution of
Aer(#*DIL) _

"
Finally, the strict convexity in a neighborhood of +o0o is deduced exactly as the monotonicity
in the proof of [Gir18b, Proposition 6.10]. O

We will also need the Tkehara theorem [34, Proposition 2.3], commonly used in such problems
(see for instance Guo—Wu [85]), as well as a lemma due to Volpert, Volpert and Volpert [139,
Chapter 5, Lemma 4.1].

Theorem 6.7. [Ikehara] Let f : (0, +00) — (0,+00) be a decreasing function. Assume that there
exist X € (0,4+00), k € (—1,+00) and an analytic function

h: (0,A] +iR — (0, +00)

such that N
/ AN f () de = 7(7)“1 for all X € (0,X) .
0 (A=A
Then _ _
e h ()\)
1. — = =
R PR
Lemma 6.8. [Volpert—Volpert—Volpert] Let A be an essentially nonnegative matriz and let z €
CN.
If
{spA C (—00,0) + iR,
(Re (Zk'))ke[N] <0,
then

sp (A + diag (z)) C (—o0,0) +iR.
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6.2 The edge of the fronts

6.2.2 Convergence at the edge

Let
k. =

1 ife=c*.

{O if ¢ > ¢*,

Proposition 6.9. There exists A > 0 such that, as & — 400,

p(&§) ~ Aghe e—ucénuw
P’ (§) ~ —puep (&),
p" (&) ~ u2p (§).

Proof. Fix temporarily p € (0, pie) + iR. In view of Lemma 6.6 and of the Gronwall lemma,
£ ep(§) e £ (R,CY),

{ree(p§)op(é) e £ (R,CY).
Multiplying (TW [c]) by e*¢, integrating by parts over R and defining

+oo
£ (u) = /0 eHp () de,

0
£ (n) = / e p (£) dt,

— 00

fo ) = [ e (©)op (©)ds
we get easily
("D — epd + L) (Fy (1) + £ (1) = fe (1),
whence, denoting adj (uQD —cul + L) the adjugate matrix of u?D — cul + L, we find

det (uzD —cpl + L) £, (n) = adj (,u2D — cpl + L) fe (p) — det (uzD —cpl+ L) £ ().

The functions f, f_ and f; defined above are respectively analytic in (0, u.) +iR, (0, +00)+:R
and (0,2u.) + iR (by local Lipschitz-continuity of ¢, (Hz) and global boundedness of p).

The function
C — C

uo o~ det (uQD —cul + L)

is polynomial (whence analytic). Let Z C C be the finite set of its roots, counted with algebraic
multiplicity. In particular, p. € Z with multiplicity k. + 1.
For all i € ((0, pie) + iR)\Z,

£. (1) = (u°D — pI+ L) £ () — £ ().

The function )
p (D —cpl + L) fe ()
is well-defined and analytic in ((0, i) + ¢R) \Z, where it coincides with f +f_ which is analytic
in (0, ) + iR.
Define the analytic function
h: (0,u)+iR — RN
I = (e — )"y (1)

225



Chapitre 6 Systémes de Fisher — KPP non-monotones : comportement asymptotique des ondes
progressives

so that b
£, (p) = % for all p € (0, ) + iR.
(Mc - M)
Since, for all p € ((0, ue) + iR)\Z,
(et o het1
h (1) adj (W’D — cpl + L) fe () — (e — )™ £ (1)

~ det (2D — cul + L)

the function h can be analytically extended on (0, u.] + iR if and only if
(fe — /‘)kle

det (4D — cul + L)

s

has no pole in {u.} +iR.
Let 6 € R\ {0}. In view of

(e +i0)°D — ¢ (pe +i0) I+ L = 2D — cp I + L — 0%D + i (2D — I)
and
App (12D — cu I+ L — 0°D) < App (MED —cpd+L—6? km[iﬁ] dk)
€
=\ ’D — cpuJJ+ L) — 0% min d
pr (seD = epcl + L) = 6% min d

= —62 min d,
kE[N]

Lemma 6.8 yields that

sp ((,ugD — cpucd + L — 6°D) + diag (i6 (2pcdy — c))ke[N]) C (—00,0) +iR.

Hence p #% has no pole in {p.} + 4 (R\ {0}) and then it has no pole in {p.} + iR
indeed.

We are now in position to apply the Ikehara theorem component-wise and to deduce from it
the existence of n € S*(0,1) and A > 0 such that

I e.“'ci A
Jm p(€) T — A

In particular, for all £ € [N] such that nj, > 0,

P+ e _ 1,

¢—+oo pi (€) ng

However, back to the proof of Lemma 6.6, there exists k € [N] and a sequence (&,),,cyy such that

= (€n) .
&n — F00, ( pkk(ﬁn) )neN converges to

1 = max lim sup _—p;“,
kE[N]  +oo Dk

(5 L P(E+ Cn))
neN

and
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converges in 472, to

& e_“gn#.
M,k
This clearly implies 4 = p. and n =mn,,_.
Consequently, A > 0,
. eNc€
525{100 p(§) ehe = Any,,
and, by Lemma 6.6,
—D; —D;
fte < min lim inf —% < max limsup —& = .,

T Kk€[N] too g kE[N] 400 Dk

that is

o
lim ( pk) = lhe-
Too N\ Pk / kelN]

Quite similarly, we also obtain

If d = 1x,1, the quantities at hand are:
(pe,ny,) = (min{p >0 | App (WI+1L) =cu},npp (u21+ L))

_ (; (c= V@ =Dpr @) mpr (L>>

and an obvious corollary follows.

6.3 The back of the fronts: separated competition

In this section, we assume (Hg) and a = 1,1 and prove Theorem 6.2 and Theorem 6.3.

6.3.1 Main tools: Jordan normal form and Perron—Frobenius projection

Let m € [N] be the number of pairwise distinct eigenvalues of L (App (L) being simple,
m > 2) and let (/\k)kze[m] € C™ be the pairwise distinct complex eigenvalues of L ordered so that
(Re ()\k))ke[m] is a nondecreasing family (in particular, A, = Apr (L) and Re (A1) < App (L)).

Let P € GL (C) be such that J = PLP ! is the Jordan normal form of L:

Apr(@L) O - 0
J: O Jm—l : ,

0

0 0 Ji

where, for all k € [m — 1], Jj, is the (upper triangular) Jordan block associated with the eigenvalue
Ak
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Noticing that
LP_lel = P_lJel = Apr (L) P_lel,

elPL=e]JP = \pr(L)e] P,
it follows that P~'e; € spannpr (L) and el P € spannpp (LT)T. In particular, we can normal-

ize without loss of generality P so that P~'e; = npr (L) and then deduce from e/ Pnpr (L) =1

that
1

Npgp (LT)T npr (L)
From the preceding equality, it follows directly that the Perron—Frobenius projection, defined
as

e?P = Nnpr (LT)T.

T
IIpr (L) = ner (L) npr (LT) ,

nNnpp (LT)T Nnpp (L)

satisfies
PIlpp (L)P ! = diag(e;) .

6.3.2 Uniqueness up to translation of the profile

In this subsection, we assume d = 15,1, we fix ¢ > ¢* and we prove Theorem 6.2. The scalar
front p. is defined as in the statement of the theorem.

Proposition 6.10. All p € &, have the form

P:&§ = pe(§—&)npr (L) with § € R.
Proof. Let p € &, and
q="Ppe¢?(R,CY)n.2>(R,C").
Multiplying (TW [c]) on the left by P, we get
—q"—cq'=Jq-b[P 'q/qinR,
and in particular
—q —cq) = ()\pF (L)—b [P_lq]) ¢1 in R.
Since
1. T
(IMpr (L) P)T nprp (L) = (P 'diag (el)Q) npr (L)
_ T
=q (P 'e1) npr (L)
= q1,
q1 is real-valued and in fact positive in R.

First, let us verify that Z—’; is globally bounded in R for all & € [N]\{1}. It is bounded in
(—00,0] since (infO] ¢1 > 0 by [Girl8b, Theorem 1.5, iii)]. It is bounded in [0,+o00) since a

— 00,

left-multiplication of the first equivalent of Theorem 6.1 by P yields

Q(§) ~ Aghe He VRS,

whence
=0.

. qk
lim sup
+oo q1

Next, let us show by induction that ¢n41-, = 0 in R for all k € [N —1].
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— Basis: k£ = 1. Due to the special form of J, the equation satisfied by qy is
—q —cdy =M —b[P'q])gn in R.
Define z = %’ and w = |z\2 The function w is nonnegative and globally bounded. From

/ /
q q
Z/:7N_7lz

q1 q1
1 1! 2 /
R
q1 q1 q1

it follows 0! Y ,
_Z//_Q1C+ ‘hzl_(h +CQ1Z
q1 q1
Using the equality satisfied by ¢, this equation reads:

— ()\1 —b [Pflq]) z in R.

L qic+ 2qllz/ +(
Q1
Now, multiplying by Z, taking the real part, defining
7 =2(Apr (L) —Re(A1)) >0
and using the obvious equality
Re (2"Z) = Re(2)" Re (2) + Im (2)" Im (2)

= 2w’ (Re(2))” — (m (=),

)\pF (L) —)\1)2’ =0 in R.

it follows
n__ qic +2q;
q1

This inequality implies the nonexistence of local maxima of w. Since w € €1 (R), there ex-
ists consequently &y € R such that w is decreasing on (—oc0, &y) and increasing on (&g, +00).
Therefore w has well-defined limits at oo and since w € £ (R), these limits are finite.
By classical elliptic regularity and the Harnack inequality (see Gilbarg—Trudinger [80]) ap-
plied to the equation satisfied by ¢, % is bounded in R. By elliptic regularity again,
applied this time to the equation

w' +~yw < 0 in R.

' — qic+2q
q1
the limits of w have to be null, whence w itself is null, and then ¢y is null.

w' + yw = —2 (Re (Z)I)2 -2 (Im (Z)/)27

— Inductive step: let k € [N — 1]\ {1} and assume qy+1—_x = 0. Defining
A =jn-k,N-k € sPL\ {Apr (L)},
the equation satisfied by qn1- (k1) = qn-k is
@y —cdn_r=(A—b[P'q]) gn_r in R.

Repeating the argument detailed in the previous step shows similarly that gy—_ is null.

Hence the proof by induction is ended and yields indeed q = g;e; in R. Now, back to the
equation satisfied by ¢;, we find

—¢f —cq) = (Apr (L) —blginpp (L)]) 1 in R,

which implies in view of well-known results on the traveling wave equation for the scalar KPP
equation the existence of & € R such that ¢; coincides with & — p. (& — &). O
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6.3.3 Global asymptotic stability

The auxiliary functions used in the proof of Proposition 6.10 can be used again to prove the
global asymptotic stability of v* as stated in Theorem 6.3. In particular, the following lemma
will be used repeatedly.

Lemma 6.11. There exists v > 0 such that all bounded positive classical solutions u of (Expp)
set in (0,+00) X R satisfying

(taz)e(l()r,l-&-oo)anPF( ) PF( )u( $>

satisfy also

; Vg _ —
tlg_noo (e 2161§ |(I-Ipr (L)) u (t,x)|) 0.

Proof. The proof is very similar to the first part of that of Proposition 6.10. Defining v = Pu,
the equation satisfied by v is

O] — OggV1 = ()\pp (L)—b [P_lv]) vy in (0, 4+00) x R.

For all k € [N]\ {1}, there exists ; > 0 such that vy satisfies

2 2 2
(o) ()20 (o)
2

o € > (R,[0,+00)),
[{0} xR

2
<0 in (0,400) xR

v

k
v1

Yk
U1

Vi

that is such that zy : (¢,z) — et satisfies

{atzk — Opazk — 22290,z + %2, <0 in (0,400) x R
(2k) {0y xr € £ (R, [0, +00)).

Since zy, stays bounded locally in time, by a classical argument (detailed for instance in [Gir18b,
Proposition 3.4]), zj vanishes uniformly in space as t — +o00. Consequently,

Tk
e 'sup|vg| — 0 as t — +o0.
z€R

The conclusion follows from v = km[iﬁ] It and the following obvious algebraic equality:
€

N
(I-Tpp (L)u=P! <Z vkek> .
k=2

O

We begin with the case of homogeneous initial data, which does not require d = 15, since
(Expp) reduces to (E% pp) in this context.

Proposition 6.12. All positive classical solutions of (E?{PP) set in (0,4+00) converge as t —
400 to v*.
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Proof. Once again, the proof is very similar to that of Proposition 6.10.

Fix a positive classical solution v of (E% pp). By [Girl8b, Theorem 1.1], v (1) > 0. Hence
the function u : ¢ — v (¢ + 1) is a classical solution of (E% pp) set in (0,+00) which is positive
in [0, +00) (whereas v (0) might have null components) and which converges to v* if and only if
v converges to v*.

The function v = npp (L)" Ipp (L) u satisfies

v = App (L)u —b[u]u.
In order to apply Lemma 6.11, it suffices to verify

inf w(t) > 0.
te(0,+00)

On one hand, since u is positive in [0, 400), u is positive in [0, 4+00) as well. Hence any ¢ > 0
such that «’ (t) = 0 is such that b(u(t)) = App (L) and consequently any local minimum is

larger than some positive constant. On the other hand, ltim _&nf u > 0 is a direct consequence of
— 100

the persistence result [Girl8b, Theorem 1.3].
Since b is Lipschitz-continuous on the compact set {v € K | v < k}, there exists C; > 0 such
that
|blunpr (L)) —b[u]] < Cy |I—Upr (L)) u| in [0, +o0),

Now u satisfies
W = App (L)~ blunpp (L)]u + (bfunp (L)] - b)) u,
with, by Lemma 6.11,
(bfunpr (L)] — blu)) u= o0 (u) as t = +oo.

It follows easily (see for instance [106]) that u converges to the unique constant a* > 0 such
that Apr (L) = b[a*npr (L)], which precisely means

lim u(t) =v*.
t—+o00

O

Finally, at the expense of assuming d = 1y 1, we extend the previous result to non-homogeneous
initial data.

Proposition 6.13. Assume d = 1y,;. Then, for all bounded intervals I C R, all bounded
positive classical solutions u of (Expp) set in (0,4+00) x R satisfy

lim s t,x) — v =0.
tJHlooZ‘éf,"“(’@ V7|

Consequently, if d = 1y, the set of bounded nonnegative classical solutions of (Skpp) is
exactly {0,v*}.

Proof. Let (t), ey € (0, Jroo)N such that lim ¢, = +oo. Then, by classical parabolic estimates
n—-+4oo

(Lieberman [111]) and a diagonal extraction process, the sequence

(Un) ey = ((t,2) »u(t + 0, @), ey
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N
converges up to extraction to an entire classical solution of (Expp) valued in [] [v,g; (0)] (see

i=1
[Gir18b, Theorems 1.2 and 1.3]).
Now let us prove that v* is the unique bounded entire classical solution @ of (Ex pp) satisfying

<in2f ﬁz> > 0.
R i€[N]

Let @ be such a solution. The function @ = npp (L)" Ipp (L) @ satisfies
Ot — Oppt = App (L) u—0b [ﬁon (L)] U+ (b [’anpp (L)] —-b [ﬁ]) Uu.
For all 7 € R,
inf a(t+7,2)>0.
(t,z)€(0,400) xR
By Lemma 6.11, there exists C' > 0 such that, for all t > 0 and all 7 € R,

sup @ (t + 7, 2)npp (L) —a (t+7,2)|] < Ce "
zeR

It follows that for all ¢ > 0,

sup | (#,z)npp (L) —a(t,z)| < Ce "
(t' ) ER?

and then passing the right-hand side to the limit t — 400, we find
a(t,r)npp (L) =1u(t,x) for all (',z) € R
Consequently, @ satisfies
Ortt — Oget = App (L)@ — blunpp (L)] .

By standard results on the scalar KPP equation, % = o* in R?, that is @1 = v*.
A standard compactness argument ends the proof. O

6.4 The back of the fronts: vanishingly small mutations in
monostable two-component systems
In this section, we assume (Hy) and recall the existence and uniqueness of (r,n, m) € K*+ x
(0,+00) x ST*(0,1) such that

L=R+ny (_11 11> M with (R,M) = (diag (r),diag (m)).

The various objects and notations of the problem now depend a priori on n and a subscript ,,
might be added accordingly. The following definitions are recalled:

aizﬂ for all i € {1,2},

i,

1 (’"102»2 B ’"QCLQ) if detC 0

Ym = qet C T9C1,1 — T1C2,1
&= {(n,p,c) € (0,400)* x € (R,R?) | p € Py, ¢ > CZ},
(’)tu — Damu = Ru — (CU_) ou. (EKPP)O
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6.4.1 Preparatory lemmas

The proof of Theorem 6.5 will use the following lemmas which are of independent interest.

Lemma 6.14. Leti € {1,2}, j =3 —1i and

n e (0, TiGy } .
m;cCiq
Then for all traveling wave solutions (p,c) of (EKpp)n,
pi < a; in R.

Remark. This lemma is straightforwardly generalizable to the case N > 2.

Proof. Having in mind the proof of [Girl8b, Theorem 1.5, ii)], it suffices to investigate the sign
of

rip; — nmipi + myp; — (Ciapi + i) Pi = Pi (i — N — ciipi) + Py (MM — cijpi) -

This quantity is nonpositive provided

i —nm; nm;
piZmaX<1 N 17777 J>.
Cii  Cij
Since
r ri— s
—1217771f0rall7720,
Cii Cii
75 m; TiCi i
42Mforalln§u7
Cii Cij m;cCi;
we deduce indeed p; < i, O

Cii

Lemma 6.15. Leti € {1,2}, j =3 — i and assume

Let

pi= gt (T _ Ca) .
Cii \Tj Cj.j
Then for all p € (0, pi], alln € (0,7;) and all traveling wave solutions (p,c) of (Expp),, there
exists a unique

-1
§€D; ({pr})-
Furthermore p; is decreasing in (§,,+00) and p; — p is positive in (—00,&,).

Remark. The following proof is mostly due to Griette—Raoul [82, Proposition 5.1].
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Proof. Let ¢ € R such that p; (¢) is a local minimum of p;. Then

ripi () — nmupi (C) +nmpj () — (ci,ipi (C) + ¢ijp; (€)) pi (€) < 0.
This implies
i (€) — nmip; (€) — (ciipi (€) + cijpy () pi (¢) <O,
whence
ri —nm; < ¢iipi (C) +¢ijpj (€)
whence by Lemma 6.14
rj
ri —nm; < ¢;ipi () + cij——,
Cj,j
and then

m@>]'@—”%ﬂ—m”

Cii Cj.j Cii

>w(ﬁ_%q_mw
Cii \Tj  Cjj Cii
S 1m <7”1 Ci,j)

2¢ii \Tj  Cj,
= p,b-.

Now let p € (0, p;] and &, € p; ' ({p}).

Since p; (§,) cannot be a local minimum, there exists a neighborhood of £, in which p; is strictly
monotonic. Assume it is increasing. Then by continuity of p; and the previous estimate on local
minima, p; is increasing in (—o00,&,). By classical elliptic regularity, p converges as £ — —oo to
a solution of Lv = Cv o v, and by [Girl8b, Theorem 1.5, iii)], this solution is positive. But in
view of the preceding estimates, necessarily

) s

lim p; (§) > pi > pi (&),

£——o0

which contradicts the monotonicity of p; in (—o00,§,). Hence p; is decreasing in a neighborhood
of £, and then in (£,, +00). Consequently,

pit({p}) = {6}
This holds for all p € (0, p;] and therefore ends the proof. O

6.4.2 Convergence at the back
Let i € {1,2}, j =3 —14, (¢y), 50 and (Py), -, such that

(n, Py, cy) €& for all n >0,
= 1.
o 7713% Cn,
and assume from now on that
i G
T Cjj
so that the assumptions of Theorem 6.5 are satisfied. Define subsequently
: i Ci,i
v, — {aiei if 7>

J
LT Cii
vV, if o< 2t
T Cji
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Proposition 6.16. There exists (Cn)n>0 such that, asn — 0, (§ — py (E+ (), Cn)n>0 converges
e (R, RQ) xR to a traveling wave solution (Pyack,co) of (Expp), achieving
one of the following connections:

1. 0 to vy,

up to extraction in €2

2. aje; to vy,

3. 0 to a,e; with p semi-extinct.
Proof. Let p = min (p;,vs,). By virtue of Lemma 6.15, for all n > 0, there exists a unique ¢,
such that:

— py,i is decreasing in ({;,, +00),

— Pn,i (C’l]) =P

— Pp,i — p is positive in (—o0, ().

By Lemma 6.14, classical elliptic estimates (Gilbarg-Trudinger [80]) and a diagonal extraction
2

process, (£ — py, (£ + fn))n>o converges in 67, up to extraction. Let p be its limit. We have
directly 0 < p < ¢ in R. In view of the normalization, we also have:

— p; is nonincreasing in (0, +00),

— pi(0) = p,

— p; — p is nonnegative in (—oo,0).

Let (§1),cy such that &, — —oo as n — +o00. Defining
Prn:&—p(E+¢&,) foralln eN,

by classical elliptic estimates and a diagonal extraction process again, (P ),y converges up to

extraction in %72, to a function p satisfying

-Dp” —cp' =Rp — (Cp)op
and such that
(p,0) < (Di,Dj) < (a4, 05) .

In particular, p is a stationary solution of

Opu — Opzu — cpdyu =Ru— (Cu)ou in (0,400) xR
u(0,z) =p(x) for all x € R.

Applying the comparison principle for two-components competitive parabolic systems to p and
to the solution of

Opu — Oppu — cpdyu = Ru — (Cu)ou in (0,400) x R
(us, u;) (0, ) = (p,sup p;) for all z € R,

which is homogeneous in space and is therefore the solution of

Ju=Ru—(Cu)ou in (0,400) xR
(ui,uj) (0,2) = (p,supp;) forall z € R,

we directly obtain p = v, if supp; > 0 and p = oye; if supp; = 0. In other words, if v, = aye;,
p = aje;, and if vy = vy, P € {vs,a;e;}. Since vg and o;e; are isolated steady states and p is
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continuous, the last diagonal extraction was not necessary and (p,,),cy converges indeed to p,
that is

limp € {v,,a;e;}.

— 00

Since p; is nonincreasing in (0, +00), it converges as £ — +o00. By classical elliptic regularity,
lim (=dipi’ = copi) = 0,

whence either
limp; =
T i 0

or p; converges as well, its limit being

lim p; = — li
_‘}g.}p]—ci’j T Cz,z_&g.}pz .

In the second case, using —d;p — cop; — 0, p; (0) = p and the monotonicity of p; in (0, +00),
we find Emp € {a;e;,0}, which contradicts directly Em p; > 0. Hence p; converges to 0.
o0 oo

Subsequently, since p; is positive, every local minimum of p; satisfies
rj < ¢ip; (§) +¢jipi (§),

which proves that for all sequences (&,,),,c such that &, — +oco and p; (£,) is a local minimum of
pj, p; (€,) converges to a;. But then, by € regularity, either p; is monotonic in a neighborhood
of +o00 or there exists a sequence (§,),,cy such that &, — 400, p; (§,) is a local minimum of p;
and (p; (fn))neN converges to lir_irrl;nf p;. It turns out that in both cases p; converges, the possible

limits being 0 and o;.
Therefore p is a traveling wave achieving exactly one of the following connections:
1. 0 to vy,
2. ;€ to Vs,
3. 0 to a,e; with ae; # vy,
4. aje; to oye; with aye; # vy
It remains to show that the third case is semi-extinct and the fourth case is impossible. We will
actually prove both statements simultaneously by proving that lim p = o;e; # v, implies p; =0
—00
in R.
Assume lim p = o;e; and v, = v,,,. Assume also by contradiction that p; is positive in R.

o0
Multiplying the equation
- jp}/ - CoP} = (?”j — Cj,P5 — Cj,ipi)pja

by the function
o
p:& et E,
we find /
—d; (‘PPE') = (rj — ¢,;pj — ¢j.ii) ¢P;-

Ci,i

Recall that v, = v,,, implies :—; < that is 7; — ¢;;0; > 0. Therefore the quantity

Cji’

E=sup{{ eR | V(€ (—00,&) 15— ;i () — ¢api (¢) > 0}
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is well-defined in RU {+o0}. In (—00,£), @p’; is decreasing. Since on one hand lim ¢ = 0 and on

the other hand lim p;- = 0 by classical elliptic regularity, the limit of gop;- itself is 0. Consequently,
— 00
gpp;- is negative in (—oo,z). It follows that p; itself is decreasing in (—oo,g). But then limp; =0
—0o0

implies that p; is negative in (foo,g), which obviously contradicts the positivity of p;. This
ends the proof. O

6.5 Discussion

6.5.1 Why is it likely hopeless to search for a general result on the behavior
at the back of the front?

First of all, the linearization of (Skpp) at 0 being cooperative, it is natural to wonder whether
the dynamics of (Fxpp) near some constant positive solution u of (Skxpp) might be purely
competitive or cooperative. In general, neither is the case. The linearized reaction term at any
constant solution u of (Skxpp) is

L, =L —diag(c(u)) — (uly n) o Dc(u).
In the Lotka—Volterra case where there exists C > 0 such that c (v) = Cv, it reads
L, =L — diag (Cu) — (uly ) o C.

On one hand, it is clear that if there exists (i, j) € [N]® such that l;;; =0, then l,;; < 0. On
the other hand, assuming that there exists ¢ € [N] such that {; ; < 0, we find

—ligu; + uiciju; > 0.
Since Lu — (Cu) o u = 0, it follows
Z (lijuj — uici juz) >0,
JEINT\{i}
whence there exists j € [N]\ {¢} such that l; ju; — u;¢; ju; > 0, that is such that
bayiy = lij — wici; > 0.

Hence the competitive dynamics and the cooperative dynamics are indeed intertwined near u.

Next, in view of the literature on non-cooperative KPP systems, it could be tempting to
conjecture the uniqueness and the local stability of the constant positive solution of (Sxpp)
(see for instance Dockery-Hutson—Mischaikow—Pernarowski [58] or Morris-Bérger—Crooks [115]).
However, if c is linear as before and if

1 /-1 1 1 /1 9
(N7ch)_<2712+5<1 _1>710<9 1))»

then this property fails. Indeed, straightforward computations show that the set of constant

positive solutions of (Skpp) is
/15 /15
3—1/% 3+ %
15
3 2

71217
15 '
3+y% —V7
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From the associated linearizations, it is easily found that, with respect to (E% pp), the symmetric
solution 15 ; is a saddle point whereas the other two solutions are stable nodes.

Last, we also point out that if d = 15 ; then the preceding counter-example admits a family of
traveling waves connecting 0 to the saddle point 15 ;. Indeed, looking for profiles p of the form
&= p(&) 11, (TW [c]) reduces to

—p" —ep' =p—p°,

which, by virtue of well-known results on the scalar KPP equation, admits solutions connecting
0 to 1 if and only if ¢ > 2. Hence we cannot hope to prove that all traveling waves connect 0 to
a stable steady state.

6.5.2 What about the general separated competition case, with d and a
possibly different from 1,7

The general case might be more subtle than expected, even regarding the ODE system (E?( p P):
although the linearization at v*,

Ly =L — \aA — Av* (Vb (v*)T) ,

seems to be adequately described as a matrix of the form —P — Q with P = A\, A — LL a singular
M-matrix and Q = Av* (Vb (v*)T) a positive rank-one matrix, a recent paper by Bierkens

and Ran [23] highlights thanks to a counter-example that such matrices can have eigenvalues
with positive real part (and there is in addition a counter-example with irreducible —P, so that
irreducibility is not a sufficient condition to ensure all eigenvalues are negative). Therefore it is
unclear whether v* is always locally asymptotically stable with respect to (E?( P P). Actually,
the main purpose of the study of Bierkens and Ran is to establish several conditions sufficient to
guarantee that all eigenvalues have a negative real part (conditions among which we find N = 2
and, of course, a = 1y1).

In the case N = 2, classical calculations show that the system (Expp) is not subjected to
Turing instabilities with respect to periodic perturbations. Therefore it might be fruitful to
investigate more thoroughly the two-component system. Nevertheless, to this day we do not
have any further result.

6.5.3 Where does Conjecture 6.4 come from?

Let us bring forth some insight into the limiting problem. What are the spreading properties of
(Expp), with respect to front-like initial data? What are the propagating solutions of (Expp),
invading the null state?

Concerning the bistable case, we have at our disposal a recent result by Carrére [35] which
can be summed up as follows. Consider the Cauchy problem where (—o0, 0) is initially inhabited
mostly but not only (in a sense made rigorous by Carrére) by u; and (0,+00) is completely
uninhabited. Let ca, e, —sase, D€ the speed of the bistable front equal to aje; at —oo and to ages
at +00, as given by Kan-On [100] and Gardner [77]. Recall that the following bounds hold true:

72\/ d27’2 < Caie;—ages < 2\/ dlrl.

Carrere’s theorem is then:
1. if 2¢/dir1 > 24/dars and caj e, —aze, > 0, then asymptotically in time, ug is extinct and uy
spreads at speed 2v/dy77;
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2. if 24/dir1 < 24/dare and caqe,—aqse, > 0, then asymptotically in time, uy spreads on the
right at speed 2v/darg but is then replaced by u; at speed caye; —azes;

3. if 2v/dir1 < 2v/dare and caje, —aqse, < 0, then asymptotically in time, us chases u; on the
left at speed caye,—aqe, and spreads on the right at speed 2+v/dars.

This result was long-awaited but, as far as we know, Carrere’s proof is the first one.

Up to the sign of cq,e;—ase,, the second and the third cases above are identical. Recall that
the sign of ¢y, e;—aqe, i in general a tough problem, although recently some particular cases
have been successfully solved (strong competition in Girardin—Nadin [GN15], special choices of
parameter values in Guo-Lin [83], perturbation of the standing wave in Risler [130]).

A natural conjecture in view of Carrere’s result is the long-time convergence, in the first case,
to a traveling wave connecting 0 to a;e; at speed 2+/dy71 and with a semi-extinct profile p = pe;.
However, in the second and third cases, a more complex limit seems to arise.

The entire solutions connecting three or more stationary states with decreasingly ordered
speeds were first described in the scalar setting by Fife and McLeod [71] and are referred to as
propagating terraces, or simply terraces, since the work of Ducrot, Giletti and Matano [62]. A
terrace with n — 1 intermediate states is defined as a finite family of traveling waves ((ps, ¢;)); eln]
such that p; (—00) = pj41 (+00) for all i € [n — 1] and such that (¢;),c(, is decreasing. Provided
the uniqueness (up to translation of the profile) of the traveling wave connecting v; = p; (+00) to
vit1 = P; (—o0) at speed ¢;, the terrace is equivalently defined as the family ( (v;,¢;) iein] > Yt )
However, in general, this family only defines a family of terraces that will be denoted hereafter
T ((Vi’ci)ie[n] 7Vn+1>-

In terms of this definition, the expected limits in the second and third cases studied by Carrere
are terraces belonging to

9(072 d27“2,042927Ca1e14a2e2704161)

with a semi-extinct first profile.
The obvious conjecture is then that all propagating solutions invading 0 apart from semi-
extinct monostable traveling waves belong to

U U y (0707 aieiacag,ieg,iﬁaieiaa37ie37i)
7;6{112} 622\/ di'r’i

and have a semi-extinct first profile.

The bistable case being more or less understood, we now turn our attention to the monostable
case. Let vy € {ae1, azeq, vy, } be the unique stable state, v,, € {0, aje1, azez} be an unstable
state and consider the Cauchy problem with compactly supported perturbations of v, as initial
data. Although the case v,, = «;e; with

Zelu:{]E{LQ} |ajej7évs}.

is well understood (Lewis, Li and Weinberger proved the uniqueness of the spreading speed
€. Saye, 108, 142]), the case v, = 0 is much more intricate: in particular, for vy = v,,, a recent
theorem analogous to that of Carrére and due to Lin and Li [112] shows that if dore > diry,
then us will invade first at speed 2v/dsrs and then be chased by w. Although straightforward
comparisons show that the replacement occurs somewhere in [cf,m Hoézegt,Q\/dlmt], the exact

speed of u is a delicate question, unsettled in the paper of Lin and Li.
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Tang and Fife [137] established by phase-plane analysis that traveling waves connecting 0 to

v, exist if and only if the speed c satisfies ¢ > CECSVK,O, where

TW  _
Cv, Lo = 2, [ max d;r;
1€{1,2}
is linearly determinate.

Terraces connecting 0 to v, through an intermediate unstable state a;e; with ¢ € I, should
involve semi-extinct monostable traveling waves connecting 0 to a;e; and monostable traveling
waves connecting a;e; to vs. Again, there exists a minimal wave speed cfmaiei, as proved for
instance by Kan-On [101] or Lewis-Li-Weinberger [110]. Recall that ¢I', . is not linearly
determinate in general, however it is bounded from below by the linear spéed:

TW C3—i,iT%
c o > 2 d3_ir3_; [ 1 — ——— ).
VeTraie \/ e CiiT3—i

In any case, it is natural to expect that for all ¢ € |, terraces belonging to 7 (0, ¢, a;e;, ¢/, vs)
with a semi-extinct first profile exist if and only if

/
Cyvymae; S C

2\/ dﬂ'i S C

d <e.

Consequently, the conjecture is that all propagating solutions invading 0 apart from (possibly
semi-extinct) monostable traveling waves belong to

U U U <?(0763 aieivclvvs)

i€ly c>2+/d;r; Clzcvsﬂaiei

and have a semi-extinct first profile.

Having these conjectures in mind, we introduce small mutations and wonder how they affect
the outcome. An heuristic answer due to Elliott and Cornell [65] suggests that “the only role
of mutations is to ensure that both morphs travel at the same speed”. Therefore, there might
exist functions u® : R — K such that the solutions (u,,)n>O of the Cauchy problem associated
with (E'Kpp)T7 with initial data u® admit as long-time asymptotic a traveling wave if n > 0
and a terrace of 7 (0,c,a,e;,c',v) if n = 0. We refer hereafter to such traveling waves as
quasi-7 (0, ¢, a;e;, ¢, v) traveling waves.

In order to study these special traveling waves, we resort to numerical simulations. We find
two completely different behaviors.

— In the bistable case (Figure 6.5.1), quasi-Z (O,2\/diri,aiei,caje_j%aiei,ajej) traveling
waves (with ¢ € {1,2} and j = 3 — %) converge as 7 — 0 to a semi-extinct traveling
wave connecting 0 to a;e; if ca e;sae; > 0 and to a;e; if coje;—sase; <0

— In the monostable case (Figure 6.5.2), for all i € |,,, quasi- (0, 2/d;r;, o€, vs) travel-
ing waves connect 0 to v through an intermediate bump of u;. As 7 — 0, the amplitude of
this bump tends to «; while its length tends slowly to +oco (seemingly like In 7). Therefore,
depending on the normalization, the limit of the profiles as 7 — 0 is either a semi-extinct
connection between 0 and «;e; or a monostable connection between a;e; and vy.
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Figure 6.5.1 — Numerical simulation of the bistable case with initial data corresponding to a
competition—diffusion terrace (u; dashed line, us dotted line, x as horizontal axis).
Parameter values: d = (1, 1.5125)T7 r=11;,m=151,7=0.025,¢c11 =c22 =1,
c1,2 =20, co1 = 110, so that [GN15] ca e, —ases > 0.
The traveling wave which is on the right at ¢ = 100, driven by a very small bump
of us but dominated at the back by wq, is the long-time asymptotic. Indeed
the us-dominated area in the middle shrinks from both sides at a speed close to

|Care;—ases| and will ultimately disappear.
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Figure 6.5.2 — Numerical simulations of the monostable case with initial data corresponding to
a competition—diffusion terrace (u; dashed line, uy dotted line, = as horizontal
axis).

Parameter values: d = (1, %)T, r = (1, 6)T, m = 1s9, c11 = 1, ca2 = 6,
c12=0.2,¢c01 =0.5,n=25x10""! on the first line, n = 2.5 x 107¢ on the second
line, n = 2.5 x 107! on the third line.
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6.5.4 Why is Conjecture 6.4 silent about the bistable case with
Ca1e1—>a2e2 - O?

In this very special case, additional asymmetry assumptions on the coefficients are necessary
in order to exclude connections between 0 and the saddle-point v,,, as indicated by the following
immediate proposition, built on a counter-example given in Subsection 6.5.1.

Proposition 6.17. Assume (H7), d = 191, r = 191, m = %12,1 and the existence of a €
(1, +00) such that
1 a
C= <a 1) )
Then v,, = #(0)1271 € K+ is a saddle-point and, for all n > 0 and all ¢ > 2, there exists a
unique pe, € €% (R) such that

Penla € g;;c’n
Pen (0) = 2rr(C)
ggrgopc,n ©) = 5770

In particular, (penla,,c) connects 0 to vy,.
Furthermore,

(c;n) > Py € € ([2, +00) X [0, +00), V (R,R)).
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Notation Definition
[n] [1,n]NN
(enﬂ-)ie[n] canonical basis of R™
o], Euclidean norm of R"
B (v,7), Sn (v,7) open ball and sphere of center v € R™ and radius r > 0
>n, >n, S v; >0, for all ¢ € [n], v >, Vand v # ¥, v; > 0; for all ¢ € [n]

nonnegative, nonneg. nonzero, positive v € R™

v>,0,v>,0 v>,0

Kn, Kb, KiT

sets of all nonnegative, nonneg. nonzero, positive vectors

S (0,1),S17(0,1)

Ki NS, (0,1), KiT NS, (0,1)

M, 7y My, sets of all real matrices of dimension n x n’, n x n
In, 1, identity matrix, matrix whose every entry is equal to 1
diag (v) diagonal matrix whose i-th diagonal entry is v;

essentially nonnegative matrix

matrix A such that A — m[ln] (ai,;) I, is nonnegative
i€[n, ’

AoB

Hadamard (entry-by-entry) product (ai,jbi,j)(i S eln]x[n']

£ [f]

composition of the functions f and f

Table 6.1 — General notations (the subscripts depending only on 1 or N are omitted when the

context is unambiguous)
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Systemes de compétition — diffusion
monostables a deux especes

« Tel est pris qui croyait prendre. »

(Dicton populaire francais)






Chapitre 7

Invasion d’un territoire inoccupé par deux
compétiteurs : propriétés de propagation de
systemes de compétition — diffusion
monostables a deux especes

Résumé

Dans ce chapitre, on se tourne vers des propriétés de propagation de systémes de com-
pétition — diffusion de Lotka — Volterra a deux especes et monostables dont les conditions
initiales sont nulles ou exponentiellement décroissantes dans une demi-droite tournée vers la
droite. Grace a une construction délicate de sur-solutions et de sous-solutions, on améliore
des résultats précédemment établis et on résout des questions ouvertes. En particulier, on
montre que si le compétiteur le plus faible est aussi le plus mobile, il est alors susceptible
d’échapper au compétiteur fort et moins mobile en envahissant en premier un territoire in-
occupé. La paire de vitesse dépend des conditions initiales. Si celles-ci sont nulles dans une
demi-droite tournée vers la droite, alors la premiére vitesse est la vitesse KPP du compé-
titeur le plus mobile et la seconde vitesse est donnée par une formule exacte dépendent
de la premiere vitesse et de la vitesse minimale des ondes progressives connectant les deux
équilibres semi-triviaux. De plus, I’ensemble non-borné de paires de vitesses atteignables
avec des conditions initiales exponentiellement décroissantes est caractérisé, & un ensemble
négligeable pres.

Ce chapitre, co-écrit avec Adrian Lam, a fait 'objet d’une soumission sous le titre Invasion
of an empty habitat by two competitors : spreading properties of monostable two-species
competition—diffusion systems dans Proceedings of the London Mathematical Society [GL18].
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7.1 Introduction

In this paper, we are interested in some spreading properties of the classical monostable Lotka—
Volterra two-species competition—diffusion system

Ou — Opzu=u(l —u—av) in (0,400) xR

O — dOzev =10 (1 —v —bu) in (0,400) xR
u (0,2) = up (x) for all z € R
v (0,2) = vo (z) forall z € R

with d > 0, a € (0,1), 5> 1, 7 > 0 and ug, vy € € (R, [0,1])\ {0}. The assumptions on a and b
mean that v and v are respectively the stronger and the weaker competitor.
Recall from the classical literature [8, 72, 104] that the scalar Fisher-KPP equation

(7.1.1)

Opw — 60z,w = pw (1 —w) in (0,+00) X R
w (0, 2) = wp (x) for all z € R

with 6,p > 0 and wy € % (R) with nonempty support included in (—o0,0] has the following
spreading property: there exists a unique cxpp > 0 satisfying

lim sup |w (¢ x) — 1] =0 for each ¢ < cxpp
=400 |y <ct

lim sup |w (¢t,z)] = 0 for each ¢ > cxpp
t—=+00 ety

These asymptotics describe the invasion of the unstable state 0 by the stable state 1 and cxpp
is consequently referred to as the spreading speed of this invasion. Furthermore, cx pp coincides
with the minimal speed of the traveling wave solutions, which are particular entire solutions of
the form w : (t,2) — @ (x — ct) with ¢ > 0, ¢ (—00) = 1 and ¢ (+00) = 0. A striking result is
the so-called linear determinacy property: there exists such a pair (i, ¢) if and only if the linear
equation
—0p" — ey’ = py,

namely, the linearization at ¢ = 0 of the semilinear equation satisfied by ¢, admits a positive
solution in R. Consequently, cx pp = 24/pd. As far as the system (7.1.1) is concerned, this result
shows that in the absence of the competitor, u and v respectively spread at speed 2 and 2v/rd.

Recall also from the collection of works due to Lewis, Li and Weinberger [108, 110] that the
competition—diffusion system

O — Opzu =u (1 —u—av) in (0,400) x R

00 — dOpv =rv(l —v—"bu) in (0,4+00) xR
u(0,2) = g (x) for all z € R
v(0,2) =1— 0 (x) for all z € R

(7.1.2)

with @y and 9y compactly supported and %y nonnegative nonzero, has an analogous spreading
property: there exists a unique cprw > 0 satisfying

lim sup (Ju(t,z) — 1]+ |v (¢ 2)]) =0 for each ¢ < cLrw
E 400 g <ct

lim sup (Ju(t, )|+ |v(t,z) —1]) =0 for each ¢ > cLLw
t_>+o°ct<|a:\

and describing the invasion of the unstable state (0,1) by the stable state (1,0). As in the
KPP case, the spreading speed cprw is the minimal speed of the monotonic traveling wave
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solutions; linearizing at (0,1), it is easily deduced that the linear speed is 24/1 — a and that
crow = 2v/1 — a. However, contrarily to the KPP case, the converse inequality crrw < 2v/1 —a
is only sometimes true. More precisely,

— on one hand, according to Lewis-Li-Weinberger [108], linear determinacy holds if

b—1 1
2 Si(Qid)7
1—a r

d <2 and

a result which was later on improved by Huang [93] who established that the weaker

condition @-d0 ) i
> =
b = hax (“’2|d_1|>

is sufficient;

— but on the other hand, Huang—Han [94] constructed explicit counter-examples where ¢y >
2y/1 —a.
Anyways, a rough upper estimate of ¢y, ;s can be obtained by comparison with the KPP equation
satisfied by w in the absence of v: cprw < 2 (the competition always slows down the invasion
of u). The strict inequality cprw < 2 is expected but, as far as we know, cannot be established
easily. Of course, it automatically holds in case of linear determinacy.

We focus now on the system (7.1.1) and observe that, when wy and vy are both null or
exponentially decaying in [0, +00), the long-time behavior in (0, +00) is unclear. It is the purpose
of this paper to address this question.

If rd > 1 and ug and vy are compactly supported, then for all small € > 0, one expects the
following statements to hold:

lim sup (lu(t,z) = 1|+ v (t,x)]) =0,
=40 |51 <(cpLw —e)t
lim sup (Ju(t )|+ |v(t,z) —1]) =0,
E2H00 oy oyt< |zl <(2Vrd—e)t
lim sup (Ju (t, )| + v (t,z)[) = 0.
E2F0 o rdte)t<|al

This fact, which we are going to prove in the forthcoming pages (see Proposition 7.13) by adapting
very slightly arguments from the related literature and is therefore not really new, basically means
the following: the empty space is first invaded by the faster competitor v at speed 2v/rd and then
the replacement of v by the stronger competitor u occurs somewhere in the area cLrw < § < 2.
In particular, as far as spreading speeds are concerned, the first invasion ((0,0) by (0,1)) is not
influenced by the second invasion ((0,1) by (1,0)): the competition exerted by the exponential
tail of u in the area 2 < ¥ is negligible.

It is then natural to investigate whether the converse statement is true: is the second invasion
influenced by the first one? Is it possible to show that the speed c; of the second invasion is
exactly cppw, or is there on the contrary a possibility of acceleration, namely co > cprw?

Previous works on the spreading properties of the system (7.1.1) with uy and vy supported in
(—00,0] are due to Carrére [35] and Lin and Li [112]. Carrére studied the bistable case (a > 1,
b > 1). She proved that the second invasion admits a single spreading speed which is the speed
of the unique bistable traveling wave connecting (0,1) to (1,0): the two invasions are indeed
independent. We point out that the bistable case is easier to handle (based on the uniqueness
of traveling wave speed and profile in the bistable case, the arguments used on the left of the
second transition can be used again on its right). As a matter of fact, Lin and Li investigated the
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monostable case with stable coexistence (a < 1, b < 1) and compactly supported initial data but
were unable to determine the second speed. All three monostable cases (stable coexistence, stable
(1,0), stable (0,1)) being handled quite similarly (see Lewis-Li-Weinberger [108] for instance),
the technical obstacles they encountered should not depend on the sign of b — 1.

In the present paper, we adopt a different point of view: we aim directly for the construction of
(almost) optimal pairs of super-solutions and sub-solutions. This point of view is highly fruitful.
On one hand, it brings forth a complete spreading result when the support of ug is included
in a left half-line (namely, ug is Heavyside-like or compactly supported) and vy is compactly
supported. This result shows that, surprisingly, acceleration of the second front does indeed
occur in some cases.

Heuristically, there are three spreading mechanisms involved:

1. w invading a hostile environment where v = 1 at speed 2v/1 — a;
2. wu chasing the competitor v at speed cppw;

3. u invading an environment where v =1 (w<2v/rdt} at some speed c.

While both ¢, and c are greater than or equal to 24/1 — a (by the comparison principle), the
sign of ¢ — ¢ pw can vary. One of our main results (Theorem 7.1) states that the actual invasion
speed of u is the maximum of ¢y and c.

The problem we consider in this paper was in fact already considered by Shigesada and
Kawasaki in 1997 [133], where they illustrated numerically the hair-trigger effect (the fact that a
small number of the weaker competitor eventually reaches the range front of the other species and
establishes a KPP-type wave into the open space). They also gave practical estimates of the re-
spective spreading speeds of the species, based on linearizations. Our work takes into account the
possibility of failure of linear determinacy, and discovers additionally the possibility of a further
accelerated invasion. Therefore, we have completely settled the mathematical questions raised
by their study. Let us also point out here that, inspired by the study of Shigesada and Kawasaki,
Li [109] very recently addressed similar questions in the framework of integro-difference systems.

Our approach also delivers a general existence and nonexistence result related to propagat-
ing terraces (succession of compatible traveling waves with decreasingly ordered speeds, first
described by Fife and McLeod [71]) having the unstable steady state (0,1) as intermediate
steady state and corresponding to exponentially decaying initial data. As far as scalar terraces
for reaction—diffusion equations are concerned, Ducrot, Giletti and Matano [62] showed quite
generically that all intermediate states are stable from below (see also Polac¢ik [126] for a com-
plete account in the general setting). In more sophisticated contexts (reaction—diffusion systems,
nonlocal equations, etc.), propagating terraces with unstable intermediate states are observed
numerically (see Nadin—Perthame-Tang [119] for the nonlocal KPP equation, Faye—Holzer [70]
for a different two-component reaction—diffusion system). Rigorous analytical studies are how-
ever very difficult and have only been carried out in simple cases. For instance, a closely related
paper due to Iida, Lui and Ninomiya [97] studied a monostable system of cooperatively coupled
KPP equations. The comparison with that paper shows well the value of the present paper:
Tida—Lui—Ninomiya only considered Heavyside-like or compactly supported initial data and ob-
tained that all spreading speeds are in fact scalar KPP speeds (independent invasions). In this
regard, the present paper is, to the best of our knowledge, unprecedented.

Our approach relies heavily upon the comparison principle. Therefore it might be appro-
priate for cooperative systems of arbitrary size with couplings more sophisticated than the
Lotka—Volterra one considered in lida—Lui-Ninomiya [97]. Let us point out right now that a
fully coupled cooperative system, namely a cooperative system where the positivity of any one
component implies the positivity of all the others, cannot admit propagating terrace solutions.
Unfortunately, our approach cannot be adapted to settings devoid of comparison principle.

250



7.1 Introduction

Finally, let us point out that our forthcoming results would still hold true if v (1 —u) and
i . In order to ease the reading,

rv (1 —v) were replaced by more general KPP reaction terms

however, we focus on the traditional logistic form

(7.1.3)

7.1.1 Main results
Define the auxiliary function
f+ [2V1=a,+0) = (2va,2(VI—a+a)]
c = c—+/2—4(1—-a)+2a

This function is decreasing and bijective and satisfies in particular

7.1.1.1 Spreading properties of initially localized solutions
[0,1]))\ {0} with support included in a left half-line and vy €

Theorem 7.1. Let ugp € % (R,]0,
D\ {0} with compact support. Let (u,v) be the solution of (7.1.1)

% (R,[0,1])
1. Assume 2v/rd < 2. Then
m sup lv(t,z)] =0,
lim sup  |u(t,xz) — 1| =0 for each € € (0,2)
t—>+o<>0<x<(2 o)t
lim sup |u(t,z)| =0 for eache >0

t=100 (24 e)t<a

2. Assume 2v/rd € (2, f (cpow)) and define
(cLow,2).

1(2\/701) \ﬁer\Ff

Cace =
Then
lim sup (lu(t, ) — 1]+ |v (¢, 2)|) = 0 for each € € (0, cqee)
t=+0oo O<x<(0acc_5)t
2 \ acc
lim sup (lu(t,z)| + v (t,x) — 1|) = 0 for each € € (O, —c >7
F2H (cpeete)t<a< (2v/rd—e)t
lim sup (Ju(t,z)| + |v(t,z)|) =0 for each e >0
trteo (2r+s)t<$
3. Assume 2vrd > f (cprw). Then
lim sup (Ju(t,z) = 1|+ |v (t,z)|) =0 for each e € (0,cLLw)
t—+o0 0<1<(CLLW E)t
2Vrd —
lim sup (Ju(t,z)| +|v(t,x) —1|) =0 for each € € <0, TCLLW) ,
f=eo (CLLw+€)t<m<(2m75)t 2
lim sup (lu(t, )| + v (t,z)]) =0 for each e >0

i=o00 (2vrd+e)t<a
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In the first case, v goes extinct. In the second case, v invades first at speed 2v/rd and is then
replaced by u at speed cuee > cppw - In the third case, v invades first at speed 2v/rd and is then
replaced by u at speed cppw -

Notice that the limits above are chiefly concerned with « > 0. This is intentional, for the
sake of brevity and clarity. In (—o0,0), two behaviors are possible, depending on whether wug
is compactly supported or Heavyside-like. In the former case, all inequalities above hold with
x replaced by |z| (and this claim is proved simply by symmetry). In the latter case, (u,v)
converges uniformly to (1,0) in (—o00,0) (and this claim can be proved by a standard comparison
argument).

7.1.1.2 The set of admissible pairs of speeds for more general initial data

Define the auxiliary function

Ay {2\/@, +oo)

c

- (0,v/3
X :

L (c— V@ —1rd)

Theorem 7.2. Let ¢; € [2\/7"(17 —|—oo> and ¢z € [cLrw,c1]. Let (u,v) be a solution of (7.1.1)
such that

co = sup {c >0 | tligrnooofug lt(|u(t,yc) -1+t z)]) = 0}

and such that at least one of the following two properties holds true:
1. v (0,z) ()% js bounded in R; or
2. ¢1 satisfies

1 > inf {c> 0]  lim sup|v(t )| = 0}-

O r>ct
Then ca > f~1(c1).

The assumption on co basically means that u spreads at speed co. However, in general, the
spreading speed is ill-defined: the minimal spreading speed of wu,

sup{c>0| tlim sup |u(t,gc)—1|:0},

—+oop<a<ct

might very well be smaller than its maximal spreading speed,

inf {c >0 | t£+moo Ogs;lgct lu(t,x)| = 0} .
On this problem, we refer to Hamel —Nadin [89].

The properties (1) and (2) above are more or less equivalent. Indeed, on one hand, (1) directly
implies (2) by standard comparison; on the other hand, if (2) holds, then for all A € (0, A, (¢1)),
there exists Ty such that o — v (T, z)e*® is bounded in R. However the proof of the latter
implication is difficult. In fact, instead of establishing it, we will directly prove the result in each
case. We emphasize that although (2) might be easier to understand in that it directly relates
¢ to the spreading of v, (1) has the advantage of being easier to apply since it only requires
knowledge of the initial condition.

In short, this theorem means that if v spreads no faster than ¢; and if u spreads at speed cs,
then ca > f~!(c¢1). The next theorem shows the sharpness of this threshold: any ca > f~1(c1)
can actually be achieved.
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Theorem 7.3. Let ¢; € (2\/rd, —|—oo> and c3 € (crpw,c1).Assume ¢y > f(ca). Then there

exists (Ucy cpr Vey,cs) € € (R, [0, 1]2) such that the solution (u,v) of (7.1.1) with initial value

(10, v0) = (Ucy 9 Vey,cp) Satisfies

lim  sup (Ju(t,z)—1|+|v(t,z)|]) =0 for each e € (0,¢a),

=100 5 (ca—e)t
. C1 —C2
lim sup (lu(t,z)| + v (t,z) —1|) = 0 for each € € (0, —> )
t—+o0 (cate)t<z<(ci—e)t 2

lim  sup (Ju(t )|+ |v(t,z)]) =0 for each e > 0.
t= 40 () 4e)t<a

2(vI—a+ a)

2V/rd
2

2T —a.(1,1) Coce 2 >

Figure 7.1.1 — Example of set of admissible pairs of speeds (c1,¢2): crrw = 2v1 —a, 2vVrd <

feLow).
In this case Theorem 7.1(2) applies with (c¢1,c2) = (2Vrd, cace), where coee >
CLLW -

Let us point out that this solution (u,v) is not a proper propagating terrace in the sense of
Ducrot—Giletti-Matano [62]: the locally uniform convergence of the profiles is missing (as in
Carrere [35]).

The fact that the set of admissible speeds is not always the maximal set
{(01,02) € [QVrd, +oo) X erpw,+0) | ¢ > 02}.

settles completely a question raised by the first author [Girl8a].
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€1 C1 = C
A 1 — 62

2V/rd

2(VI—a+ Va)

fleriw)

> C
21 — a,.(l, 1) coow 2 ?

Figure 7.1.2 — Example of set of admissible pairs of speeds (c1,¢2): crw > 2v1 —a, 2vVrd >

fleriw).
In this case Theorem 7.1(3) applies with (c1,c2) = (2v/rd, cLrw ).

7.1.1.3 The super-solutions and sub-solutions

The preceding theorems will be proved thanks to the following three propositions, which are
of independent interest and concern existence results for super-solutions and sub-solutions (the
precise definition of these will be recalled in the next section).

et Ao VT atoo) o (0,vT—a]
c — %(c—\/02—4(1—a)>’
A: (6,8 % (E—\/52—4(>\(c)(6—c)+1)>.

The domain of A is the set of all (¢, é) such that ¢ > 2y/1 — a and é > max (¢, f (¢)).
For all ¢ > cprw and é > max (¢, f (¢)), Wez denotes the function

Was: (t,.’L‘) — e—A(c)(é—c)te—A(c,é)(x—ét).

Proposition 7.4. Let ¢; > 2v/rd, co > cpow and assume ¢o < ¢4 < f (c2).

There exist ¢ > co, ¢ € (c1,f(c)), L > 0 and 6* > 0 such that, for all 6 € (0,0*), all
K € (O,min (1*7“,%)) and all { > L, there exists Rs > 0 and a sub-solution (m, m) of
(7.1.1) satisfying the following properties:

1. user (0,2) <1—a forallz € R;

2. the support of x v+ us.¢x (0,2) is included in [0, L+ ¢+ 2Rs];

8. usc,r (0,2) <k for allx € [L, L+ ( +2Rs];
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4. there exists X > 0 such that us ¢ . satisfies

Orus ¢ i — Opais e < (1 —0)use e in {(t,x) €[0,400) xR | & > X + ¢t}.

5. there exists Cs > 0 depending only on § such that
Us,¢ (0,2) > min (17 C’ae_’\”(a)(m_o) for all x € R;

6. the following spreading property holds true:
1—a

=0 foralle € (0,¢).

lim sup

uscr (t,2) —
=400 [ <o (c—e)t

Proposition 7.5. Let ¢y € (max (CLLw,f_l (2\/ rd)) ,2).
There exists 6* > 0 and (c{, c§)56(0 P such that

co < b < <2Vrd for all § € (0,6%),
: 5 0\ _
%ir(l) (01,02) = (2\/7“d7 cz) ,

and, for all § € (0,0%), there exists a super-solution (uT;, @) of (7.1.1) satisfying the following
properties:

1. there exists yo € R such that, for all y > yg and t > 0,

(3 (cs2)
A (Q,Q\/@)

us | 0,0 —y — t zmin(l,wQQm(t,x)) for all x € R;

2. x— s (0,2) is compactly supported;
3. v5(0,2) <1—20 for all x € R;

4. the following spreading property holds true:

5 _ 0
lim sup (|75 (t, @)| + |vs (t, @) — (1 —26)|) =0 for all e € (O, a 3 62) .

0 (chte)t<as(cf—)t

Proposition 7.6. Let ¢; > 2vrd, co > crpw and assume ¢; > max (ca, f (¢2)).

There ezists 0* > 0 and (cg)ée(oﬁ*) such that

&5 > ¢y for all § € (0,6%),

lim ¢ = Co
§—0 2 ’

and, for all 6 € (0,8%), there exists a super-solution of (7.1.1) (175,@) and a sub-solution of
(7.1.1) (us,V5) satisfying the following properties:
1. there exists yo € R such that, for all y > yo and t > 0,

A 241
a5 | 0,2 —y — Mt > min (1,We, ¢, (t,2)) for all z € R;
A(CQ,Cl)
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2. the support of vs is a right half-line and there exists (y,z) € R? such that

< e’\“(cl)(w_clt)vi (0,2 —y) <1 forallt >0 and z > z;

[N

3. us (0,2) < %5 (0,2) and vs (0,2) < U5 (0,2) for all z € R;
4. the following spreading properties hold true:

lim  sup |us (t,z) — (1—a)| =0 foralle € (0,c2),

t—+00 z<(ca—e)t
C1 — Cg
lim sup (|5 (t,@)| + |vs (t, ) — (1 = 26)|) =0 for all e € (O, > .
t=roo (Cg+€)t<m<(c1—s)t 2

lim  sup (|as (¢, )| + |95 (t,2)]) =0 for all e > 0,
t=+00 (o) ye)t<a

The forms of the super- and sub-solutions of Proposition 7.4 and Proposition 7.5 are illus-
trated in Figure 7.4.4 and Figure 7.4.3 respectively. Those of Proposition 7.6 are illustrated in
Figure 7.4.1 and Figure 7.4.2.

7.1.2 The quantities f (c2), A (c2), A(co, 1)

Let us explain by a heuristic argument how these three quantities come out naturally in the
problem and what is their ecological meaning.

Assume that v invades the uninhabited territory at some speed ¢; > 2v/rd and that u chases
v at some speed ¢ € [cLLw, c1). In the area where v ~ 1, u looks like the exponential tail of the
monostable traveling wave connecting (0,1) to (1,0) at speed cs, that is

U (t, x) ~ e_)\(@)(f—Czt).

Accordingly, in a neighborhood of & = ét with & € (cg,¢;1), we can observe non-negligible quan-
tities only if we consider the rescaled function

w: (t,x) — u(t,z) e E=ezt)

instead of u itself.
Yet, in a neighborhood of © = ét with é > ¢;, where (u,v) ~ (0,0), w satisfies at the first order

Opw — Ogpw = (1 + A(c2) (¢ — ¢2)) w
whence the exponential ansatz w (¢, 2) = e *(*=) leads to the equation
A2 — A+ (14 N(ea) (6 —ca)) = 0.

The minimal zero of this equation being precisely

I . —
Afez,d) = 5 (c— VE 10\ () (c—c2)+1)) :
we deduce then that ¢ has to satisfy
Z—4(M (o) (E—c2)+1)>0

that is é > f (cg). Passing to the limit é — ¢1, we find indeed ¢ > f (c2).
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7.1.3 Organization of the paper

In Section 2, we recall the comparison principle for (7.1.1) and define super-solutions and
sub-solutions.

In Section 3, we prove Theorem 7.1, Theorem 7.2 and Theorem 7.3 assuming Proposition 7.4,
Proposition 7.5 and Proposition 7.6 are true.

In Section 4, we prove Proposition 7.4, Proposition 7.5 and Proposition 7.6. These construc-
tions are rather delicate and require several objects and preliminary lemmas, which we summarize
in a table at the beginning of Subsection 7.4.1.

In Section 5, we comment on the results and provide some future perspectives.

7.2 Competitive comparison principle

7.2.1 Competitive comparison principle

In what follows, vectors in R? are always understood as column vectors.
We define the competitive ordering < in R? as follows: for all (uy,v1) € R?, (uz,v2) € R?,

(u1,v1) =< (u2,v2) if uy < ug and vy > va.
The strict competitive ordering < is defined by
(u1,v1) < (ug,v2) if u1 < ug and v1 > ve.
We define also the operators

P (uvv) = at (u,v) 7diag (17d) azm (U,”U),
F:(u,v) — (u(l—u—av))'

rv (1 —v— bu)
With these notations, (7.1.1) can be written as

{ P (u,v) = F (u,v) in (0,+00) xR
(u,v) (0,2) = (ug,v9) () forallzeR

Definition 7.7. A classical super-solution of (7.1.1) is a pair
(@v) € " ((0,+0), %2 (R, [0,1°) ) 0% ([0, +00) x R [0,1]%)

satisfying
P (u,v) = F(u,v) in (0,+00) x R.

A classical sub-solution of (7.1.1) is a pair
(u,7) € 6" ((0,+00),% (R, [0,1]*) ) % ([0, +0) x R, [0, 1]%)

satisfying
P (u,v) < F(u,7) in (0,+00) x R.

The unbounded domain (0,4+0c0) X R can be replaced in the above definition by a bounded
parabolic cylinder (0,T)x (—R, R). In such a case, the required regularity is ¢ ((O7 T),¢? ((—R, R), 0, 1]2))0

% ([O,T] « [~R,R], |0, 1]2).
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We also recall that it is possible to extend the theory of super- and sub-solutions to Sobolev
spaces. The full extension is outside of the scope of this reminder, however a very partial
extension will be necessary later on. More precisely, we will use the following definition and
theorem. In what follows, o denotes the Hadamard product (uq,v1) o (ug,v2) = (ujug, v1v3).

Definition 7.8. A generalized super-solution of (7.1.1) is a pair

(@, 0) € 6 ((0,+00) x R, [0,1)
satisfying, for all (U,V) € 2 ((O, +00) x R, [0, 1]2)7

[o@we V) + dig(1,0)0, (@.0) 00, UV) = [ Fl@.w)o V),
A generalized sub-solution of (7.1.1) is a pair

(u,7) € € ((0, +oo) x R, [0, 1]2)
satisfying, for all (U,V) € 2 ((0, +00) x R, [0, 1]2)7

/5t (u,v) o (U, V) + diag (1,d) 0, (u,v) 0 0, (U, V) = /F(y,@) o (U, V).

Again, the unbounded domain (0, +00) x R can be replaced by a bounded parabolic cylinder
(0,T) x (—R, R). The following important theorem, that will be used many times thereafter,
actually uses the local definition.

Theorem 7.9. Let R>0,T >0,Q=(0,T) x (—R,R) and
(1, T, vy, va) € 6 (10,71,%% (=R, ], [0,1)') ) n€ ([0,7] x [-R, R], [0,1]").

1. Assume that (u1,v) and (Ty,vs) are both classical super-solutions in Q. Then (41, max (vq,vs))
is a generalized super-solution in Q.

2. Assume that (Uy,v,) and (Gz,v,) are both classical super-solutions in Q. Then (min (T, s) ,v,)
s a generalized super-solution in Q).

Remark. We state this theorem in a bounded parabolic cylinder in order to be able to construct
later on more complex super- and sub-solutions, for instance super-solutions (@, v) with @ of the
form
uy (t,x) ife<x(t)
u(t,r) = Uy (t,x) ifzelz(t),y(),
s (t,x) if x >y (t)

where z (t) < y(t) and @y, Uz and s are such that @y (t,z) < Ua (t,z) if © < 2 (t), U2 (¢,2) <
uy (t,x) in a right-sided neighborhood of x (t), T2 (t,2) < s (t,z) in a left-sided neighborhood
of y (t) and w5 (t,2) < Uy (¢,2) if x > y (t). Although we do not have any global information on
Uy — U, Uy — u3 and Us — Uz, the local theorem shows that the construction is still valid.

Proof. Since the second statement is proved similarly, we only prove the first one.

For simplicity, we only consider the special case where I' = (v, —v,)" " ({0}) is a smooth
hypersurface, which is always satisfied for our purposes. A proof that does not require such a
regularity assumption can be found for instance in [132].
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Define v = max (v;,v,) and let (U, V) € (@, [0, 1]2). On one hand,

atﬂl - azzﬂl Z Fl (ﬂlay)

is satisfied in the classical sense (using for instance —au;v; > —awiv). On the other hand, we
have assumed that I' = (v, — v,)~ " ({0}) is a smooth hypersurface, so that we may integrate by
parts. Denoting Q1 = (v; —vy) " ([0,1]), Q2 = (vy —v;) " (0,1]), v the outward unit normal
to @1, we find T' = 0Q1\0Q = 0Q2\0Q and (J,v; — O,vy) v < 0 on I, whence

/ 0wV + do,v0, V
Q

= O,V + d0yv, 0,V + Oy V + d0,v5,0,V
Q1 Q2

= / (atyl - dawa:@]) V+ aﬁvﬂlvy + / ((9&2 - da:z:wQQ) V+ aasylv (_V)
1 0Q1 2 0Q2

S/ Fy (ﬂlaﬂl)v+/ FQ(ﬂlaQQ)V+/(3:c21—ax22)VV
1 2 T
< [ BV

Q

This completes the proof. O
An inversion of the roles yields a similar statement on sub-solutions.

Theorem 7.10. Let R>0,T >0, Q =(0,T) x (—R,R) and
(3,1, 71,7) € 6" (10,71, %% (=R, ] [0,1]') ) 0% ([0.7] x [-R, B, [0,1]") .

1. Assume that (uy,71) and (u;,Ts2) are both classical sub-solutions in Q. Then (u;, min (T1,73))
s a generalized sub-solution in Q.

2. Assume that (uy,01) and (uy,01) are both classical sub-solutions in Q). Then (max (uq,usy),01)
s a generalized sub-solution in Q.

Since a classical super- or sub-solution is a fortiori a generalized super- or sub-solution respec-
tively, from now on, we omit the adjectives classical and generalized and always have in mind
the generalized notion.

The comparison principle for (7.1.1), directly derived from the comparison principle for co-
operative systems (see Protter—Weinberger [129]) via the transformation w = 1 — v, reads as
follows.

Theorem 7.11. Let (w,v) and (v,u) be respectively a super-solution and a sub-solution of
(7.1.1). Assume that
(W,2) (0,2) = (u,0) (0,x) for allz € R.

Then
(@, v) = (u,v) in [0,+00) x R.

Furthermore, if there exists (T,x) € (0,400) x R such that u (T,z) = u(T,z) or v(T,z) =
v (T, x), then
(,v) = (u,v) in [0,T] x R.
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In other words, (@, v) > (u,?) holds at ¢ = 0 if and only if it holds at all ¢ > 0.
Finally, we recall an important existence result that will be used later on.

Theorem 7.12. Let (u,v) and (v,u) be respectively a super-solution and a sub-solution of
(7.1.1). Assume that for some (ug,vo) € C(R,[0,1]?) we have

(w,v)(0,z) = (up,v0)(x) = (u,0)(0,z) for allx € R,
then the solution (u,v) of (7.1.1) with initial data (ug,ve) satisfies

(w,v) = (u,v) = (u,0) in [0,400) x R.

7.3 Proofs of Theorem 7.1, Theorem 7.2 and Theorem 7.3

In this section, we assume Proposition 7.4, Proposition 7.5 and Proposition 7.6 are true.

7.3.1 Proof of Theorem 7.2

Proof. Let ¢4 > 2v/rd and ¢o > ¢ppw such that ¢; > ¢y and ¢ < f (c2).

First, we consider the case where z +— v (z) eM ()7 jg globally bounded. By contradiction,
assume the existence of a solution (u,v) such that both the boundedness of  + v () e»(c1)®
and the equality

c2 = sup {c >0] lim sup (Ju(t,z)—1+v(t2)]) = 0}
l=+00 o< p<et

are true.

Define ¢, ¢, 0*, § = %, Rs, L, us ¢, Usy as in Proposition 7.4. Note that ¢ > ¢y, € > ¢y.

In view of the equality satisfied by co, there exists T' > % such that, for all z € [O, %TL
u(T,z) >1—7%.

We claim that (¢,z) = v (¢, 2) e (€)(@=e1t) is olobally bounded in [0, +-00) x R. To see this, it
suffices to observe that, by definition of A, (c;), Ce™*»(c1)(@=c1t) ig 4 supersolution of the equation
of v for any constant C' > 0. Hence standard comparison implies that

U(f,l‘) < (supv((),:zc)e)‘”(cl)x> e~ Mw(a)(@—cit)
z€R

Since ¢; < ¢ and A, is decreasing, we have A, (¢1) > A, (¢). Hence, there exists ¢ > L such
that
v(T,z) <T5¢(0,2z) for all z € R.

Now, we fix

1 . . 1—a § . T
K = 5 min <m1n < 5 2) ’ze[L,glJrl?+2R5]u( ,x)) .
It follows that
1—a forzel0,L],
u(T,z) > kK for x € (L, L+ ¢ + 2Rs],
0 for € R\ [0, L + ¢ + 2Rs],

whence u(T,z) > us ¢, (0,z) for x € R. Then

() : () = (s (= Tow) B (t = T,x))
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is a sub-solution of (7.1.1) which satisfies (u,7) < (u,v) at t = T, whence by the comparison
principle of Theorem 7.11 it satisfies the same inequality at any time ¢ > T.

Now, due to the spreading property satisfied by u, for all € € (0, ¢), there exists T, > T such
that, for all ¢ > T,

1—
inf  w(t,z)> ‘.
L<z<(c—e)t 4
Thus, by comparison of (u,v) with the spatially homogeneous sub-solution (Q , V) satisfying the
system

t
Q(Ts — l—a ’

whose convergence to (1,0) is well-known, we find

lim sup  (Ju(t,z) — 1]+ v (t,2)]) =0 for all € € (0,¢).
t=+00 g<p<(c—e)t

This means ¢y > ¢, and directly contradicts the chose of ¢ > ¢; made at the beginning of the
proof.
Next, we consider the case where

c1 2inf{c>0| tlim sup |v (¢, x)] :0}.

=00 >t

Since the proof is mostly the same, we only sketch it. Again, we argue by contradiction and
use Proposition 7.4. Using the assumption on the spreading of v, we can establish the following
estimate:

0
0 (b = 08) < Lysyy (2= 08) + oLy, (2= 20),

for some 79 € R and with ¢ = ££¢1. Thanks to this, we can directly use Nus,¢x, for some small

1 > 0, as sub-solution for v and deduce a contradiction. We point out that in this case, we do
not use the competitive comparison principle but instead use the scalar one. O

7.3.2 Proof of Theorem 7.1

7.3.2.1 Hair-trigger effect and extinction
Proposition 7.13. Let ug € € (R,[0,1])\ {0} with support included in a left half-line and
vo € € (R, [0,1]) \ {0} with compact support. Let (u,v) be the solution of 7.1.1.

1. If 2v/rd > 2, then

lim sup (Ju(t,z) =1+ |v(t,z)|]) =0 for alle € (0,cLrw),
t—+oo OS$<(CLLw—E)t

lim sup  (lu(t,z)|+|v(t,x)]) =0 for alle >0,
HO (avrdte)t<a

lim sup (lu(t,z)| +|v(t,z) = 1) =0 for alle € (0, 5

t=oo (2+€)t<m<(2\/rdfa)t

2v/rd — CLLW)
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2. If 2+/rd < 2, then
li t =0
 Lim iléph}( , )] ,

lim sup u(t,x) — 1| =0 for alle € (0,2),
H+°°ogz<(275)t| (t,x) —1] (0,2)

lim sup |u(t,z)| =0 for alle > 0.
t=+00 (24 e)t<n | ( )l

Remark. The inequality regarding (2+¢)t < = < (2\/ rd — st) is by far the more interesting

and the less trivial. It basically means that u does not exert any competition far ahead of its own
territory. It was first proved by Ducrot, Giletti and Matano [61] in the case of predator—prey
interactions (the conclusion being then that no predation occurs far ahead of the territory of the
predator), and by Lin and Li [112] in case of two-species competition (the conclusion being that
the region of coexistence falls behind the territory where the faster diffuser dominates). The
proof of Ducrot et al. was sufficiently robust and generic to be reused by Carrére [35] in the
bistable competitive case and to be reused again here, in the monostable case. Although it would
certainly be interesting to write the result of Ducrot et al. in the most general form possible
(with more than two species and minimal assumptions on the interactions), this is far beyond
the scope of this paper. Therefore we simply adapt the main idea of their proof.

Proof. First, applying the comparison principle with the solution of

Owurcpp — Opgucpp = ugpp (1 —urxpp) in (0,4+00) x R
ugpp (0,2) = ug () foralz e R

we find directly u < ugpp, whence

lim sup wu(t,z)=0foralle>0.
t=+00 55 (24 6)t

Similarly,
lim sup v (t,z) =0foralle > 0.
t——4o0 $>(2\/m+8)t

Furthermore, (u,v) satisfies also (u,v) = (urLw,vrLw), where (urLw,vrLLw) is the solution of
(7.1.1) with initial data (ug, 1), and by Lewis-Li-Weinberger [108], this yields

lim sup |u(t,z) = 1|+ |v(t,z)|=0for all e € (0,cLLw) -
t—r+o0 OSZL’<(CLLW7€)t

Next, let us prove that if 2v/rd < 2 and provided

lim sup (Ju(t,x) = 1|+ Jv (t,z)|]) =0 for all € € (O, 5

t=eo (2\/ ’l‘d+€)t<x<(27€)t

22\/7d>

then in fact the above limit can be reinforced as

lim sup  (|lu(t,xz) — 1]+ v (t,x)]) =0 for all e € (0,2).
=400 o< (2—e)t

Let € € (0, 2*237‘/@) It is well-known (see Du-Lin [59, 60]) that there exists a unique solution
of
—" :g(l—a—f) in (0,4+00)
»(0)=0 :
w(x)>0 forallz >0
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Furthermore, this solution is increasing in (0, +00) and converges to 1 —a at +o00. In view of the
assumption on the limit of (u,v) in (2\/ rd + 5) t<x<(2—e¢)t, there exists T'> 0 and 9 > 0
such that

u(t,y+(2—-2)t) >1—a>p(y+ (2 —2e)t — x0) for (y,t) € {0} x [T, 400),

ult,y + (2= 2e)t) = @y + (2 = 2¢)t — xo) for (y,t) € (—00,0] x {T},
oy + (2 — 2e)t — 2g) > 0 when (y,t) = (0,T).

Let a(t,y) = u(t,y 4+ (2 — 2¢)t) and a(t,y) = ©(y + (2 — 2e)t — 20). Then they satisfy for all
(t,y) € (0, +00) xR,

Ortt — Oppt — (2 — 26)0, 0 — (1l — @ — av) < 0 = Oyt — (2 — 26)0pt — U(1 — @ — av),

it follows by virtue of the scalar comparison principle and of a change of variable y = x— (2 — 2¢) ¢
that
w(t,r) <u(t,z) forallt > T and x < (2 — 2¢) t.

Consequently,
lim inf inf u(t,x) >1—a,
t—+o0 et<z<(2—2¢)t

whence there exists 7" > 0 such that

1—

inf u(t,x)27a>0f0rallt2T’.
et<w<(2—2¢)t 2

By virtue of Theorem 7.11, the solution (U, V) of (7.1.1) with constant initial values (15%,1)

satisfies
(U, V)t —T,2) < (u,v) (t,x) forall t > T" and et < x < (2 — 2¢) L.

Since (U, V') coincides with the solution of the ODE system
U=U(1-U-adV)

Vi=rV(1 -V —=bU),
(U, V) (0) = (152,1)

standard theory on such systems shows that (U, V') converges to (1,0), whence (u,v) itself con-
verges to (1,0) uniformly in et < x < (2 — 2¢) t. Recalling that we also have the estimate

lim sup lu(t,z) =1+ |v(t,z)| =0 for all e € (0,cLrw),

t—+o0 0<z<(crrLw —e)t

the claim is proved.
It now remains to prove the most difficult part, namely

lim sup (Ju(t,z)| + v (t,z) = 1) =0, if 2Vrd > 2,
smeo (2+e)t<a<(2Vrd—e)t

and
lim sup (lu(t,z) =1 +|v(t,z)]) =0, if2vrd<2.
fmrtoo (2vrd+e)t<z<(2—e)t

Since this is a symmetric statement and since the forthcoming proof does not rely upon the
assumptions @ < 1 and b > 1, we only do the case 2v/rd > 2 (when v spreads faster than u) and
the proof will be valid for the other case (when u spreads faster than v) as well.
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Step 1: Let @ : (t,x) — min (1,e~(®=2=71)) where 2 is chosen such that @ (0,z) > u (0, z)
for all x € R. Then, by standard scalar comparison,

u(t,z) <u(t,z) forallt>0andzeR.

Step 2: We show that for each ¢ € (2,2v/rd), there exist positive constants §, 2,11, R such
that

v(t,x+axs+ct)>m forallt > 1,z € (—2R,2R) and ' € [(1-8)¢,(1+0)¢]. (7.3.1)

To show (7.3.1), fix c € (2, 2\/d7) and fix ¢ so small that

c C
2< S < S <oV,
T4 Sa-s VY

Letn >0, R>0,z3 € R, ¢ € [ﬁcé,l—fé] and define

v (t ) ne_i‘%(m_ét)z/)zm (x —ét — x3),
where (Ayg,¥4r) is the Dirichlet principal eigenpair defined by

—di/)ZR = )\4R¢4R in (—4R, 4R)
tag (F4R) =0
g (x) >0 for all x € (—4R,4R)
max Yyp =1

The principal eigenvalue A\yr is positive, vanishes as R — 400 and 4 is extended into R by
setting Y4g () = 0 if |z| > 4R.
Obviously,

v — d0ypv® — rv° (1 — v° — bu) < O — dDyuv® — 10° (1 — 0° — bu)

whence the right-hand side above divided by ne_%(z_m is a fortiori smaller than or equal to

~2 =2

¢ - ¢ c & _
ﬁ¢4R — &y —d <¢ZR + @1/141% - dl/JQR) — g (1 —0° — bu)
& —
< Zd—&-)\m—r—kr(gc—kbu) Yap

< (Mr+ 7 (0 + b — 7)) Yur,

where the last inequality holds provided we choose the constant v > 0 so small that
c
2 1—y)d>-——2>¢.
T( ,Y) > 1 _ 6 —_ c
Therefore, by choosing R so large that Ay < 77, 2 so large that
u(t,x) < % forall t >0 and 2 > 2t + 29 — 4R
(which is possible by Step 1), and 7 so small that

)

nsup sup (e g (€ ) <

6E[ﬁ, 135] £€(—4R+x2,4R+x2)

=2
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sup (e_%(w_é)vjzm (x—¢— x2)> <wv(l,z) forall z € R
e€[ 157
we deduce that v° is a sub-solution for the single parabolic equation satisfied by v.
By scalar comparison, v(t,z) > v°(t,z) for all t > 1 and = € R. It follows then that

c s(C
v(:t,m—i—xg—i—ct)zy (:t,x—l—x2+ct>
¢ ¢

= e 31 (T2 g ()
> pe~31%2¢ i min
=1 i V4R
for all ¢ > 1 and = € [-2R,2R]. Noticing that the last expression on the right-hand side above
is constant and denoting
M o=mn min Y4 inf (eiﬁ“eng) ,
[-2R,2R] ée[ﬁvﬁ]

we may take the infimum over all ¢ € [ﬁcé, ﬁ} and obtain indeed (7.3.1).
Step 3: We are now in position to show that, for any small £ > 0,

lim sup lv(t,z) — 1] = 0.
E2H00 oy eyt<a<(2Vrd—e)t

Assume by contradiction the existence of sequences (t,),,cy, (Zn), ey and of ¢ € (2,2vrd) such

that, as n — 400, t,, — 400, 7> — c and limsup v (t,,7,) < 1.

Denote (cn),cy = (f") o assume without loss of generality that |-~ — 1‘ < §/2, where
) ne
0 = 0(c) is specified in Step 2.
For all n € N, define 7, = =, = %= and
Up : (G ) = v <t+ iTn,LL'-i-,TQ +c7n> .
Cn
By Step 2 (with t' =t + =7, and t = 7,,), we deduce that
vn(t,2) > m if |z] < 2R and ‘t—&— (C - 1) Tn| < 0Ty,
Cn

£ — 1| < 8)if |z — 22| <2R and [t| < i7,.

and hence (using |/
n

By classical parabolic estimates (see Lieberman [111]), (vy),cy converges up to a diagonal
extraction in o (RQ, [0, 1]) to a limit v, which satisfies (using the fact that u(t+->7,, v4c7,) —

0 in %loc (R?,[0,1]) by Step 1, since () /(£Tn) = cn > 155 > 2 for all n)

OpVoo — d0pzVo0 — Moo (1 — Vo) = 0 in R?
and, in view of the above estimates,
Voo (t,x + x2) > 1y for all t € R and = € [-2R, 2R].

By standard classification of the entire solutions of the KPP equation, this implies v, = 1. In

particular,
¢

V(tp, Tpn) =V <7‘,L,c7'n) = v,(0, —22) — 1.

n

This directly contradicts lim sup v (¢, 2, ) < 1. O
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In view of Proposition 7.13, in order to prove Theorem 7.1, we only have to prove that for
each sufficiently small € > 0,

lim — sup (Ju(t,z) -1+ v (t,2)]) =0,

E=400 s (er—e)t

lim sup (lu(t,2)] + o (t,2) — 1) = 0,
fmrtee (c*+e)t<z<(2vrd—e)t

where

¢* = max (CLLw,f71 (2\/7“71)) .

7.3.2.2 Proof of Theorem 7.1
We begin with an algebraic lemma.

Lemma 7.14. Let co > 2y/1 —a and ¢; > co such that ¢; > f (c2). Then

(A (co, 01))2 +1

< .
A(CQ,Cl) !

Proof. First, A(ca,c1) is well-defined as ¢; > max{ca, f(c2)}. Noticing that
(A (c2,01))” = e1A (e2,¢1) + A(e2) (1 — e2) +1 =10,
we find that the claimed inequality is equivalent to —A (¢2) (¢ — ¢2) < 0. O

Now we prove the remaining part of Theorem 7.1. Assume 2v/rd > 2, define ¢* as above, fix
up € € (R,[0,1])\ {0} with support included in a left half-line and vy € % (R, [0,1]) \ {0} with
compact support and let (u,v) be the solution of equation (7.1.1).

Proof. By virtue of Theorem 7.2 and Proposition 7.13,

sup{c> 0| tiigloo sgpt(|u(t,x) =1+ v (t,z)|) = 0} > .

It remains to verify that the quantity
c=inf{0<c<2Vrd| lim sup (lu(t,2)|+|v(t,z)—1]) =0
oo ctﬁmSLﬁ:t

satisfies ¢ < ¢*. Notice that by Proposition 7.13, ¢ < 2.

Assume by contradiction ¢ € (¢*,2] and let ¢2 € (¢*,¢). Define 6* as in Proposition 7.5, let
5 € (0,6%) so small that ¢ < ¢ and define subsequently (s, vs).

By standard comparison,

u (t, ) < min (17wc2,2\/ﬁ (t,m)) for all (t,z) € (0,+00) x R.
By virtue of Proposition 7.5, there exists yg € R such that, for all y > yo and ¢t > 0,

(s 2)
A (02,2\/H)

us | 0,2 —y — t Zmin(l,wc22m(t,m)) for all x € R,
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Since
o <t<2<2Vrd,

co > ¢ = max (CLLW7f71 (2\/7‘7d)) > max (2@, ! (2\/@)) ,
Lemma 7.14 yields
(r o)

. <c2,2\/fd) < 2Vrd.

Choose ¢ > 0 such that

(> o 2i)
A <02,2\/H)

1
max 3 2vVrd + 2| <e<2vrd.

2
By virtue of Proposition 7.5,  +— v; <O, r—1y— %t) is compactly supported for
I 2

all y > yo and ¢t > 0. Since also 2 < ¢ < 2v/rd, by virtue of Proposition 7.13, there exists Ty > 0
such that, for all T' > Ty,

vs (0,2 — cT) <wv(T,z) for all z € R.

Now, relating the parameters y and T as follows,

(r ()
A(02,2M>

(> o)
A (cz,Q\/H)

car=y+ T, where we have ¢ >

)

we find the existence of y > yg and T' > Ty such that

(1 (o207
A(@,Q\/@)

vs | 0,2 —y — T| <v(T,z) for all z € R.

Then
(3 i)
A (CQ,QM)

(ﬂ,y):(t,x)»%(uf;,g) t—T,x—y— T

is a super-solution of (7.1.1) which satisfies (u,v) < (@, v) at t = T, whence by the comparison
principle of Theorem 7.11 it satisfies the same inequality at any time ¢t > T'.
A contradiction follows from Proposition 7.5 and ¢} < €, as in the proof of Theorem 7.2. [

7.3.3 Proof of Theorem 7.3

Let ¢; > 2v/rd, ca > cppw and assume ¢ > max (ca, f (¢2)).
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Proof. Fix 0%, § = % and ¢3, and define the super- and sub-solutions (u5,vs) and (us, V5) as in
Proposition 7.6.

First, let (ug,vg) € € (]R, [0, 1]2) be a pair such that

(@, 175) (0,2) < (ug,vo) (z) < (175,1175) (0,x) forall z € R
and satisfying also
uo () < Wey.0p (0,2) for all z € R.

By virtue of Theorem 7.12, there exists a (unique) solution (u,v) of (7.1.1) such that
(u,v) (0,2) = (ug,vg) (x) for all x € R,

(@, UT;) (t,x) = (u,v) (t,z) < (175,@) (t,z) for all t € (0,+00) and z € R,
u(t,z) <min (1, , (t,z)) for all t € (0,+00) and = € R.

Next, in view of the spreading properties of the super-solution and the sub-solution and thanks
to the comparison argument with the ODE system detailed in the proof of Theorem 7.2, it only
remains to show that the quantity

Ezinf{c>0 | t_l}gl sup (|u(t,x)|—|—|v(t,x)—1|)=0}

ct<x< ClT_H/t

satisfies ¢ < ¢s.

Now, the choice of super- and sub-solutions above proves that ¢ € [cz,cg]. Suppose to the
contrary that ¢ > ¢;. Then we can fix a sufficiently small §’ € (0,4) such that ¢’ € (cz,&). (This
is possible since cg/ N\ ¢2 as &’ \, 0, by Proposition 7.6.) Then, thanks to O

— the estimate v < min (1, g, , ),
— Lemma 7.14 which controls from above the speed of we, ,

— the control from below of the exponential tail of v,

Proof. we can use the super-solution (Ty, Ug/) associated with a sufficiently small §’ € (0,9) as
barrier after some large time Ty to slow down the invasion of u in an impossible way. More
precisely, just as in the proof of Theorem 7.1, there exist large T” and yg such that, for all x € R,

w(T’,2) < min (1,0, o, (T",2)) <5 (0,2 — yo)

and
(T, z) > vs (0,2 — yo)-

This implies that
(u(t,z),v(t,z) = (uy =T, —yo),vs (t =T ,x—1yp)) forallt >T" and z € R

and ¢ < cg/, which is a contradiction. This ends the proof. O
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7.4 Proofs of Proposition 7.4, Proposition 7.5 and
Proposition 7.6

7.4.1 Several useful objects

In this subjection, we will define components which will be used for our later constructions.
For ease of reading, we suggest the readers to skip Subsection 7.4.1 and only refer to it when a
specific object is being used.

|

List of Objects

Object(s) Defined in Used in Property
f(e) Sect. 7.1.1, (7.1.3) fle)=c+2ya- \/c2—4(1—a)
Cace Theorem 7.1(2) Cace > CLLW
Ac) Sect. 7.1.1.3 Ae) = Xs(9)],_,
A(e, €) Sect. 7.1.1.3; Lemma 7.14 A(e, é) = As(c, E)|6:0
We,e Sect. 7.1.1.3
Us,¢ k> Us,C Proposition 7.4 Sect. 7.3.1 Fig. 7.4.4
us, Vs Proposition 7.5 Sect. 7.3.2.2 Fig. 7.4.3
(s, vs), (us, 0s) Proposition 7.6 Sect. 7.3.3 Fig. 7.4.1 and Fig. 7.4.2
Ao (c) Sect. 7.4.1.1 Sect. 7.4.3.2 and 7.4.5.1 AN —cA+r=0
as Sect. 7.4.1.2 as vaasd—0
As(c) Sect. 7.4.1.3 M —_cA+(1-as)=0
A w Sect. 7.4.1.4; Lemma 7.16 Minimal speed for P(u,v) = F5(u,v)
Fs Sect. 7.4.1.4
(Ps.c, Ys.c) Sect. 7.4.1.5 Sect. 7.4.3.1 and 7.4.4.1 | Monotone profile for P(u,v) = Fs(u,v)
95}0,,47 Sect. 7.4.1.6; Lemma 7.24 | Sect. 7.4.3.1 and 7.4.4.1 (7.4.9)
ws.r, Ry, zs,r | Sect. 7.4.1.7; Lemma 7.17 Sect. 7.4.4.1 (7.4.1)
T dsen, B Sect. 7.4.1.8; Lemma 7.23 Sect. 7.4.3.1 (7.4.2)
Be,B.m, Es, Kp Sect. 7.4.1.9; Lemma 7.22 Sect. 7.4.3.1 Exp. decay of v at +oo
a1, Lo, 71 Sect. 7.4.1.10; Lemma 7.18 Sect. 7.4.5.1 (7.4.3)
Xe Sect. 7.4.1.11 Sect. 7.4.3.2 and 7.4.5.1 (7.4.4)
fg(c),Kg(c, ¢) Sect. 7.4.1.12 Beginning, Sect. 7.4.4 (7.4.5)
Ws,c,é Sect. 7.4.1.13; Lemma 7.19 | Sect. 7.4.3.1 and 7.4.4.1 (7.4.6)
We,5,A,m, Xw Sect. 7.4.1.14; Lemma 7.21 Sect. 7.4.3.2 (7.4.8)
28,c,6, Rz Sect. 7.4.1.15; Lemma 7.20 Sect. 7.4.5.1 (7.4.7)
A™%(¢) Lemma 7.15
’ List of Intersection Points
Symbol Defined in Used in Relation
zo(t), Co Lemma 7.25 Sect. 7.4.3.2 Xe(zo(t) — ct + o) = we,z,4,5(t, xo(t))
&1k, Clwy, Ax | Lemma 7.26 Sect. 7.4.3.1 and 7.4.4.1 Os,c.a, (E1,0) = Us,c(E1,0 — C1,i)
z2(t), C2 Lemma 7.27 | Sect. 7.4.3.1 and 7.4.4.1 Do.c(w2(t) — ct) = Wse,a(t, x2(t) — C2)
x3(t), (3 Lemma 7.28 Sect. 7.4.4.1 Vs, (E3(t) — ct) = ws,ry(T3(t) — (2\/7’ 1—26)d —0)t — (3)
Lemma 7.29 Sect. 7.4.3.1 Ys,c(w3(t) — ct) = ms,5,n(x3(t) — & — (3)
£4,C Lemma 7.30 Sect. 7.4.3.1 7s,e,h(§4) = Be,B,n(Ea — C4)
z0,x(t), Co Lemma 7.31 Sect. 7.4.5.1 ar(zo,kx(t)) = Xe(xo,x(t) — ct — (o)
z1(t) Lemma 7.32 Sect. 7.4.5.1 Xe(z1(t) —ct) = W(é,))(z)@(t’ z1(t) — Q)
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7.4.1.1 The function )\,

The function A, is defined as

Mot [2Vid toc) o (0,\/%
c — ﬁ(c—\/02—4rd).
7.4.1.2 The real a5
For all § € [0,1), we denote
_(1-20)a
R

Notice that ag = a and that § — a; is decreasing.

7.4.1.3 The function )\

For all § € [0, %], the function A\ is defined as

As [Zs/l—a ,—i—oo) — (O,\/l—a(;]
c — %(c— 02—4(1—%))'
The family (As) sef0,4] is continuous and increasing in §. Note that A\g = A, the latter being

introduced in Subsection 7.1.1.3.

7.4.1.4 The real ¢},

For all 6 € [0,1), ¢}, denotes the minimal wave speed of the problem P (u,v) = Fj (u,v),
where

Fs : (u,v) = (rZ 8 J—r gé—uv—a;jl)to '

Notice that (u,v) is a solution of P (u,v) = Fs (u,v) if and only if

(UV): () = (115’11]25) (1i6\/1xﬂ>

U(l—U—%V)

(1—26)r (14+8)b
sV (1 V-1 U)

is a solution of

PU,V) =

Therefore
Sow = V140 Ly,

(1-26)r

(146)b

where é%LW is the minimal wave speed of equation (7.1.2) where (r, a, b) is replaced by ( s 46> T35

As such, ¢) ;; satisfies
2/ (1 —as)(1+0) < <2V1+6.
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7.4.1.5 The functions 5. and 95

For all § € [0,3) and ¢ > ¢}y, (‘PTw w(s,c) denotes a component-wise monotonic profile
of traveling wave with speed c¢ for the problem P (u,v) = Fj(u,v), connecting (14 4,0) to
(0,1 — 26) and satisfying the normalization s, (0) = 152.

The existence of such a profile is well-known (and proved for instance in [110]). In fact, in

the appendix, we will prove that any profile of traveling wave is component-wise monotonic and

show that the condition
c+Ve2+4rd S ¢~ Ve2—4(1—a)
2d - 2
implies the uniqueness, up to translation, of the profile associated with a particular speed ¢ >
crw. However these results are not actually required here. What is required indeed is the
forthcoming Lemma 7.15.

7.4.1.6 The function 6;. 4

For all § € [0,4), ¢ > ¢}, and A > 0, define the function
Gron s € Aot (VEFIrdB=118) ) (6=€0) _ 2 (—v/@Fard(b-116)—c) (6~&)

where the constant
dln A

- Ve +4rd(b—1+6)

is fixed so that 65,4 (0) = 0. This function is increasing in R.

o

7.4.1.7 The function ws r and the real RY

For all § € [0,1) and all R > 0 large enough, ws g : [—R, R] — [0,+00) denotes the unique
nonnegative nonzero solution of

{dw ~ (2T 0 d—8) e/ =rw(1—6-w) i (-RR) (7.41)

w(xR)=0

It is well-known that this problem admits a solution if and only if R is larger than or equal to
some Ry > 0.
We extend the definition of ws g into the whole real line by setting ws g (§) = 0 if |¢] > R.

7.4.1.8 The function 75,

For all § € [0,1), ¢ > 2v/rd and all h € R, 75,c,h, denotes

Tseh © (§) = W5.e(§) + R, (7.4.2)

where 75 . denotes the unique (decreasing) profile of traveling wave solution of

O — dOpzv =10 (1 — 6 —0)

connecting 0 to 1 — § at speed ¢ and satisfying 75 . (0) = 12;5.
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7.4.1.9 The function 3. p

For all ¢ > 2V/rd, n € (0,2vc? —4rd) and B > 0, f,p,, denotes
Bepy : € — max (0, oMo (O)(E+Es) _ Kﬁe—<m<c>+n>(£+sﬁ>) ,

where the constants
r (14 bB)

B n (Ve —4rd — dn)

and &g = % are fixed so that . p,, is positive in (0, +00) and null elsewhere.

Kp

7.4.1.10 The function ¢, and the real L,

Similarly to the construction of ws g and RY, we define a; : R — [0,+00) and L, > 0 such
that, for all [ > L,

=0 . (7.4.3)

7.4.1.11 The function x.

For all ¢ > 2 1_7“, X denotes the unique (decreasing) profile of traveling wave solution of

Ot — Oggt = 1 (1 ; ¢ _ u) (7.4.4)

connecting 0 to % at speed ¢ and satisfying x. (0) = la

7.4.1.12 The functions f5 (c¢) and A; (c, é)

For all 4 € [O, %), fs denotes the function

fs: [2vT—as,+o00) — (0,2 (VI—as + as)]
c = c—y/c—4(1—as)+2/as

Notice right now that provided ¢ — fs (¢) > —4./as, ¢ — f5(c) has exactly the sign of ¢ —
4 (X5 (¢) (€= ¢) +1). Indeed, by the fact that (s (¢))* = cAs (¢) +1 —as =0,

F =4\ () E—0c)+1)=(E—2Xs(0)) —4(1—/\5 () e+ (Ns (c))z)
= (6—c+ 0274(1—%))274%

— f5(0) +2va3)* — (2y/as)”
— fs(c)) (€= f5 (c) +4/as) .

For all 0 € [0, %), As denotes the function

As: (6,0) % (E—\/62—4()\5(c)(5—c)+1)).
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Its domain is the set of all (¢,é) such that ¢ > 2/1—as and ¢ > max (¢, f5 (¢)) and it is
decreasing with respect to both ¢ and é. As a function of ¢ only, with a fixed ¢, it bijectively

maps [2y/T — a5, +00) onto
(; (6~ V@i +1).5 (a_ V& — 4 (VT =5 + 205 - 1))} |

The family (As) 5ef0,1) is increasing. Recalling the earlier definition of A, we find Ag = A.

Finally, by construction, for all (¢, &) such that ¢ > 2y/1 — as and é > max (¢, f5 (¢)), As (¢, €)
satisfies

(As (¢,8)% — s (¢, &) + As (¢) (E—c¢) +1=0. (7.4.5)

7.4.1.13 The function w5 ;
For all § € [0,1), ¢ > ¢}y and & > max (c, fs (¢)), Wsc,z denotes the function
Woog : (t, CE) N ef)\(;(c)(Efc)teng(c,E)(a:fét).

In view of (7.4.5),

Wsez (t,x) = e((As(e@)* +1)tg=As(cDz g4 o)) (t,z) € [0,400) x R.

Recalling the earlier definition of Wz, we find Wez = Wy cz.

7.4.1.14 The function w.z 4,

For all ¢ > erpw, é > csuch that ¢ > f(¢), n € (O,min (A (c,8),\/@—4(\(c)(E—c)+ 1)))
and A > 0, wee a,, denotes

Weean: (£ 1) e M@=t o (O’e—A(c,é)(:c—ét—&-xw) _ Kwe—(A(c,E)+n)(x—6t+acw)) 7

where
14+aA 14+ aA
K, =max | 1, ta :max(l, —~ ta —~ >
n(\/é274()\(c)(éfc)+1)777> n(&—n—2A0 (c,?))
and x,, = % is fixed so that, for all t > 0, & — wc ¢, 4,y (t, ) is positive in (&, +00), null else-

In(A(e,&)+m) =In(A(e,6) 4 & In(Ae,+m)—In(A(ed) | 5 +oo)
n n ) .
Hereafter, the point where the global maximum is attained at ¢ = 0 is denoted X,,.

where, increasing in (Et, ) and decreasing in (
7.4.1.15 The function z5.;

For all ¢ > cprw, ¢ € (f () —4va, f(c)) and 6 € [0, 3 (= +4 (A (0) (6 =) +1))), Zecs
denotes the function defined by

2R,

250n(t.2) e_’\(c)(é_c)te_%(“’_&t)sin( n (m—ét)) if x — &t € [0,2R.]
d,¢,e \Uy = .
0 otherwise

where
T

V- +4M () E—c)+1-90)
Hereafter, the point where the global maximum is attained at ¢ = 0 is denoted X,.

R. =

273



Chapitre 7 Invasion d’un territoire inoccupé par deux compétiteurs : propriétés de propagation
de systémes de compétition — diffusion monostables a deux espéces

7.4.2 Several useful lemmas

Lemma 7.15. Let ¢ > crw and (p,v) be a profile of traveling wave solution of (7.1.1) with
speed c.
Then there exist A > 0 and B > 0 such that

@ (&) = Ae M L hot. as € — 400

and
Y (€)= Ber T8 4 hot. as € — —

where

)\_Oo(c):;d(\/m—c),

The proof of this lemma is quite lengthy. Therefore it is postponed to the appendix (see
Corollary 7.35 and Corollary 7.38).

Lemma 7.16. The function § — ¢}y, is continuous and nondecreasing in [0, ).

Proof. Recalling that
Low = V1+68 L,

where ¢,y is the minimal wave speed of the system (7.1.2) where (r,a,b) is replaced by

[ ) 1-26
Kan-on [101] establishing the continuity of the spreading speed of (7.1.2) with respect to the
parameters (r,a,b).

The monotonicity follows from the comparison principle. O

<(1_25)T,a5 (1+5)b)7 the continuity of § — C(sLLW follows directly from the theorem due to

Lemma 7.17. Let 6 € [0,1). Then for all R > RY,

max wsp <1-—24.
[-R,R]——

Furthermore, if 6 > 0, then there exists Rs > RY such that, for all R > Rs,

max wsr > 1 — 26,

)

and there exists a unique x5,r € (—R, R) such that ws r is increasing in [—R, s g|, decreasing
in [zs,r, R] and mazimal at x5 k.

Proof. The first inequality follows very classically from the first and second order conditions at
any local maximum and from the strong maximum principle.

The second inequality comes from the locally uniform convergence of w;s g to 1—6 as R — +o0.
This fact is also well-known and its proof is not detailed here. o

Finally, the piecewise strict monotonicity comes from the inequality

—dws. g — ( r(1-0)d— 5) ws.g' >0in (—R,R),
which implies the nonexistence of local minima. O

The function o, satisfies of course a similar property.
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Lemma 7.18. For alll > L,,
maxq; < 1 —a.
[0, —
Furthermore, there exists L > L, such that, for alll > L,

1—a
max oy > ,
0] — 2

and there exists a unique x; € (—I,1) such that oy is increasing in [0, x;], decreasing in [z;,1] and
mazimal at ;.

Lemma 7.19. For all§ € [0,1), ¢ > ¢,y and ¢ > max (c, f5 (c)), Wscz satisfies
atwé,c,é - aa:xwé,c,é = W§ c,é in [07 +OO) x R.

Proof. The following equality being straightforward,

O ez — Opa W — Wies = (fxa (€) (¢ — ¢) + &8s (¢,8) — (As (¢, &) — 1) e, (7.4.6)

s

the conclusion follows from (7.4.5). O

Quite similarly, we have the following lemma.

Lemma 7.20. Forallc > cpw, ¢ € (f (¢) —4v/a, f(c)) and§ € [0, (=& +4 (A (c) (- ) +1))),
25,c,¢ satisfies
026,06 — Ogwisce = (1 —8) 2502 in [0,4+00) X R. (7.4.7)

Proof. Tt suffices to verify

A(c)(éc)+j+(2;z>2(15)0,

which, in view of the definition of R,, is equivalent to

&2 —? c)(é—c¢ —
+( +4A()(4 )+4(1 5))_(1_5):0'

The last statement obviously holds. O

Lemma 7.21. Forallc > cLpw, é > ¢ such thaté > f(c),n € (0, min (A (¢,8), /@ —4(X(c)(6—c) + 1)))
and A > 0, the function wezs a,y satisfies, for all o > 1,

OWe,z, A — OnaWe,s,Am < We,g A (1 — We,z,An — C‘Aeig(micwzw)) . (7.4.8)

Remark. The above inequality is to be understood in the weak sense associated with generalized
sub-solutions.

Proof. For x — ¢t < 0, we g A,y is trivial and the inequality obviously holds. We focus on the case
x — ¢t > 0, where w,z a,, reduces to

(t,x) o~ Me) (@)t (e—A(c,&)(z—6t+zw) _ Kwe—(A(c,6)+n)(z—6t+xw)) .
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First, differentiating, we find:

OrWez an (t,x) =—=X(c) (€ —c)wezan (t,x)
+EA (C, 6) ef)\(c)(éfc)tefA(c,é)(z76t+zw)

_ Kw (5 (A (C, E) + 77)) e—/\(c)(E—C)te—(A(c,E)—H])(m—Et—&-wu,)7

awwwc,E,A,n _ e—)\(C)(C—C)t ((A (C C))2 —A(c,8)(z—cEt+zy) _ K, (A (C, 5) + 77)2 e—(A(c,E)+n)(x—6t+xw)> 7

so that the auxiliary function

Q : (t7 37) — eA(C)(é—c)t (_8twc,5,A7n + aszwc,aA,n + wcﬁ,A,n) (t7 J})

satisfies
Q(tx) = (M) (=€) = A (6,) + (A, 8)) + 1) e A ettan)
— Ky ()\ (&) (@—¢)—E(A(c,&) +n) + (Ale, &) +1)° + 1) e~ (Med4m)(z=tttay),
Using (7.4.5), it follows
Q(t,x) = Kun (¢ —n — 2A (¢, &) e~ A +mz=ctta,)
that is, recalling the definition of As (¢, é) as well as that of K,
Q(t,z) > (1 + aA) e AMedtm@=cttan)
Next, getting rid of all the negative terms and using e~ M=)t < 1, we find

e)\(c)(é—c)twc)aAm (wc,aA,n n aAe—a(x—6t+xw)) < o~ Med)(@—dttaw) (e—A(c,é)(x—ﬁt—i-xw) n aAe—a(x—ét—}—:cw))

Finally, using > ¢t, z,, = %ln K,, > 0 as well as the assumption 0 < 7 < min{A(c, ¢), o}, we
find

on(@—et+a,) (e—A(c,é)(x—ét+xw) n aAe—a(x—ét-‘,—xw)) < o~ (MeD=Maw 4 g ge= (017w
<1+aA
and the proof is therefore ended. O

With an analogous proof, we obtain directly the following lemma.

Lemma 7.22. For all c > 2V/rd, n € (07 min (/\v (c), é\/ c — 47“d)) and B >0, B. B, satisfies,
forallo >n,

_dﬁc,B,n// - Cﬁc,B,n/ S rﬁc,B,n ( /80 Bn — bBe™? £+£B)> in (R\ {O}) .

Lemma 7.23. For all § € (0,1), ¢ > 2vrd and h > 0, T5,e,h satisfies

_d’r‘_&ch — CT§,c,h <T7T6ch(]-_5_7‘_65h n |: \) \( :|

Furthermore, there exists h* > 0 such that, for all h € (0, h*],

max Ts.en > 1— 26,

[=v/7% 9]

max _ms,p > Max <7T57C7h (0) , Ts.c.n ( C)) .
BV EE Taeh T Toek \ "\

rh’
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0) is
rh’
actually unique and that 7. is increasing in (—oo0,£*) and decreasing in (£*,0) but this is
really unnecessary for our purpose.

Remark. It should be achievable to prove that the global maximum of 75 in (—

Proof. Recalling that 751 (€) = ms,c(§) + h& (see Subsection 7.4.1.8), we have

- dﬂa,c,h" (&) — cmsen n (&)

c

= 175.c,1 (&) (1 =0 = Ts.c,n (5)) ( (1 -0 —@(f)) + o e (€) §)

_ 5 _ _pe2 s ¢

= r7en (€) (1= 6 = moen (€)) — hr (—he? + (1= 6 = 2ms (6)) €+ ).
It is easily verified that, in [—«/ﬁ, Vil

—he? + (1—5—27r5,c(§))§+5 > —he2+ < >0,
—= r r
where we used the facts
1-— 1—
Ts,c,h > Té for £ <0, and 75 p < T(S for £ > 0.

And the stated differential inequality is established.
The maximum of 75 5 in [f\ /5 0] is larger than or equal to

]y 2 ey e
Toeh rh — Toe rh r’

which is itself larger than or equal to 1 — 2§ if A is small enough.
Finally, since 7, (—/55) vanishes exponentially as h — 0,

5 on ( :h> =7, <, /:h) Fh>0, and  msen'(0) = 15 (0) + h < 0,

for all sufficiently small h. This implies that the values at £ = 0 and —,/;7 are smaller than the
aforementioned maximum. O

Lemma 7.24. For all§ € [0,1), c> ¢,y and A> 0, 05, 4 satisfies

— d95’C’AN — C@gﬁc,A/ - 7‘95,5’,4 (1 -0 — b) =0 in R. (7.4.9)

Proof. Note that 05 . 4 is a linear combination of

& exp <2ld (:I:\/02+4rd(b—1—|—5)—c) §>,

where i (:I: \/ A +4rdlb—1+9) — c) are the two distinct roots of the characteristic polynomial
associated with the above linear ODE (7.4.9). O
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Lemma 7.25. For all ¢ > 2+/1 —a, ¢ > ¢ such that

i>f(c), ne (o,mm (\/52 —A0O) (-0 + 1)) o (5)) . and A>0,
there exists (g € R such that the equation

Xe (= ¢t + o) = Wep.a (£ 7)

admits for all t > 0 an isolated solution xq (t) € R such that
1. X (z —ct + (o) > Wez Ay (L, ) in a left-sided neighborhood of xq (t);
2. Xe(w—ct+ () < m (t,x) in a right-sided neighborhood of xq (t);
3. ¢t <wo(t) < Xy +?
Furthermore, xo € €* ([0, +00), (0, 4+00)).
Proof. Recall from standard results on the KPP equation that, since ¢ > 2/1 — a, there exists

<0,1 € R such that
Xe (@4 Co1) ~ e M7 as 2 — +oo.

Hence there exists (y € R such that, for all x > 0,

1
—A
e MaX Wes A 0.y) <35 Max Wes A (0,y)

DN | =

Xe (1'+§0) <

with Max We,z, 4, (0,y) uniquely attained at X,,.
yeR ———
From the intermediate value theorem and the respective strict monotonicities of x. in R and
T Weps Ay (0,2) in [0, X,], it clearly follows that x. (z + (o) = we,z 4,5 (0, 2) admits a unique
solution zq (0) in (0, X,,).
Next, to define in the same way x¢ (t), it suffices to verify that for all ¢ > 0,

We,z A (t, X+ Et) > Xe (Xw + (5 - C) t+ C()) .
Since X, + ¢t > 0, it is a fortiori sufficient to verify that for all ¢ > 0,

e M) (E—o)t e~ MA(Xu+(E—c)t)

1
MAx We,e,A,n (0,2) > 5 MAXWe ey (0,2)

This inequality reduces in fact to 2 > e~ *(©Xw which holds as A (¢) and X,, are both positive.
The existence of zg (t) for all ¢ > 0 follows.

Finally, the regularity of x( follows from the aforementioned monotonicities and the implicit
function theorem. O

Lemma 7.26. For all § € [0,1), ¢ > ¢}, and K € (0,9], there exists (1, € R and A, > 0
such that the equation

05,04, (§) = Vs.c (§ = C1n)
admits an isolated solution &1 . € R such that
1. O5c.4, (&) > s (§— G k) for & in a left-sided neighborhood of &1 ;
2. 05,4, (§) < s.c (€= Cix) for € in a right-sided neighborhood of &1 x;
8. Poc(§1, — Cm) < Ky
4. Cw— & = +00 as Kk — 0.
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Proof. Let §, c and k be given as in the statement, define

)FOO:QLd(\/02+4rd(b—1+(b+2)5)—c>,

1
A;:ﬁ<\/c2+4rd(b—1+6)—c),

Ay = % (—\/02—|—47‘d(b—1+5)—c>,

dln A InA
&o

- VEFard(b—1+68) A =N’

and notice that
g <O<AS <A™,
Let & € (0, k] such that (1 — &) A7 > \f.

In view of Lemma 7.15,
Vs,
i (2 ©) _ .
§——o0 1/}5,0 (f)

Therefore, by monotonicity of 15 ., there exists (,, € R such that for all £ <0,

%(g_CH) Sli,

A\ o Yse (€-Cs) A\ o
(1_2>A S UG = (”2>A |
Note that (,, — +00 as kK — 0. It remains to find A > 0, ¢ > (. and & € (0, — (] such
that
O05.c.4 (§1) = Ys.c (61— C1),
Os,.c.4" (€1)
66,C,A (51)

< (1-R)A.

For all £ € R,
M/ &) = A)\;-QAI(E—E&) _ )\e—eA;(g_ge) >0,

whence for all £ > 0 the condition

O5,c,4" (€)
05,4 (€)

<(1—-RrR)A

holds true if and only if

)
A =25)(E¢) _ 1’

(L—R)A™>® >\ +

that is if and only if

+ —_
Ao A )E) _ 5 Mo =N
(1—R)A" = Af"
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that is if and only if £ > & where

¢ a <0§+ ! <1 (1+ A= > 1A)>
= Imax T n — In .
' SN =N (1—R) A —Af

In view of the definition of &y,

1 Ny — Ay
&1 = max (O,ln (1—|— 0 0 ))
A - (1—R)A=® —\S
A=y
=—F——MIn(1+ e >
A;—Agn< (1— ") A= —Af

In particular, & > 0 does not depend on A and, by construction, we have

O5,c4" (6) o
@<(17,‘<¢)>\ for all € > &,
Open’ (&)
GenG) N

Now, the function 65, 4 is increasing with 6s. 4 (0) = 0 and

05,04 (£1) = Aere (€1780) _ ohg (61-80)

At AT
= A e e>‘9 & A e e)‘e &1

-

= AA;_A; (e)‘;rél — e/\;&) .

As a function of A, this quantity is increasing (recall A; < 0) and vanishes as A — 0. We fix

now A such that
O5.c.4 (§1) = %(*Cn) < K.

Defining (1 = &1 + (. > (x, we obtain indeed
Os,c,4 (§1) = Vs,c (&1 — C1) < K,

Os,.c.a" (§1) = (L= R) X" 05,04 (1)
(1= R) A Ys,c (61— (1)

< s (&1 — (1),

as well as the limit

This completes the proof.

Lemma 7.27. There exists §g € (0,%) such that, for all 6 € [0,00), ¢ > ¢}, and & >
max (¢, f5 (¢)), there exists (2 € R such that the equation

Poc(x —ct) =Wscz(t,z —C2)

admits for all t > 0 an isolated solution x2 (t) € R such that
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1. Goc(x—ct) > Wz (t,x — (o) for all z € (z2 (t) ,+00);
2. @s.c(x—ct) <Ws ez (t,x— (o) for all x € (—o0, x2 (1));
3. Bz (x2(t) —ct) < 2.

Furthermore,
1. 29 € €1 ([0, +00) , (2, +00));
2. o (t)=ct+0O(1) ast = +oo.

Remark. As 6 — 0, fs (¢) = f (c). It can be verified that (fs (c))5e[0 1) is increasing, so that the
2

convergence occurs from above.

Proof. Recall from Lemma 7.15 that there exists ¢ € R such that,

Poc (6= Q) ~ e M as £ — oo,
Hence, by the intermediate value theorem, for each ¢ > 0 and each {» € R, the equation

Poc(—ct) =Wsez(t,x— ()
— ef)\a(c)(éfc)teng(c,é)(xfg7675)

admits at least one solution x (t) provided As (¢, é) > As (¢). This inequality is true indeed, since
it is equivalent to

E=VE =45 (0) (=) +1) >2X(c),

that is to
P —dxs () E+a4(Ns(0)? > —4(Ns(e)(@—c)+1),

that is to
(As (€)= cxs () +1>0,

that is (recalling that s (c) is characterized by (s (¢))? — s (¢) + 1 — as = 0) to the obviously
true following inequality,
as > 0.

Since @5 (§) <1+ 0 for all £ € R, any such solution satisfies

—In(1+06) <As(c) (@—c)t+As(c,0) ( () — Co — ),

s As () (6= ) +In (1+)/

B sle)(c—c)+1In(1+ t

t — t.
s> G+ (o e )
By
(. A (@@= +In(1+5)/t\ __ Al (€—c)
Hm, (C As (¢,0) ~T T A (69

uniformly for ¢ > 1, and, due to the preceding observation,

Al)(e—c)

A(c, @) <€

we deduce that z(t) > (2 + ct provided ¢ is small enough. Therefore the set of solutions is
bounded from below and admit an infimum I (¢) > (2 + ct. Back to the exponential estimates,
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it is also clear that the set of solutions is bounded from above and admits therefore a supremum

S (t).
Recall that the asymptotic estimate for @5. can be differentiated. Setting g : (¢,z) —
Bs.c (@ — ct) — Ws ez (t, ¢ — (2), we find that for any ¢ > 0 and any solution x (¢) € [I (¢), S (t)],
—_—
029 (t,z (1)) =Psc (z(t) —ct) ((Z‘lc) (z(t) —ct) + As (c, é)) .
Since

—
lim (%) (&) + A5 (c,é) = =X5(c) + As (¢,¢) <0,
§—=+00 \ Ps,c

we can choose (o large enough so that (%) (&) < 0 for all € > (. Since z (t) — ct > (s for all
t > 0, we deduce

<W> (z (t) = et) + As (¢,8) <0,

Pé,c

whence g is decreasing with respect to z in a neighborhood of x (¢). This implies directly the
uniqueness of x (t), namely I (¢t) = S (t). From now on, we denote this unique solution z3 (¢). Of
course, the regularity of x5 follows directly from the implicit function theorem. The above yields
that zo(t) — ct > (o for all t > 0.

Provided (» is large enough, for all £ > ¢ + (3,

(1—=08)e MO8 <G (6 —¢) < (1+46)e MO%,
At £ =5 (t) — ct + ¢ > ¢ + (o, this reads
(1— 5)e—ka(6)(r2(t)—ct+<) < Wooz (b, (t) — C2) < (1+6) —As(C)(mz(t)—cHC)’
that is

In(1-108)=As(c) (x2(t) —ct + () < =As (¢) (€ — )t — As (¢, ) (2 (1) — (2 — &)
<In(148) — As (¢) (a2 (£) — et + ).

The first inequality yields

¢(As(c,8) = As(e)t—In(1—0)+ A5 (¢)C+ As (¢,8) (o

2 (t) As (¢,6) = Xs ()

IN

and the second inequality yields

¢(As(c,6) = As(¢))t—In(149)+ X5 (¢) C+ As (¢, ¢) (2
As (¢,8) — A5 (o) .

Together these two estimates give that the asymptotic speed of x5 is exactly ¢.
Finally, using once again x5 (t) — ¢t > (o, we find

Y

X2 (t)

P 22 (8) = ) < (1+8) e OO < (14 5) e (),

and the inequality

(o9

Poc(z2(t) —ct) < — forallt >0

(=

is indeed satisfied provided (s, is large enough. O
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Thanks again to the intermediate value theorem and the implicit function theorem, we can
similarly establish the following lemmas. Since they involve the quantities L, x; and h*, we
recall that these are defined in Lemma 7.18 and Lemma 7.23 respectively.

Lemma 7.28. There exists 01 € (O7 %) such that, for all 6 € (0,61), c € [c‘zLW,Q) and (3 € R,
the equation

wgﬁc(x—ct):%(x—( r(1—25)d—6)t—C3)
admits for all t > 0 an isolated solution x3 (t) € R such that
1. s (x —ct) > wo R, (x — (2 r(l—20)d— 6) t— (:3) for x in a left-sided neighborhood
of x3 (t);
2. Pse(z—ct) < W5, Rs (:v — ( r(1—20)d— 6) t— Cg) for x in a right-sided neighborhood

Of T3 (t);
3. forallt >0,

“Rs < a3 (t) — ( r(1—25)d—5>t—§3 < z5.5,.
Furthermore, x3 € €1 ([0, +00) ,R).

Lemma 7.29. For all § € (0, %), c> ¢S w, € > 2Vrd such that ¢ > ¢ and h € (0,h*), there
exists ¢ € R such that, for all (3 > (3, the equation

%(m —ct) =msen (x— 2 —(3)

admits for all t > 0 an isolated solution x3(t) € R such that
1. hsc (v —ct) > msen (@ — 6t — (3) for x in a left-sided neighborhood of w3 (t);
2. Ys.c(x—ct) <msen (x — &t — () for x in a right-sided neighborhood of x5 (t);

3. forallt >0,
/| C -
— E<CE3(t)—Ct—C3<O.

Furthermore, x3 € €* ([0, +00) ,R).

Remark. We have to point out here that the preceding two lemmas defining x3 will never be used
concurrently and no conflict of notation will occur. Lemma 7.28 will be used only in the proof of
Proposition 7.5 whereas Lemma 7.29 will be used only in the proof of Proposition 7.6. In other
words, going back to Theorem 7.1 and Theorem 7.3, they corresponds to different values of ¢y:
Lemma 7.28 corresponds to ¢y = 2v/rd whereas Lemma 7.29 corresponds to ¢; > 2v/rd.

Lemma 7.30. For all § € [0, %), c>2Vrd, n € (O, é\/CQ — 4rd), B > 0, there exists (4 € R
such that the equation

Ts,e.h (§) = Bepy (§ — Ca)
admits an isolated solution &4 € R such that
1. Toen (§+ Ca) > Be,py (§) for € in a left-sided neighborhood of §4;
2. Ws.eh (€ +Ca) < Be,By (&) for & in a right-sided neighborhood of &4;
3. £4>0.
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Lemma 7.31. For all ¢ > 2\/1—a, there exists (o € R such that, for all k € (0,15%), the
equation
ar (2) = xe (z = ct = (o)

admits for all t > 0 a minimal solution g, (t) € R such that

1. ap () > xe (x —ct — (o) for x in a left-sided neighborhood of xo . (t);

2. Xe (o,x (0) — Co) = K;

3. xp, < xo () < L.
Furthermore, g, € €* ([0, +00), (21, L)).

Notice that in the above lemma, z , (0) = (&)_1 (k) + Co-

Lemma 7.32. Forallc > 2\/1—a, ¢ > csuch thaté € (f (c) —4y/a, f (c)), 6 € [0, (=& +4(A(c) (=) +1)))
and ¢ > (&)71 (g), the equation

c —ct) = ———~%c;¢ ta -
oo =) = sy (b2 =)
admits for all t > 0 an isolated solution x1 (t) € R such that

1 Xe(x—ct) > #f)&)zc@g (t,x — Q) for x in a left-sided neighborhood of x1 (t);

2. Xe(x —ct) < #f)}g)zc,ag (t,z — C) for x in a right-sided neighborhood of x1 (t);

3.+ (¢ <ay(t) < X, +ét+C.
Furthermore, 1 € €1 ([0,+00), (¢, +00)).
Remark. Similarly to the third interface x3 which is defined in two separate lemmas, the zeroth
interface is defined concurrently by Lemma 7.25 and Lemma 7.31 and the first interface is defined
concurrently by Lemma 7.26 and Lemma 7.32. Lemma 7.25 will be used only in the proof of
Proposition 7.6, Lemma 7.26 will be used only in the proof of Proposition 7.6 and in that of
Proposition 7.5, Lemma 7.31 and Lemma 7.32 will be used only in the proof of Proposition 7.4.

There exists a small §* € (0, %) such that all the lemmas of this subsection involving a
parameter § can be applied in the range ¢ € (0,6*). By construction, all the objects depending
on J defined in the preceding subsection are also well-defined in this range.

7.4.3 Construction of the super-solutions and sub-solutions for Theorem 7.3

In this subsection, we prove Proposition 7.6.
Let ¢; > 2vrd and ¢o > cppw such that ¢; > ¢ and ¢; > f(c2). In order to construct a
satisfying approximated speed ¢ ~ co, we need to find ¢} such that:

Lo > ws

S — g as § — 0;

co < cg < C1;

fs (Cg) <c

As (cg, cl) is well-defined;
As (cg,cl) < A(eay ).

A o
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The condition (6) above is equivalent to As (c ) ( —c ) A(e2) (e1 — c2), that is to
As () _ (e1—c2)
Aez) = (e =¢)’

with a right-hand side necessarily larger than 1 provided (3) above is satisfied. Since the function
(0,¢) — s (c) is increasing with respect to ¢ and decreasing with respect to d, the sign of
As (cg) — X (cg) is unclear if we only assume ¢§ > co. Hence some care is needed and we cannot
simply take a rough approximation like ¢§ = c3 + 6.

In fact, since a5 < a and A(cz) < /1 — a, we can choose ¢ € (0,*) such that

Ae2) < V1 —as.
Consequently, the following quantity is well-defined:
= (A5' o) (c2).
Since A and \s are both decreasing functions and A (c2) < As (c2), it follows that ¢§ > co, whence
4 (Ns (cg) (c1 — cg) +1) =4 (A(c2) (e — 02) +1)
<4 ()\ (Cg) (C1 — Cz) + 1)
< c%,

where the last inequality is due to ¢; — f (¢3) > 0 (see also Subsection 7.4.1.12). By continuity,
we can further assume that ¢ is so small that

5 5
cLiw < Cppw < €3
Coy < Cg < C

—4\/as < c1— fs (cg)
It follows then, from Subsection 7.4.1.12, that
fs (cg) < f(e2) < ey,

whence the quantity As (cg, cl) is well-defined. By definition, it satisfies

Mol = (e RO ) () 7))
oA g )
- % <c1 @ -4 (e) (e - o) + 1)) ,

so that Ags (cg,cl) < A(ea,e1).

7.4.3.1 Super-solution
The pair (LT(;, E) is defined by (see Figure 7.4.2)

U5 (t,x) = min (1 Pocs (=3t =G n)) if o < @y (t) +
’ wé,c2,cl (tvx Cl K CQ) if x> a9 (t) + Cl,n ’
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max (0, ‘g&,ch,AN (m — cgt) if v < &, + St
vs (t2) = Vs,e5 (€ — 3t — (i) if 0 € [t et () +G)
Ts,e0,h (T — 1t — Cix — C3) if © € [23 (1) + C1mr&a + 1t + (i +C3)
Bey,Bus (€ —c1t — (1 — (3 — Ca) ifr>&+at+Ce+(
where

— Kk € (0,9] is fixed so small that (i, — &1,x + 22 (0) is large enough so that for all ¢ > 0,
€1+t < 29 (t)+ (1 (see Lemma 7.26(4) and Lemma 7.27 and use z2(t) > ¢1t +O(1) >
St +0(1));

— (3 is fixed so large that, for all ¢t > 0, x5 (¢) < z3(¢) (by Lemma 7.27 and Lemma 7.29,
x2(t) — c1t and x3(t) — c1t are both bounded uniformly in ¢ > 0, whence we can translate
x3(t) to the right by increasing (3);

_ h*.
— h=1

— = Smin (5V/F = Hd A5 () );

__ B= eAs(cgwl)&ﬂQqTé (07 Cl,ﬁ + (3 + C4)
The inequality
23 (t) + Qe <& +ct+ G+

is guaranteed by Lemma 7.29 and Lemma 7.30 which respectively show that x3 (t) < c1t + (3
and £ > 0. In conclusion, we have

Cipnt St <mt)+Cn<z3(t)+Cu<&tat+,+G forallt>0,

i.e. vz is well-defined for all ¢ > 0.

7.4.3.2 Sub-solution
First define the pair (u,v) by (see Figure 7.4.1)

Xes (T —cat 4+ (o) if & < g (t)
Wey,c1,Anw (t,(L’) if z > o (t) ’

U(t,ﬂ?)—{

U (t,r) = min (l,e_Al’(Cl)(m—Clt)) 7

where 7,, = 3 min <\/c% —4(A(e2) (e1 —e2) +1), A (01)).
The function u depends on a constant A > 0 which will be fixed later on.

7.4.3.3 Up to some translations, the sub-solution (u,7) is initially smaller than the
super-solution (g, vs)

First, let V : R — [0, 1] be the smallest nonincreasing continuous function such that
v5 (0,2) <V (z) forallz € R

and let (5 € R such that, for all ¢ > 0, z — vs (t,z + c1t) is €* and nonincreasing in ({5, +00).
The existence of (5 follows from the fact that the last discontinuity of d,vs; and the last local
maximum of vs move both at most at speed ¢;. The limit of V at —oo is smaller than 1 and

V (z) =v5(0,2) if ¢ > (5 . Therefore, since ¥ and vs have the same exponential decay at +oo,
there exists (g > (5 such that:
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1. forall t > 0, z +— vs (t,z + c1t) is € and nonincreasing in ({s, +00);
2. forall z € R, v5 (0,2) <V (x) <7(0,2 — (g).

Notice that with this definition of (5 and (g, the irregularity of v is initially on the right of the
last irregularity of vs. Since the distance between these two points is nondecreasing with respect
to t, it is bounded from below by the initial distance.

Next, quite similarly, we define (7 € R such that

w(0,z+ ¢7) <us (0,x) for all z € R.

The irregularity of u moves faster than the first irregularity of us (as ¢; > c3), whence it is
impossible to guarantee that they stay ordered. This is not a major issue but some additional
care will be required later on. Still, without loss of generality, we assume that (; is so large that
the irregularity of u and the second (last) irregularity of @, which both move at speed ¢, stay
ordered.

7.4.3.4 Cleansing
Now that all required translations are done, we fix

A = 9eMv(c1)Tw e)\u(01)(Ce+C7)’

and thus there remains only one parameter: 0.

From now on, all the subscripts referring to fixed parameters are omitted. Furthermore, since
all the properties of the functions y, w, ws, (@, 1/15), 05, ws, Ts, B we are interested in are invariant
by translation, we assume that these functions were correctly normalized from the beginning, so
that (1., = (3 = ¢4 = ¢z = 0, and we fix ¢ (0) = 0. Similarly, we define Cs = e (el > 0 so
that U5 (t,2) = min (1, Cse™ (€)@=} and 1, and &5 are redefined so that Lemma 7.21 and
Lemma 7.22 stay true as stated. Notice that x, w, 8, u and ¥ now depend on § because of these
various normalizations (and consequently these notations come with a subscript § from now on).

To summarize, the super- and sub-solutions are now defined as follows:

_ (x—cot) ifz<zp(t)
us (t,7) = {X&wg (t,xj if x> xg (t)’

/Uics (ta '1:) = min (17 CécfAv(Cl)(CE*Clt)) ,

_ ~ fmin (1,75 (z —c3t)) if x <o ()
o (“){ w; (¢, z) if x> a0 (t)
max (0,05 (z — 5t)) if x < & +cSt
v (1 2) = s (z — c3t) if v € [& + St w3 (1))
e s (x — ert) ifw€fzs(t),8+at)’
Bs (x — c1t) ifx>& +ct

Furthermore, the interfaces satisfy, for all t > 0,

X0 (t) < X9 (t)
&+t < ao(t)
Zo (t) < T3 (t)

o+t < 205 + et
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1 @(t, 33)

u(t, )

X(z — cat)
w(t, x)
To(l)

Figure 7.4.1 — Sub-solution (%, W) for Theorem 7.3

xr —cit
g w(t,x) B lx)
{1 T Cal T2(l) T3(1) G4 T Cit ™

Figure 7.4.2 — Super-solution (uT;, 1}75) for Theorem 7.3

7.4.3.5 Verification of the differential inequalities

Let us point out that by Theorem 7.9 and Theorem 7.10 and by construction of the pairs
(IT(;, Uig) and (% , vT;), it suffices to verify the differential inequalities

P (u5,vs) = F (u5, vs) (7.4.10)

and

P(@,W) = F(@,ﬁ) (7.4.11)

where the functions are regular in order to establish that (175, @) and (@ , vT;) are indeed a super-
solution and a sub-solution of (7.1.1) respectively. Also, the differential inequalities can also be
verified before the translations are performed.

In what follows, for the sake of brevity, we voluntarily omit the mentions of the points (¢, ),
x —c1t, & — cpt or x — c3t where the various functions are evaluated. In view of the construction,
it should be unambiguous.

First, we consider (7.4.10). By Lemma 7.24 and Lemma 7.26, for all (¢, ) such that

(5, vs) (t,2) = (1,65 (v = e5t))
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we find 65 <k <6 and

_ N abs
P (w5, vs) — F (w5, v3) = <—0295 — d0s" — 105 (1 05 — b)>
(s
= (vt G- 00
= (0,0).
By definition of (%, %), for all (¢,x) such that
(@, v5) (t.2) = (1,25 (2 — c3t))
we find, using ¢5s <1+,

ay

P (175,@) - F (175,@) = (Cg%/ _ d%” 775% (1 — b5 — b))

as
—T@Z)(g 2(54— b 905 - 1))

1Y

avivs)
(0,0).

Y

Similarly, for all (¢, x) such that

(5, vs) (8,) = (5 (¢ = c3t)  ¥s (v = e5t))

we find

- - —5P — 9" =75 (1 -5 —ay
P(U&E) —F(Ué,ﬂ) = <_cgfb§§_dwi//_r;;6((l _'ZJ(S _b;()S)>

_( s
-\ —2r0ys
= (0,0).
By Lemma 7.19 and Lemma 7.27, for all (¢, z) such that
(@, vs) (t,x) = (w5 (t,x) , ¥s (x — c3¢))
we find, using w5 < ps (Lemma 7.27(1)),

- [ 05 — 0ya W5 — W5 (1 — W5 — ays)
P~ () = (S0 O N )

:( w5 (W5 + av)s) )

—rhs (20 + b (Ps — Ws))
> (0,0).

By Lemma 7.23 and Lemma 7.27, for all (¢, x) such that

(UT;, Uj) (tw%') = (UT& (tvx) ’E(‘T - Clt)) ’
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we find, using w5 < 2 (Lemma 7.27(3)),

_ —\ _ ( 05 — 90,05 — W5 (1 — W5 — ams)
P (05, 5) = 1 (75, ) = (—Cm’ —dms" —rms (1 —w—bwa))

»( w5 (W5 + ams) )

—rms (6 + s — bwg)
= (0,0).

By Lemma 7.22, Lemma 7.27 and construction of B, for all (¢,z) such that
(@5, vs) (t,2) = (W5 (t,2) , Bs (v — ert))

we find, By definition of 35, and that of 1z in Subsection 7.4.3.1,

- [ 05 — 0y, W5 — w5 (1 — W5 — afs)
P~ (e = (20 Yt )

ws (W5 + afs)
- rbPs (UTS - Be_A‘S(cg’cl)(w—ﬁt-i-&ﬁ))
> (0,0).

Finally, we consider the differential inequalities associated with (us,?s). By definition of xs,
for all (¢, x) such that
(@,UT;) (t,x) = (& (x — cot), 1) ,

we find

— I _ " o_ o
P(%%)—F(WMF( eaxs’ —xs" ~xs (1-a xa))

rb&
0
Tbxs

< (0,0).

By Lemma 7.21, Lemma 7.25 and by construction of A = 2Cse*(¢1)%w  for all (t,x) such that
(us, 75) (t, ) = (ws (t,2),1),

we find, using Cse~Av(ct)@—at) > 1.

P (us,75) — F (us, 75) (atw5 mwér_b;;? (1—ws - a))

aws 1 _Aef)\ (e1)(z— clterw)))

< ( ws (1 72C’5e Cl)“”””))

Similarly, for all (¢, x) such that

(%,UT;) (t,l‘) _ (ﬂ (t,l‘),C5e_>\“(cl)(2_clt)) ,
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we find

o o o _ —Ay(c1)(z—ecit)
R (e

(aw(;e’\v(cl)(xcﬂ) (Cs — AeAv(q)xw)>
0

PN

=<(0,0).

7.4.4 Construction of the super-solutions for Theorem 7.1

In this subsection, we prove Proposition 7.5.
Let ¢ > max (CLLW,f’l (2\/7’d)) and let § € (0,6*) such that c‘zLW < ¢g. Define

& =2/r(1—26)d—é.

Recall from Subsection 7.4.1.12 that, given a fixed ¢, the function ¢ — A;s (¢, ¢) is decreasing
and bijectively maps [2/T — as, +00) onto

(; (@M),;(5—\/52—4(6\/W+2a5—1)>]

Thus the equation

As (cg,c(ls) =A (02,2M> .

admits a unique solution ¢ if and only if

() — (a5 +1) <2 (e2,2Vrd) < & — /()" 4 (VT — a5 +205 1), (7.4.12)

Since ¢ € (erLw, +00) C (2\/1 —a, —|—oo), we have by the above discussion

2\/7d—\/(2\/@2 —4(a+1)<2A (32,2\/@ < 2@—\/(2M)2 4 (2MM+ 2 — 1).

By the facts that ¢ — 2v/rd and a5 — a as § — 0, we deduce that we can in fact assume that &
is so small that (7.4.12) holds. Hence ¢} is well-defined.

Furthermore, by continuity, ¢ converges to ¢, as § — 0, and thus cg > c‘5L w- In summary,
we can assume that ¢ is so small that c‘ls and cg are well-defined, respectively close to ¢; and cg,
and satisfy the following:

Aow<cd and  Ag (cg,c‘ls) =A (C2,2m) (7.4.13)

7.4.4.1 Super-solution
The pair (uT;, E) is defined by
. [ 6 .
T (¢ 7) = {mln (1, Ps.c3 (:L‘ —cot — CLH)> ifox <z (t)+ (1p

Ws 3 oo (L x— Qe — G2) if 2> 20 () + i
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max (0, O5.c5.4, (z— cét)) if < &, + St
vs (t,z) = w(s,cg (33 - Cgt - Clﬂi) ifx € [fl,n + Cgt,l‘g (t) + Cl,n) )
ws,ry (T — St — (1 — G3) if o >a3(t)+ (e

where
— K € (0,6] is fixed so small that, for all t > 0, & ,, + 3t < 22 (t) + (1, (see Lemma 7.26);
— (3 is fixed so large that, for all t > 0, x5 (t) < x3 (f) (see Lemma 7.28).

Thus, we have
&1+ cgt <z (t)+ (1 <wg(t)+ (1 forallt>0.

7.4.4.2 Cleansing

Just as in the previous case, we normalize and simplify the notations so that x2 (0) = 0 and
the super-solution is defined as follows:

W5 (t o) = {min (1,25 (x—c3t)) if w <o ()

w; (t, ) if x > a9 (t)’
max (0,05 (z — it)) if v < & + St
vs (t,x) = s (z — c3t) if v € [& + St w3 (t)) .
ws (z —cit) if x > a3 (1)

(t,x) v(t, x)

x — clt)

§1 T+ Gl To(T) T317) >

Figure 7.4.3 — Super-solution (uT;, E) for Theorem 7.1

7.4.4.3 Verification of the differential inequalities
Just as in the previous case, we verify that (uT;, E) is indeed a super-solution. The only new

component to account for is ws, which can be handled easily in view of its definition.

7.4.5 Construction of the sub-solutions for Theorem 7.2

In this subsection, we prove Proposition 7.4.
Let ¢1 > 2vrd and ¢3 > cppw such that ¢; > ¢o and ¢1 < f (c2). Let ¢ > ¢o so close to co
that ¢; < f(c¢) and let 6 € (0,8*) and

¢ € (max (c1, f (c) —4v/a) , f () .
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7.4.5.1 Sub-solution

The pair (U&C,mm) is defined by

ar, (z) if & <z (2)
s (t,2) = Xe (z — ¢t — Co) if © € [z, (1), 71 (t) + Co)
6o 15 xe(¢—Co) . :
Ze,.0(0, X CO)ché(tx_CO_C) lfxle(t)—kgo

T5¢ (t,¢) = min (1, e—Av(a(w—ya,g_a)) 7

where
Iné —1n (2a)

y5,<:W+CO+C

N[

and Kk € (0 min (1 , )) and ¢ > L are parameters.

Note that T (t,2) < £ for all z > (o + ( + é. By Lemma 7.32(3), we have x1(t) > & +
and thus U5 ¢ (¢, ) < % for all © > 1 (t) + (o. Notice also that the support of x — usc . (0, )
is included in [0, L + ¢ + 2R.].

7.4.5.2 Cleansing

Again, we normalize and simplify:

a(r) if z <z (¢)
Us,¢ (t"r) = X(l‘ - Ct) if € [l‘o (t) , X1 (t)) ’
zs (t,x — () if x> (¢t)

W,( (ﬁ, m) = min (1’ Cée—ku(é)(x—q—at)) .

1 @(t, w)

u(t, x)

U To(t)

Figure 7.4.4 — Sub-solution (U§)C7N,W) for Theorem 7.2

7.4.5.3 Verification of the differential inequalities

Again, we verify that (“&QMW) is a sub-solution. The only new components are o and zs,
the latter being handled with Lemma 7.20.
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7.5 Discussion

As a preliminary remark, let us point out that analogous results can be obtained with the exact
same method for the coexistence case a < 1, b < 1. In that case the solutions are characterized

by a profile connecting (0,0) to (0,1) to ( l-a 1-b )

1—ab’ 1—ab

7.5.1 On the consequences of Theorem 7.1, Theorem 7.2 and Theorem 7.3

Consider here the Cauchy problem associated with Theorem 7.1, namely the initial condition ug
of the slower and stronger species has a support included in (—o0, 0] while the initial condition vg
of the faster and weaker species has compact support. Treating 2v/7d as a parameter, Theorem 7.1
says that, while the species v always spreads at speed 2v/rd if it persists, the species u:

— lags behind v and spreads at speed cprw if 2vVrd > f(coow);
— lags behind v and spreads at speed f~1(2vrd) > cppw if 2 < 2vVrd < f(cLiw);
— drives v to extinction and spreads at speed 2 if 2v/rd < 2.

In general, it is unclear whether ¢ = 24/1 — @ or not. Hence the condition 2vrd > f (cpw)
might be difficult to check in practice. However, since

max _f(c)=f(2V1—a)=2(V1—a+Va),
c€[2vT1=a,2]

the condition vrd > /1 —a + Va always implies 2/rd > f (crLw) and consequently always
implies that u invades at speed ¢y Lw. In particular, the maximum of a — /1 — a+ /a in (0,1)
being /2, if rd > 2, then u invades at speed ¢y independently of the value of a and b. In
ecological terms, if v is a sufficiently fast invader, then it decelerates optimally any stronger and
slower competitor.

Applied to a pair (ug,0), the nonexistence result reduces to a well-known property of the KPP
equation satisfied by u in isolation: all solutions spread at least at speed 2.

In view of Figure 7.1.1 and Figure 7.1.2, it is tempting to refer to the pair of speeds

(5.1) = (max (eppw. /7! (2Vrd) ) . 2vrd)

as a “minimal pair”. But in our opinion, such a terminology would be misleading. Indeed, a
very natural conjecture in view of the KPP literature is that the propagating terraces attract
initial data with appropriate exponential decays (A, (c1) for vo and A (c2,¢1) for ug). Assume
this conjecture is true indeed, assume 2 < 2v/rd < f (crw) and fix a compactly supported or
Heavyside-like ug. Then decreasing the decay of vy will accelerate the invasion of v but decelerate
that of w (with the obvious convention that a compactly supported vy has an infinite decay).

More generally, this paper presents several results that are complementary to that of Lewis,
Li and Weinberger, with several surprising consequences. It shows that cprw is not always the
relevant speed when predicting the speed of the invasion of u in the territory of v. The initial
spatial distribution of v has to be taken into account and in particular, it can be inappropriate
to approximate a very large territory by an unbounded territory. Also, even if cppw is linearly
determined and therefore only depends on a, the speed of u might still depend on rd.

Our acceleration result can be heuristically understood as a pulled property, in the sense that
very small densities of u on the right of the territory of v are still sufficiently large to increase
the speed of u on the left of the territory of v. Of course, it would be interesting to verify the
existence of such pulled accelerations in real biological invasions. Indeed, at first glance, our
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result might very well be described by ecological modelers as a strong case against diffusion
equations: dispersal operators preserving compact supports, like the nonlinear diffusion of the
porous form, d;u — A (u™), or the diffusion with free boundary studied in the last decade by Du
and his collaborators (see for instance [59, 145]), will never lead to such a result.

7.5.2 On the boundary of the set of admissible pairs of speeds

In the present paper, the question of existence at the boundary of the set of admissible pairs
is not settled. It is in fact more subtle than expected.
Assuming only 2v/rd > 2, this boundary is naturally partitioned as V UG U H U D, where

V ={crrw} x (max (Nﬁ,f (CLLW)> 7+00) .

G= {(qf(c)) | ce [CLLW,max (CLLW,ffl (2\/@)))},
H= [max (cLLW,f1 (2@)) ,2m> X {QM},

D:{(C,c) |CZ2\/T>d},

and where G is possibly empty whereas V', H and D are always nonempty.

Points on V' UG should correspond to pairs (ug, vg) with ug supported in a left half-line and vy
exponentially decaying. Using both Theorem 7.3 and Theorem 7.2 as well as a limiting argument
and the comparison principle, it is possible to obtain the existence of such a terrace with a pair
(ug, vg) of this form.

However, on H, which corresponds naively to pairs (ug,vg) with compactly supported vy and
exponentially decaying ug, such a construction seems to be impossible. A different, likely more
delicate, argument is needed to deal with H. Still, we believe existence holds there.

On the contrary, on D, the question remains completely open. Indeed, on D, propagating
terraces reduce to non-monotonic traveling waves connecting (0, 0) to (1,0) with an intermediate
bump of v. To the best of our knowledge, such traveling waves have never been studied. Even
though it might be tempting to conjecture their nonexistence, we prefer to remain cautious here.

7.5.3 On the proofs

In the proof of Theorem 7.1, the approximated speed ¢} is necessary in the following sense:
it is impossible to construct another v spreading this time exactly at speed 2v/rd. This is an
immediate consequence of the Bramson shift for the KPP equation [29]: the level sets of the
solution of the KPP equation satisfied by v in isolation with compactly supported initial data
are asymptotically located at 2v/7dt + $Bramson (t), with sgramson (t) = f% logt + o (logt). By
comparison, it is then easily verified that for the solution (u,v) of our competitive system, there
exists a time shift s (t) < spramson (t) such that the level sets of v in our problem are located at
2V/rdt + s (t).

Similarly, in the proofs of Theorem 7.1 and of Theorem 7.3, we believe that the approximated
speed ¢3 are needed to account for a time shift & (¢) # 0 describing the position of the level sets of
u. The characterization of this shift is completely open; the only hint provided by our approach
is that 5 (¢) is asymptotically nonnegative (contrarily to s (¢) and spramson (t))-
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7.A On competition—diffusion traveling waves connecting (1,0)
o (0,1)
In this appendix, the parameters (d,r, a,b) are not fixed anymore and can vary. We define
IT = (0,400)* x (0,1) x (1,400).

For all (d,r,a,b) € II, ciz‘?v denotes the associated spreading speed of the system (7.1.2).
Subsequently, we deﬁne

E = {(c,d,r,a,b) € (0,400) xII | ¢ > ch’z’;}b}.

7.A.1 Exact exponential decays
For all P = (¢,d,r,a,b) € E, we define

4+4—c
MNP =
1,P 2 ’
N=o0 Ve+drd(b—1)—c¢
2,P = 2d ’
too  CH VA 4rd
Mp =57
2d
oo CH A/ —4(1—a)
Aop = J
2
oo _ € 02—4(1—a).
2

Lemma 7.33. Let P = (¢,d,r,a,b) € E and (¢,v) be a profile of traveling wave solution of
(7.1.1) with speed c. Define Rp™ : A A2+ cA —1 and RE® : A= d\2 —cA —r.
Then the asymptotic behaviors of (p,) are as follows.

1. There exist A >0 and B > 0 such that, as £ - —oo:
a) if Ay 5 > AP, then
w(&) = AeMPE 4 hoo.t.
w<s> BwFE hot.

b) i AT < ALE then Rp™ (AZ5) <0 and

@(f)_l—l—i()\_ )Be 2P£+h0t
Y (§) = Be A2 P 4 hot.
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¢) if AP =AM psthenc+2X\,F =vVc2+4>0 and

P (&) = S22E B TFE L hot.

a

{w@)=1—35w%?f+nat

2. There exist Ac R, B€R and C >0 such that B >0 ¢f C =0 and, as & — +o0:
a) if ¢ > 21 —a,

i if /\ij’ﬁ < )\;‘;f’, then A >0 and

v(&) = Be M rE 4 0P 1 hot. .
b(€)=1-Ae MNP 4 hot.

1. if)\i%o = )\;‘f, then A >0 4f C =0 and

¢ (€) = %Ce—)‘f?f + Be_>‘2+;f + h.o.t. .
YO =1-(A+COe NP thot

iii. AT € (AFALF), then RE (M) <0, 4>04/C =0 and

0 (&) = Be Ma7é + Ce Maré + h.o.t.
Y€ =1- AeMTE + b e e + h.o.t.’

REZ(MF)
. A = M then BE® (AF) <0 and

2dA T — _atee At
(&) = ThrTRe )‘tPé—&-Ce A;P§+h-0-t.

@ +oo +oo N
1—B&eMrs 4 b e Mars L hot.’
Ee =+ () e + h.o

@
¥ (€)

v NS > AF then REX (MF) <0, RE® (AfF) <0 and

0 () = BeMFE 4 0N 4 hot.
_ b - e rb -\ ;
d} (5) =1+ R+oo()\+oo)B6 2,P5 R;“(AQ}S)C@ 3,P> h.o.t.

b) if c=2v1—a,

i. if )\flo.f’ < )\;?, then A >0 and

(&) = (B+C¢) e MES 4 hot,
Y(€)=1—Ae NPE+hot.

iM. if \F = A5, then 24\ —c = V2 +4rd > 0 and
+ooic oo
{90(5) = 2@0\% (B + C¥) e MFE L hot. ]

P (&) =1—(B+ 30¢) ge*Af?E + h.o.t.
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iii. i XTF > AE then BE® (M) <0 and

0 (€)= (B+CE) e P 1 hot. .
Y(E) =1+ WIZ\*‘”) (B +C¢) e FE L bt

Proof. This result follows from a standard yet lengthy phase-plane analysis. The detailed proof
can be found for instance in Kan-on [101] or in Morita—Tachibana [114]. O

Compiling these estimates, we obtain the following two corollaries.

Corollary 7.34. Let P = (c,d,r,a,b) € E and (p,v) be a profile of traveling wave solution
of the corresponding system with speed c. Then there exist i« € {2,3}, C > 0, D > 0 and
(i4,7+) € {0,1} x {0,1,2} such that, as & = +o0,

") (5) = C€i+ e_>\i+’;°§ + h.o.t.
Y (€) =1— D&ite” min(Af AL E)e + h.o.t.

Corollary 7.35. Let P = (¢,d,r,a,b) € E and (p,1) be a profile of traveling wave solution of
the corresponding system with speed c. Let i = 2 — # {)\i"Po, )\g}o}.
Then there exist A > 0 and B > 0 such that, as £ — —o0,

p(€) =1— Al O F AT L pot,
P (€) = Be2P¢ + hoo.t. '

7.A.2 Component-wise monotonicity of the profiles

Thanks to Corollary 7.34 and a sliding argument, we can show the component-wise mono-
tonicity. We point out that Roques—Hosono-Bonnefon—Boivin [131] showed that the slow or fast
decay problem is related to the pulled or pushed front problem.

Proposition 7.36. Let P = (c,d,r,a,b) € E. Let (p,9) € €2 (R, [0, 1]2> be a profile of
traveling wave solution of (7.1.1) with speed ¢ connecting (1,0) to (0,1).
Then (p, ) is component-wise strictly monotonic, i.e.

(0, 90) (&1) = (9, 0) (§2)  whenever & < &.

Proof. The proof relies upon a sliding argument.

The sliding argument for monostable problems has three main steps: first, showing that if two
profiles are correctly ordered at some point far on the left, then they remain correctly ordered
everywhere on the left of this point; next, showing thanks to the first step and the exponential
estimates at +oo that, up to some translation, the two profiles are globally ordered; finally,
showing by optimizing the aforementioned translation that the two profiles actually coincide.

Notice that since the exponential estimates of Lemma 7.33 can be differentiated, they imply
the component-wise strict monotonicity of (¢,) near +oco. Thus we can define R > 0 such that
(¢, 1) is component-wise strictly monotonic in R\ [-R, R]. In particular, we can assume that

(2, ) (=R) = (2, ¥)(§) > (@, ¥)(R) for all § € (=R, R). (7.A.1)
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Step 1: We claim that there is 7, > 0 such that for all 7 > 7,

() (§=7) = (p,9) (§) forallE € R. (7.A.2)

In view of the monotonicity of (¢,) in R\ (=R, R), and (7.A.1), the claim clearly holds once
we take 71 = 2R.

Step 2: Define 7* to be the infimum of all 7 € (0, 2R] such that (7.A.2) holds true. It remains
to show that 7* = 0. Suppose to the contrary that 7* > 0. By construction,

(o, ) (E=7) = (p,9) (&) for all £ € R.

Moreover, by (7.A.1) and monotonicity of (¢, ¢) in R\ (—R, R), we see that for each 7 € [%, 27'*} ,

(@) (€ =7) = (¢, 9) () forall { e R\ (R + 7, R),

and in particular for all £ € R\ (=R + 7*/2, R). By the minimality of 7* > 0, there exists
& € [-R + 7/2, R] such that equality holds for at least one of the components. The strong
comparison principle yields

()€ —77) = (@, ¥)(€) forall { €R.

This implies (¢, v) is periodic with period 7*, and contradicts (p, ¥)(—o0) = (1,0) and (p, ¥)(+00) =
(0,1).
Hence 7 = 0 and, subsequently, for all 7 > 0, we have

(5037/]) (E - T) - (Q07¢) (E) for all f € Ra

which exactly means that (¢, ) is component-wise strictly monotonic. O

7.A.3 Ordering of the decays

By a similar proof, we can characterize more precisely the decays. We point out that Roques—
Hosono-Bonnefon—Boivin [131] showed that the slow or fast decay problem is related to the
pulled or pushed front problem.

Lemma 7.37. Let p = (d,r,a,b) € II, ¢ > ¢4, and ¢ > ¢. Define P = (¢,p) € E and
P=(¢p) € E.
Let (p,9) € €2 (R, [0,1]2) and (@,zﬁ) € ¢? (R, [0, 1}2> be two profiles of traveling wave

solution of (7.1.1) with speed ¢ and ¢ respectively. Denote (i,C, D,iy,jy) and (5, C’,f),i;,j}.)

the quantities given by Corollary 7.34 when applied to (¢,) and (@,1[)) respectively.

Then at least one of the following estimates fails:
A A~ _)\too . +oo
Cé+e Nt = (Cf’+ e Nip 5) as & — 400,

ﬁgj; 8_ min(kt?,ki?)i —0 <D£]+ e min()\t(;f’,)\x;o)f) as E — 400.

Proof. The proof is by contradiction: we assume from now on that, on the contrary, the above
two asymptotic estimates are satisfied. This means that, near +oo, any translation of (p,1))

dominates (gb, 1&) (in the sense of the competitive ordering).
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Here are the three steps of the sliding argument of this proof.
Step 1: choose & € R sufficiently close to —oo and such that for all £ < &,

5—a 3+b - )

(£9)© = (3.7) md 910z max (T2, 220 4 i) (1.43)

Notice that such a & exists indeed, since (¢,4)(—o0) = (1,0), and max (85__4aa, 3%?) < 1 with
a <1 and b>1. We claim that if there exists 7 € R such that

(.1 (60— 1) = (2:) (o).

then A
(e 0) (€ =7) = (#,9) (€) forall € < &.

Clearly, there exists € € (O, ﬂ such that

(e ) (€ =7) = (2.8) (€) +2(~L,1) forall € < &o.
Now, let * € [07 ﬂ be the infimum of all these € and assume by contradiction that ¢* > 0. In
view of the limiting values at —oo and of the inequality at &g, there exists £* € (—o0,&p) such
that

(e 0) (€ =) = (£.6) (€) +" (-1,1)
with, most importantly, equality for at least one of the components. Let us verify that (@e«, e+ ) =
((ﬁ, 1&) +e*(=1,1) is a sub-solution. Since (¢, ) satisfies by definition

>
|
)
N
Ay

¢ —cpl = (
—dq/A/’ — ctﬁ/ =(¢— C)’LZ)/

2 (1-¢-ab)
rp (1-9—bp)
we find (note that, by Proposition 7.36, (¢’, 1&’) =<(0,0))

— 0l — e —@er (L= per —apper) <" (1= (2—a) per — (1 —a)e* — arher)
—dt. — Pl — riher (1 —thex —bper) > —1e* (1 — (2= 0)ther — (b — 1) &% — bpex )

From

1—(2—a)pe — (1 —a)e* — athes 1_(2_‘1)@"’%_@1&
(—(1—(2—b)z/;€*—(b—l)e*—b%*)) = <_(1_(2—b) A+b41—b¢)>’

we deduce by (7.A.3) that

(_1(1_ _(2(2_ _a )b;P 12;__(1(1)__“%)5;__&;#;;*9 = <8) for all £ < &.

We are now in position to apply the strong comparison principle of Theorem 7.11 and deduce
from the existence of £* a contradiction. Hence ¢* = 0, that is

(e 0) (€ =7) = (29) () forall € < &.

Finally, by strong comparison principle the strict inequality must hold for any £ < &.
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Step 2: in this step, we show the existence of 7, such that, for all 7 > 7,

(0 ) (€ —7) > (gzmﬁ) (€) for all € € R.

To this end, we fix &y as in (7.A.3) and choose 79 > 0 large so that

(1) (60 = 7) = (2,9) (&) for all 7 > 7.

By Step 1, we deduce that for all 7 > 7,
(p0) (€ =) = (2,0) (€) forall ¢ < &.

Next, we use the asymptotic behavior of (p,1) and (@,12)) at +o0o to choose 71 > 79 such that
for all 7 > 7,

(e0) (€ =7) = (29) () forall € = &.

The above two inequalities complete Step 2.
Step 3: define 7* as the infimum of all 7 such that the preceding inequality holds true. By
construction,

(o, ) (6 —77) = (@, 12) (¢) for all £ € R.

It suffices to show the existence of £* € R such that (¢, ¥) (£ — 7) = (v, ¥) (£*) with equality
for at least one component. Granted, then the strong comparison principle yields

(e0) (€ =7 = (2,9) (¢) forall € R,

and the proof is ended. Suppose by contradiction that such a £* does not exist, that is

(0, 0) (€ =) > (@, w) (€) for all £ € R.

Now, the asymptotic behavior assumed at the beginning of this proof implies

lim M =400, and lim M =+
gt @ (E) Eotoe 19 ()

Hence, there exists £ > 0 large and § > 0 small such that for all 7 € (7% — §, 7*),

(p) (€ =) = (2,0) (€) forall ¢ > &.

By taking ¢ > 0 small, we have also that, for all 7 € (7% — §,7*),

(e ) (€ =7) = (¢9) (O forall € € &, &4].

Finally, the result in Step 1 implies that for all 7 € (7* — §,7*),

(0 ) (€ —7) > (m&) (€) for all € € R.

This contradicts the minimality of 7*. O
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From the preceding lemma, Lemma 7.33 and the respective monotonicities of ¢ +— Af}fﬁ

cr )\; % and ¢ — A:{?, we deduce the following corollary which is a refinement of Lemma 7.33.
Basically, it discards the possibility of solutions having a fast decay and a super-critical speed.
Corollary 7.38. Let P = (¢,d,r,a,b) € E with ¢ > ch’z"?‘}b and (@,v) be a profile of traveling
wave solution of (7.1.1) with speed c.

Then there exist A > 0 and C > 0 such that, as & — +o0:

1. 4f /\f? < )\E{?, then
p(&) = Ce P 4+ hoot. .
Y(E) =1~ AeMFE L hot

2. if )\i? = )\;;j’,?, then

a

too_ . oo
v = 2Dir e NFE 4 ot .
V() =1—Cee™MPE 4 hot.

5. S € (T L), then BE® (AF) <0 and

0 (&) = Ce5PE 4 hot.
_ b —A\Fe ;
¢(€) = 1+WC@ 3,P +h0t

4N = ME, then BE® (AF) <0 and

w(&) = Ce P 4 hot.

_ rb —A;O;f ;
V(E) =1+ b=y C NP+ hout

5 NS > A, then RE® (A5) <0 and

p(€) = Ce P 4 hoodt.
_ rb -Ae )
(4 (5) =1+ R;m(A;o;*)Ce 3P~ 4+ h.o.t.

Remark. We emphasize that there exists a unique translation of the profile such that the nor-
malization C' = 1 holds. The remaining degree of freedom in the first case above (A can still
take any positive value a priori) is the main difficulty regarding uniqueness.

7.A.4 Uniqueness and continuity

We are now in position to establish the following uniqueness result.
Proposition 7.39. Let P = (¢,d,r,a,b) € E such that )\f? > )\;i’é’.

Let (p,9) € €2 (R, [0,1]2) and ((,5,1/3) € ¢? (R, [0, 1}2) be two profiles of traveling wave
solution of (7.1.1) with speed c.

Then (¢,v) and ((ﬁ,zﬁ) coincide up to translation.
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Proof. The proof relies upon a sliding argument again.

In view of Corollary 7.38, if ¢ > c(z’z’{fv’b, the assumption /\Tj.f’ > )\;;‘f.f’ immediately yields that
the two profiles can be normalized so that they have the same decay at +oo. Similarly, in view
of Lemma 7.33, if ¢ = c‘é’z’{}[}b, then the two profiles can be normalized so that their decays either

coincide or are well-ordered. In all cases, we can fix a priori the roles of the two profiles so that

~

(¢, 1) dominates (@, w> near +o00. By following the first two steps of the proof of Lemma 7.37,

we can assume without loss of generality the existence of 79 € R such that, for all 7 > 7,

(p.0) (€ =7) = (.0) (€) forall § € R

Next, define 7 € R as the infimum of all 7 such that the preceding inequality holds true. It
again suffices to show that there exists £* € R where equality holds for one of the components.
Assume on the contrary that no such &£* exists. Thus the preceding inequality is strict for both
components for all £ € R. Now, note that

i PETT) Sy g P oy
totoo  P(E) E=too 1 =9 (§)
Next, we claim that
im P o pm Lo E-T)
eotoo B (E) Eotoo 1 - (€)

Otherwise we may further reduce 7*, just as in the proof of Lemma 7.37. Notice that this equality
directly yields 7* = 0, that is

(0, 9) (§) = (WZ)) (€) for all £ € R.

Next, from the fact that )\fcﬁ > )\;Cﬁ and, depending on ¢, Corollary 7.38 or Lemma 7.33,
both of the above limits are equal to 1.

Since the decay rate at +o0o of both profiles coincide, we can reverse the profiles and repeat
the proof. This leads to

(2.9) € = (p.4) () foral g € R

Hence the two profiles actually coincide, which directly contradicts the assumption of nonex-
istence of £*.

In the end, £* exists indeed and, by virtue of the strong comparison principle, the two nor-
malized profiles coincide. In other words, the two profiles coincide up to translation. O

Corollary 7.40. Let (d,r,a,b) € II such that d < 2+ 1. Then each speed c > c‘éz{}vb is
associated with a unique profile (up to translation,).

Proof. Tt suffices to prove that, for all ¢ > ci’i’&,’b, )‘;r,c(f,d,na,b) > )\;C(’dea)b).
Noticing that this inequality is equivalent to Raﬁ,7,7a7b) ()\;“(’f drap ) <0, we find that we just

have to prove that, for all ¢ > ch’Z’g[}b,

+oo
A3 (edrap) T T

d< .
+oo
(M aran)
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_c—y/c?2—4(1—a)

and, using the polynomial equation satisfied by )\3 (edirah) = 5 , this reads
()\—H():drab)) +l—a+r l—a+r
d< 2 =1+ 2
+ +
()\3 C(><<:D d,r,a b)) (AS,C()S,d,T,a,b)>
It only remains to show that
1—
?f b a+r >4 1 '
> T,a, + —Qa
=CLLw (AB?jdrab))
The above inequality follows actually quite easily:
1-— 1-— 1—
nf LT atr atr
>cdma + >2/1— + +
‘=frrw (A?) ?: d,r,a b)) ‘ ‘ ()\37?:,11’7‘,@717)) Sup ()\3’(02’d’rva7b))

c>2v/1—a

and, by monotonicity,

) 2
+00 oo -
0221\1/13_7@ (A37(C7d7r,a,b)> ()\ (2\/ﬁ d,r,a, b)) sl

O

Finally, as a consequence of the uniqueness, we also have the continuity of the profiles with
respect to the parameters.

Proposition 7.41. Let
E, {PeE | A*“zA*"O}.

For all P € E,, let (<I>P \IIP) be the unique profile of traveling wave solution of (7.1.1) with
speed ¢ satisfying ¥ (0) = 1
Then P +— (<I>P \IIP) 18 m ‘5 (mtEu,‘Kb (R R2))

Proof. Let Py € itE, and (P,),cy € (intE,)" such that lim P, = P. By standard

elliptic estimates (see Gilbarg-Trudinger [80]), the sequence ((®7, w")) N
a diagonal extraction, in 672.. A fortiori it converges pointwise in R. The limit (Poo, ¥so) is
continuous, monotonic, and satisfies U, (0) = % Using standard elliptic estimates to study the
asymptotic behaviors, we find easily

converges, up to

1_1{2 (Poo, ¥oo) € {(1,0),(0,0)} and Egol (Poo, ¥oo) = (0,1).

If &, is null in R, then £ — ¥ (=¢) is a KPP traveling wave with negative speed, which is
impossible. Therefore the limit at —oco of (Poo, Poo) is (1,0). This shows that the sequence of
monotonic functions ((®F, WFr)) - converges pointwise in [—o0, 4+-00], whence by a variant of
the Dini theorem it converges uniformly in R. In view of the preceding uniqueness result, the limit
is exactly (<I)P o PP °°) Finally, a classical uniqueness and compactness argument shows that
the previous diagonal extraction was not necessary and the sequence ((CDP", 2K ))n oy converges

indeed in ¢, (R,R?) to (@7, UF=). O
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